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Condensed matter systems can be completely solved by solving the Schrodinger’s Equation, but
finding the exact solution is an NP hard problem. Thus, it’s appealing to look for an approxima-
tion that’s accurate, computational efficient and cheap. Methods such as Hartree Fock, Density
Functional Theory(DFT), and Couples Cluster are used to approximate the wavefunction, but in
most cases they are not accurate enough for practical use and are not computational efficient and
scalable, especially for large systems that Condensed Matter physicists are interested in. Drawn by
the success of Deep Learning, where neural network ansatz could be highly expressive and accurate
while being scalable, we introduce Fermionic Neural Network ansatz to solve problems in Condensed
Matter.

I. INTRODUCTION

Having an accurate approximation of wavefunctions for
systems such as molecules and solids is crucial to the
understanding of our physical world. It can push our
understanding of superconductivity, light-atom interac-
tion, chemical compounds and much more. Methods such
as Coupled Cluster have been used to approximate the
wavefunctions. However, they are either computationally
expensive or of low accuracy, making them unusable for
practical purposes. We are motivated to find a better
method to represent our wavefunction using a more ac-
curate and scalable method. As of today, Deep Learning
has made significant progress in both Computer Vision
and Natural Language Processing, where neural networks
have the ability to generate realistic images and semantic
texts by processing the input through layers of networks.
Drawing by its tremendous capabilities, we are motivated
to represent wavefunctions using neural network ansatz.
In this paper, we offer an overview of PsiFormer and its
application to systems such as solids, Moires materials,
Fractional Quantum Hall, and Chern Insulator. Unfor-
tunately, due to computational limitations, we are un-
able to carry out the full computation as it is done by
[1][2][3][4][5] which requires multiple GPUs. At our best,
we are only able to carry out systems around 10 electrons
such as CH4 molecules on a local computer, while to sim-
ulate a real solid, for example, a typical 2x2x2 LiH cell
requires 32 electrons. We mostly quote the results from
the papers referenced above.

II. NEURAL NETWORK ANSATZ

The Hamiltonian of many body system takes the form
of

H = −1

2

∑
i

∇2
i+
∑
i<j

1

|ri − rj |
−
∑
iI

ZI

|ri −RI |
+
∑
IJ

ZIZJ

|RI −RJ |
(1)

with ri/RI to be the positions of the electron/nucleus,
and ZI to be the charge of the nucleus. To represent an
antisymmetric wavefunction of a system with n electrons,

many approaches, such as Hartree Fock method, start
with a collection of basis {ϕi} and choose a subset of n
electron orbitals to construct the Ansatz as

ψ(x1, ..., xn) =
1

N

∑
P

(−1)sng(P)
n∏
i

ϕP(i)(xi) (2)

with P being the permutation of the n indices that
is to be summed over, and minimizes the Hamiltonian
with respect to the set of Ansatzs in order to obtain
the approximation for ground state wavefunction. The
sign (−1)sng(P) is used to take the fermionic nature of
the system into consideration. However, such Ansatz
doesn’t capture the interactions between different elec-
trons, while the set of basis grows exponentially with the
number of electrons, making these methods untractable
for large systems.
To address this problem, PsiFormer built wavefunctions
from set of basis that are constructed from neural net-
work in a permutation equivariant way, so that they are
invariant under exchange of coordinates. We denote the
basis by {ψi(xj ;x/j)} with the notation x/j being the set
of coordinates that excludes xj . We then feed such set
to Slater Determinant and obtain

ψ(x1, ..., xn) = exp(Jθ(x))

∣∣∣∣∣∣∣
ψ1(x1;x/1) · · · ψ1(xn;x/n)

...
...

