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In this term paper, I discuss a type of dynamical critical phenomena known as self-organized
criticality, which in contrast to the critical phases presented in class does not require any external
tuning parameters. I give an introduction to the simplest model exhibiting self-organized criticality,
the abelian sandpile model, and discuss some of the associated phenomenology. Examples are given
of self-organized criticality in nature, and key ingredients for self-organized criticality are identified.
Lastly, a brief review of the literature concerning the effect of defects on self-organized criticality
is provided, as well as first-pass numerical simulations on a model of my own construction which I
call the “clumpy sandpile” model, in which defects are inherent to the particles of the model rather
than static features of the environment.

I. INTRODUCTION

A key aspect of the types of phase transitions that we
have covered in 8.334 is the concept of a critical point.
A system at its critical point is characterized by total
scale invariance, in the sense that its relevant correlation
lengths are divergent and its correlation functions decay
like power laws with separation. The concept of scale in-
variance was used to illuminate the notion of universality,
i.e. the (experimental) observation that disparate sys-
tems with tangible microscopic differences behaved the
same way (in the sense of macroscopic observables scal-
ing equivalently with temperature or other parameters)
near the critical point. The critical point itself was found
to be a single point or line in the space of the tuning pa-
rameters, but an entire volume (with co-dimension equal
to the number of tuning parameters) in the space of all
parameters (both microscopic and macroscopic) relevant
to the system.

Therefore, in these systems to reach a critical point
it was necessary to drive the system by some combina-
tion of external parameters like temperature, pressure, or
magnetic field. In addition, the critical point was usually
unstable to small fluctuations in the tuning parameters,
so that a state of persistent criticality was not practically
possible. While this is certainly characteristic of the ma-
jority of physical systems in the everyday world, there
are in fact a variety of other systems for which critical-
ity – in the sense of divergent correlation lengths, power
law distribution functions, and inherent scale invariance
– is rather an emergent property, which arises naturally
without any fine-tuning of experimental parameters[1, 2].
This phenomenon has been called “self-organized criti-
cality” (SOC), and is thought to underpin the physics of
a number of natural critical phenomena such as earth-
quakes, forest fires, and droplet formation, which display
critical behavior in the absence of tuning parameters.

In this term paper, I discuss a simple lattice model
exhibiting SOC known as the abelian sandpile model
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(ASM). First I give a brief overview of the ASM, includ-
ing a discussion of the critical phenomenology. Then, I
discuss some physical realizations of the model, and re-
view the literature regarding defects in the ASM. Finally,
I simulate a variant of the ASM in which defects are at-
tached to individual particles rather than features of the
environment, and discuss the question of whether SOC
or universality exists in the model.

II. THE ABELIAN SANDPILE MODEL

A. Definition

The ASM was discovered in 1987 by Bak, Tang, and
Wiesenfeld as the first example of a dynamical system
exhibiting self-organized criticality [3]. At a schematic
level, the model consists of a d-dimensional lattice whose
sites are described as containing an integer number of
grains of sand. At any given site, if the number of grains
is greater than some threshold value then the site “top-
ples,” scattering its sand to its nearest neighbors. A sin-
gle step of the evolution of the system consists of ran-
domly adding one grain of sand to the lattice, and then
relaxing the system by some defined toppling rules. After
the system is stable with respect to those toppling rules,
then another grain of sand is added to a random site and
the evolution continues. In this respect, the drive fre-
quency of the ASM is said to be much smaller than the
relaxation rate.

Mathematically, the ASM can be defined as follows [3–
5]. Let zi be the number of grains at site i, 1 ≤ i ≤ N on
a given lattice with N sites, and let each site be assigned
a threshold value ∆ii. Then evolve the system according
to the following rules [5]:

(i) Choose an integer i randomly from [1, N ]. Take
zi → zi + 1.

(ii) For each j such that zj ≥ ∆jj , perform a topple at
site j according to the toppling rule:

(i.a) For each integer k ∈ [1, N ], take zk → zk −
∆jk.
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FIG. 1. An illustration of the ASM toppling rules (sec-
tion II A) in the simple case of a 4 × 4 square lattice with
open boundary conditions, with ∆ij = −1 if sites i and j are
nearest neighbors, ∆ij = 4 if i = j, and ∆ij = 0 otherwise.

