Logarithmic Relaxations in Mechanical Systems
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A wide range of experimental systems exhibit logarithmic relaxation in response to perturbations.
Here, we describe how macroscopic logarithmic relaxation can arise from an underlying ensemble of
exponentially decaying variables governed by a 1/A distribution of decay rates \. We demonstrate
that this model can predict non-monotonic relaxations exhibited by crumpled paper and elastic
foams. Finally, we discuss potential further research into the physical quantities corresponding to
the underlying decaying modes in these mechanical systems.

An extraordinarily diverse set of experimental systems
respond to perturbation through logarithmic relaxation
over a wide range of timescales. Examples of such sys-
tems include flux relaxation in superconductors [1], con-
ductance relaxation in electron glasses [2, 3], volume re-
laxation in polymer glasses [4, 5], stress and volume re-
laxations in crumpled paper and elastic foams [6, 7], the
evolution of frictional strength [8], and even rheology in
various plants [9, 10]. In these examples, the response
of the system to a perturbation exerted on it for a time
t, is nontrivially dependent on t,,, demonstrating that
these systems maintain a “memory” of their past history.

The organization of this article is outlined here. First,
we describe the typical protocol for an experiment
demonstrating logarithmic relaxations. Next, we de-
scribe how the logarithmic relaxation of a macroscopic
observable can result from an underlying ensemble of de-
coupled exponentially decaying variables which each con-
tribute linearly to the observable. This model is contin-
gent on the underlying ensemble having a 1/A distribu-
tion of decay rates A. We then specialize our discussion to
the mechanical relaxations of crumpled paper and elastic
foams. We demonstrate that nonmonotonic relaxations,
observed experimentally in these contexts, can arise nat-
urally from the model we had previously described. Fi-
nally, we discuss potential further research into the phys-
ical meaning of the underlying decaying modes in these
mechanical systems.

The experiments we will discuss in this paper typically
follow three stages [11]. In Stage I, the system is allowed
to relax within an initial environment for a relatively long
time. The system is thus expected to be in a metastable
state when, at time —t,,, a perturbation to the system
is applied. Stage II represents the times —t,, < t < 0.
At time t = 0, the beginning of Stage III, the pertur-
bation is removed. During Stage III, the system relaxes
towards the initial metastable state. We are concerned
with systems whose relaxation is logarithmic in time.

Fig. 1, reproduced from Ref. [11], displays the Stage
IIT relaxations of four disparate systems, and demon-
strates that these follow the universal relation S(t) ~
—log (1 + t,,/t), where S(t) is the observed quantity un-
dergoing relaxation. The observable in each of these
four systems is: the dielectric constant in mylar, the
conductances in the electron glasses indium oxide and

aluminum, and the conductance in room temperature
porous silicon.

The origin of the ubiquitous logarithmic decay dis-
played in Fig. 1 has been the subject of significant theo-
retical work [3, 11-19]. A promising proposal, put forth
by Amir, Oreg, and Imry [3, 11, 19] is described next.

We consider a general system described by a state vec-
tor ¢ of length N > 1. We assume that the system’s
state is governed by a single external parameter, F, such
that for any given FE, there is a corresponding equilib-
rium state 051 [20]. Near the fixed point corresponding
to By, =104+ (5_1}, and the system dynamics are given
by Dv — A@) 6y,
sented by &,. The eigenvalues of A®), Ar, must be real
and negative, corresponding to pure decay, and we fur-
ther assume that for any x they are governed by the
probability distribution

The eigenvectors of A®) are repre-

p(A) ~1/A (1)

within a range Apin < A < Apax-

For electron glasses, a detailed derivation of how such
a probability distribution of eigenvalues arises given rea-
sonable physical assumptions is provided in Ref. [3].