ψn(x1;x/1) · · · ψn(xn;x/n)

∣∣∣∣∣∣∣
(3)

which we have also included the Jastrow factor
exp(Jθ(x)) to ensure the Ansatz describes cusp condi-
tion, which is the non-analytic behavior of wavefunction
when two electrons overlap with each other, correctly. It
can be proven that a single determinant is enough to ex-
press any wavefunction [1]. However, experiments show
that it’s better to construct Ansatzs from multiple deter-
minants[1] in the form

ψ(x1, ..., xn) = exp(Jθ(x))
∑
k

wk detΨ
k (4)

with wk being the weights. We now describe the archi-
tecture of PsiFormer briefly below. Let α, β to be the in-
dices for spins, l to be the index for layer, and L to be the
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FIG. 1. Sketch for the PsiFormer architecture[2]

FIG. 2. Sketch for the MultiHead Self Attention Block[6]

depth of the network. For each electron with index i, we
denote the corresponding feature to be f0i , which is con-
structed to be the concatenation of log(ri −RI)/|ri−RI |
with I ∈ {1, 2..., Nnuc}. We then map the set of features
linearly to the latent space by

h0i =W 0f0i (5)

Then we pass in h0i to a series of blocks called the Multi-
head Self Attention as follows

f li = concat[SelfAttnh[h
l−1
1 , ..., hl−1

N ];W lh
q ,W lh

k ,W lh
v ]
(6)

hli = tanh
(
W lf li

)
+ hl−1

i (7)

SelfAttni[h1, ...hN ;Wq,Wk,Wv] =
1√
d

∑
j

σ(qTj ki)vj

(8)

qj =Wqhj , vj =Wvhj , ki =Wkhi (9)

σ(x) =
1

1 + exp(−x)
(10)

where d denotes the dimension of the output, h denotes
the different heads that are used to capture and com-
municate different information. Note that the different
heads have different parameters for {Wh

q ,W
h
k ,W

h
v }, and

different layers also have different parameters. We con-
catenate all of the outputs from different heads as done
in (6). q,k,v stands for query, key, and value vectors.
The query vector is matched against the key vector to
determine the importance of the value vector, and at the
end, for each position i, the attention block produces the
sum of the value vectors weighted by σ(qTj ki). Equation
(7), which is known as the MLP layer, is used to further
mix information between different electrons. To make
sure that the wavefunction has the correct far distance
description, we introduce exponential decay envelope so
that the wavefunction matrix reads

Ψij =
∑
I

ηiI exp(−σiI |ri −RI |)wT
i h

L
j (11)

with wi being the linear projection and ηiI , σiI being
tunable parameters. Then, we take the determinant of
the matrix. However, since we have not passed in the fea-
ture ri− rj , the network may have difficult time learning
the cusp condition of pair-wise electron interaction. This
is the reason why the Jastrow factor exp(Jθ(x)) is intro-
duced and we take it to have the form of

Jθ(x) =
∑

si=sj ,i<j

β1
α2
1

α1 + |ri − rj |
+
∑

si ̸=j ,i,j

β2
α2
2

α2 + |ri − rj |
(12)

where si stands for the spin of the electron and {αi, βi}
are tunable parameters. We then multiply the Jastrow
factor with the determinant of the wavefunction matrix
to obtain the ansatz. More insights and interpretation of
this network is offered in the Appendix
To optimize the Network, we use Quantum Monte Carlo
with the loss function defined as

L(θ) =
∫
d3xΨ∗ĤΨ∫
d3xΨ∗Ψ

(13)

If we introduce local energy EL = Ψ−1ĤΨ, we find that

EL = −1

2

∑
i

[(∂i log |Ψ|)2 + ∂2i log |Ψ|] + V (X) (14)

Lθ = Ex∼pθ
[(EL − Ex∼pθ[EL])∇ log pθ] + Ex∼pθ

[∇θEL]
(15)

where we can refer to the Appendix for the full deriva-
tion. Quantum Monte Carlo is realized by the Metropolis
Hasting Algorithm. A comprehensive overview of QMC
is offered in [9]

