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In this paper we will study the celebrated Curie-Weiss model of a spin lattice, which can be viewed
as a mean-field version of the Ising model. It is known that this system exhibits a phase transition
from an ordered, low-temperature phase to a disordered, high-temperature phase.

We will investigate two theoretical approches to define and study the phase transition. The
first “static” method assumes the system is stationary in Boltzmann distribution, and investigates
non-analyticity of free energy and magnetization in the limit of a large system size. The second “dy-
namic” approach treats the system as evolving over time, and its rate of convergence to Boltzmann
equilibrium is studied.

I. INTRODUCTION

The Ising model was introduced in the early 20th cen-
tury [1] as a model of ferromagnetism and has been
widely studied by physicists, mathematicians, and com-
puter scientists. One of its key features is the prediction
of a phase transition at a critical temperature Tc (no-
tably absent in the original work of Ising, but analyzed
in great detail later), such that for T > Tc the system is
in andisordered (paramagnetic) state with zero net mag-
netization, and for T < Tc the system is in an ordered
(ferromagnetic) state with spontaneous nonzero magne-
tization. Understanding of the critical temperature and
its dependence on interaction strength will be the main
focus of this paper.

Formally, the Ising model is defined as follows. The
system consists of N ≫ 1 spins s1, . . . , sN , each of which
can take the value of −1 or +1. The spins interact with
each other according to the (symmetric) matrix J , and
with a uniform external field h, so that the enthalpy can
be written as

H = −
∑
i,j

Jijsisj − h
∑
i

si

where here and throughout all indices in sums are as-
sumed to run over [N ] := {1, 2, . . . , N} unless specified
otherwise. Hence, we obtain the partition function as

Z = Z(s) =
∑
{si}

e−βH

=
∑
{si}

exp

β
∑
i,j

Jijsisj + βh
∑
i

si

 (1)

where
∑

s indicates the summation over the space Ω of
all 2N possible states s = (s1, . . . , sN ) where each spin
takes value ±1. This general model allows for various
types of interactions, both ferromagnetic (Jij > 0) and
antiferromagnetic (Jij < 0), but we will focus on the
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ferromagnetic case where all nonzero interactions have
the same strength J > 0. That is, Jij = JMij where Mij

is a symmetric matrix with entries in {0, 1}, and only
zeroes on the diagonal. Such matrix can be viewed as an
adjacency matrix of a simple graph G on the vertex set
V = [N ], so accordingly, for each spin si, we will define
the set of its neighbors

N(i={j : Mij = 1} .

For simplicity, we will also assume h = 0, though most
results can be extended to nonzero h as well.

II. CRITICAL TEMPERATURE

We are now ready to describe phase transitions in a
system described by eq. (1). Our main goal is to com-
pare two ways to define a critical temperature (phase
transition).

A. Non-analyticity of the partition function

The most prevalent approach used by physicists to
study critical phenomena is the divergence of the par-
tition function. In this paper we will call it the static
approach, as it studies the system in thermal equilibrium
(defined by Boltzmann distribution). More formally, let
f = lnZ

N be the free energy per particle. Whenever for
some fixed T = Tc we observe that limN→∞ f is non-
analytic as a function of Tc, we call Tc a static critical
temperature.

B. Mixing time of Glauber dynamics

One can also drop the assumption of initial “ergodic-
ity” and instead assume initially the system is in some ar-
bitrary state {si}0. It is then allowed to evolve over time,
which, for simplicity, is assumed to be discrete.[2] At each
step of evolution, one spin si is selected uniformly at ran-
dom, and then resampled according to the Boltzmann
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distribution with remaining spins {sj}j ̸=i fixed. That is,
if at stage t spin i was selected, we have

sj(t+ 1) = sj(t) for j ̸= i

P[si(t+ 1) = 1] ∝ exp
(
− βH(s, si ← 1)

)
P[si(t+ 1) = −1] ∝ exp

(
− βH(s, si ← −1)

)
.

