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I provide a concise summary of the theory of neural manifold capacity, which provides a normative
measure of the efficiency of neural representations for linear classification tasks. I present recent
work on an analytically tractable formulation for neural manifolds with correlations. Then, I walk
through an alternative derivation to the replica theory. Lastly, I conduct simulations in a synthetic
model of correlated manifolds to verify the analytical capacity formula and provide intuition for the

effects of correlations on the manifold capacity.

I. INTRODUCTION

Human and animal brains have a remarkable capabil-
ity of invariant object recognition despite enormous nat-
ural variations in context, pose, position, lighting, oc-
clusion, and other variables [1]. Only recently, through
advances in parallel computation and large-scale neural
network, artificial neural networks have achieved compa-
rable or even super-human performance in image recog-
nition tasks [2]. Early efforts to understand why deep
neural networks succeeded in image classification led to
the striking finding that visual stimulus-response filters
in artificial neural networks resembled the Gabor-like
stimulus-response kernels in the visual processing path-
way in animal brains [3]. These observations suggest
there may be unifying, normative computational princi-
ples that shape both artificial and biological neural net-
works that are performant in image classification. In sen-
sory neuroscience, an early example of a normative prin-
ciple was the efficient coding hypothesis [4]. The hypoth-
esized objective of early sensory systems was to maximize
the information content of neural activity subject to en-
ergy constraints. This notion has been formalized into a
sparse encoding model in which a small set of visual neu-
rons respond to each input stimulus due to Li-penalty
on neural activations [5]. However, the predictions of
this theory do not describe or explain how more “cog-
nitive” regions of the visual stream transform inputs for
invariant object recognition.

A. Perceptron Capacity

An alternative notion of coding efficiency has emerged
from theoretical study of perceptron classification of
points and subsequently, “neural manifolds.” The ba-
sic set-up is the following: Given P randomly placed
points in RN and a random labeling of the points into
two classes, what is the probability there exists a sep-
arating hyperplane for the points in the two classes?
Cover showed through a simple counting argument that
for points in general position, the probability of linear

* georgecai@g.harvard.edu

separability exhibits a phase transition in @« = P/N in
the limit P, N — oo (see fig. 1A) [6] . The critical “capac-
ity” «a. at which linear separability vanishes is a notion
of efficiency because a neural representation that permits
linear separation of a larger number of randomly labeled
points relative to the neurons or dimensions used is en-
coding stimuli more efficiently for classification tasks. In
the case of randomly labeled points, o, = 2.

Gardner extended the capacity theory to support vec-
tor machines, which classify points with a “margin” dis-
tance k between the nearest points and the hyperplane
(see fig. 1b) [7]. The problem was formulated in terms
of the volume of solution hyperplanes w € RY [|w||3 =
N/k that satisfy margin-classification constraints for ev-
ery data point and performed a replica calculation of
the logarithm of the solution volume. There is a critical
value of « such that the solution volume vanishes, and
the points are no longer linearly separable with margin
K.

To perform quenched averages of the log-volume, the
Gardner formulation requires the data points to be drawn
from either a multivariate Gaussian distribution or N-
dimensional random sign distribution. However, this is
rarely a good description of either artificial or biological
neural network representations. A recent line of work has
generalized the Gardner calculation to neural manifolds,
which are not formal manifolds but rather collections of
data points that share a label [8, 9]. A simple example
is the set of images of dogs and cats as represented by a
particular layer in a neural network, decpited in fig. 1C.
Neural manifolds allow for variations in features such as
pose or viewing angle. To handle the variable geome-
tries of manifolds, the theory considers the convex hull
of each manifold. By linearly separating all convex hulls,
the data points within the manifolds are guaranteed to be
separated as well. Then, the notion of a support vector,
which is a data point with distance from the hyperplane
exactly equal to the margin k, can be generalized to an-
chor points, which can be thought of as a “representative”
point for each manifold with respect to the classification
problem. The manifold capacity problem has been solved
for uncorrelated and correlated manifolds via the replica
method [9, 10]. T state the manifold assumptions in sec-
tion ITA. Then, I use the cavity method to more sim-
ply and rigorously calculate the manifold capacity when
manifolds have correlations in their geometric properties
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FIG. 1. A Cover’s theorem gives the probability of linear
separability given random labels as a function of the load
a = P/N. Figure from [11]. B Support vector machine clas-
sification of data points with margin k. C Example manifolds
of cat images and dog images. Variations within manifold in-
clude pose and size of the animal. D 2-dimensional neural
manifold in affine subspace of RY with center xo, basis vec-
tors ui, uz, orthogonal translation vector of the subspace c,
and global manifold scale r. Panels B-D from [9].