III. APPLICATIONS

A. Solid

To account for periodic boundary condition, the sim-
pliest way to modify the architecture is to define a metric
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d(r) that is periodic with respect to the lattice vectors.
It is proposed in [14] that we build such metric using real
and reciprocal lattice (ai, bj) with

d(r) =
√
APAT (16)

Pij = f2(wi) + g(wi)(1− δij), wi = r · bi (17)

and f and g being periodic functions. To also account for
cusps, continuity at the boundary, and periodicity, we
choose

f(w) = |w|(1− |w/π|3

4
) (18)

g(w) = w(1− 3

2
|w/π|+ 1

2
|w/π|2) (19)

where w is reduced to [−π, π] by modding out by 2πn, n ∈
Z. For the Hamiltonian, we reduce the problem to a
supercell that consists of multiple primitive cells that is
interacting with its spatial images, so the Hamiltonian
becomes

H = −1

2

∑
i

∇2
i +

1

2

′∑
as,i,j

1

|ri − rj + as|

−
∑
as,i,I

ZI

|ri −RI + as|
+

1

2

′∑
as,I,J

ZIZJ

|RI −RJ + as|

(20)

with {as} being the set of supercell lattice vectors that is
a subset of {ap} of primitive cell lattice vectors, {ri} to be
the positions of the electrons in the supercell we consider,
and

∑′
to denote the summation that excludes the case

when ri = rj and RI = RJ . Under thermodynamic limit,
as the size of the supercell increases, this wavefunction
will be that of the real solid. Now, it’s clear that the
Hamiltonian is invariant under the transition of shifting
all the electrons by some primitive lattice vector in {ap}
or shift one electron by some vector in super lattice vector
in {as}

ψ(r1 + ap, ..., rn + ap) = exp(ikp · ap)ψ(r1, ..., rn) (21)

ψ(r1 + as, ..., rn) = exp(iks · as)ψ(r1, ..., rn) (22)

with kp and ks being the respective momentum vector in
the first Brillouin Zone. Similar to the Ansatz of tradi-
tional Ansatz for solid, DeepSolid[3] proposed the follow-
ing Ansatz

ψ(r) = det
{
(eik·r↑u↑(r))

}
det
{
(eik·r↓u↓(r))

}
(23)

where k’s are momentum vectors that lie on the recip-
rocal lattice vectors of supercell {Ks} that is also offset
by ks that lies in the first Brillouin Zone, and they are
chosen to minimize the energy of the system. The out-
puts u(ri; r/i) are permutation equivariant with respects
to coordinates {ri}. The architecture for DeepSolid is not
exactly PsiFormer but has the same essence, as shown in
[1][3]

B. Fractional Quantum Hall Effect

Most of the studies are done by using Exact Diagonal-
ization in this area, but only small systems are studied
since ED is limited by the exponential increase of com-
putational cost as the system scales. Furthermore, in
the strong Landau Level mixing regime the traditional
methods are not capable of capturing the strong corre-
lation effects. In [3], the author used the PsiFormer to
study the two dimensional electron gas in magnetic field,
where they confined the system to two dimensional disk
of radius a. They have demonstrated that the PsiFormer
architecture is able to learn a wavefunction that has en-
ergy lower than the LL projected ED. For strong Landau
Level mixing, they have also discovered a phase transi-
tion from Fractional Quantum Hall liquid to crystal state,
indicating the power of PsiFormer to solve problems in
condensed matter. We describe the setup from [5]. The
electrons are constraint to move in an infinite two dimen-
sional plane, and above the plan the authors proposed to
place a positive charged uniform plate of radius a and
total charge of Ne a distance d above the plane. Tak-
ing the circular gauge, the overall Hamiltonian takes the
form of

H = H0 +H1 (24)

H0 =
∑
i

1

2
(−∇i +

1

2
B × ri)

2 +
∑
i ̸=j

1

2ϵ

1

|ri − rj |
(25)

