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Liquid-liquid phase separation is an important phenomenon that is observed in various places,
from daily life to cellular biology. In this paper, we present a brief theoretical treatment of such
phase separations for a binary fluid mixture, and demonstrate theoretical predictions with simulation

results.

I. INTRODUCTION

Liquid-liquid phase separation plays an important role
in physics. Formation of two phases, where one of the
phases are dense and the other dilute, is a phenomenon
that is widely observed in daily life. For instance, a field
in which this phenomenon is thought to play an impor-
tant rule is cellular physics. According to | ], some
organelles within cells have membranes to help them stay
concentrated and as coherent structures while some other
organelles do not have a membrane, yet they still stay
as coherent structures that are capable of concentrating
specific set of molecules. Recent studies have shown that
these membrane-less organelles exhibit liquid-like prop-
erties, and the mechanism through which they remain a
coherent structure can be modelled as condensed-dilute
phase separation of liquids, where the condensed phase
structures the organelles and the dilute phase is the intra-
cellular fluid. This plays a role not only in intracellular
organization, but also in other biological activity such as
facilitating chemical reactions between weakly interact-
ing molecules through concentrating them into the con-
densed state.

Another example, which is what we will be studying
in this paper, is the condensed droplet formation, i.e. on
leaves during foggy mornings. This transition where two
inhomogeneous coexisting phases emerge from a homoge-
neous single phase is usually achieved through variation
of some parameters of the system such as the tempera-
ture or the density. Once the droplets form, depending
on external boundary conditions as well as initial condi-
tions, they either dissolve, or grow. | ]

These systems try to minimize their free energy F' =
U — T'S. Phase separation occurs if the interactions be-
tween the components of the same type that decrease the
free energy are stronger than the negative contribution
of entropy to the free energy, which tends the system to
remain fixed.
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II. RELEVANT THEORY

In what follows, we will first give a brief theoretical
treatment of the Ginzburg-Landau free energy and sta-
bility of equilibrium states of a binary mixture. Then,
we will develop an approximation equation governing
the growth of a single droplet. Finally, we will provide
numerical simulation results demonstrating the stabil-
ity of various homogeneous starting concentrations, and
growth (or shrink) of the droplet under various initial
and boundary conditions.

II.1. Ginzburg-Landau Free Energy of a Binary
Mixture

In what follows, we will closely follow the treatment
given in [al19].

Although a more sophisticated formula for the free en-
ergy density can be obtained by considering a binary fluid
mixture of molecules of type A and B on a lattice and
employing the mean-field approximation, the physics of
the phase separation can be fully captured by the shape
of the free energy close to the critical concentration c.,
where concentration here refers to the total concentra-
tion of the fluid at a point in space. The shape of the free
energy can be obtained through the familiar Ginzburg-
Landau expansion:

Fld = /d% (F(0)+ 519¢)

where the free energy density f(c) is given by a fourth
order polynomial

£ = 5= c? + e o)’

Here, c. is the critical concentration, i.e. where the local
maxima of the free energy is. We note that this free
energy density is symmetric around c..

Now, we wish to find the equilibrium concentrations
by finding the minimum of this free energy:

—b(c—c.)+alc— cc)3 =(c—c.) (a(c — cc)2 - b) =0
Cgo) =c.—/b/a, cg)) =c.+v/b/a
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are the equilibrium concentrations for the dilute and con-
densed phase, respectively.

Here we define the concentration difference between
the two phases as cq;5f = 24/b/a, from which we can find

a= 6241’ (1). Also, following eqgs. (2.28) and (2.29) in
diff

[a119], we define the interfacial width w = which is

b )
approximately the width over which the equilibrium con-
centration varies substantially. This is obtained from es-
sentially interpolating the concentration distribution be-
tween c§0) and cgo). This gives us a way to calculate the
value of k = 2bw? (2) once b and w are chosen. We will

use both of these relations when doing the simulation.

I1.2. Stability of Equilibrium States

Now we consider the stability of the homogeneous equi-
librium state, where ce4(z) = € Determining whether
inhomogeneous equilibrium state corresponds to a stable
solution or not is a bit more involved; we refer the reader
to appendix A in [al19].

