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8.962 Pset 5 Solutions

Here we have a function which computes the Christoffel symbols given a metric.

In[1]:= MakeTl = Function[{coord, g},
With[{gInv = Inverse[g] }, Table[1l/2 Sum[gInv[[a, x]] (D[g[[B, k]], coord[[¥]]] +

D[g[[¥, x]], coord[[B]]] -D[g[[B, ¥]], coord[[x]]]), {x, 1, Length[coord]}],
{a, 1, Length[coord]}, {B, 1, Length[coord]}, {¥, 1, Length[coord]}]]]

out[1]= Function { {coord, g}, With [ {gInv = Inverse[g]},

Length [coord]

1
Table[? gInV [[O(, K]] (Ocoord[[y]] g[[Bl K]] + @coord[[ﬁ]] g[Y! K]] - OCOOrd[[K]] g[[Bl Y]]) ’

k=1

{a, 1, Length[coord]}, {3, 1, Length[coord]}, {¥y, 1, Length[coord] }] H

And here we compute the curvature tensor given the connection:

In[2]:= MakeR = Function[{coord, I'}, With[{n = Length[coord]},
Table[D[T'[[a, d, b]], coord[[c]]] -D[T'[[a, ¢, b]], coord[[d]]] +
Sum[r[[a, ¢, e]]T[[e, d, b]], {e, 1, n}] -Sum[I'[[a, d, e]]T[[e, ¢, b]], {e, 1, n}],
{a, 1, n}, {b, 1, n}, {c, 1, n}, {d, 1, n}]]]

out[2]= Function { {coord, T'}, With [ {n = Length[coord] },

Table[@coord[[c]] T[[ar dl b]] _Ocoord[[d]] T[[ar c, b]] +Zr[[al c, e]] I‘[[el dl b]] -

e=1

) Tla, d, el T[e, ¢, b], {a, 1, n}, {b, 1, n}, {c, 1, n}, {d, 1, n}]]]

e=1

Problem 1

= a

Here are the Christoffel symbols in spherical coordinates, where we have inserted an € to keep track of powers of ®:
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In[3]:= Tsph=
FullSimplify[Series[MakeI'[{t, r, 6, ¢}, DiagonalMatrix[{-(1+2€e&[r]), 1-2€8&][r],
r*2(1-2e&[r]), r~28in[6] "2 (1-2€8[r])}]]1, {e, O, 1}]]

out[3j= {{{0, @ [r]e+0[e]?, 0, 0}, {® [r]e+O[e])?, 0,0, 0}, {0, 0, 0,0}, {0,0,0,0}},
{{®'[r]e+0[e]?, 0,0,0}, {0, -% [r] e+0[e]?, 0, 0},
{0,0, -r+r?® [r]e+0[e]?, 0}, {0, 0, 0, -rSin[O]?

{0, 0,0,0}, 0,0, 7 ~®[rle+0le]?, 0}, [0, + - [r]e~0[e]?, 0, 0},

+r?sin[0]? @ [r] € +0[€]?}},

{0, 0, 0, -Cos[e] sin[e]}}, {{0, 0, 0, 0}, {0, 0, O, % -o' [r] e+0[e]?},

{0, 0, 0, cotlo]}, {0, % -3’ [r] e+0[e]?, Cot[E], 0}}}

Here we show that —(I'?) v u u” =0 for equatorial orbits which have u? = 0 initially:

In[4]:= FullSimplify|[
With[{u = {ut, ur, 0, u¢}}, Sum[-Tsph[[3, m, n]]u[[m]]u[[n]], {m, 1,4}, {n, 1, 4}]]]

out[4]= up® Cos[O] Sin[0]

In[5]:= %/.6->Pi/2

out[5]= 0

= b
Here we compute the RHS of the r-component of the geodesic equation in an equatorial orbit, —(I"),,, u* u”

In[6]:= FullSimplify[With[{u= {ut, 0, 0, ud}},
Sum[-Tsph[[2, m, n]]u[[m]]u[[n]], {m, 1, 4}, {n, 1, 4}]]1/.6-Pi/2]

out[6]= rup® - (ut? +r’u¢?) @ [r] e+0[e]?