H1 =
∑
i

Vc(ri) + Vb (26)

where Vc stands for the potential energy between the
electrons and the plate, and Vb stands for the potential

energy of the disk, which is given as Vb = 8N2

3πϵa [8]. The
authors first compared the energy obtained by PsiFormer
and ED with results obtained in the following table

Ne PsiFormer ED ED dimension
6 1.1372(4) 1.13836 1206
7 1.1357(4) 1.13687 8033
8 1.1347(2) 1.13588 55974
9 1.1346(1) 1.13545 403016
10 1.1342(4) 1.13496 2977866
11 1.1337(4) NA 22464381
12 1.1334(3) NA 172388026

TABLE I. PsiFormer Scales as O(Nα) while ED scales expo-
nentially

After plotting the density of electrons(refer to [5] for con-
crete diagram), the authors discovered that the neural
network is capable of capturing the symmetric properties
of the ground state, even though no circular symmetric
information is given to the input. To investigate possi-
ble phase transition, the authors changed the LL mixing
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parameter λ = 1
ϵ
√
wc

and plotted the wavefunctions and

calculated the corresponding value for angular momen-
tum by considering

⟨L⟩ =
∫
d3xΨ∗L̂Ψ∫
d3xΨ∗Ψ

(27)

It is expected that as the level of mixing increase, the
system will transition from Fractional Quantum Hall
droplets to Wigner crystal. For the nine-electron sys-
tem and λ ∈ { 1

3 , 1, 3}, the angular momentum stayed at
L = 108. While for λ, the angular momentum changed
to L = 100. The spatial profile of the wavefunctions are
also plotted and it is observed that for λ ∈ { 1

3 , 1, 3} the
electrons are quite diluted. In comparison, for λ = 9,
there’s an electron well localized at the origin, which is
further confirmed by the plateau in spatial profile of elec-
tron density, and the rest of the electrons are separated
at the outer boundary. This study demonstrates the ca-
pability and universality of PsiFormer architecture.

C. Topological Insulator

In recent years, a fascinating material called Moire
material is discovered by experimentalists. Due to its
versatility, experimentalists can tune Moire materials to
produce novel quantum states such as QHE, Chern In-
sulators, Z2 topology insulators and many more. In [4],
the author studied a Moire material called tMoTe2 which
is a twisted bilayer of MoTe that is characterized by the
twisted angle θ. Due to its strong spin valley locking, the
top valence band is separated from others and give rise to
the spinor representation of the wavefunction. Then, the
effective Hamiltonian for spin up electrons after particle
hole transformation takes the following form

H↑(r) =

(
(−i∇−K+)2

2m +∆b(r) ∆T (r)

∆∗
T (r)

(−i∇−K−)2

2m +∆t(r)

)
(28)

∆b/t(r) = −2V
∑

i=1,3,5

cos(hi · r + φ) (29)

∆T (r) = w(1 + exp(ih2 · r) + exp(ih3 · r)) (30)

hi =
8π sin(θ/2)√

3a0
(cos

(
π(i− 1)

3

)
, sin

(
π(i− 1)

3

)
) (31)

K+ =
h1 + h3

3
, K− =

h1 + h0
3

(32)

where ∆b/t stands for the interaction between the intra-
layers(top and bottom) while ∆T stands for interaction
between inter-layers. K± denotes the high-symmetric
points in Brillouin Zone. a0 is the typical Moire length

and θ is the twisted angle. V, w, φ are fitted from density
functional results [10]. To study the topological proper-
ties of the system, Chern number is used, which is defined
as

C =
1

2πi

∫
SBZ

B(ks)dks (33)

B(ks) = ∇ks × ⟨Ψks | ∇ks |Ψks⟩ (34)

and can be calculated by the single point formula [11].
For filling at n = −1, ferroelectric states are observed at
small twisted angle of θ ≲ 1.75◦ with electrons accumu-
late at one layer, which is due to the Coulomb interaction
being the dominate force at small angles. For θ ≳ 2.0◦,
the system acquires Chern number of 1 and is identified
as Chern Insulator. By further increasing the twisted an-
gle, a transition from ferromagnetic to antiferromagnetic
state is observed. This study highlights the tremendous
potential of using neural networks to discover novel quan-
tum phenomenons.