The response of the macroscopic observable, S[7(¢)]
within an experiment of the sort outlined above can now
be examined analytically. In Stage I, the external pa-
rameter is set at F,, and the system is allowed to relax
towards a metastable state U5%. In stage II, E is slightly
perturbed to Ey = E,+0FE. The state U39 now represents
an excited state with respect to the current value of F,
and the system begins relaxing towards its new equilib-

rium 7;%. 089 — ;¢ can be expressed in the eigenbasis of

A®) as > Enbn, vielding

) =17, +Zk bpe Mttt g <t <0, (2)

In order to describe the macroscopic relaxation to-
wards equilibrium, we make the further crucial assump-
tions that each eigenmode contributes independently, lin-
early, and equally (at least statistically) to the macro-
scopic observable. For the case of electron glasses, for
example, it can be shown that the eigenvectors En are
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FIG. 1: (A) Logarithmic relaxations exhibited by four dif-
ferent systems: conductance relaxations in room temperature
porous silicon and in the electron glasses indium oxide and
granular aluminum, and relaxation of the dielectric constant
in the plastic mylar. The signal described by the y axis thus
has different units for each dataset. t = 0 represents the time
at which the perturbation for each dataset is removed (the
perturbation takes a different form for each system; see Ref.
[11] for details). (B) The various curves exhibit a remark-
able scaling collapse when the signal is normalized such that
S(t = tw) = log2 and t is rescaled by t,,. The inset demon-
strates that the signal is described by S(¢) ~ —log (1 + tw/t)
(black solid line). It is approximated by — log(t. /t) for t < t,
(blue dashed line) and by a power law —t,,/t for t > t,,. Fig-
ure reproduced from Ref. [11].

localized, motivating the assumption that the k,, are sta-
tistically independent of n [3]. Under these assumptions,
the macroscopic relaxation is given by

Amax e~ AMtttw)

£~ S kb *A’%(Htwm/ P
S(t) ~ Y [knbale A (3)

n Amin

The RHS of Eqn. 3 can be expressed in terms of
the exponential integral function, F;. Assuming that
Ay K+, < A1 Eqn. 3 can be approximated as

min?’

S(t) ~ —yg — log ()‘min(t + tw)) (4)

where v is the Euler-Mascheroni constan. Thus as long
as Amax > Amin, the macroscopic observable exhibits

logarithmic decay during Stage II over a wide range of
timescales.

In Stage III of the experiment, the perturbation is re-
moved and the external parameter is set back to F,.
At time t = 0, the state of the system is given by
7(0) = &9+ 32 knbpe *ntv. In order to convert this
expression to the eigenbasis of A(®), we use our assump-
tion that JF is small, and thus to lowest order we can
replace b, with @, and Al with A\2. We can therefore
rewrite #(0) as 0(0) = 020 4+ 3 kndy, (e Mnte — 1), ar-
riving at

() = 550+ ki (e”%fw - 1) et >0 (5)

Following the same steps as in Eqn. 3, we find that
the relaxation to S(#%4) in Stage III follows the univer-
sal dynamics S(t) ~ —log (1 + t,,/t) with a nonuniversal
proportionality constant. The theory thus predicts the
universal dynamics of the experimental systems shown
in Fig. 1.

The essence of the theory lies in the 1/ distribution
of eigenvalues of A. Processes governed by thermal ac-
tivation or quantum mechanical tunneling lead naturally
to this distribution, as do processes in which each relax-
ation rate is a product of many underlying independent
variables [11]. However, for many systems undergoing
logarithmic relaxation, it is still not clear what physi-
cal quantities correspond to the modes defined by A, or
even if the model is applicable. As a concrete example of
such systems, we examine the mechanical relaxations of
crumpled paper and elastic foams.

Experiments performed on crumpled paper [6, 7, 12]
and elastic foams [6] have demonstrated that these sys-
tems relax logarithmically. However, unlike, for exam-
ple, the electron glass systems analyzed in Ref. [19], the
physical variables defined by A are yet unknown for these
mechanical systems. Their macroscopic nature suggests
thermal activation is not at play, though their material
properties preclude performing experiments in cold en-
vironments to test this claim directly. We will discuss
other possibilities for the nature of the underlying en-
semble distribution towards the end of this paper.