(2)

Here we used the notation H(s, si ← x) to de-
note enthalpy evaluated at the spin state s(t) =
(s1(t), . . . , sN (t)) at time t, with si(t) replaced by x (inde-
pendently of its previuos value value). Notice that prob-
abilities in eq. (2) need to be normalized so that they
sum to 1. The dynamics described by eq. (2) is called
the Glauber dynamics, and was notably introduced [3] to
study specifically the Ising model, but has been applied
to numerous random systems since. One can view the
Glauber dynamics as one way to justify the ergodic hy-
pothesis, as one can easily show that independently of the
starting state s(0), the distribution of s(t) converges to
the Boltzmann distribution when t→∞. Indeed, by di-
rect verification one checks that Boltzmann distribution
is the steady state of Glauber dynamics, and the Markov
chain defined on the set of all states by Glauber dynam-
ics is reversible. Then, by Perron-Frobenius theorem we

conclude that the transition matrix T ∈ Sym(R2N×2N )
has a largest unique eigenvalue equal to 1. This is proof
is a very standard part of Markov chain theory so we will
omit the details here.

Even though Glauber dynamics always convergence to
the Boltzmann distribution, the rate of this convergence
heavily depends on the parameters of the problem. To
formally define the convergence rate, let B be the Boltz-
mann distribution, and let D(t, s) be the distribution of
s(t) resulting from t steps of Glauber dynamics, starting
from the given state s(0) = s. Recall that the total vari-
ation (TV) distance between distributions P and Q over
a finite set Ω is defined as

∥P −Q∥TV := max
A⊆Ω
|P(A)−Q(A)| = 1

2

∑
x∈Ω
|P(x)−Q(x)| .

Finally, we define the mixing time tmix as follows.

tmix(ϵ, s) = min{t ≥ 0 : ∥B − D(t, s)∥ ≤ ϵ}
tmix(ϵ) = max

s
tmix(ϵ, s) .

(3)

Finally, if we don’t specify ϵ, we take tmix = tmix(1/4). In
fact, any constant strictly smaller than 1/2 woudl work
in place of 1/4, as tmix(ϵ) ≲ tmix(1/4) log(1/ϵ) (which is
a folklore fact in the theory of Markov chains and we
will omit its proof). Recall also another folklore lemma
known as the data processing inequality[4]:

∥B − D(t, s)∥ ≤ ∥B − D(t′, s)∥ for t ≥ t′ . (4)

Hence, for any t ≥ tmix we have ∥D(t)− B∥TV ≤ 1/4,
further motivating the definition of tmix.
Now we are finally ready to define the critical tempera-

ture. Unfortunately, there is now clear notion of what the

critical temperature should be. However, it is observed in
practice that for many relevant systems the mixing time
increases when T decreases. Usually tmix is polynomial in
N for large T and exponential in N for small T . Remark-
ably, usually there exists a unique temperature Tc, such
that for Tc > T , the mixing time is polynomial, while
for Tc < T , the mixing time is exponential. We will call
such Tc the dynamic critical temperature. Notice that
this definition corresponds to the behavior expected from
the systems undergoing a phase transition from a low-
temperature ordered phase to a high-temperature disor-
dered phase: in a disordered state we would expect the
system to rapidly explore most of the state space, while
in an ordered state the system will be likely confined to
the region of the state space corresponding to some equi-
librium values of the order parameters. This notion will
be made precise in the following sections.

III. CURIE–WEISS MODEL

To exemplify the two definitions of the critical temper-
ature, let us consider the Curie–Weiss model, that is

Mij = 1− δi,j .

While this model is difficult to realize experimentally due
to the short range of magnetic interactions, we can view
the Curie–Weiss model as a formal approach to the mean
field heuristic, with each spin experiencing the same av-
eraged field from other spins. With this perspective in
mind, we will normalize J to J/N , so that the total in-
teraction strength between si and its neighbors is inde-
pendent of N (since si has N − 1 ≈ N neighbors).

A. Static critical temperature

Let us define the average magnetization m = 1
N

∑
i si.

The numbers of +1 and −1 spins (denoted by N+ and
N−) are given by N+ = 1+m

2 N and N− = 1−m
2 N . Notice

that

− βH(s)

= 2β
J

N

∑
i<j

sisj

= 2β
J

N

((
N+

2

)
+

(
N−
2

)
−N+N−

)
= β

J

N
(N+ −N−)

2 +O(1)

= βJNm2 +O(1)

where the O(1) term depends on β, J , and m, and is non-

increasing in N . Notice also that there are exactly
(

N
N+

)
states for a givenm = 2N+/N−1. Using the standard en-
tropy approximation (or several Stirling approximations)
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we have
(

N
N+

)
= eNH(N+/N)+o(N) = eNH((1+m)/2)+o(N)

where

H(x) = −x lnx− (1− x) ln(1− x) .