If small concentration perturbations increase the free
energy, then this means ¢ is a stable solution. Let ¢ = ¢+e€
be a small perturbation. Then

AF[¢] = Flc+ €] — F¢]
- /d% (f(6+ ) — f(@) + g|Ve|2)

Here
fle+e)—f(e)=
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to lowest order in e, since a(é¢—c.)3—b(c—c.) = %L—;:E =0

due to ¢ being the homogeneous equilibrium state.
Therefore, we end up with

AFe = /d3 (22 (3a(c —c.)* — )+;V62>

As the gradient term is always positive, this integral is
guaranteed to be positive for all € if the other term is also

positive, i.e. if |c—c.| > % then the homogeneous state

is stable. Otherwise, the homogeneous state is unstable.
By a similar, though a bit more involved analysis, it
can be shown that the inhomogeneous state is stable if

e col < /.

Thus for |¢ —c.| > \/7 only the homogeneous state is

stable, while for |¢ —c.| < %7 only the inhomogeneous
state is stable. These observations constitute the first set

of theoretical results to be confirmed by the simulations.

I1.3. Growth of a Droplet

We now turn our attention to growth of a droplet. Let
the particle fluxes for types A and B be jo = j and jg =
—j. Thus j = ia QJB is called the exchange current. Due
to particle number conservation, these fluxes must be
equal in magnitude and opposite in direction. Therefore,
for the concentration of A, we can write

Jdc .
oV

This exchange current is proportional to the gradient of
the exchange chemical potential —V p (please refer to ap-

j i 5F|c
1): j = —AVpu. Noting that u = &EC]’

pendix B of |
we have

oc

ot
This equation is called the Cahn-Hilliard equation. As
seen, it involves fourth order derivatives, and therefore
very challenging to solve analytically. However, we can
solve it numerically by using the finite element method,
which is what we will do under simulations. For now, we
will solve it by making approximations.

First, we assume that far from the interface between
the phases, concentration variations are small and there-
fore the fourth order derivative can be ignored, and the
equation can be linearized around the equilibrium con-

centrations Cgo) and céo):

=V (AV (a(c = c.)® =blc = c.) — kV?c))  (3)

a(cg‘% +6c—c.)® — b(cl 5+ 0c—ce)

= a(£+/(b/a) + 6¢)® — b(£+/b/a + 6¢)
~ 3bdc — béc = 2béc

Setting D = 2bA, we get

dc 9
%= DV-c (4)
Now we consider the dynamics of a single droplet.
Droplets can be though of small condensed phases im-
mersed in a large dilute phase.

For simplicity, we consider a spherically symmetric sys-
tem where the droplet is always a sphere in 3D (or a circle
in 2D). In this case, only the droplet radius can change:

le—]: = v, (5)
where v,, is the radial velocity component of the droplet-
dilute phase interface. Using the familiar relationship
from electromagnetism between the charge density, ve-
locity, and current density, the net material flux towards
the interface can be written as a difference of the in and

out-fluxes at the interface:
eq . N o <.in _jout) -7
(cin = Con)Vr = (Jin — Jout) " 7 = vp = g5

(Cin - Couit)



where ¢;! and ci?, are the equilibrium concentrations in
the condensed and dilute phases.

We make one further approximation: that the droplet
radius varies slowly, hence the left hand side of equation
4 can be taken to be approximately 0 at all times. What
we are left with to solve is the Laplace equation inside
and outside the droplet. The first boundary condition is
that the maximum of ¢(r) must be at the center of the

droplet (i.e. Bg—(:) = 0 at r = 0). The second boundary
condition is that since the droplet is inside a large system,
the concentration as r — co must be fixed to some value
Coo-

Using the standard Laplace equation solution and
these boundary conditions, we can find the concentra-
tions inside and outside the droplet. From these concen-
trations, we can calculate the in and out-fluxes at the

boundary, and thus v,.. Plugging this v, into eq. 5, we

get

dR « B

T e 2

dt R R
Here, @ and [ are some constants, and ¢ = ‘%’0 —1 (v
being another constant). What’s important is that de-
pending on how big the far-away concentration is, € — %
changes sign, and the droplet either shrinks until it dis-

solves or grows monotonically. This is the second obser-
vation to be confirmed by simulations.