Given that the physical meaning of the underlying re-
laxing modes in these mechanical systems is yet undeter-
mined, some skepticism towards the applicability of the
phenomenological model discussed above is warranted.
The most striking demonstration that the phenomeno-
logical model is applicable in these systems lies in re-
cent experiments performed by Lahini et al. which found
that under certain conditions, crumpled paper and elastic
foams relax non-monotonically [6]. We will describe these
experiments in detail, and then demonstrate that the
non-monotonicity observed experimentally can be pre-
dicted within the context of the phenomenological model
described above.
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FIG. 2: Relaxation phenomena in crumpled paper and elastic
foams. (a) Crumpled paper exhibits logarithmic stress relax-
ation. H, = 45 mm; 6 = H, — H, = 5. (b) Elastic foam
relaxation is well-fit to the sum of two logarithmic processes.
H, = 18 mm, § = 4 mm. After keeping H fixed at H} for
time t,,, H was set to H. = Hp + A. The resulting relaxation
was non-monotonic, with nontrivial dependence on t,. (c)
results for crumpled paper with 6 = 5 mm, A = 2 mm; (d)
results for elastic foams with 6 = 3 mm, A = 1.5 mm. (e)
The time at the peak of the non-monotonic relaxation, t,, is
Fy(1s)—Fe(l 5)
Fe(1s)—Fa(ls)
text. Here, F;(t) is the normal force exerted by the material
at time t after H was set to H;. (f) This proportionality re-
lation can be used to fit the relaxations for crumpled paper.

Figure adapted from Ref. [6].

proportional to t,, and as discussed in the main

Reproducibility in experiments on crumpled paper is
nontrivial as the paper is generally crumpled by hand
(however, see Ref. [21]). Kramer and Lobkovsky found
that in order to arrive at reproducible experiments, the
paper should first be “trained” by crumpling and un-
crumpling it ~ 30 times. After training, additional crum-
plings introduce no new ridges [22]. In their experiments,
Lahini et al. added to the training protocol a quick com-
pression and release of the crumpled ball before each ex-
periment. Elastic foams require no training [6].

After training, Stage I of the experiment involved plac-
ing the paper or foam between two confining plates sepa-

rated by a given distance H,. In Stage II, corresponding
to times —t,, < t < 0, a perturbation was applied. In
the Lahini experiments, the perturbation corresponded
to fixing the plate at a certain height H, < H, and
measuring the normal force exerted on the plate by the
material. Previous experimenters have applied a similar
protocol [12, 23] with the exception of Matan et al. [7]
who switched the roles of stress and strain. In those ex-
periments, a mass was placed on the top plate, and the
height of the sample was measured as a function of time.
Matan et al. demonstrated that the strain relaxed loga-
rithmically as a + blog(t + t,,) over the several decades
in time probed experimentally (from 10~! to 10° s), and
Lahini et al. found the same result for stress relaxation
in their experiments (where times ranged from 10° to 105
s) (see Fig. 2a) [6, 7]. This behavior is predicted by Eqn.
4. Lahini et al. further demonstrated that after training
the crumpled paper, a and b were related linearly, while
no such reproducible relation was found in the absence
of training (see e.g. Fig. 1b of Ref. [7]). For the case
of elastic foams, the relaxation curves found by Lahini et
al. were well-fit to the sum of two logarithmic relaxations
a + blog(t + ty,) + clog(t + t, + to), where b, ¢, and ¢y
were all linearly related to 6 = H, — H, (Fig. 2b). As
expected from the phenomenological model, logarithmic
relaxations were only found for small compressions; for
larger compressions, the relaxations obeyed a power law.

Lahini’s experiment is notable particularly for the re-
sults in Stage III. Instead of returning the plate separa-
tion distance to H, at time ¢t = 0, Lahini set the gap
to an intermediate value H., such that H, < H. < H,.
Remarkably, Lahini et al. found that the material begins
relaxing non-monotonically: the stress first increases for
a time ¢, and then decreases (see Fig. 2c, d). These dy-
namics can be explained by the phenomenological model
discussed previously, as we will now demonstrate.

Following the steps leading up to Eqn. 5, we have at
t=0,00) =0+, kenbne*nte | where >on kb =
759 — 0,1, We now seek to write this expression in terms
of the eigenvectors of the metastable state corresponding
to H., ¢,. We define Y, k¢, = 029 — ¢}, yielding that
for t > 0,

kn ¢ e
U(t) = T4+ > ke, (kle_)‘nt“’ - 1) ettt > 0. (6)
n n

The non-monotonicity comes into play by recognizing
that because Hy < H. < Hy, |kn| > |k},|. Therefore, the
terms of the sum representing the relaxation do not all
have the same sign, leading to non-monotonicity in the
response of the material.

