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The 2d harmonic oscillator (for the relative coordinate) is of course solved with creation and annihilation operators.
The states of definite L arise by acting with

(a†
x + ia†

y)
L+p(a†

x − ia†
y)

p

on the ground state. Both L + p and p must be ≥ 0. The energy depends on N = L + 2p. Thus the degeneracy is 0,
with L = 0, for N = 0, 2, with L = ±1, for N = 1, 3, with L = −2, 0, 2, for N = 3, etc.

For bosons we must have L = even, for fermions L = odd. If we make a small positive addition to L, the states
with L ≥ 0 will go up in energy, while those with L < 0 will go down. Thus we get the spectral flow (topologically,
by this argument, but also analytically):
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To do this for a particle, we introduce the gauge field a and the couplings

∆L = q~v · a + κǫαβγaαfβγ

The equation of motion for a then reads
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∆L =

∫
dtrFφ

=

∫
rqEφ

=
q

2π

∫
dt

∂Φ

∂t

=
qΦ

2π
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Aharonov and Bohm analyzed the scattering of a charged particle off a flux tube in their original, classic paper.
The effect of the flux tube, as we’ve seen, is to shift the angular momentum spectrum. The effect of that on the

Bessel functions that appear in a partial wave analysis of the incoming plane wave is different for L ≥ 0 and L < 0.
Indeed, the relevant (non-singular) Bessel functions are the JL for L ≥ 0 and the J−L for L < 0, so increasing L
increases the index in one case, decreases it in the other!

That heuristic suggests the form of the scattered wave. We have an overall kinematic factor eikr

√
2πkr

. We also have

a uniform angular factor eiαφ (where α ≡
qΦ
2π is the angular momentum shift) and finally the phase-shifted Bessel

asymptotics

∞∑
n=0

einφeiα +

∞∑
n=−1

einφe−iα = eiα 1

1 − eiφ
+ e−iα e−iφ

1 − e−iφ

= (eiα − e−iα)
1

1 − eiφ

= −e−iφ/2 sin α

sin(φ/2)

From this we extract the cross-section

dσ

dφ
= sinα

1

2πk

1

sin2(φ/2)
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Making the gauge transformation aµ → aµ + ∂µΛ and integrating by parts:

∫
Θ(S)κǫµνσ∂µΛfνσ = −κ

∫
∂µΘ(S)ǫµνσΛfνσ


