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The critical phenomena associated with defects in the O(N) model are discussed. We discuss
codimension D defects in a d-dimensional O(N) model using saddle point analysis and using the
large N limit. The speci�c case of plane defects in d = 4 is described in some detail.

The surface critical behavior of O(N) models
has been studied both in �eld theory and in lat-
tice models since the 1970s.[1�4] One may think of
a surface as a co-dimension 1 defect. This point of
view naturally leads to the question of defect criti-
cal behavior for co-dimension D > 1 defects. More
concretely, one can ask what are the critical phe-
nomena associated with (d−D)-dimensional scale-
invariant manifolds of enhanced/suppressed cou-
plings embedded in a d-dimensional O(N) model.
Such defects have been studied in some generality
in the past.[5, 6] The discussion presented here is,
in a sense, complementary to this line of work. We
use a continuum �eld theory description analogous
to Ref. [2] and Ref. [7] to describe the aforemen-

tioned defects. Using saddle point as well as large
N approximation, we discuss D ≥ 1 defects in
analogy with surfaces. Lastly, we consider in some
detail the speci�c case of plane defects in d = 4,
which are particularly interesting since they cor-
respond to defect lines in 3+1D quantum O(N)
models.
The defects we consider in this paper will be

described by equations of the form

xµ⊥ = 0 (1)

where the index µ runs over the directions orthog-
onal to the defect manifold. In other words, the
defect is a d −D dimensional hyperplane with D
directions orthogonal to it. Based on this, we de-
�ne our Landau-Ginzburg energy functional as [2]
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where ~φ(x) = (φ1(x), φ2(x), · · · , φN (x)) is an N -
component vector �eld. We have included a
symmetry-breaking �eld localized on the defect
which we will take to 0 by the end of all calcu-
lations. It serves as a helpful regulation scheme
especially in the saddle point analysis.

I. SADDLE POINT ANALYSIS

The saddle point analysis amounts to solving for
the �eld con�guration that minimizes the Landau-
Ginzburg energy functional. This results in the
following equation:

−∇2φi+tφi+uφi

N∑
j=1

φ2
j = (hi−cφi)δ(D)(x⊥) (3)

We will set the symmetry-breaking �eld hi to point
along the direction 1 in spin space, hi = hδi,1.
Since h2 = h3 = · · · = hN = 0, we can set
φ2, · · · , φN to 0 too. Moreover, we can assume
the saddle point solution to be independent of
the coordinates that are parallel to the defect.

Thus, we may express the saddle point �eld ~φ as

φi(x) = φ(x⊥)δi,1. Using these simpli�cations, we
can re-write Eq. 3 as

−∇2
⊥φ+ tφ+ uφ3 = (h− cφ)δ(D)(x⊥) (4)

Integrating Eq. 4 over a "cylinder" of vanishing
radius ε surrounding the defect gives us the bound-
ary condition:

− lim
ε→0

SDε
D−1 ∂φ

∂r⊥

∣∣∣
r⊥=ε

= h− cφ(0) (5)

where we used the divergence theorem to simplify
the l.h.s. SD is the solid angle in D dimensions.
For D = 1, these equations reduce to

−φ′′ + tφ+ uφ3 = 0 (x⊥ 6= 0) (6)

φ′(0+)− φ′(0−) = cφ(0)− h (7)

where the primes denote derivatives w.r.t. x⊥.
Along with these, we have the boundary condi-
tion that ensures the �eld matches the bulk value
at x⊥ → ±∞. Eq. 6 can be integrated by multi-
plying both sides by φ′(x⊥),
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where k is the constant of integration. For t > 0,
φ(±∞) = 0 and φ′(x⊥ → ±∞) = 0. We can there-
fore set k = 0 in Eq. 8. Moreover, this boundary
condition ensures that φ decays to 0 in the bulk,
i.e. φ′(x⊥) is negative (positive) for positive (neg-
ative) x⊥. Using this in Eq. 7 gives us

h = cφ(0)− 2φ′(0+)

= cm+ 2

√
tm2 +

u

2
m4 (t > 0) (9)

where we used m to denote φ(0). Setting h = 0,
we see that Eq. 9 has a single real solution m = 0
for c > 0. For c < 0, taking m 6= 0 we have

c2 = 4t+ 2um2 (10)

which produces a non-zero real solution for m
when c2 > 4t, or −c ≥ 2

√
t. This is the defect ana-

logue of the surface transition expected for large
negative c. For t < 0, φ(±∞) =

√
−t/u so we

choose k = t2/4u in Eq. 8 so that φ′(x⊥ → ±∞) =
0 again. Using this in Eq. 8, we have

(φ′)2 = tφ2 +
u

2
φ4 +

t2

2u
=
√
u/2(φ2 + t/u)2 (11)

For x⊥ > 0, φ′ is negative if φ2 > −t/u and vice
versa so that we choose the minus sign when taking
the square root. For x⊥ < 0, by the same argu-
ment we must pick the plus sign for the square
root. So we have