IIB. Both the cavity and replica approaches arrive at an
expression that has been verified in simulations in [9, 10],
and I reproduce a subset of these results in III.

B. Contribution

This project presents an alternative proof of the ca-
pacity of correlated manifolds via the cavity method by
modifying an existing calculation for the case of uncor-
related manifolds [12]. It also provides simulations to
validate the accuracy of the formula.

II. THEORETICAL FRAMEWORK
A. Data manifold model

Consider a dataset of P manifolds, each parameter-
ized by coordinates S C RP*! and a binary label y* €
{~1,+1}. Embed each manifold in RY through ran-
dom embeddings v, indexed by p =1,..., P manifolds,
i =1,..., N neural features, and a = 1,..., D 4+ 1 mani-
fold subspace axes. Here, D is the number of axes along
which the manifold varies, and the (D4 1)th element cor-
responds to the center of the manifold, which is schema-
tized in fig. 1D. Denote the ith row of the yth embedding
matrix as uf € RPT!. We assume random embeddings

of the manifolds with i.i.d. components u}, following:
<u?a> =0, (1)
v 1 v
<u?aujb> = Ncgb ij- (2)

In a more compact notation, the correlation matrix has
dimensions C € RPD+DUxPD+1) " 4nd we denote the
(1, v)th block as C* € RIPHDX(P+D) - Similarly, when
we drop the manifold index p for the embedding vector,
we concatenate over the column vectors: u; € RP(D+1)
A point with manifold coordinates s € S* C RP+! on
manifold p specifies an N-dimensional datapoint given
by

D+1
xf(s):Zufasa:(uf)Ts, i=1,...,N.  (3)

a=1

The last coordinate sp. specifies the displacement from
the origin, and the remaining coordinates specify the
shape in a D-dimensional subspace orthogonal to the dis-
placement. Because our classifier is linear, we can just
consider the convex hull of §. To classify every point
correctly, we require for all s € S¥, u=1,..., P,

yrw T xt(s) > 1. (4)

We introduce the compact notation that considers the
projection of the solution hyperplane vector onto the
manifold embeddings

VH* = ytw'u”, V* e RPT! (5)
so the classification condition eq. (4) becomes
(Vi) Ts > 1. (6)
The support function of §
gsu (V") = min(V") s (7)

returns the smallest projection of S* onto V¥. Now, we
define an anchor point for the pth manifold as

a! = Vsgsu (V") (8)
_ : PN T oo ol D+1
= arg srg‘lsri(V )'s; at e RV, 9)

where the gradient equals the argmin because S* are
convex hulls. We are now ready to introduce the convex
optimization problem for the maximum margin hyper-
plane w, which has Lagrangian

P
1
£l (M) = gwTw =2, Mas (V) = 1) (10)
The KKT conditions are given by:

P
w; = Z Moyt (ut) Tat (11)
p=1

gsn (V) =1=0 (12)
M >0 (13)
M (gsn (VH) =1) = 0. (14)



Without loss of generality, assume y* = +1 since the data
and labels are sampled independently and (y#)? = 1. We
are now ready to set up the bipartite system for analysis
in the next section.