(iii) Repeat (ii) until there are no integers j, 1 ≤ j ≤ N
such that zj ≥ ∆jj .

(iv) Repeat from (i).

An additional requirement of the ASM is that the sys-
tem lose some amount of sand to dissipation, or else
continual evolution of the system will simply result in
a state with high density and infinite toppling time [1].
Note that with this condition,

∑
j ∆ij ≥ 0 for all i [4].

Dissipation is typically introduced using so-called open
boundary conditions, where the sandpile is said to exist
on a table such that grains of sand can topple over the
edge, where they disappear.

An illustration of a simple 2-dimensional ASM is given
in Fig. 1. It can be shown [5] that the toppling rules
described above give rise to relaxation rules that are
abelian, in the sense that a state where multiple sites
are above the threshold will always relax to the same
final state, regardless of the order in which the critical
sites are toppled.

B. Phenomenology

In the ASM, there are in general three quantities which
are used to study the dynamical properties [1, 2]. First,
define for a given avalanche

(i) n, the number of topples involved in the avalanche
before the system relaxes to a stable state,

(ii) t, the number of time steps required for the relax-
ation process (the “lifetime” of the avalanche),

(iii) l, the linear size of an avalanche (which reaches sites
at positions {ri}), defined by

l =
1

|A|
∑
i

|ri −Rcm|,

where

Rcm =
1

|A|
∑
i

ri

and the avalanche reaches A distinct points.
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FIG. 2. Approach to criticality of the 2-dimensional ASM
on a square lattice, measured by the density of sand grains ρ
as a function of time t. The stationary value of ρ ≈ ρc = 2.12
is typical for the ASM on a 2-dimensional square grid [1].

Of course the above quantities are not independent,
so to discuss the statistical nature of the system it is
necessary to study the joint probability distribution for
avalanches P (n, t, l). However, this is computationally
quite difficult so that researchers mostly study the uncon-
ditional probability distributions P (n), P (t), and P (l),
where P (x) is the probability that a given avalanche has
property x, irrespective of the other two quantities. The
ASM is said to exhibit self-organized criticality because
the probabilities P (n), P (t), and P (l) are power law dis-
tributed in their arguments [1].

To show that the ASM exhibits self-organized crit-
icality, I performed simulations of an ASM on a 2-
dimensional 20 × 20 square lattice with open boundary
conditions, nearest-neighbor toppling rules like those in
Fig. 1, and ∆ii = 4 for all i. Fig. 2 shows the approach
to criticality in the density ρ of sand grains in the lat-
tice. Histograms of avalanche sizes and lifetimes in the
simulation are plotted in Fig. 3(a) and (b), respectively.

III. SOC IN NATURE

A number of systems which are encountered in physics
exibit behavior which is similar to that of the ASM. As
a matter of fact, there is reason to suspect that the ASM
can actually provide a good description of those systems,
if not quantitatively than at least qualitatively. This is
because the aspects of the ASM which are thought to be
essential for SOC, namely that the system exhibit thresh-
old behavior and be driven at a low frequency compared
to the relaxation rate, are readily apparent in these sys-
tems. A classic example is the Earth’s crust, where, as
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FIG. 3. Histogram of avalanche sizes (in number of topples),
(a) and avalanche lifetimes (b) after 10000 drive periods on
a 2-dimensional 20 × 20 square ASM with open boundary
conditions, nearest-neighbor toppling rules like Fig. 1, and
∆ii = 4 for all i. The histograms show power law behavior
over 1-2 decades. Deviations from power law behavior are
likely due to finite-size effects [1].

in the ASM, long periods of structural stability are in-
terrupted by violent releases of energy known as earth-
quakes. That the speed of the Earth’s crust in the sta-
tionary state – a few centimeters per year – is so much
slower than during an earthquake constitutes the condi-
tion that the drive period be much longer than the re-
laxation time. Moreover, the system naturally involves
threshold behavior, as tectonic plates slip past one an-
other only when the associated stress passes the thresh-
old set by the effective coefficient of static friction. And
indeed, measurable quantities in the system like the prob-
ability P (E) that an earthquake dissipate energy E have
been shown to be power law-distributed and scale invari-
ant [1].