φ′(x⊥) = −sgn(x⊥)
√
u/2(φ(x⊥)2 + t/u) (12)

Plugging this into Eq. 7, we �nd

h = cm+
√

2u(m2 + t/u) (t < 0) (13)

Setting h = 0, we have the quadratic equation for
m,

m2 +
c√
2u
m− |t|

u
= 0 (14)

from which one gets non-zero value for m. So the
defect is ordered for all values of c when t < 0.
Thus we see that, at the saddle point level at least,
the analysis of D = 1 defects closely follows that
of surfaces as expected.
For D > 1, assuming SO(D) rotational symme-

try around the defect simpli�es Eq. 4 to

φ′′ +
D − 1

r⊥
φ′ = tφ+ uφ3 (r⊥ 6= 0) (15)

where the primes denote derivatives w.r.t. r⊥.
This is a nonlinear Poisson equation, for which we
are not aware of any closed form solutions. Per-
haps one may make progress with numerics, but
the unusual boundary condition makes an immedi-
ate resolution di�cult. We can make some prelim-
inary arguments about the phase diagram, based
on the boundary condition Eq. 5 at h = 0,

lim
ε→0

εD−1φ′(ε) =
c

SD
φ(0) (16)

From this equation we can see that if the �eld is
to have an enhanced value at the defect compared
to the bulk, φ′ should be negative near the defect.
Due to the the magnetic �eld h, taken to 0 from
above, φ(0) is of course non-negative. As a result,
in this scenario, the signs of the two sides of Eq.
16 can match only if c < 0. We note that this is
only a necessary condition. Similarly, we can see
that if the pro�le of φ rises away from the defect,
the matching of signs will necessitate c > 0. This
argument shows only that a surface transition for
negative c should persist even for D > 1. Unfor-
tunately, we don't have more detailed results for
the phase diagram at present.

II. LARGE N APPROXIMATION

We now consider the large N limit of the prob-
lem. To allow the limit to be taken consistently, we
will de�ne u = u0

N in Eq. 2. Following Ref. [7], let
us �rst work out the propagator for the quadratic
part of the Landau-Ginzburg Hamiltonian,

βH0 =

∫
ddx~φ(x) ·

[
t−∇2 + cδ(D)(x⊥)

]
~φ(x)

(17)
An even simpler task is to evaluate the propagator
of the c = 0 case, which corresponds to the Gaus-
sian theory without a defect. In Fourier space, this
is given by

βH(0)
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∫
d̄dk⊥
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2
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(18)
The Green's function for this theory can be read
o� easily,
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where κ2 = t+ k2
‖, and we are implicitly assuming

t > 0 for the Gaussian theory to be well-de�ned as
usual. In the above integral, the limits of integra-
tion were left unbounded. This is �ne for D < 2,
where the integral does not need regularization;
we can allow k⊥ to run to in�nitely large values

without g
(0)
k‖

(x⊥, x⊥) blowing up anywhere, e.g.

g
(0)
k‖

(x⊥, x
′
⊥) =

1

2κ
e−κ|x⊥−x

′
⊥| (D = 1) (20)

But forD ≥ 2, we need to incorporate a UV cuto�,
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FIG. 1. Diagrammatic equation for gk‖(x⊥, x
′
⊥)

This matches the function in Eq. 19 for large
|x⊥ − x′⊥| but must be amended for |x⊥ − x′⊥| →
0, by including the e�ect of the UV cuto�. Now
the coupling c can be included using a series
expansion.[7] This is best expressed diagrammati-
cally, as shown in Fig. 1. In this �gure, the dou-
ble lines stand for gk‖(x⊥, x

′
⊥), and the single lines

stand for g
(0)
k‖

(x⊥, x
′
⊥). This results in the follow-

ing expression for the Green's function of βH0,

gk‖(x⊥, x
′
⊥) = g
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cg
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where g
(0)
k‖

(0, 0) is given by
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1

κ2 + k2
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(23)

≈
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1
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(24)

We have taken the UV cuto� to∞ for D < 2. The
next step is to incorporate the φ4 term to evaluate
the full Green's function Gk‖(x⊥, x

′
⊥), de�ned as

Gk‖(x⊥, x
′
⊥) =

∫
dd−Dx‖e

ik‖·x‖〈φi(x‖, x⊥)φi(0, x
′
⊥)〉

(25)
Of course, doing this in general is hard, so we look
for approximations. In the limit of large N, the
φ4 term can be incorporated at all orders in per-
turbation theory in a self-consistent manner. The
leading order result for N = ∞ includes only the
graphs with maximal number of loops. This is
expressed using diagrams in Fig. 2.[7] The corre-

FIG. 2. Diagrammatic equation for Gk‖(x⊥, x
′
⊥) (dou-

ble lines). Single lines stand for gk‖(x⊥, x
′
⊥).

sponding equation for the Green's function is

Gk‖(x⊥, x
′
⊥) = gk‖(x⊥, x

′
⊥)−

∫
dDy⊥V (y⊥)×

gk‖(x⊥, y⊥)Gk‖(y⊥, x
′
⊥) (26)

where V (x⊥) is given by the (appropriately regu-
lated) local component of the Green's function

V (x⊥) = u0

∫
|p‖|<Λ

d̄p‖
(
Gp‖(x⊥, x⊥)−Gp‖(∞,∞)

)
(27)

The pair of functionsGk‖(x⊥, x
′
⊥) and V (y⊥) must

be calculated self-consistently. We have not suc-
ceeded in completing this line of analysis, so we
postpone it to future work.