B. Bipartite system

Consider the bipartite system

N
VE =Y "wul +T¢ (15)
=1

ZA“

Tar 4+ 1;, (16)

where I; and I" are infinitesimal source terms used in
computing response functions.

C. Feature cavity

We introduce a “feature cavity” wy with weak coupling
upy, to the “datum variables” (vector-Lagrange multipli-
ers) {\ar}f_ . The perturbation is

" d(\rar)

S(\ar)
a a1’

uowo. (17)

v=1

Propagating the perturbation from the datum variables
to the feature cavity, we have

P
wo = Z(ug)T()\“a“ +5(Mar)) + I (18)
pn=1
P
d(\*ar)
= Z( ()\#a# + Z dIS u0w0> + Iy.
pn=1
(19)

We define local field and self-coupling terms

g = )\“a“ (20)

)T d( )\“a“)

F()o = U.g. (21)

i_

Then, the single site equation is

wo = g + Foowo + lo. (22)

. . d(\Pat
The cavity construction ensures uj, Ma* and %

are all independent of each other in this expression.

Next, we calculate the disorder-averaged statistics. By
the Central Limit Theorem, 79 is Gaussian since the cor-
relations (ufj ul,) decay as N — oo. Then,

(m) =0 (23)
(n3) = (M) "wpug (Na) (24)
_ %((/\a)TC(/\a» (25)

1 1/2/y 4112
= ~llc 2(Xa)|[3), (26)

where we write the concatenation of the vector Lagrange-
multipliers as Aa € RP(PHD We assume the self-

coupling Fj is self-averaging and compute the mean:

(Foo) = (ug Xu0> (27)
= (Tr[ug xuo]) (28)

= (Tr[xuoug J) (29)

= Tr[xC], (30)

where y € RP(PHUXP(D+1) and the blocks are y* =

d(’zl:f“). Then, dropping the source term, we have a

single-site self-consistent equation:

o
= 1
wo =1 (31)
:S Mo, (32)

. . . w — d . 1
with weight-response function S" = <#§> = TR

Imposing the weight norm ||w||3 = N/k2, we have
2= (")) (33)
P1
=(8")*% <||01/2( a)l[3) (34)

= a7l(k) = %;-;2(5 P(IC2(Na)ll5).  (35)
This completes the feature cavity calculation for capacity,
and we will see that the datum cavity calculation in the
next section enables us to eliminate the weight-response
function and replace the norm over vector-Lagrange mul-
tipliers with a quadratic program.

D. Datum cavity

Now we introduce the datum cavity (A\%a") with weak

couplings uf. The small perturbation to the existing
weights is
N dw
_ i 0\T (10,0
Sw; = }:1 i, (uj) (A"a”). (36)

The projection of the solution weight vector onto the
manifold basis, V® | after whitening by (C%)~1/2 ¢



RP+DX(D+D)  hecomes

Now, we extend eq. (52) to the unrolled vectors
V, T, \a € RP(PHD gince the datum cavity calculation

(Coo —1/2y/0 _ Zw Coo —1/2y 0 (37) is symmetric for any index u, and we substitute into the
right hand side of eq. (35):
2

dw; _ -1 _ K : L A—1/2v)12

i Wi 00y~ UQu?(u?)T()\OaO) +(C00)-1/2p0 @ (k) 5 <V7gs(r‘;1,}§1217w |T—-C V|2>T (53)
1,7=1

(38)  where V € RP(P+) and T ~ N(0,5 2Ip(p+1y). This
0 007100 00\ —1/270 completes the cavity method calculation for the capac-
=T +F7(\a’) + (C7) r, (39) ity of correlated manifolds. The analytic expression re-
with T = ZN Lwil C00)-1 /24 0, FO0 — quires finding the anchor points a* for each sampled T,

vaj 1 ‘3}” (C00)=1/2u)( u)T. By the Central Limit

Theorem, T is Gaussian with

(T% =0 (40)