IV. IMPROVING THE ARCHITECTURES

We offer few insights on how to improve the architec-
tures. To improve the PsiFormer architecture, one could
consider using Mixture of Expert that is heavily pop-
ularized recently by DeepSeek[13], which achieved sig-
nificantly lower training and inference costs. This may
potentially lead to the neural network architectures to
work on larger systems. It is also proposed to introduce
sparse attention, which we only consider query, key, and
value evaluation for a subset of electrons, but to ensure
permutation equivariant one must be careful about this
implementation. Since the query, value, and key vec-
tors are merely linear transformation of hi, we could add
non linearity such as the sigmoid function. However, this
comes with the increase in computational costs. It may
also seem that the Jastrow factor and envelope are ar-
tificially introduced by design choice, so there could be
separate streams that learn these factors and multiply
them at the end. Also, it is found that there’s no sig-
nificant improvement by including the Jastrow factor,
and instead it slows down the GPU time per step by
20%[12]. Aside from using Slater determinant, one may
also consider using Pfaffians that is introduced in [13]
to take into account of the fermionic nature. For Deep-
Solid, the features could be potentially be reduced to
merely ((sin(g1 · r), sin(g2 · r), cos(g1 · r), cos(g2 · r)) with
g1,2 being the crystal momentum[12].

V. FURTHER APPLICATIONS

Further works could be done on superconductivity,
excited state of molecules, fractional excitations and
anyons.
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VI. CONCLUSION

In this paper, we offered an overview of recent ad-
vancements in AI for Physics. With the advancements
of Deep Learning and computational power, we have
demonstrated the ability of neural networks to capture
complex wavefunctions to an unprecedented accuracy
while being scalable, while also offering valuable insights
to physical systems.
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VIII. APPENDIX

A. Self Attention Mechanism

self-attention[6] was originally designed to handle
problems in Natural Language Processing. Each words
of a sentence is represented by a token that is repre-
sented as a vector in RN which we denote as f0i . Then
we construct three vectors called query, key, and value,
denoted as q0i , k

0
i , v

0
i through linear transformation. Key

encapsulate the information to be communicated. The
query q0i for each token f0i is matched against the all the
keys of the tokens through dot product to determine the
importance of the information v0j that is to be mixed to-
gether. In this way tokens are able to communicate with
each other. Then the outputs of the attention layer are
mixed by a layer that consists of a linear transformation
and nonlinear function to form the tokens for the next
layer. The term head means we have the same process to
happen in parallel, which is to be interpreted as process-
ing and capturing different information . This process
is repeated a total of L times. For PsiFormer, we treat
the whole whole to be processed as sentence and each
electron’s information is encapsulated in token similar to
each words.

B. Derivation Of The Equations

For kinectic energy we consider

Ψ−1∂i(∂iΨ) = Ψ−1∂i(ΨΨ−1∂iΨ)

= Ψ−1∂i(Ψ∂i log |Ψ|)
= (∂i log |Ψ|)2 + ∂2i log |Ψ|

(35)

and this implies that

EL(X) = −1

2
[(∂i log |Ψ|)2 + ∂2i log |Ψ|] + V (X) (36)

If we denote pθ ≡ |Ψ|2, then we have

∇θL =
[
∫
pθ(p

−1
θ ∇pθEL(X) +∇EL(X)]

∫
pθ −

∫
∇pθ

∫
pθEL∫

p2θ

=

∫
pθ[EL∇ log pθ(X) +∇EL(X)]∫

pθ
−
∫
∇ log pθ

∫
pθEL∫

pθ

= Ex∼pθ
[(EL − Ex∼pθ

[EL])∇ log pθ] + Ex∼pθ
[∇EL]

(37)
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