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A one-dimensional Cahn-Hilliard phase field crystal (CH-PFC) model is formulated based on
lattice changes and volume changes based on the renormalization group. The model is tested
for a lithium iron phosphate model to indicate that the periodicity and the volume changes are
reproduced, and the effects of the lattice changes can also be seen in the concentration solution for
the free energy. Future models will be used to model volume changes and lattice changes in nickel

rich materials.

I. INTRODUCTION

Lithium ion batteries have been developed and com-
mercialized heavily as energy storage devices because of
their light weight and ease of transportation [1]. De-
spite their popularity, many unanswered questions re-
main from the complex scale of kinetics and transport
in these systems, including degradation during user ap-
plication and temperature effects [2]. Phase separation
in lithium ion batteries has been observed experimen-
tally as voltage plateaus during cycling, as well as directly
in single particle experiments in lithium iron phosphate
(LFP) and in voltage oscillations in lithium titanium ox-
ide (LTO) [3-6]. Phase separating behavior in how elec-
trodes fill has been found to have significant effects on the
voltage curves, causing voltage plateaus and instability
regions in batteries that are impossible to model with a
simple solid solution model. It can affect lithium plating
in graphite electrodes, which can lead to short circuit-
ing and fire hazards. The inclusion of phase separation
in battery models is important for battery stability and
safety in porous electrode theory because it considers the
heterogeneity of mass transport.

Lattice changes often happen when phase transitions
happen in the system. Volume changes in these systems
are inherently connected to changed in the host system
lattice. These specifically have been observed in Li-ion
intercalation, causing volume expansion, which begin by
causing fracture for cathode materials, but can affect
macroscopic properties such as porosity, active area, and
particle shape for materials such as graphite, which expe-
rience up to 10% volume change during (de)intercalation
[7, 8]. Materials such as silicon can even change up to
100% in volume during cycling, which is currently a bar-
rier to the use of silicon electrodes in commercial scale
batteries. Lattice collapse at deep depth of discharge
for nickel rich cathode materials have also been observed
[9, 10].

Phase separating behavior are in general modeled with
a Cahn-Hilliard/Landau Ginzburg model, and has suc-
cessfully been used to explain hysteresis, voltage oscilla-
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tions, and other behavior in batteries [5, 11]. The funda-
mental connection between lattice changes and volume
changes in these systems has been explored by combin-
ing a Cahn-Hilliard diffusion model with a phase field
crystal model (CH-PFC) to model the peak density field
changes of the system [12, 13], and been used to study
grain boundary effects 2-D lattice changes in lithium
iron phosphate (LFP) [14] and lithium manganese ox-
ide (LMO) [15] by a CH-PFC method first originally
used by Elder et al. [13]. The CH-PFC method in
two dimensions, though successfully describing the equi-
librium phases and dynamics of both materials well, is
computationally expensive and cannot be incorporated
into any larger scale battery models. One-dimensional
battery models are usually used for larger scale porous
electrode/particle scale simulations [16, 17]. Thus, we de-
rive a one-dimensional CH-PFC model and use lithium
iron phosphate as an example to be integrated into future
porous electrode simulations to study the coupling of dif-
fusion and lattice changes. A one-dimensional CH-PFC
model provides a framework to study the fundamental
coupling of volume changes, lattice changes, and free en-
ergy changes in the system.

II. THEORY

The free energy of an intercalation system can be for-
mulated as follows, using the assumption that the to-
tal volume of the system is V' at the current (deformed)
state, where the original volume of the system is V. The
volume elements of the equation are modeled using the
”deformed” volumes to conserve the number of volume
elements. Lattice deformations of the system cause a vol-
ume change to the scale of o = V/Vj, which can be quite
large (up to 30%) for materials such as nickel manganese
cobalt when experiencing lattice collapse and even higher
for silicon (up to 400%) [9, 18, 19]. For most other mate-
rials, volume changes are usually within 10%. V and Ny
both indicate the original volume/concentration of the
intercalation material. o and 8 are defined as the length
changes of the lattice parameters. The changes of ”dis-
tance” at this scale require us to not only reformulate the
free energy by a simple scaling of the free energy, but also



requires a change of the parameters, which are necessary
for even non phase-separating materials.