III. PLANE DEFECTS IN d = 4

Plane defects in 4d correspond to D = 2. The
corresponding saddle point equation is

φ′′ +
1

r
φ′ = tφ+ uφ3 (28)

where we have replaced r⊥ with r for less cumber-

some notation. Substituting φ(r) = f(r)√
ur

in Eq.

28, we have

f ′′ − 1

r
f ′ +

1

r2
f = tf +

f3

r2
(29)

The boundary condition Eq. 5 for φ translates to
the following boundary condition for f :

lim
ε→0

[
(1 + c)

f(ε)

ε
− f ′(ε)

]
= h (30)

Eq. 29 involves a length scale |t|−1/2. If we send
this scale to in�nity by setting t = 0, the equation
achieves a scaling symmetry f(r)→ f(λr):1

f ′′ − 1

r
f ′ +

1

r2
(f − f3) = 0 (31)

A change of variables s = − ln r turns the above
equation into a Du�ng equation without a forcing
term:[8]

d2f

ds2
+ 2

df

ds
+ f − f3 = 0 (32)

The s→∞ limit corresponds to the defect r = 0,
and the s → −∞ limit corresponds to the bulk.
Since we set t = 0, we must have φ = 0 in
the bulk, which implies the boundary condition

1 We thank Max Metlitski for pointing this out.
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lims→−∞ esf(s) = 0. In the language of the Du�-
ing oscillator, s is to be interpreted as a time co-
ordinate. For the above equation, the "oscillator"
has unstable equilibria at f = ±1 and a stable
equilibrium at f = 0.[9] For generic initial condi-
tion f(−∞), the oscillator is known to approach
the stable equilibirum f(∞) = 0. This is not
enough since we need to know the limit of f(s)es

as s → ∞ in order to �gure out the behavior of
the order parameter �eld φ(r) at r = 0. In order
to do so, one needs to do asymptotic analysis of
Eq. 32.
Lastly, let us make some brief comments about

the extraordinary transition for plane defects in
d = 4. Following Ref. [10], the theory to
be considered may be described by the action
Sordinary + Sn + Snφ, where Sordinary is the usual

O(N) model in terms of the bulk ~φ(x) �eld, Sn is
the nonlinear sigma model in terms of the N com-
ponent �eld ~n(x‖) de�ned on the defect along with
a symmetry-breaking �eld included as a regulation
scheme,

Sn =

∫
d2x‖

(
1

2g

(
∇‖~n

)2 − ~h · ~n) (33)

and Snφ is the coupling of the �elds ~φ(x) and
~n(x‖). For g → 0, the �uctuations of ~n are frozen
so that it behaves like a symmetry-breaking �eld
for the bulk. This should take the theory to a
defect analogue of the normal �xed point known
in the case of surfaces. An alternative description
was proposed in Ref. [10], in which one considers
the normal �xed point as the reference theory and
restores O(N) symmetry order by order in g. For
plane defects, we have

S = Snormal + Sn − s
∫
d2x‖ni(x‖)φ̂i(x‖) + δS

(34)

where i = 1, · · · , N−1 and δS includes terms that
are required to recover an O(N) symmetric action.
Here we have made the assumption that analogous
to the bulk-surface OPE (operator product expan-
sion) considered in Ref. [10], we have a bulk-defect
OPE that relates φi(x) (i = 1, · · · , N − 1) to the

O(N − 1) vector φ̂i(x‖) as

φi(x‖, x⊥) ∼ µφ|x⊥|d−2−∆φ φ̂i(x‖)+· · · , |x⊥| → 0
(35)

In other words, we conjecture that the analogous

φ̂i in this case has dimension d− 2. For the bulk-
defect OPE of the operator φN ≡ σ, our conjec-
ture is that the suitable generalization of σ̂ is the
so-called displacement operator, with scaling di-
mension d −D + 1 = 4 − 2 + 1 = 3 > 2.[11] This
means that the coupling of σ̂ to nN is irrelevant
at the g = 0 �xed point. We have not been able
to formulate a proof for the above claims about
the OPEs. But if they are true, we �nd that the
arguments in Ref. [10] also apply to plane defects
in d = 4, resulting in an "extraordinary log" phase
of the defect for small enough N .

IV. CONCLUSION

In this paper, we have attempted to capture the
physics of defects in the O(N) model. Admittedly,
our analysis for D > 1 defects is largely incom-
plete. However, our primary aim here has been to
set up new ways of thinking about this problem.
The missing details in our analysis are indicative
of promising directions for exploration in future
work.
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