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We begin this article by briefly reviewing recent experimental observations of phase transition
mediated regulation in biological systems, and their misappropriation in diseased states. Based on
experimental evidence, we postulate that in the context of in vivo systems, multiple phase transitions
may contribute to biological function. Using a mean-field approach, we briefly motivate how weakly
self-interacting homopolymers may undergo a first-order phase transition, also known as liquid-
liquid demixing. Subsequently, we review exact lattice descriptions of self-interacting polymers
that exhibit continuous, percolation-type geometrical phase transitions, without singularities in the
thermodynamic free-energy, called a sol-gel transition. In the context of geometrical percolation
transitions, we highlight the potential of real-space normalization group techniques in elucidating
various scaling exponents, in the random limit. We briefly touch upon the generalized problem of
site-bond correlated percolation. Finally, we close with speculations on how these transitions go
awry in misregulated states, through further phase transitions or formation of quenched states.

I. INTRODUCTION

Eukaryotic cells contain several membrane-less or-
ganelles, also referred to as cellular bodies or puncta
(Fig 1a), which play a central role in compartmentalizing
essential biochemical reactions. These organelles are
found in both the cytoplasm and the nucleus, and can
exist throughout the lifetime of a cell or form temporary
structures which dissolve upon regulatory stimuli.
Examples of these organelles include nuclear speckles,
nucleolus, Cajal bodies etc. in the nucleus, and stress
granules, P-granules, P-bodies etc. in the cytoplasm

[1][2](3]-

These membrane-less organelles are thought to
form through liquid-liquid phase separation(LLPS),
mediated through multivalent interactions between
constituent molecules, and exhibit classic signatures
of liquid droplets i.e. they undergo fission and fusion,
deform under shearing stress (Fig 1b), and they show
fast internal dynamics. In wvitro studies of multivalent
constituents; RNA + RNA binding constituents [4],
cognate ligand-proteins [5], and intrinsically disordered
proteins[1], all undergo LLPS.

Further, many such proteins often form gel-like states
in wvitro [6][7] and often mature into fibrillar domains
or amyloid fibres under long time scales post LLPS.
In diseased states, caused through misregulation or
mutations in the constituent proteins, the resultant
phase separated body resembles a solid-like structure,
lacking any internal dynamics [3][8].

In this article, we briefly review how polymers in so-
lution may undergo multiple types of phase transitions.

* krish_s@mit.edu

e
clusters gp)c I
G bo

Signalling L 4

puncta Paraspeckle
o Cajal
s omain =

P body ) DNA @D Perinucleolar

0 Synaptic Ubody  damage foci
densities Nucleus

o0 Stress
& transport

Nucleolus ¥ compartment

e
granule ety

granule NUCIEF" G:\Os[;\c/melccus
Balbiani i P
R body At
pore complex

Germ
granule

FIG. 1. (a) List of membrane-less organelles inside the eu-
karyotic cell, formed through phase transitions (b) Typical
organelle exhibits features of liquid droplets including shear
driven flow and fusion (adapted from [1])

Save for mean-field theories, chain conformational effects
will be ignored, and ”colloid” like systems will be stud-
ies. We will identify critical points and exponents in the
lattice framework for the different transitions. Subse-
quently, we’ll explore the role of real-space renormaliza-
tion group techniques in random percolation and touch
on the role of interactions and solvents by looking at gen-
eralized correlated site-bond percolation [9]. We’ll finally
close with speculations in the context of biological sys-
tems.

II. LIQUID LIQUID PHASE SEPARATION

Interacting homopolymers in solution can sponta-
neously phase separate with increasing concentration/
changing interaction strengths. This has been known for
a long time [10][11], and the phase diagram mapped out



extensively through Monte-Carlo simulations on finite di-
mensional lattices [12]. The mean-field hamiltonian of a
homopolymer (length N) solution of density ¢, with ef-
fective monomer interaction y :

FH = Sin(9) + (1 - O)in(1 - ) +xo(1-9) (1)

x > 0 corresponds to “poor solvent” regimes, which
is representative of aqueous solvents, and beyond a
critical temperature(derived in App A), spontaneous
demixing occurs, into polymer “rich” and polmyer
“lean” phases. Chain conformation dynamics confound
not only the actual location of the transition [13], but
introduce several rich crossover phenomena [14] that
we won’t study, including coil-globule transitions and
swelling. We’ll briefly point out that multivalent colloids
on a lattice (neglecting spatial structure of polymers)
provides a zeroth order approximation of the system of
interest, as biological interactions are short-ranged.