Starting for the Landau-Ginzburg free energy func-
tional for a set of sets which can be empty or filled with
probability ¢ and 1 — ¢ [11], we obtain

Foy = /V <;(02 +Qc(1 = ¢) + uc* + g (Ve)? + )) dv.

(1)

A volume transformation of v = V5 /V = ¢/¢q gives
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with the rescaled variables t=ut, Q =0vQ, 4 = 1y,
and K = vK different from the normal Landau-Ginzburg
renormalization solution since the volume is also rescaled
as well. It is seen that the higher order terms are more
strongly affected by the volume changes. However, in-
stead of changing the parameters in the following prob-
lem, we include the volume effects explicitly to simplify
calculations.

In this problem, accounting for the reference frame re-
quires us to be very careful in deciding our frame of ref-
erence for the volume. To keep finite volume simulations
simple, we use the modified reference frame V to define
the system, and all subscripts ( are the original reference
frame.

Here, we start with the definition of the entropy

S=—-kp(NclnNc+N(1-c¢)lnN(1-¢)) (3)
and recover the expression of the free energy as
Foy = / (QNcN(l —o)+ g(VNc)2> AV — TS, (4)
1%
where we realize that a volume change can also contribute
to the homogeneous free energy terms. We rescale the

concentrations relative to the original volume to be v =
Vo/V, also changing the integration variable, with

Fou = /V v (e(1 — ) + 5(Ve)?)

+v(clne+(1—c)ln(l —c¢)+1nv)dV

(5)

We realize that not only are there enthalpic contributions
to the volume change, there are also entropic changes. As
shown in Balakrishana et al. [12, 14], the Cahn-Hilliard
phase field crystal method can account for lattice changes
during intercalation, which has been parametrized for
materials such as lithium iron phosphate and lithium
manganese oxide [15].

The inclusion of lattice parameter changes in a phase
field model [14] is written as a Swift-Hohenberg model,
where the parameter descriptions are provided in [12], as
[20] (normalized)

Fel:/ﬂ(;ﬁ (r+(1+v3)2)¢+f>dv (6)

to account for anisotropic stretch/strain of a lattice in
the simplest way, where the lattice symmetry parameter
is

VZ=¢2( (A3 + 43 O a2, oa -
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(7)
with A;; as the elements of the transformation matrix
[13, 21]. In this system, the periodic orientation is defined
through an order parameter 1, as well as the deviations
from the critical value r. The transformation matrix is
affected by the concentration of the system,

a(c) _f}(gc)] .

0 280 (8)
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A simpler version of this equation, for which volume
changes are isotropic is assumed so that a 1D struc-
ture can be assumed for simplicity in calculations, where
afl = 1/v is the single volume change parameter. Here,
we see that by the definition of the anisotropic Laplace
operator, it is almost equivalent to the linear Laplace

2
operator V2 =~ (§> V2 in one dimension. Applying
these simplifications, we can simplify this problem to a
1-dimensional problem where the volume fraction of the

system is the mainly question of the system, as in [22].
Thus, the equation can be simplified to

2 2 4
Fel:/vy r+<1+<f) v2> w+% dv
(9)

We claim that this simplification still retains the period-
icity of the lattice, which is proven in Appendix A. This
simplification proves to be incredibly useful in transform-
ing the system to one dimension and relating the free en-
ergy with the Cahn-Hilliard portion. The total free en-
ergy is then the sum of the Cahn-Hilliard and the phase
field crystal portions, which are related through the term
~ through the normalizations,
F=Fcyg+ F,. (10)
The dynamical equations for the concentration field
can be found as
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The phase field crystal model can be assumed to be dissi-
pative as and almost at equilibrium (/2 0) with the lattice
arrangement equation:
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We realize that the chemical potential of the system
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where the volume changes modify the enthalpic terms
only. The term representing the volume change depen-
dence on concentration can be neglected when those ef-
fects are minimal. The volume change effects in the sec-
ond term are from the changes to be bulk concentration,
while the last term is influenced by the peak distances.
Higher order terms in Landau Ginzburg, which are ne-
glected, would be influenced even more strongly by the
volume changes.