While the Earth’s crust is certainly the case in which
the application of SOC has been the most successful,
many other systems also exhibit SOC behavior. For ex-
ample, the coalescence of droplets of water into “rivers”
on a glass surface has been shown to exhibit power law
behavior like in the ASM [1, 6]. In type II superconduc-
tors, magnetic flux vortices can accumulate on material
defects to some threshold concentration until their mu-
tual repulsion forces them away, a phenomenon which has
been shown to exhibit power law-distributed event sizes
and frequencies [7]. It has even been posited that the in-
terruption of long periods of slow biological evolution by
rapid explosions of species diversity could be an example
of SOC [8]. While SOC may not be able to account for
all of the quantitative and qualitative features of these
systems, it at least provides as qualitative paradigm for
interpreting the existence of critical behavior in the ab-
sence of tuning parameters.

IV. DEFECTS IN SANDPILE MODELS

While many variants of the ASM have been studied
by researchers since the model’s discovery in 1987, in the

FIG. 4. The probability distribution, P against the duration
of avanlanches, T for concentrations of defects (from top to
bottom) 0.0, 0.0075, 0.025, 0.05, 0.1, 0.2, 0.295. The loss of
criticality is evidenced by the lack of power law behavior in
P for nonzero defect concentration. After Ref. 9

course of my research I have become particularly inter-
ested in the effect of defects on the model. There are
many interesting questions to be asked when consider-
ing the effect of defects in the ASM, but one in partic-
ular which has caught some attention is the question of
whether a given system still displays SOC upon the intro-
duction of a finite concentration of defects. The question
has been explored by introducing defects of various kinds
to the model and investigating the distribution functions
described in section II B.

By far the most common type of defect which has been
studied in the ASM is a dissipative defect. In 1992, Tadic
et al. studied the ASM with a random distribution of
holes through which sand can leave the system [9]. They
find with numerical analysis that SOC in the modified
ASM is destroyed at long time scales and length scales for
any finite concentration of holes (see Fig. 4). This con-
clusion was later supported by mean field and renormal-
ization group analysis [10]. More general nonconservative
(in the sense of particle number, excluding boundaries)
ASMs were also found to move away from criticality for
an arbitrarily small amount of dissipation [11]. These
studies have shown that the vanishing of the drive fre-
quency and the presence of threshold toppling rules are
necessary, but not sufficient conditions for SOC in the
ASM.

V. CLUMPY SANDPILES

In contrast, we may also imagine a model in which the
toppling rules are conservative, but the distribution of
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FIG. 5. Distribution functions in the clumpy sandpile model
for (a) avalanche size (in number of topples) and (b) avalanche
lifetime as a function of p.

sand “masses” differs from that of the simple ASM. In
this way, the “defects” in the model are not defects of
the lattice, but rather mobile defects in the form of sand
grains which carry more or less weight than in the original
model. One can ask, as a function of some reasonably-
defined deviation from a sharp mass distribution, does
the system exhibit SOC and does it belong to the same
universality class as the original model?

To answer this question, I performed numerical simu-
lations on a variant of the ASM in which at each driving
step a grain of sand is randomly added to the lattice,
where the mass of the grain of sand is 1 with probability
p and 2 with probability 1−p (one can think of the heav-
ier grain as a “clump”). A site i is stable when its total
mass mi satisfies mi < 4. If mi ≥ 4, the site topples, and
a number of grains are distributed randomly to nearest
neighbor sites such that the total mass distributed is 4,
and that no site receives two grains of sand in the same
topple (for concreteness, in a given topple event we dis-
tribute heavy grains first, and then distribute the lighter
grains). The system is equivalent to the ASM for p = 1.
Physically, one could imagine this model as pertaining to
the dynamics of magnetic flux vortices in a dirty super-
conductor where the vortices are allowed to carry more
than one flux quantum.