(T°(T%)7) <Z wiw; (C%) 72 (u) (u) T ((C*) 12T

i,j=1

(41)

(42)

N
1 _ _
= 3 w5 ()M, (C) 2

v (43)
_ % (44)

We assume the self-coupling matrix is order one and self-
averaging with mean

N
dw 1
FO0y — i 00y=1/2 2 005 4
(F) ijZ_1<dI><C> 05y (19)
= (Gu0) (gomyr2 (46)
dly
Together, the single-site equation after dropping the

source term is

(C00)71/2V0 _ TO + SW(COO)l/Q(AOaO)‘ (47)

Combining eq. (47) with the remaining KKT conditions

eqs. (12) to (14), we have KKT conditions for the convex
optimization problem
VO — TO 00 —1/2V 2 4
argmin | SIITO - (C)VIE(4)

subject to gs(V) > 1. We can rearrange eq. (47) into

(SW)Q(/\O O)TCOO(/\OaO) _ (49)
im0 — (%) (50)
(SM2(ICO 2N B) = (51)
(ymin 1T @)2VIE).

and then solving the quadratic program with affine con-
straints. In the next section, we show that the formula
is accurate in the toy case of Gaussian point clouds.

TOY MODEL SIMULATION

> 111
We simulate Gaussian point cloud “manifolds” with
the following correlation structure:

o — {[(1 — p2)0" + p2ldap; a# D +1
ab [(1

— p2)0" + pZléar; a =D +1,

where p. and p, are the correlations of the centroids and
axes of the point clouds respectively. The ground truth
manifold capacity is simulated as
P
N+
where 1 < N* < N is the neural dimension such that a
random projection of the data manifolds into RV has a
50% chance of being linearly separable. This definition is
equivalent to finding the load « = P/N such that 50% of
random labelings of the manifolds are linearly separable.

In fig. 2A,C, we find that the analytic formula for the
capacity provides a good approximation to the ground-
truth simulated capacity as we vary the center correla-
tion and axis correlation respectively. In fig. 2B we find
that increasing the correlations of the manifold centers
decreases capacity. At the limit of perfectly correlated
manifold centers, capacity would be 0 because the man-
ifolds would be impossible to linearly separate. At best,
completely uncorrelated manifold centers will have the
highest linear separability. In fig. 2D, we find that in-
creasing the inter-manifold axis correlation increases ca-
pacity. Intuitively, if all manifold axes are perfectly cor-
related, then it is easier to linearly separate the manifolds
because they vary or extend in the same directions. By
contrast, if the manifolds are all randomly oriented, then
they have a greater tendency to extend in a way that
decreases the margin.

(54)

(55)

Qsim =

IV. CONCLUSION

In this project, I provide an exposition on classification
capacity, a measure of the efficiency of a neural represen-
tation for linear classification. I overview an extension
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FIG. 2. Correlated Gaussian point cloud simulation. A Sim-
ulated and analytical capacity as center correlation is varied.
B Theoretical capacity as a function of inter-manifold cen-
ter correlation. C Simulated and analytical capacity as axis
correlation is varied. D Theoretical capacity as a function of
inter-manifold axis correlation.

of Gardner’s replica theory approach to neural manifolds
with and without correlations, and I provide a simpler
alternative proof of the correlated manifold capacity us-
ing the Cavity method. Lastly, I provided simulations on
synthetic data to show the accuracy of the derived for-
mula and illustrate the opposite effects of manifold center
and axis correlations on the capacity.

Although it is omitted in this project, the development
of the manifold capacity theory has enabled geometric in-
terpretations of neural representations in both artificial
and biological neural networks. These developments rep-
resent a novel and promising approach to the analysis of
high-dimensional neural data that describes the data ge-
ometry without dimensionality reduction or visualization
techniques.
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