The dependence of the free energy changes on the
phase density is also found as

(e o))

which is used in the PFC equation.

III. DYNAMIC BEHAVIOR

To model the dynamic behavior, we use the finite dif-
ference method to study the behavior of this model in a
simple 1D particle. A simple linear reaction boundary
with a reaction coefficietn of ky = 1 is applied to the
system, where 0 and 1 are the edges of the particle and
0.5 is the middle. A fixed chemical potential is applied
at the boundaries of the particle to simulate voltage con-
trol. We assume that the peak density is always nearly
at equilibrium with respect to the concentration changes
of the particles. Without accounting for the effects of the
peaks, the phase boundary is described as in Fig. 1. The
result of a phase field simulation without a large effect
of the peak field density on the free energy also results
in a similar concentration field result as in Fig. 1. Simi-
larly, the result of the peak density model for uncoupled
behavior is shown in Fig. 3, where the periodicity of the
model is obvious. Concentration changes do not affect
the periodicity of the lattice when volume changes are
not coupled through the variables.

To model the coupled behavior, for simplicity, we as-
sume a 10% volume change between the charged and dis-
charged state to model the coupled states. When a larger
v, or the effect of the peak density field on the free energy
increases, the free energy also reflects the slightly periodic
behavior of the concentration as in Fig. 2. The slightly
oscillatory concentration fields in between the different
lattice sites at high v may increase the nonhomogeneity
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FIG. 1. Concentration Field (non-coupled) or v =1

of the system, playing a role in triggering phase transfor-
mations more quickly. The peak concentration field in a
coupled system is also affected by the concentration field
through the volume changes of the system. As seen in
this model, smaller peak density fluctuations are shown
at more concentrated states because of the volume de-
crease of the system at higher concentrations in the PFC
equation. This does not arise through any artificial cre-
ation, but rather through the volume changes affected be
(de)intercalation.
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FIG. 2. Concentration Field Coupled (y = 10)

IV. CONCLUSION

The 1-D CH-PFC is a simplification that has been
shown to replicate the periodic behavior of the lattice,
as well as the coupled effects of the concentration field
and the peak density on each other through a simple,
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FIG. 3. Peak Concentration Field (non-coupled)
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FIG. 4. Peak Concentration Field (coupled)

non-empirical way. We hope to implement these models
into phase-separating battery electrodes in the future to
further study the coupling of lattice and volume changes
to each other, especially in relation to plastic deforma-
tions and stronger volume changes battery particles.
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Appendix A: Proof of Periodicity

_ Here, considering the density field as ¢ = P cos (qz) +
1, we integrate over a unit lattice of size ag = 27” to

obtain
F/qu iy () P §2V22w+—4
o 2m/q |\ 2 v 4
2 4
..—1—15(2(5) q2+(§> q4>
v v

2
We minimize the equation to find 1/¢*> = (%) , which

proves the periodicity of the solution is minimized at the
?stretched” lattice size.

(A1)

Appendix B: Modified Reaction Models

On a side note, as useful material for future work, we
claim that the volume changes will also affect the reaction
rate through changing the available sites in the system.
For a reaction of A— A~ thermodynamically consistent
reaction rates on surfaces are normally formulated as

R = f(c,n)g(n),

where f(e,n) is the transition state prefactor for the
reaction rate and g(n) is a Butler-Volmer type equa-
tion describing reversible reaction kinetics as g(n) =
exp —];—"T — exp (lk;%)" The transition state should be
modified to account for the site changes with ¢ replacing
¢, while the overpotential itself should also be modified
to account for the volume changes as described in the

calculation of the chemical potential.

(B1)

[1] M. Li, J. Lu, Z. Chen, and K. Amine, 30 years of lithium-
ion batteries, Advanced Materials 30, 1800561 (2018).

[2] S. Das, P. M. Attia, W. C. Chueh, and M. Z. Bazant,
Electrochemical kinetics of sei growth on carbon black:
part ii. modeling, Journal of The Electrochemical Society
166, E107 (2019).

[3] Y. Zeng and M. Z. Bazant, Phase separation dynamics
in isotropic ion-intercalation particles, SIAM Journal on
Applied Mathematics 74, 980 (2014).