Consider a lattice occupied with colloids of density ¢
with the rest being solvent/voids. If two molecules oc-
cupy nearest neighbor positions, they interact with an
effective energy e. In class, we have established that the
above "lattice gas” grand-canonical system is isomorphic
to the canonical Ising model in external field (see [15]).
As expected, the liquid-liquid de-mixing mediated by in-
teracting “polymers” can be shown to be a first-order
phase transition (order parameter being the local den-
sity) in the same universality class of the Ising model (
see App A). Detailed Monte Carlo simulations of poly-
mers on a lattice[12], with explicit consideration of chain
conformational entropy, show the same results.

III. SOL-GEL TRANSITION

Multivalent polymers which form physical or chemical
(reversible or irreversible) cross-links with each other can
undergo a phase transition, upon which a macromolecu-
lar size cluster is formed. In principle, one may liken this
to a ”percolation-class” transition, where in, upon the
phase transition, a spanning cluster is formed across the
entire lattice. We'll begin by applying the mean-field per-
colation approach to the gelation transition, and review
renormalization techinques for non-mean field limits, ap-
proximating our proteins as multivalent blobs.

A. Mean-field gelation

In the mean-field model, multivalent colloids (which
are our proxy for the proteins) have a valency of f per
particle. The system is modeled on the Bethe lattice with
each node (site) having f—1 neighbors, as depicted in Fig
2. The only allowed structures of cross-linked colloids are

FIG. 2. Bethe lattice with =3

“tree-like” structures, which don’t have any loops, imply-
ing that any spanning cluster of n colloids has n—1 bonds.
Before launching into the details, it is easy to figure out
the percolation threshold. Since the Bethe lattice has a
fractal “tree-like” structure, for a bond to percolate to
the entire system, it is essential for any derived node, the
bond percolates to atleast one of it’s (f — 1) neighbours
(See Fig 2). This automatically gives (in agreement with
[9]) the threshold (see [16] for an analogy and [17] for
comments on cycles or loops of bonds) as:

1
Pe = ﬁ (2)

We begin by drawing a parallel between the order pa-
rameter and ”thermodynamic” quantities in gelation and
other critical phenomena. The natural choice of order
parameter for this system is the fraction of colloids con-
nected to the infinite cluster, or gel fraction ¢4¢;. The role
of temperature in magnets is played by the probability of
bond formation p (with an important analogy, see [18]),
which has a critical threshold p.. The distribution of
cluster sizes is defined as ng(p) i.e. the probability that a
node is the root of a cluster of size s (for expanded anal-
ogy, see [19]) Since the total number of particles is con-
served (and equal to N, say) > ns(p)s =1 Vp. Knowl-
edge of ny(p) allows us to derive all scaling exponents of
interest gelation. Whilst the authors have gone through
laborious combinatorics (following [20]), a far simpler ar-
gument sheds light on this entire problem. To derive
ns(p), let us make the following observations:

1. All linked clusters of size s have s — 1 bonds (tree),
and remaining ((f — 1)s — (s — 1)) are empty.

2. Since ng is the probability of the root node, there
is a degeneracy factor of % involved to choose the
root node. The root node also has an additional
bond which must not be cross-linked (see Fig
2), and since unreacted bonds are indistinguish-

able, a multiplication factor of (]‘—12% is required.



