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We develop a scalable, gradient-based framework for inferring linear stochastic differential equa-
tions (SDEs) driven by additive colored noise directly from data. Building on recent work in linear
inverse modeling, we model colored noise as a weighted sum of Ornstein—Uhlenbeck noise with dis-
tinct correlation times and embed the dynamics into a higher-dimensional Markovian system. We
derive moment-matching equations based on the correlation function and enforce them as differ-
entiable soft constraints in a single optimization problem in order to learn SDE parameters from
data. All algorithms are implemented in JAX, which uses automatic differentiation to make gradient
computations essentially independent of parameter count. In simulation studies with bi-exponential
and power law memory kernels, our method robustly recovers drift matrices, diffusion amplitudes,

and multiple correlation times with low error.

I. INTRODUCTION

Stochastic differential equations (SDEs) underpin
modern quantitative descriptions of noise-driven phe-
nomena in statistical physics, biophysics, and many other
fields. There is a large body of literature on inferring
SDEs from data. Although some of the most interest-
ing physical phenomena emerge from memory effects and
nonlinear dynamics, most of the theoretical and com-
putational machinery for data-driven inference of SDEs
invoke strong simplifying assumptions, such as the Gaus-
sian white noise (Markovian) approximation, that limit
their applicability. If, for example, a system’s dynam-
ics involve non-Markovianity, non-Gaussianity, state-
dependent multiplicative noise, non-linearity, or non-
stationarity, most methods break down. Here, we focus
on SDEs with additive colored noise (also referred to as
correlated noise), with an eye toward extensions to mul-
tiplicative noise and nonlinear dynamics in future work.

In the white noise limit, the stochastic forcing is delta-
correlated in time. This is a powerful simplification be-
cause analytical results can be obtained in this limit, and
they yield accurate approximations for systems in which
the noise decorrelates on timescales much shorter than ei-
ther the system’s intrinsic dynamics or the temporal res-
olution of the observations. For example, the Kramers-
Moyal expansion and its Fokker-Planck truncation as-
sume Markovian dynamics, and computational frame-
works for inferring dynamics from data have been de-
veloped based on this formalism, e.g. inferring Kramers-
Moyal coefficients [1].

Callaham et al. [2] discuss how naively applying
Markovian frameworks to systems with colored noise
leads to inaccurate characterization of the dynamics. To
remedy this, they introduce a technique called Langevin
Regression, which identifies and coarse-grains a time se-
ries beyond its “Einstein—-Markov” timescale—the lag
time beyond which the autocorrelation decays and the
dynamics become effectively white—to infer effective
stochastic models of systems with colored noise.

Colored noise processes exhibit nontrivial autocorrela-
tion structures that cannot be captured by white-noise

approximations—see, e.g., Luczka [3] for a review. Sys-
tems in statistical physics that display anomalous diffu-
sion or memory effects (e.g., transport in complex fluids
[4]), and statistical models of neuronal activity [5, 6] of-
ten require colored-noise descriptions. Although learn-
ing an effective white noise model by coarse graining can
be useful for reduced order modeling, it is not helpful
for characterizing the true governing equations. A tech-
nique called Colored Linear Inverse Modeling (CLIM)
presented in a recent paper [7] made progress toward
data-driven recovery of SDE dynamics with colored noise,
but only for the restricted case of linear dynamics driven
by a single timescale Ornstein-Uhlenbeck process. We
elaborate more on the details of their work in Section II.

In this project, we generalize their framework by ex-
tending it to a richer set of memory kernels and by
providing a flexible gradient-based inference framework.
The objectives of this project are twofold: (1) infer gen-
eral non-Markovian temporal dynamics from data using
Markovian embedding, and (2) implement the method
with low computational cost. To achieve these goals,
we implement all of the algorithms in JAX [8], which
provides end-to-end automatic differentiation software,
making gradient computations efficient and scalable to
high-dimensional spaces.

Figure 2 shows a schematic of the methodology devel-
oped here. In Section II, we review the concept of Marko-
vian embedding and specify the class of colored noise we
will focus on. In section III, we obtain the moment-
matching equations that will become soft constraints in
our optimization framework. In Section IV, we provide
the details of the full optimization procedure. In Section
V, we present the results of two numerical experiments
to test the methodology. Finally, in section VI, we sum-
marize the main findings, limitations, and discuss areas
for future research.