The phenomenological model is thus able to qualita-
tively explain the non-monotonic behavior exhibited in
Lahini et al.’s experiments. This behavior is reminiscent
of the Kovacs effect in some glassy systems which exhibit
non-monotonic relaxations with the same qualitative fea-



tures [4, 5, 24-27]. While there has been significant the-
oretical work performed to explain the Kovacs effect [28—
30] the main draw of the model we have discussed is its
apparent simplicity: in this model, the observable is given
by a simple linear superposition of equally contributing
modes.

Furthermore the model is able to predict a scaling rela-
tion between t,, and t,,, as we will now describe. To derive
this prediction, we differentiate Eqn. 6 with respect to
time, setting it to zero at ¢,. One of the assumptions of
the model is that k,, and &, are statistically independent
of n. Thus, when we turn the sums into integrals and

-1

assume that A\l < t, < A1, we get

tp/tw =K'/ (k= k) (7)

where k and k' are the averages of k,, and &/, over n.

The values of k and k' could be determined from the
t — oo limit of Eqn. 6; however, given the logarithmic
nature of the relaxation, equilibrium values cannot be
probed experimentally. The key is to use the logarithmic
fit parameters a and b. Letting a; and b; signify the fit
parameters to the relaxation when H = H;, b; — b; is
proportional to the difference in equilibrium stress mea-
surements F;4 — Fi4. Therefore, the phenomenological
model predicts that

ty, FY—F5  Fy(t*) — F.(t*)
w B Fccq - F;q B Fc(t*) - Fa(t*)

hS|

(®)

~

where t* is an arbitrary time, and we have used the pro-
portionality of a; and b; to arrive at the final expression.

Eqn. 8 holds for both crumpled paper and elas-
tic foams (the second logarithm in the force relaxation
curves of foams introduces only a small correction to the
above analysis). As shown in Fig. 2e, Lahini et al. found
experimentally that the equality of Eqn. 8 should be re-
placed by a proportionality relation with proportionality
factor C' = 2.6 £ 0.2. For the case of crumpled paper,
Eqn. 8, along with its relation to the logarithmic fit pa-
rameters a and b, can be used to fit the non-monotonic
relaxation, as shown in Fig. 2f. Whether Eqn. 8 well-
describes other materials exhibiting the Kovacs effect is
not yet clear, and would be an interesting experimental
question.

Having demonstrated the apparent applicability of the
phenomenological model to the mechanical relaxations
of crumpled paper and elastic foams, we will briefly re-
view work which could elucidate the correspondence of
the modes defined by A to physical quantities. Signifi-
cant work has been performed to examine the acoustical
emissions of crumpling paper [22, 31]. Each acoustical
emission can be traced to a discrete physical buckling
of the paper, which changes configuration as it relaxes
[31]. Kramer and Lobkovsky measured the energy of each
‘click’ made by the paper as it relaxes, and found a power

4

law distribution p(F) ~ 1/F, suggesting a connection be-
tween these emissions and the relaxation modes. Houle
and Sethna repeated similar experiments, also finding
that p(E) obeys a power law with power o &~ —1.3 [31].
A clue as to the origin of this power law likely lies in the
crease lengths of crumpled paper, which have been shown
to follow a log-normal distribution as expected of a ran-
dom multiplicative process [32-34]. Far from the tails,
this distribution can be approximated by a power law
with o = —1 [11]. However, it remains unclear how crease
lengths are tied to relaxation rates. Some work in this
direction has recently been performed by Oppenheimer
and Witten who sought to probe memory effects in purely
elastic materials [35] though the relationship of this work
to Lahini et al.’s experiments is yet unclear. Another
potential approach to analyze this problem would be to
consider it through the lens of geometrical frustration, as
in the compaction of granular media which is known to
be logarithmic in time [36-39].