From the two above factors, and noting the entropy of
choosing the occupied (and empty) bonds, we can derive:

n = 11;19 (f =1)s s—171 _ N(F—2)s+1
) 8(f—2)s+2<(s—1) )p (1-p) N

Taking the Stirling’s approximation for s! ~ s°¢™*, and
expanding p around p, = ﬁ, we note the following:

S

1. Root degeneracy gives a factor of s—!, factorial
terms (s > 1) give an additional factor of s~ 1.

2. Expansion of the probabilities (around p, = ﬁ)

. _ —(— 2, . . .
gives a factor of s79% and e~ (P~P<)"s_je. Binomial
tends to the Gaussian with variance o cluster size.

s

= ns(p) ~ S_%e_(P—Pc)2s ~ S_Teiq (4)

Here, drawing an analogy to the Ising system, s is de-
fined as the correlation cluster size, and we can see that
s¢ ~ |p —pc|*5 where 7 = g,o = % All scaling expo-
nents can be derived from the above formalism, noting
the following

1. Order parameter is ¢4(p,s = o0) = 1 —
Y1 Sns(p). Gel fraction is 0 below p. and in-
creases linearly with deviations from p. in the gel
phase.

2. The weight-average degree of polymerization (sim-
ilar to magnetic susceptibility) is defined as:

DPw — Zs Szns(p)

Zs ST (p)

We can derive the classical exponents from (4) as 8 =
T—2 3—71 1

7:1,7:7:1,5:5:2aﬂdu:§,a:—1.
Note that, unlike the magnetic § = %, the gelation ex-
ponents fall into a different class, the same universality
as percolation. It is possible to derive other exponents
to shed light on this purely geometrical transition, and
explicit consideration in the grand canonical ensemble
([21]) can establish that the thermodynamic free energy
does not become singular across this transition. The up-
per critical dimensionality (if hyperscaling where to be
obeyed i.e. d.v =2 — «) is found as d,, = 6 and lower
d; = 1. Hence, the above exponents may not reflect re-
ality in 1 < d < 6. Whilst exact solutions of the above
model are impossible on finite dimensional lattices (other
than 2D square lattice), we’ll briefly explore some real-
space renormalization techniques.

B. Real space renormalization: Lattices

An intuitive, controlled, yet not easily scalable renor-
malization technique involves understanding the perco-
lation problem through the “cluster-RG” type approach.

Lf—-

FIG. 3. Cell to site renormalization shown for (a) Triangular
2-D lattice (b) Square 2-D lattice (c¢) Cubic 3-D lattice

We'll illustrate calculation of this technique using the site
percolation approach (see footnote [22] for bond-site du-
ality). Renormalize the sub-lattices so as to change the
correlation length by a factor of bi.e. ¢ = %. This renor-
malization group for the percolation probability can be
written as (in general, with an external field):

p =R(ph)

, ()
h = hRa(p,h)
Generally, in absence of external field, R(p,h = 0) =
R(p) = p has three fixed points. The stable supercrit-
ical (p = 1) and sub-critical points (p = 0), as well as
the unstable, phase transition point (p = p.). It is easy
to derive (details in footnote [23]) the associated ther-
mal exponent. Using a ”ghost” approach ([24]), it is also
possible to obtain an estimate of y;, though the author
did not pursue this technique. The guiding principle is
that when we renormalize a cell to a site, we must de-
velop rules for when the cell is considered “occupied”.
Potential strategies include; (a) initial cell is spanned in
a particular direction (b) initial cell spans in any of one
directions (c) initial cell spannable in all directions, and
many others. As an illustration (see Fig 3), let us con-
sider writing down the different laws assuming that the
decimated site is ”occupied” only if the original cluster
spans in atleast one (b type) direction:
RZP2 = p 4+ 3p*(1 - p)
RPH = p* +4p(1 — p) + 4p*(1 — p)?
REPH = p® +8p7(1 — p) +28p°(1 — p)* + 48p°(1 — p)*+
44p* (1 = p)* +24p*(1 = p)° +12p*(1 — p)°
(6)
For 2-D lattices, it is easy to see that if two sites out
of three are occupied, then on can span the triangular
lattice, and if greater than 2 sites (which are not in
opposite diagonals) are occupied for square lattice, we
can span the square cell. For the 3-D cube, the paths
were generated using MATLAB (see appendix B). A list
of critical points and v = i are generated, as shown in
Table I.

