
8.962 PS 3 Solution to Problem 5
First, we define our fundamental coordinates:

In[1]:= coord = 8r, q, f<
Out[1]= 8r, q, f<

And give the values of x in terms of r,q,f:

In[2]:= x = 8r Sin@qD Cos@fD, r Sin@qD Sin@fD, r Cos@qD<
Out[2]= 8r Cos@fD Sin@qD, r Sin@qD Sin@fD, r Cos@qD<

Here is the inverse Jacobian:

In[3]:= Jinv = Table@D@x@@iDD, coord@@jDDD, 8i, 1, 3<, 8j, 1, 3<D êê FullSimplify

Out[3]= 88Cos@fD Sin@qD, r Cos@qD Cos@fD, -r Sin@qD Sin@fD<,
8Sin@qD Sin@fD, r Cos@qD Sin@fD, r Cos@fD Sin@qD<, 8Cos@qD, -r Sin@qD, 0<<

And the Jacobian:

In[4]:= J = Inverse@JinvD êê FullSimplify

Out[4]= 98Cos@fD Sin@qD, Sin@qD Sin@fD, Cos@qD<,
9 Cos@qD Cos@fD
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Csc@qD Sin@fD
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Here is HGa' Lb' g'  computed from the transformation rule for G:

In[5]:= MatrixForm@G = Table@Sum@- D@J@@ap, gDD, coord@@bpDDD Jinv@@g, gpDD, 8g, 1, 3<D,
8ap, 1, 3<, 8bp, 1, 3<, 8gp, 1, 3<D êê FullSimplifyD

General::spell1  :  Possible spelling error: new symbol name "bp" is similar to existing symbol "ap". More…

General::spell  :  

Possible spelling error: new symbol name "gp" is similar to existing symbols 8ap, bp, g<. More…

Out[5]//MatrixForm=
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We know that the metric in cartesian coordinates is diagonal:
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In[6]:= g = 881, 0, 0<, 80, 1, 0<, 80, 0, 1<<
Out[6]= 881, 0, 0<, 80, 1, 0<, 80, 0, 1<<

And we can transform that to get the metric in spherical coordinates:

In[7]:= gHat = Transpose@JinvD.g.Jinv êê FullSimplify

Out[7]= 881, 0, 0<, 80, r2, 0<, 80, 0, r2 Sin@qD2<<

Invert that to obtain the inverse metric in spherical coordinates.

In[8]:= gHatInv = Inverse@gHatD

Out[8]= 981, 0, 0<, 90, 1
ÅÅÅÅÅÅÅr2 , 0=, 90, 0,

Csc@qD2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅr2 ==

Here we check that “i' gj' k ' = 0:

In[9]:= MatrixForm@Table@D@gHat@@j, kDD, coord@@iDDD -
Sum@G@@l, i, jDD gHat@@l, kDD, 8l, 1, 3<D - Sum@G@@l, i, kDD gHat@@j, lDD, 8l, 1, 3<D,

8i, 1, 3<, 8j, 1, 3<, 8k, 1, 3<DD êê FullSimplify

Out[9]//MatrixForm=
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And here we check that HRa' b'
c' Ld' = 0 (i.e. that euclidean space is flat, even in spherical coordinates:

In[10]:= Table@D@G@@c, b, dDD, coord@@aDDD - D@G@@c, a, dDD, coord@@bDDD +
Sum@G@@c, a, eDD G@@e, b, dDD - G@@c, b, eDD G@@e, a, dDD, 8e, 1, 3<D,

8a, 1, 3<, 8b, 1, 3<, 8c, 1, 3<, 8d, 1, 3<D êê FullSimplify

Out[10]= 88880, 0, 0<, 80, 0, 0<, 80, 0, 0<<,
880, 0, 0<, 80, 0, 0<, 80, 0, 0<<, 880, 0, 0<, 80, 0, 0<, 80, 0, 0<<<,