II. MARKOVIAN EMBEDDING

One approach to colored noise in SDEs that has been
previously adopted in the literature is Markovian em-



bedding, a technique for mapping a given non-Markovian
problem into a higher dimensional Markovian one by aug-
menting the state space with auxiliary variables (e.g.,
[5, 9-14]). The canonical example of this embedding is
Ornstein-Uhlenbeck noise, a model for Gaussian colored
noise that can be dynamically generated via

Don(t) = (1) + &) (1)

where £(t) is zero-mean Gaussian white noise with the
property that (£(t + s)&(t)T) = 6(s)I. It is straightfor-
ward to show that
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When this is coupled into the SDE
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the joint system (x,7m) becomes Markovian in a state
space of twice the original dimension.

The CLIM framework was introdueced specifically
for the single timescale Ornstein-Uhlenbeck forcing de-
scribed by Equation 3. In this special case, the moment
equations close at the level of the 2nd derivative, and
can be solved directly for A and @. They then sweep
through the parameter space to find the best 7 to match
the correlation function at non-zero lag.

Extending CLIM to richer colored-noise kernels that
require higher-dimensional Markovian embeddings is
non-trivial. One of the main limitations of Markovian
embeddding, discussed more broadly in the literature
(e.g., [15, 16]), is that augmenting the state space to
achieve Markovianity can become analytically and/or
computationally intractable.

In this work, we consider constructing more complex
forms of colored noise by summing Ornstein-Uhlenbeck
noise processes with distinct time scales by considering
SDEs of the following form:
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In this setup, A is a Hurwitz matrix, i.e., the real part
of all its eigenvalues must be negative whilertherQrare
symmetric.

This can be embedded into a higher dimensional prob-
lem as follows
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and the augmented drift and diffusion in block matrix
form as follows.
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Every additional memory timescale introduces another
auxiliary variable. To circumvent the two problems of (1)
moment equations that are too complicated to solve in
closed form and (2) the increased size of the state space,
we formulate this as an optimization problem in JAX. We
impose the CLIM-style equations, derived in Section III,
as differentiable soft constraints in the loss function and
let the optimizer satisfy them. An important feature of
automatic differentiation, which has made it indispens-
able for training large neural networks, is that the cost of
gradient computations can be independent of the num-
ber of parameters, allowing us to accommodate larger
Markovian embeddings without combinatorial penalty.

In Section V, we consider a bi-exponential memory
kernel: to capture stochastic forcing with both a fast
and slow memory timescale, we superpose two OU noises
(M = 2) with distinct correlation times—a short-lived
and a long-lived component.

A. Prony Series Approximation

Another motivation for pursuing the formulation in
Equation 4, beyond its generality, is that a linear combi-
nation of decaying exponentials can approximate a power
law kernel to any degree of accuracy [17]. This is known
in the literature as a Prony Series, and it is of the general
form

7 = Zwie_t/Tia (8)

where the 7; are logarithmically spaced. This approxi-
mation has been used extensively in the literature, of-
ten in the context of Markovian embedding as well [10-
12, 18, 19]. In practice, because of the finite simulation
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resolution, we choose the shortest 7; to be the size of the
integration step, and we choose the largest one based on
the full length of the simulation. Figure 1 displays the
finite Prony series approximation for a power law scaling
of —2 with M € {3,4,5,6} terms in the series. With
more terms in the series, the approximation becomes in-
creasingly accurate. In Section IV, we use M = 6 terms
for our numerical experiments.

III. THEORY

In this section, we derive analogous equations to those
n [7] for identifying the SDE parameters from data based
on the correlation function. We find that many of the
simplifications made in [7] to directly solve the equations
are not possible in our more general setting. This moti-
vates, as we discuss further in Section IV, implementing
the analogous moment-matching equations as soft con-
straints in our JAX-based optimizer.