III. SIMULATIONS

We know confirm the two set of observations from sec-
tions I1.2 and I1.3 by numerically solving the full Cahn-
Hilliard equation without approximations (eq. 3). In all
the simulations, parameters b = 1, ¢, = 0.5, cqi5y = 0.25,
w = 0.1 were chosen arbitrarily. Based on these, a = 64
from eq. (1) and x = 0.005 from eq. (2).

For all the simulations, we used the Python Dolfin li-
brary available under legacy FEniCS by modifying the
Cahn-Hilliard equation demo available at [Dol]. FEn-
iCS is a PDE solver that utilizes finite element methods.
For visualization, the internal plot command of Dolfin
was used. All the simulations were performed on a unit
square in 2D.

III.1. Stability Simulations

We first confirm the two observations made in section
I1.2: 1) If |¢ — 0.5] > /b/a = 0.125, then homogencous
state is the only stable one. 2) If|c — 0.5] < 1/b/3a =~
0.073, then inhomogeneous state is the only stable one.

The simulations in figures 1, 2 and 3 were obtained for
different homogeneous starting concentrations ¢ (varia-
tions of at most 0.01 were added to the starting concen-
trations).
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FIG. 1. ¢ =0.35 < 0.5 —0.125. ¢t = 0.05, 0.20 from left to
right. As seen, the final state of the system is homogeneous
with very close to 0 concentration.

+7e—-1

1.0 0.0000345

0.0000270
0.8

0.0000195
0.6 0.0000120

0.0000045
0.4 —0.0000030

—0.0000105
0.2

—0.0000180
0.0 - —0.0000255

0.0 0.2 0.4 0.6 0.8 1.0

FIG. 2. ¢ = 0.70 > 0.5+ 0.125. ¢t = 0.20. As seen, the
final state of the system is homogeneous with very close to 0
concentration.

Similar results to that of figure 3 were obtained when
¢ = 0.55 (but this time, the condensed phase dominated).
Due to space limitations, these will not be provided here.

II1.2. Droplet Simulations

We now confirm the observation made in section II.3:
Below a certain value of the far-away concentration ¢y,
the droplet shrinks and dilute phase dominates. Above
that value, the droplet grows and condensed phase dom-
inates.

This time, in order to fix the far-away concentration,
Dirichlet boundary conditions on the boundary of the
unit square were imposed for ¢ (which was varied be-
tween different simulations), and p = 0.

The simulations in figures 4 and 5 were obtained with
a configuration where a droplet of radius 0.3 at the center
of the square at time t = 0 existed. The concentration of
the droplet was 0.7 while the dilute phase concentration
outside was 0.3.



0.624
0.4552
059
04544

04536 0.564

04528 0534

04520 050
04512
0478
0.4504
0448
0.4495

0.4488 0414

0.4480 0384

1.0 0.632

0.600
0.8 1

0.568
06 0.536

0.504
0.4 0.472

0.440
0.2

0.408
0.0 0.376

0.0 0.2 0.4 0.6 0.8 1.0

FIG. 3. €¢=0.45> 0.5—-0.073. t = 0.20, 0.45, 10.0 from left
to right. As seen, the final state of the system is inhomoge-
neous. Furthermore, we initially observe 3 interfaces, and as
more time passes there is only one interface, with the dilute
phase dominating most of the space since we started closer to
the dilute phase.
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FIG. 4. t = 0.05, 0.10, 0.20, 0.30 from left to right. As seen,
the bubble dissolves and dilute phase dominates at the end.

IV. CONCLUSIONS
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Studying liquid-liquid phase separation is the first step
to potentially understanding other problems in physics,
such as intracellular organization in active matter. This

could have important results in the future for therapy
development. In this paper, we briefly studied the
problem of binary fluid mixture phase separations. We
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FIG. 5. ¢ = 0.05, 0.10, 0.25, 10.0 from left to right. As
seen, the bubble first rapidly expands and condensed phase
dominates everywhere at the end.

derived some results through analytical approximations
and later on confirmed these by numerically solving
the non-approximated equations. Through these sim-
ulations, we demonstrated the stability of fixed points
under different initial conditions as well as growth of
droplets inside a dilute phase depending on the far-away
concentration.
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