[4] P. Bai, D. A. Cogswell, and M. Z. Bazant, Suppression of
phase separation in lifepo4 nanoparticles during battery
discharge, Nano letters 11, 4890 (2011).

[5] W. Dreyer, J. Jamnik, C. Guhlke, R. Huth, J. Moskon,
and M. Gaberscek, The thermodynamic origin of hystere-
sis in insertion batteries, Nature materials 9, 448 (2010).

[6] Y. Sun, Z. Yang, L. Gu, Y. Chen, H. Zhou, et al., Elec-
trochemical oscillation in li-ion batteries, Joule 2, 1265
(2018).



7]

8]

(10]

(11]

(12]

(13]

(14]

(15]

Y. Qi and S. J. Harris, In situ observation of strains dur-
ing lithiation of a graphite electrode, Journal of The Elec-
trochemical Society 157, A741 (2010).

T. Ohzuku, N. Matoba, and K. Sawai, Direct evidence
on anomalous expansion of graphite-negative electrodes
on first charge by dilatometry, Journal of Power sources
97, 73 (2001).

A. O. Kondrakov, H. GeBiwein, K. Galdina, L. De Bi-
asi, V. Meded, E. O. Filatova, G. Schumacher, W. Wen-
zel, P. Hartmann, T. Brezesinski, et al., Charge-transfer-
induced lattice collapse in ni-rich ncm cathode materials
during delithiation, The journal of physical chemistry C
121, 24381 (2017).

W. Li, H. Y. Asl, Q. Xie, and A. Manthiram, Collapse of
linil—x—y co x mn y o2 lattice at deep charge irrespective
of nickel content in lithium-ion batteries, Journal of the
American chemical society 141, 5097 (2019).

M. Kardar, Statistical physics of fields (Cambridge Uni-
versity Press, 2007).

A. R. Balakrishna and W. C. Carter, Combining phase-
field crystal methods with a cahn-hilliard model for bi-
nary alloys, Physical Review E 97, 043304 (2018).

K. R. Elder, N. Provatas, J. Berry, P. Stefanovic, and
M. Grant, Phase-field crystal modeling and classical den-
sity functional theory of freezing, Physical Review B 75,
064107 (2007).

A. R. Balakrishna, Y.-M. Chiang, and W. C. Carter,
Phase-field model for diffusion-induced grain boundary
migration: An application to battery electrodes, Physi-
cal Review Materials 3, 065404 (2019).

K. Chockalingam and W. Dérfler, Implementation of the
coupled two-mode phase field crystal model with cahn—

[16]

(17]

(18]

(19]

20]

(21]

(22]

hilliard for phase-separation in battery electrode parti-
cles, International Journal for Numerical Methods in En-
gineering (2021).

R. B. Smith and M. Z. Bazant, Multiphase porous elec-
trode theory, Journal of The Electrochemical Society
164, E3291 (2017).

M. Z. Bazant, Theory of chemical kinetics and charge
transfer based on nonequilibrium thermodynamics, Ac-
counts of chemical research 46, 1144 (2013).

K. Min, K. Kim, C. Jung, S.-W. Seo, Y. Y. Song, H. S.
Lee, J. Shin, and E. Cho, A comparative study of struc-
tural changes in lithium nickel cobalt manganese oxide
as a function of ni content during delithiation process,
Journal of Power Sources 315, 111 (2016).

S. Zhang, Chemomechanical modeling of lithiation-
induced failure in high-volume-change electrode materi-
als for lithium ion batteries, npj Computational Materi-
als 3, 1 (2017).

J. Swift and P. C. Hohenberg, Hydrodynamic fluctua-
tions at the convective instability, Physical Review A 15,
319 (1977).

K. Elder and M. Grant, Modeling elastic and plastic de-
formations in nonequilibrium processing using phase field
crystals, Physical Review E 70, 051605 (2004).

C. V. Di Leo, E. Rejovitzky, and L. Anand, A cahn-—
hilliard-type phase-field theory for species diffusion cou-
pled with large elastic deformations: application to
phase-separating li-ion electrode materials, Journal of the
Mechanics and Physics of Solids 70, 1 (2014).