Because the augmented process is Markovian, its joint
density satisfies the Fokker-Planck equation. Stationar-
ity 0; Pyt = 0 gives (L*g) = 0 for any smooth g where L is
the adjoint Fokker-Planck operator. Choosing g = zz7,
we find
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where Cy, = <xxT> and Cp,m) = <xn(m)T>. We can
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d 1 Qm
—C o my =AC  (m) — —C . (m) + — =0, (10
di xn T zn T 9 ) ( )
1004 == Power Law
. == 3 Terms
1034 4 Terms
== 5Terms
102 == 6Terms
101-
100_
1071 5
1072 5
10—3_
1074 4
1072 10-1 10° 10! 102

FIG. 1. The effect of adding successive terms to a Prony series
approximation of a power law.

which implies
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Altogether this yields the Fluctuation-Dissipation Rela-
tion

M
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Furthermore, the correlation function is given by

C(s) = (x(t+ S)X(t)T>
R Y
(13)

From this form, we obtain the following derivative hi-
erarchy for the n-th derivative evaluated at 0 lag,

QmBT du
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For stability purposes, we only use up to the third deriva-
tive.

Unlike the single time scale OU noise case, where A and
@ can be solved for analytically for a given 7, this cannot
be achieved as simply here because we cannot eliminate
Q. from the second derivative equation. Thus, we imple-
ment the equations as soft constraints in an optimization
problem to learn the dynamics from data.

IV. OPTIMIZATION

A schematic of the full optimization procedure is shown
in Figure 2. We simulate trajectories for Equation 4 by
constructing the higher dimensional Markovian system
given by Equation 7 and using MATLAB’s built-in Mil-
stein method solver as an integrator. Once we have the
trajectories, we compute the correlation functions and
use a finite differences scheme to obtain the derivatives
of the correlation function. Before proceeding to the opti-
mization steps, we were able to check the validity of the
equations derived in Section IIT by plugging in the pa-
rameters A, {Q,}, {7} used in the simulations and the
correlation function and its derivatives calculated from
the generated data. We found the equations to hold to
a high degree of accuracy (up to the numerical error of
the integration schemes). This step of the methodology
is shown in Figure 2(a) and (b).

To guarantee that @, is symmetric positive semi-
definite, we parameterize it by the N(N + 1)/2 entries
of a lower triangular matrix L,, so that in our objective
function we compute @Q,, as Q, = L, LL. In our first
implementation, we tried enforcing the Hurwitz condition
on A as an inequality constraint, which was too computa-
tionally expensive. In the current implementation of the
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FIG. 2. Schematic of methodology: (a) Embedding the non-Markovian dynamics of interest into a higher dimensional Markovian

problem, (b) simulating trajectories given the SDE, (c) using
derivatives, which become a part of the objective function, and
JAX-based optimizer to to recover the SDE parameters

methodology, we parameterize the set of Hurwitz matri-
ces, by decomposing A as

1
A=-P+K, P=RRT, K=§(W—WT)7 (15)

where R is lower traingular and W is unconstrained so
that P is the symmetric positive-definite, and K is skew
symmetric. While @, is an N X N matrix parameterized
by fewer than N? parameters, the parameterization for
A requires more than N? parameters. In practice, we
found that this parameterization greatly improves the
optimization. A key benefit of the method is that we
have the freedom to increase the size of parameter space
with virtually no slow-down in the optimizer.

The objective function that we optimize is exactly
based on the equations in Section III. One term in the
objective function is based on the FDR-—namely we want
to minimize the LHS Equation 12 with C,, computed di-

the trajectory to compute the correlation function and its
(d) parameterizing the optimization variables and using the

rectly from the data and A, @Q,,,, and B,,, which depends
on 7, are optimized. Three other terms in the objective
function come from minimizing the difference between
the RHS and LHS of Equation 14 for the first, second,
and third derivatives (n = 1,2,3). Here, C™(0) and
C=1(0) are computed directly from the data while the
other terms in the equation are optimization variables.
Another term that can be included in the objective func-
tion is a penalty on the mismatch between the modeled
and empirical C(s) for a few lag times versus.

Evaluating this full objective function, i.e., com-
puting both sides of each equation, only requires
linear algebra operations (multiplication, inversion,
etc) that are implemented quite efficiently and in
a way that is fully differentiable in JAX. So, we
are able to compute accurate gradients of the ob-
jective function with respect to the SDE parameters.
We use the interior point optimization algorithm as



our gradient-based optimizer [20]. A Python note-
book containing the optimization codebase is provided
here:  https://colab.research.google.com/drive/
1QfLbTyMtrMjnBAcitRQ68EmUXdiWR jhf 7usp=sharing.