Intriguingly, the results for the triangular lattice are
nearly exact. However, single cell RG results don’t
hold up too well for the square sub-lattice in 2 or 3-D



Lattice Pc.RG | Pe,actual |VRG | Vactual
2D-A 0.5 |3 1.354]2
2D-0 0.39 ]0.59  [1.59 |3
3D-0 0.14710.31 1.77 |0.82
2D-0 (span 1-Direction)|0.618 |0.59 1.63 |3

TABLE I. Comparison of single-cell RG predictions to actual
(computational) solved exponents and thresholds. Analytic
actual results were presented as fractions and Monte-Carlo
derived ones with decimal representations

(interestingly the p. estimate is very close for a different
choice of R(p), see [25] for details). Extensions of this
method involve looking at "larger” cells, which perform
better [24], but the authors did not have sufficient time
to formulate these simulations. The authors close this
section by noting that critical exponents for percolation
have been exactly solved in 2-D through conformal
invariance and Monte Carlo simulations in 3-D [26],[27].

Despite this wealth of information on mean-field,
and finite-dimensional percolation models, experimen-
tal studies of gelation disagree on static exponents
[28][29][30]. A recent study [28] even reported a cross-
over in exponents with changing concentration. Several
other studies of kinetic gelation [31],[32][33] predict
unique, different universality classes for the gelation
transition, motivated by Smoluchoswki type coagulation
models or mode-coupling theories. Yet other studies
[29][34] find that numerical experiments match critical
exponents of the percolation class, but intriguingly ones
in d = 4. Finally, theories of colloidal gelation [35][36]
show that multivalent colloids may undergo either
gelation type or glassy transitions, with kinetic arrest.

Most interestingly, almost all (referenced) studies have
explicitly considered irreversible gelation. In the biolog-
ical context, if gelation is driven, it is definitely through
multiple, but weak, reversible interactions [1]. Further
confounding occurs due to conformational effects, al-
though Rouse models based on the percolation univer-
sality class (largely independent of d) [29][37] seem to
agree loosely with experiments. The author is aware
that there are numerous approaches listed above for irre-
versible gelation, which have some degree of overlap, but
to his knowledge, the phase transition behavior for re-
versible gelation of branched polymers continues to evade
complete classification.

IV. MULTIPLE TRANSITIONS

We (Sec ILIII) have shown that multivalent colloid-
s/polymers can undergo two different type of phase
transitions, belonging to different universality classes.
In site or bond percolation, if sites (bonds) are fixed,
then bonds (sites) percolate randomly. However for
the general case, we might envision that both sites and

(a) (b) (c)

FIG. 4. Phase diagrams for different solvent-monomer inter-
actions, borrowed from [9]. (a) represents a case where two
sol phases can coexist without gelation and (c) is vice versa,
where gelation precedes or accompanies all phase separation.
(b) corresponds to singular case when both co-incide.

bonds may be vacant (to account for excluded volume
or solvent effects), and their interactions correlated
through an underlying Hamiltonian (see footnote [38]
for distinction from the lattice gas). Whilst the authors
do not show the lengthy calculations from [39], to close
this article, they borrow a picture from their results on
the Bethe lattice [9]. In general, when lattice-gas type
interactions are included, both gelation-type and coexis-
tence/phase separation may occur, as illustrated in Fig 4.

A key point to mnote is that different correlation
lengths ¢ (thermal) and (, (connectivity) diverge
typically at different points, and belong to different
universality classes. As illustrated in Fig 4, it is possible
to phase separate without gelation (sub-panel a), which
would typically correspond to “poor” solvent conditions,
and exhibit two kinds of gel phases in “good” solvent
conditions (sub-panel ¢).

V. DISCUSSION

Over the last few years, the import of phase transi-
tions in mediating biological function has been firmly
established, in several in wvitro and in wvivo studies,
reviewed extensively in [1][40][3]. As we have studied
above, it is quite obvious that multivalent proteins may
show rich phase behavior, exhibiting multiple transitions
in different universality classes. Phase separation(LLPS)
has been primarily used for marking the presence of
such bodies in vivo [1][40]. In few studies, like [41],
the authors have shown that multivalent proteins and
cognate pairs phase separate into liquid bubbles, and
this transition also bears several hall marks of the sol-gel
transition (more details in Fig 5,Appendix C). For-
mation of reversible gels without phase separation also
potentially mediates biological function, as is observed
in the case of nephrin like assemblies (unpublished
observations, communicated by Dr. Michael K. Rosen).
However, what remains standing is that most studies
usually don’t probe the mechanistic driving forces of
these multiple phase transitions, in the context of critical
phenomena.