Finally, m ranges from −1 to 1 at steps of width 2/N
(which we will hide under

∑
m). We can write

Z =
∑
m

(
N

N+

)
exp(−βH(m)) =

∑
m

eN
(
βJm2+H((1+m)/2)

)
+o(N)

so that (approximating sum by integral and dropping
non-leading terms)

f ≈ 1

N
ln

∫ 1

−1

N

2
eN

(
βJm2+H((1+m)/2)

)
dm . (5)

Elementary calculus shows that the leading (in N) term
in eq. (5) depends only on the peak of the integrand.
Since its width is roughly 1/N , after taking the logarithm
the width term becomes lower-order and can be ignored.
Hence

f ≈ max
m∈[−1,1]

(
βJm+H

(
1 +m

2

))
. (6)

Routine calculation shows that for βJ < 1/2 the maxi-
mum in eq. (6) is achieved at m = 0, so that f(T ) = ln 2
for T > 2J (in the unit system where kB = 1). However,
for βJ < 1/2, the maximum is achieved at ±m∗ where
m∗ is the positive solution of 4βJm+2+ln(1−m2) = 0.
Hence Tc = 2J is the static critical temperature.

B. Dynamic critical temperature

Let us now show a sketch of the proof that Tc = 2J
is also the dynamic critical temperature. We need to

provide a polynomial upper bound for tmix when T > 2J ,
and an exponential lower bound for tmix when T < 2J .
Both parts rely on somewhat sophisticated theory, so we
will only discusses sketches of proofs.

1. High temperature phase: T > 2J

We will rely here on the coupling method of Bubley
and Dyer [5]. Let ∥s− s′∥0 denote the number of indi-
vidual spins differing between states s and s′. Suppose
that there is a way to sample two (non-independent)
Glauber dynamics s(t) and s(t′), so that whenever
∥s(t)− s′(t)∥ = 1, then

E[∥s(t+ 1)− s′(t+ 1)∥0] ≤ 1− 1

CN
. (7)

Then the Bubley-Dyer path coupling theorem would im-
ply tmix ≤ CN log(4N).

Hence we need to find the correct way to sample s and
s′. The first natural assumption is to select the same spin
in both s and s′ to resample at each stage. Suppose that
in such resampling of s we get P[si(t + 1) = 1] = p and
P[s′i(t+ 1) = 1] = p′ > p. Then instead of resampling si
and s′i independently, we could pick si = si+1 = 1 with
probability 1, si = si+1 = −1 with probability 1 − p′,
and otherwise si = −1, s′i = 1. This guarantees that
both s and s′ remain marginally Glauber dynamics, but
at the same time distance between s and s′ is minimized:
P[si(t + 1) ̸= s′i(t + 1)] = |p − p′|. Now if s(t) and s′(t)
differ only at spin i, resampling i will always lead to
s(t + 1) = s′(t + 1) by construction. Resampling j ̸= i
leads to s(t+ 1) ̸= s′(t+ 1) with probability

|pj − p′j | =

∣∣∣∣∣ e−βH(s,sj←1)

e−βH(s,sj←1) + e−βH(s,sj←−1)
− e−βH(s′,s′j←1)

e−βH(s′,s′j←1) + e−βH(s′,s′j←−1)

∣∣∣∣∣ ≤ tanh(2βJ/N) (8)

where the last inequality follows from elementary but
quite tedious optimization over s, s′ (as one might expect,
the difference in eq. (8) is maximized when

∑
k ̸=i,j sk =

0). Hence for ∥s(t)− s′(t)∥0 = 1

E[∥s(t+ 1)− s′(t+ 1)∥0]
= 1 + P[∥s(t+ 1)− s′(t+ 1)∥0 = 2]

− P[∥s(t+ 1)− s′(t+ 1)∥0 = 0]

= 1 +
1

N

∑
j ̸=i

|pj − p′j | −
1

N

≤ 1− 1−N tanh(2βJ/N)

N
≤ 1− 1− 2βJ

N
.

So indeed when T > Tc = 2J we have 1 − 2βJ = c >
0, and hence eq. (7) is satisfied, and we obtain tmix ≲
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N logN .