V. RESULTS

Here, we report the results from two experiments per-
formed with our methodology (the linked python note-
book contains others). In the first experiment, we con-
sider a system with bi-exponential temporal correlations.
That is, a system governed by Equation 4 with M = 2.
We simulate 100 trajectories where we randomly sample
values for 71, 79, A, and ) within some parameter range
and use our optimizer to simultaneously recover all the
parameters. Figure 3 shows the percent error from the
ground truth of the parameters during the optimization.
In this example, by 50 iterations, the optimizer has con-
verged.

In Table 1, we report statistics on the 100 examples for
which we ran the optimizer. These results demonstrate
that the optimization framework developed here, which
uses Markovian embedding and moment matching as soft
constraints, is effective at recovering the SDE dynamics.
We computed the statistics separately for the two time
scales with 71 < 79 because from the equations in Section
III, we expect the model to have higher error for the
larger 7. This can be seen in the derivative hierarchy
of Equation 14 where there is % or %2 dependence. We
also sometimes encountered issues when the 7 values were
approximately equal.

In the second experiment, we simulate systems with
power law temporal correlations. We vary the power law
exponent, and use the optimizer with M = 6 to estimate
the full dynamics of the SDE (Q, A, and the power law
exponent). The goal of this experiment was to see how
accurate the optimizer was at recovering the exponent.
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FIG. 3. Percent error of SDE parameters throughout opti-
mization iterations where 7 < 7o.

Parameter Median Percent Error
A 1.57%
Q 5.29%
1 4.60%
T2 12.53%

TABLE 1. Median percent errors of inferred SDE parameters
on 100 different examples (71 < 72)

We run the optimizer for 30 iterations on each example,
and Figure 4 shows the estimated exponents versus the
ground truth for a range of exponents. Besides a few
cases, where the optimizer was likely stuck in a local
minima and/or needed to be run for more iterations, we
see that the framework is effective at learning the form
of the stochastic forcing from the data.

VI. CONCLUSIONS & FUTURE WORK

In this work, we have introduced a general, gradient-
based approach for inferring linear SDEs with a rich vari-
ety of additive colored-noise forms. We utilize Markovian
embedding to map non-Markovian dynamics (SDEs with
a stochastic forcing represented by a sum of Ornstein-
Uhlenbeck noise with different timescales) into a higher-
dimensional Markovian problem. We derive CLIM-style
moment-derivative relations for these equations in Sec-
tion III. Then, we enforce these equations as soft con-
straints in a JAX-based objective function. We gener-
ate simulated data and use the optimizer to to recover
drift matrices, diffusion amplitudes, and multiple corre-
lation times simultaneously. Our two numerical studies
of bi-exponential memory kernels (M = 2) and power-
law kernels (Prony series with M = 6 ) demonstrate that
even with up to six Ornstein-Ullenbeck components, the
method robustly recovers all parameters with low median
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FIG. 4. Estimating the power law exponent of the temporal
correlations from data



errors and converges in fewer than 50 iterations.

One limitation of our approach is that—even though
the cost of each gradient computation is nearly inde-
pendent of the number of OU components—embedding
into higher dimensions can introduce additional degen-
eracies or local minima in the loss landscape. Address-
ing these may require adding moment-derivative con-
straints, which can increase the computational cost of
the optimizer. Indeed, in my experiments, I saw exam-
ples of some degeneracies that can arise when time scales
are chosen too close to each other for example. While
the problem setting of linear SDEs with additive colored
noise is restrictive, recent extensions of CLIM to nonlin-
ear SDEs derive analogous moment equations that can be
directly ported into our framework [21]. Since we have
already formulated this as an optimization problem, we

may be able to extend their work to learning arbitrary
polynomials drifts, which they were not able to pursue
in the paper. In future work, we hope to integrate these
nonlinear constraints into our JAX-based loss to create a
unified methodology for data-driven inference of both lin-
ear and nonlinear stochastic dynamics driven by colored
noise.
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