A common feature of several proteins, especially
intrinsically disordered proteins, and RNA that drive in
vivo phase separation is the presence of multiple aro-
matic, hydrophobic interactions. This seems to suggest
a “poor solvent” im wvivo condition, and presumably
drives phase separation without extensive gelation (a la
Fig 4a). Even if sol-gel transitions occur, they might
correspond to weakly “quenched” or gelled states close
to the percolation threshold. A hallmark of diseased
states is their ability to increase interactions through
valency [3], or mutations which affect binding affinity
[8], which lead to fibrillar or solid like aggregated states
(see Fig 6, App C). WT proteins which are implicated
in in vivo phase separation also aggregate/gel/fibrillate
on long time scales (See Fig7, App C).

The above facts allow for an attractive speculation
that biological function may be regulated through these
(possibly) multiple phase transitions. A principal com-
monality to most phenomena [5] is the rapid response
to stimuli for assembly/disassembly of phases, which
enable function. As we have seen in Sec IV, gelation
and phase transition are intertwined for multivalent
polymers. In order for this rapid switch between two
sides of the transition (s) under normal states, the
relevant interactions must be tuned relatively close
to the threshold(s), lest the system fall too deeply
on either side of the critical point(s). This is further
supported by the fact that many in vivo shifts between
the ordered/disordered phases are typically mediated
through modification (phosphorylation,acetylation etc)
marks on proteins which are written in response to
stimuli [1] and reversed(dephosphorylated, deacetylated
etc) otherwise, akin to modulating valency, of weak
interactions. The advantages of such a mechanism are
numerous, of which a key few include:

1. Phase transitions are cooperative, which enables a
sharp, switch-like response to stimuli.

2. Phase separation, in particular, allows for forma-
tion of a distinct chemical environment which lo-
calizes certain biochemical interactions essential for
specific functions.

3. The presence of dynamics and rearrangement
within weak gels and liquid droplets allows for
exchange with environment, in relevant biological
time scales.

Abnormal mutations or misregulation of enzymes
(which show similar characteristics as long time WT
proteins in wvivo) often change the valency (or effective
binding strength) significantly [3],[8],[42][43][44], driving
the demixing and gelation too deeply into the phase.
This can lead to formation of kinetically arrested gels
[35], glassy states [32], or due to the high local concen-
tration, even nucleate precipitation or aggregation of
fibers or amorphous protein phases. In fact, in the case

of Huntington’s disease, which is known to be driven by
expansion in CAG repeats of protein Huntington, there
exists a strong correlation between increasing repeats
(valency) and early onset of disease [45], which is linked
with the increasing ability to oligomerize [46], leading to
formation of aggregrated bodies.

Further work on uncovering critical exponents and
characterizing the phase transitions which mediate bi-
ological function in wvivo is essential to understand the
underlying mechanisms better. Viscoelastic and micro-
rheological experiments which are appropriately tweaked
may be used to probe these phenomena in in vitro as-
semblies which phase separate and are being explored
(private communication, Dr. Michael K. Rosen). Theo-
retical work on reversible, polymer gelation would shed
more light on the interplay b/w gelation and phase sepa-
ration. Renormalization group techniques which look at
dynamics of reversible assembly would be invaluable. Fi-
nally, mechanistic understanding of the underlying prop-
erties of phase transition mediated biological function
will help guide strategies to combat diseased and mis-
regulated states.
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Appendix A: Flory homopolymers undergo phase
separation

In this mean-field hamiltonian (equation 1 for free en-
ergy), phase separation occurs when there is a critical in- ,
teraction strength which allows energetic considerations
to balance out entropic ones. Consider the hamiltonian,
where ¢ is the concentration of protein:

¢

14

BH = () + (1 = d)in(1l = ¢) + x¢(1 — ¢) 15
Differentiating w.r.t ¢ to derive chemical potential, and
checking for convexity: 17