I simulated the above “clumpy sandpile” model on a
50×50 2-dimensional square lattice with open boundary
conditions, and studied the behavior of the model as a
function of p. First, for each p I verified that a stationary
(if not necessarily critical) state does exist, by monitoring
the density with time as in Fig. 2. Then, I ran 10000
driving periods of the evolution, and recorded for each
avalanche the number of topples s and the relaxation
time t. The question of whether the system exhibits SOC
can be investigated by studying the distribution functions
described in section II B.

The results of the simulations are shown in Fig. 5. It
appears that the relevant distribution functions still ex-
hibit power law behavior in the “clumpy” sandpile model,
at least for a reasonable range given the size of the lattice
and the length of the simulation. However, it is impos-
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FIG. 6. Critical exponents of the clumpy sandpile model
extracted from Fig. 5, as a function of p.

sible to say for certain whether the system is truly crit-
ical without a formal proof, or at the very least better
numerics (the simulations were sorely limited by lack of
computational power).

Using the distribution functions in Fig. 5, it is possible
to calculate the critical exponents τ and ω (defined so
that P (t) ∼ tω and P (s) ∼ sτ for avalanches of s topples
and lifetimes of t) as a function of p. The results are
plotted in Fig. 6. I find evidence that the exponent τ
may change with p, whereas the evidence is less obvious
for the exponent ω. This suggests that p 6= 1 may be
driving the model away from universality. However, it
should again be cautioned that this question could be in-
vestigated with much better accuracy given greater com-
putational power.

VI. CONCLUSION

In this term paper, I have discussed SOC in contrast
to the models of criticality discussed in class. I have de-
scribed the simplest model exhibiting SOC, the ASM,
and discussed the model phenomenologically in terms
of critical exponents and distribution functions. Phys-
ical systems were identified which display SOC, and key
ingredients for SOC, including threshold dynamics and
vanishing drive frequency, were highlighted. Lastly, I
discussed the literature surrounding defects in the ASM,
and presented some rudimentary simulations of a model
where defects are native to the grains themselves rather
than features of the environment. It was found that the
model appeared to exhibit some features of SOC, includ-
ing power law scaling of distribution functions, but that
the critical exponents changed with the “clumpiness” of
the model. Greater computational capacity will be nec-
essary to investigate the clumpy sandpile model, and an-
alytical investigations should be carried out to discern
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the nature of the associated stationary phase.

All source code can be found at https://github.com/

bfichera/asm. I gratefully acknowledge Mehran Kardar
for his mentorship in 8.334, as well as Abe Levitan and
Camilla Schneier for helpful discussions.
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[9] B. Tadić, U. Nowak, K. D. Usadel, R. Ramaswamy, and
S. Padlewski, Scaling behavior in disordered sandpile au-
tomata, Physical Review A 45, 8536 (1992).

[10] P. Ghaffari, S. Lise, and H. J. Jensen, Nonconservative
sandpile models, Physical Review E 56, 6702 (1997).

[11] T. Tsuchiya and M. Katori, Proof of breaking of self-
organized criticality in a nonconservative Abelian sand-
pile model, Physical Review E 61, 1183 (2000).

https://github.com/bfichera/asm
https://github.com/bfichera/asm
https://doi.org/10.1103/PhysRevLett.59.381
https://doi.org/10.1103/PhysRevLett.59.381
https://doi.org/10.1016/0378-4371(92)90447-X
https://doi.org/10.1016/0378-4371(92)90447-X
https://doi.org/10.1103/PhysRevLett.64.1613
https://doi.org/10.1103/PhysRevLett.71.2749
https://doi.org/10.1103/PhysRevLett.74.1206
https://doi.org/10.1103/PhysRevLett.74.1206
https://doi.org/10.1126/science.11542058
https://doi.org/10.1126/science.11542058
https://doi.org/10.1103/PhysRevA.45.8536
https://doi.org/10.1103/PhysRevE.56.6702
https://doi.org/10.1103/PhysRevE.61.1183

	Self-organized criticality and clumpy sandpiles
	Abstract
	Introduction
	The abelian sandpile model
	Definition
	Phenomenology

	SOC in nature
	Defects in sandpile models
	Clumpy sandpiles
	Conclusion
	References