2. Low temperature phase: T < 2J

This case is more closely related to the static compu-
tation. We will use the conductance method, which for-
malizes the intuition that Glauber dynamics should mix
slowly, since the system becomes “trapped” in m = m∗

macrostate, and will take a long time to flip tom = −m∗.
Let Ω+ be the subspace of the state space with m > 0,
Ω− = Ω \ Ω+, and suppose that s(0) ∈ Ω+. Let t∗mix be
the first time when P[s(t∗mix) ∈ Ω+] ≤ 3/4, notice that
t∗mix < tmix. We have

1

4
≤ P[s(t∗mix) /∈ Ω+]

≤
t∗mix−1∑
t=0

P[s(t+ 1) /∈ Ω+ | s(t) ∈ Ω+] · P[s(t) ∈ Ω+]

≲ t∗mixPs′(0)∼B[s
′(1) /∈ Ω+ | s′(0) ∈ Ω+]

where the last inequality is only a heuristic: probabil-
ity of moving from Ω+ to Ω− in s shouldn’t be much
larger than the probability that a stationary system (un-
der Boltzmann distribution B) moves to Ω− from Ω+ in
one step. This would suggest that

tmix ≥
c

Ps(0)∼B[s(1) /∈ Ω+ | s(0) ∈ Ω+]
. (9)

Equation (9) turns out to be true (up to constants) in
general. Let 1 = γ1 > γ2 ≥ · · · ≥ γN > −1 be the eigen-
values of the transition matrix T of the Markov chain.
Let γ = 1−max(γ2,−γN ) be the spectral gap. Then

tmix ≥
(
1

γ
− 1

)
log

1

8
(10)

(see [6]). To bound γ, we can use (a version of) the
Cheeger’s inequality (see [6] for a folklore proof):

γ ≤ 2
Ps(0)∼B[s(1) /∈ Ω+ | s(0) ∈ Ω+]

Ps(0)∼B[s(0) ∈ Ω+]
(11)

(if we replace Ω+ with a more optimal set, we would ob-
tain the conductance of the state space, hence the name
of the method). The combination of eq. (10) and eq. (11)
essentially recovers eq. (9). Now we can finish the com-
putation.

Notice that by symmetry

Ps(0)∼B[| s(0) ∈ Ω+] =
1

2
− Ps(0)∼B[m(s(0)) = 0]

where m =
∑

i si as before. At the same time for a state
to leave Ω+ it needs to have m = 0, so

Ps(0)∼B[s(1) /∈ Ω+ | s(0) ∈ Ω+] ≤ Ps(0)∼B[m(s(0)) = 0] .
With Ps(0)∼B[m(s(0)) = 0] = p, we have then

tmix ≳
1

γ
≳

1/2− p

p
.

Finally, notice that for T < Tc we have

p =

(
N

N/2

)
e−βH(0)

Z

= eN ln 2−N
(
βJm∗+H((1+m∗)/2)

)
+o(N) .

As discussed before, for T < Tc we have m∗ > 0, and
βJm∗+H((1+m∗)/2) = f > ln 2, so that p = e−cN+o(N)

for c = f − ln 2 > 0. Hence tmix > ecN+o(N) as desired.
All in all we conclude that the dynamic critical tem-

perature is the same as the static critical temperature
Tc = 2J .

IV. CONCLUSION

We demonstrated that the static and dynamic criti-
cal temperatures of the Curie–Weiss model are identi-
cal. The static computation is largely considered folk-
lore in statistical mechanics, but the dynamic part re-
lies on more sophisticated theory related to Markov
chains. However, in the low-temperature regime, both
approaches are closely related and result in the same fi-
nal optimization. This finding suggests there is a deeper
connection between the two methods, which indeed has
been studied but is beyond the scope of this paper. Since
the static approach is preferred by physicists, and the dy-
namic approach is preferred by computer scientists, many
results consider different regimes or limits (e.g. physi-
cists usually study geometrically-constrained construc-
tions, while in computer science, arbitrary or random
interaction graphs are of greater interest, and so are al-
gorithmic considerations). However, in certain cases all
approaches converge, such as in the beautiful theory of
the exact solution of the 2-dimensional Ising model by
Onsager. The summation over paths executed by On-
sager can be related to a version of the correlation de-
cay on the computation tree of a regular graph. This,
however, is a much more recent approach (see e.g [7] for
application of the method to antiferromagnetic systems),
and is much more complex than the results in this paper.
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