The relaxations of elastic foams have received much
less attention compared to those of crumpling paper. In
order to elucidate the underlying physical mechanism for
logarithmic relaxation in this system, we turn to the field
of poroelasticity. Poroelasticity describes the behavior of
fluid flow within a porous, elastic material. In the elas-
tic foams of Lahini et al.’s experiments, air plays the
role of a fluid within the porous material. There is rea-
son to believe simple linear poroelasticity could give rise
to logarithmic relaxation: when fluid is pumped from a
homogenous, isotropic, and infinite poroelastic reservoir,
the pressure a distance r from the pumping site at time ¢
after the start of pumping is given by the Theis equation

(40, 41]
. Q Sr?
Ap = mEl <4Tt> (9)

where @ is the rate of pumping, and S and T are poroe-
lastic constants termed the storage coefficient and trans-
missivity, respectively. The exponential integral function
can be approximated by a logarithm for small values of
its argument, which correspond to large t. Thus, we see
that pressure can change logarithmically in time within
this context, even though the system is homogenous.

However, the Theis equation is not directly related to
the experiments performed by Lahini et al.. To model
those experiments in the context of linear poroelasticity,
we consider a cylindrical system with a finite radius R,
where inhomogeneities in the system have been coarse-
grained away. The fixed strain condition is implemented
by setting €, to a constant (where € is the strain tensor).
The boundary conditions of Lahini et al.’s system corre-
spond to o,-(R) = p(R) = 0, where o is the stress tensor
and p is the pore pressure. We assume that at ¢ = 0
(when the boundary conditions are applied) the system
is at equilibrium and has uniform pressure throughout
[42].



Our preliminary results for this model are derived and
discussed in the supplementary material, but suggest
that the relaxation of the model is not logarithmic in
time. This suggests that inhomogeneities in the elastic
foam are essential to account for its logarithmic relax-
ation behavior.

Conclusions A wide variety of systems relax logarith-
mically when perturbed from a metastable state. This
relaxation can be understood in many cases as resulting
from an underlying ensemble of exponentially decaying
variables with a 1/ distribution of decay rates. In this
model, each exponentially decaying variable contributes
to the macroscopic observable linearly and equally (in
the statistical sense). We demonstrated that nonmono-
tonic relaxations, such as have recently been observed
experimentally in crumpled paper and elastic foams, can
arise naturally from the model. The model further makes
quantitative predictions for the behavior of ¢,, the time
to reach the peak of the relaxation, which are experi-
mentally validated in the context of crumpled paper and
elastic foams. However, in these systems, the model is
still phenomenological. We have discussed some potential
approaches to identify the physical nature of the expo-
nentially decaying modes in these mechanical contexts,
as well as preliminary original research which suggests
heterogeneities in elastic foams are essential to explain
their logarithmic relaxations.
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SUPPLEMENTAL INFORMATION

In the supplement, we derive the time-dependent be-
havior of the poroelastic system which mimics Lahini et
al.’s experiments.

We assume that the system does not have any z de-
pendence, except that the displacement of the solid in
the z direction, u,, is proportional to z. The symme-
tries of the problem dictate that the strain tensor € is
diagonal in polar coordinates: €., = du,./0r, egg = u,/r,
and €,, is a constant. The constant value of €,, models
the fixed strain conditions of Lahini et al.’s experiments.
The boundary conditions of Lahini et al.’s system corre-
spond to o,.-(R) = p(R) = 0, where o is the stress tensor
and p is the pore pressure. We assume that at ¢ = 0
(when the boundary conditions are applied) the system
is at equilibrium and has uniform pressure throughout.

The stress tensor is defined through Hooke’s law, which
in the context of poroelasticity becomes o;; = 2Ge;; +

2Gv = _ qp) §,;, where € is the trace of the strain tensor
1—2v J )

and «, G and v are poroelastic constants [1].
The boundary conditions on ¢, and p can be used to
determine a boundary condition on wu,.:

—v  [(u.(R)
U = 1
87U7 (R) 11— ( R + 6zz) ( 0)
This motivates us to express u, as u, = uﬁ — VE,,T,
where u satisfies
h
h v Uy (R)
T - . 11
ot = = (M} (11)

Setting the divergence of ¢ to zero yields a proportion-
ality relation between the spatial derivatives of p and €

[1]:

Jp _2G(1—v)Oe

= 12

or  a(l—2v)or (12)
This translates to
A

p= ?87'(Tur) + Ae, + f(t) (13>

where A = i?l(:::)) and f(t) = —A&(R)
Multiplying both sides of Equn. 13 by r and integrating

dr yields

ko) = —rglt)+ 2 [ arrpitt) (1)
T Jo

where B = 1/A and g(t) = Zf(t) + ( — v) ... Thus,

we have expressed u, in terms of p and f(t).

f(t) or g(t) can further be expressed in terms of u!:

ft)=-A (&UT(R) + “’“](%R) + ezz> . (1)

Using the boundary conditions on w,, this simplifies to

f(t)=-A (1 - 2”) (“T](f) ; ) ()

1—v

or

0= () i (2.