8880, 0, 0<, 80, 0, 0<, 80, 0, 0<<, 880, 0, 0<, 80, 0, 0<, 80, 0, 0<<,
880, 0, 0<, 80, 0, 0<, 80, 0, 0<<<, 8880, 0, 0<, 80, 0, 0<, 80, 0, 0<<,
880, 0, 0<, 80, 0, 0<, 80, 0, 0<<, 880, 0, 0<, 80, 0, 0<, 80, 0, 0<<<<

We expect that “i' f = ∂i' f , which is clearly not the gradient according to normal spherical vector calculus.  But, we often
treat the gradient as a vector, so we should really raise the index i':

In[11]:= Table@Sum@gHatInv@@ipp, ipDD D@f@r, q, fD, coord@@ippDDD, 8ipp, 1, 3<D, 8ip, 1, 3<D êê
FullSimplify

Out[11]= 9fH1,0,0L@r, q, fD, fH0,1,0L@r, q, fD
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

r2
, Csc@qD2 fH0,0,1L@r, q, fD

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
r2

=

This is still not quite the formula for gradient that we're used to---there is an extra power of r and r Sin[q] in the denominators
of the second and third terms.  The reason this formula differs from the standard one is that the basis vectors ∂q , and ∂f  are
not normalized.  The extra powers of lengths which appear here and do not appear in the standard formula for the gradient in
spherical  coordinates  are taking care of the normalization of basis vectors.   In the standard  formula,  you are assumed to
already be using normalized basis vectors.
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Here is “m V m :

In[12]:= With@8V = 8Vr@r, q, fD, Vq@r, q, fD, Vf@r, q, fD<<,
Sum@D@V@@mDD, coord@@mDDD + Sum@G@@m, m, nDD V@@nDD, 8n, 1, 3<D, 8m, 1, 3<D êê
FullSimplifyD

General::spell1  :  Possible spelling error: new symbol name "Vf" is similar to existing symbol "Vq". More…

Out[12]=
2 Vr@r, q, fD
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅr + Cot@qD Vq@r, q, fD + VfH0,0,1L@r, q, fD + VqH0,1,0L@r, q, fD + VrH1,0,0L@r, q, fD

Again, this doesn't look like the standard formulas because the basis vectors are not normalized.

Here is the Levi-Civita tensor for computing “äV:

In[22]:= e = Table@Sqrt@Det@gHatDD Signature@8i, j, k<D, 8i, 1, 3<, 8j, 1, 3<, 8k, 1, 3<D êê
FullSimplify@#, 8r > 0, Sin@qD > 0<D &

Out[22]= 8880, 0, 0<, 80, 0, r2 Sin@qD<, 80, -r2 Sin@qD, 0<<,
880, 0, -r2 Sin@qD<, 80, 0, 0<, 8r2 Sin@qD, 0, 0<<,
880, r2 Sin@qD, 0<, 8-r2 Sin@qD, 0, 0<, 80, 0, 0<<<

And here is Hei L j k  “ j Vk :

In[28]:= With@8V = 8Vr@r, q, fD, Vq@r, q, fD, Vf@r, q, fD<,
e = Evaluate@Table@Sum@gHatInv@@k, kpDD gHatInv@@j, jpDD e@@i, j, kDD,

8j, 1, 3<, 8k, 1, 3<D, 8i, 1, 3<, 8jp, 1, 3<, 8kp, 1, 3<DD<, FullSimplify@
Table@Sum@e@@i, j, kDD HD@V@@kDD, coord@@jDDD - Sum@G@@l, j, kDD V@@lDD, 8l, 1, 3<DL,

8j, 1, 3<, 8k, 1, 3<D, 8i, 1, 3<DDD

Out[28]= 9 Csc@qD H-VqH0,0,1L@r, q, fD + VfH0,1,0L@r, q, fDL
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅr2 ,

Csc@qD HVrH0,0,1L@r, q, fD - VfH1,0,0L@r, q, fDL, Sin@qD H-VrH0,1,0L@r, q, fD + VqH1,0,0L@r, q, fDL=

Again, it's different because our coordinate basis is not orthonormal (and we still have a lower i index).
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