In(pe h

g =0 (1~ 6)e) + xol1 )
0*BH 1 1 20
= — 4+ — -2 21
97~ No 1-9¢ N
O3BH _ 1 1 24
06"~ Ng? (- 4P

Setting the third derivative to zero separates the regimes 26
below and above which we expect coexistence. In partic- 27

ular, this is found at :

1
- 1+\/N?XC

1

11
2 N

e

For values of x > x., we expect spontaneous demixing
to happen, and the lines of spinodal meta-stability can be
derived from setting the second derivative to zero. Note
that x o 8 o % Expanding near the critical point with

z o/ N(1— ) oV N(1 — T£)> we can see that:
Agi)/ x 27

Where A¢/ is the difference in density b/w polymer rich
and lean phase near the phase transition, derived from
the spinodal. As seen above this gives a § = %, and
similar calculation places this mean field theory in the
universality class as the Ising model.

Appendix B: Cubic lattice shortest-path spanning
code

%% Number of ways to span a cubic
lattice

%% Efficient ways to do this

|
I < &

I

w

Qe
I

OQ'E':H
e~ =

~—~ 00 — =

plot (G)

for remove_nodes = l:n_.v-—1
nodes_to_remove = combnk(1:8,
remove_nodes) ;
count_paths(remove_nodes) =
nodes_to_remove) ;
i=1l:length (nodes_to_remove)
P =rmnode (G, nodes_to_remove

length (

for ;
(i,:)

) ;
if (min(degree (P))==0)
count_paths (remove_nodes)=
count_paths (remove_nodes)
—1;
end
end
end

plot (1:1:n_v—1,count_paths)

%Define the basic renormalization
for the hypercubic lattice

p =0:0.001:1;

R=p."(n.v);

group
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38

39

40

R_diff = n_vxp. (n_v—1);
for i=1:length (count_paths)
R =R + count_paths(i)*p." (n_v—1i)
(1-p). (i)
R_diff = R_diff + (n_v—i)x
count_paths (i)*p."  (n.v—i—1).%x(1—p
). (1) — (i)*count_paths(i)xp."(
nv—i).x(l—p). " (i—-1);
end
figure;
plot (p,R—p); hold on;
plot (p, R_diff);

%Fixed points

p-fixed=find (abs(R—p) <10 —4);
%Thermal eigen values

y-p = log(R_diff(p_fixed(2)))/log(2);

Appendix C:
Supplementary Figures

A brief discussion of supplementary figures is given be-
low, showing how diseased and misregulated states ma-
ture over time.

1. Phase separation and the sol-gel transition

The authors of [41] constructed various constructs of
two cognate proteins, SH3,, and PRM,, where n is the
valency of each chain. As we know, gelation cannot oc-
cur for f < 3, as p. = ﬁ is not reachable, and this is
observed in Fig 5b (red and green lines, n = 1,2). The
characteristic peak in R, for n = 3,4 represents a sol-gel
transition, and is always accompanied by phase separa-
tion( as evinced by closed to open circles in Fig 5b). They
also observe phase separation at lower concentrations for
higher valency, as shown in Fig 5a, where red dots im-
ply phase separation has occurred. Figs 5(c),(d) show
the fastest timescale of decay of intensity scattering and
cryo-EM structure of the bubbles, which show presence

of oligomerized intermediates.
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FIG. 5. Phase separation and gelation of SH.,,,PRM, motifs,
n is valency or repeats per chain, adapted from [41]

2. Phase separation gone awry

Several studies [5],[40] over the last few years have es-
tablished that cells dynamically regulate the formation
and dissolution of many of these protein-mediated phase
separation. Figs 6 reflect that in some diseased states,
single mutations which lead to increased valency or ab-
normally strong bonds led to formation of aggregates
with time. Even in WT cells, as shown in Fig 7, some
demixed droplets of protein and RNA tend to form gel/-
fibres/solidify over time, whereas others do not.

G156E FUS

FIG. 6. A recent paper by [8] has shown that mutated
FUS proteins, with strong binding interactions, mature from
droplets into fibers/aggregates
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FIG. 7. A recent paper by [4] shows that some phase sepa-
rated droplets mature over time (24hrs), whilst others remain
as reversible droplets, even in WT proteins and RNA