)5

While this equation could be simplified further and
combined with Eqn. 14, it’s not useful to do so now.
Instead, we introduce the equation governing the time-
dependent behavior of the system. The time-dependence
of the problem is introduced via Darcy’s law, which in
this context takes the form [1]

3 Op

k
Vi =a— + S~ 18
PR TIT (18)
where k, u, and S, are poroelastic constants.
In terms of u,, Eqn. 18 becomes
koo h
;V p=a (0, + 1/7) Opu, + ScO¢p. (19)

This can be written in terms of g(t) (by differentiating
Eqn. 14 with respect to time) as
ko . .
—Vp=Cp —2a4(t), (20)
]
where C = B + S..

Using Eqn. 17 in concert with Eqn. 14 evaluated at
r = R, we find a relation for g(¢) in terms of p:

i) = % /0 dr'r' (). (21)

Plugging this into Eqn. 20, we arrive at an equation
that only depends on p:

k 2 N D r IRV
;V p(r,t)sz(r,t)—l—ﬁ ; dr'r'p(r',t) (22)

where D = 2a(1 — 2v).



This is now solvable by assuming p takes the form
p(r,t) = >, pn(r)T(t) (i.e. p is a linear superposition
of separable solutions). T, is easy to solve for and yields
exponential decay in each mode: T,, = ¢, exp (—nt). The
equation for p is more cumbersome:

n R
ﬁVzp(r) = —nCp(r) — R—ZQ)/O dr'r’ p(r'). (23)

We guess a solution of the form p = Jy(r/a,) —
Jo(R/ay) (where J is the Bessel function of the first kind)
which satisfies the boundary conditions of the problem.
The a,’s are found to be related to n by

koo
n=—a,". 24
e (24)
Self-consistency of the ansatz leads to a discretization
condition on n:

()Y () @

and the ¢, are defined by the initial conditions. In our
problem, the system starts with p = pg throughout the
material. Using the orthogonality of the Bessel functions,
the ¢,’s are given by

-1

ny 2t (26)

m T (%) <1 2 (5)2)

where H = % + %
All together,

where the n’s are discretized to be solutions of Eqn. 25,
and the ¢,’s are given by Eqn. 26.

For large values of n, the discretization condition re-
duces to the zeros of Jy, and thus leads to near-uniform
probability distribution p(a,,!). The decay rates A ~ a2
are thus distributed with a 1/ v/ probability distribution.
The Ariel Oreg and Imry model therefore doesn’t directly
apply — the modes are not distributed with a 1/\ prob-
ability distribution. Furthermore, for large n, the ¢,’s
are proportional to 1/Jy(R/a,) where Ji(R/a,) = 0.
This term approximately cancels out the p, term (i.e.
Jo (r/an) — Jo (R/ay)). Thus, neither of these terms af-
fects the 1/ VA amplitude with which the A modes decay.

The force this system would exert on a plate com-
pressing it is F(t) = fOR dr ro,,(r,t). Given our results
for p(r,t), we would not expect to see logarithmic de-
cay in F(t). However, more work needs to be done to
validate this intuition, by finding a closed-form solution
for F(t). Furthermore, more work needs to be done to
approximate the natural timescale of the problem — this
would involve making order-of-magnitude estimates for
the values of the poroelastic constants, which we have
not done here. Finally, while we have argued that pres-
sure does not decay logarithmically in this system, this
claim should be validated by numerics, which we have
not performed here.

Our results should be considered extremely prelimi-
nary, but suggest that a homogenous poroelastic sys-
tem with boundary conditions akin to those in Lahini
et al.’s experiments does not undergo logarithmic relax-
ation. Therefore, inhomogeneities in the elastic foam are
essential to account for its logarithmic behavior.
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