Specializing to the particular form of the potential we have, we can solve for u¢ in terms of ut (we need to remove the
power-series with Normal[...] or else Mathematica will try to satisfy this order-by-order in €, which we do not want):

In[7]:= Solve[FullSimplify[Normal[%] /. & » Function[r, -GM/r]] ==0, u¢] // FullSimplify

\/E\/ﬁutx/g} VG VM ut Ve 1
Vr?2 (r-GMe) Vr?2 (r-GMe)

out[7]= {{uabe— ’ {u¢+

Here is a power series in € for ) = ug/ut

In[8]:= FullSimplify[Series[(u¢ /. 3[[2]])/ut, {e, O, 2}], {r>0, G>0, M>0}]

GM GMr)3/?e3/?
Oout[8]= Jr3 \/e +%+0[6]5/2

We see that to leading order in €, () = / Gr—3M , which is the Keplerian orbital frequency. Note that, technically speaking, it is
wrong to even include the higher order terms, since our line element is only accurate to leading order in €.
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mC
We need the connection coefficients and curvature in Cartesian coordinates

In[9]:= T =FullSimplify[Series[MakeI'[{t, x, ¥y, 2}, DiagonalMatrix[{-1, 1, 1, 1}] -
DiagonalMatrix[2e &[Sqrt[x"2+y~2+2°2]]{1,1,1, 1}]]1, {e, O, 1}11;

In[10]:= R =FullSimplify[Series[Normal [MakeR[{t, x, vy, 2}, T']], {e, O, 1}]11;

(The output of this is really long, so we won't display it here.)

Now we will exploit that the trajectory of the orbit is x = RR Cos[( t], y = RR Sin[Q t], z = 0, with 7 ~ t to lowest order in
the velocity and compute the geodesic deviation equation:

In[11]:= FullSimplify[Series[Normal[With[{trajSubs = {x ->RRCos[Qt], y->RRSin[Qt], z-50}},
With[{T'=T /. trajSubs, R = R /. trajSubs, §= {&§t[t], &x[t], Ey[t], &£z[t]}},
With[{I'm = Table[T[[m, 1, n]], {m, 1, 4}, {n, 1, 4}],
Rm = Table[R[[m, 1, 1, n]], {m, 1, 4}, {n, 1, 4}]},
D[E, {t, 2}]+2Im.D[E, t] -Rm.£]11], {e, O, 1}1, RR> O]

out[11]= {&t”[t] +2 (Cos[tQ] £x'[t] +Sin[tQ] £y’ [t]) @ [RR] € +O[€]?,

Ex[t] + ﬁ(((z Sin[t Q)% £x[t] - Sin[2t Q] y[t] + 4 RRCos[t Q] £t [t]) & [RR] +
RR (2Cos[tQ]2 Ex[t] +Sin[2t Q] Ey[t]) &' [RR]) €) +0[e]?,
sy7 [t] + ﬁ(((-sin[z tQ] Ex[t] +2Cos[tQ]2 Ey[t] +4RRSin[tQ] £t'[t]) & [RR] +

RR (Sin[2t Q] £x[t] +2Sin[t Q)% Ey[t]) @' [RR]) €) +

ole]?, €27 [t] + L2 2[RRI €

2R +0[e]?}

Two things to note about the above (which is a pretty complicated expression): 1) We evaluate all tensors (I" and R) on the
trajectory, so everything is a function of t when we start taking derivatives. 2) I'm and Rm are the matrices (I""),, and
(R™)0, Which act on &".

Problem 2

We need the connection coefficients to first order in ®:

In[12]:= T =FullSimplify[Series[MakeI'[{t, x, ¥y, 2}, DiagonalMatrix[{-1, 1, 1, 1}] -
2e3[Sqrt[x"2+y"2+2z"2]] DiagonalMatrix[{1, 1, 1, 1}]], {e, O, 1}1];

The output here is the same as from the above problem, so we won't display it again.

Here is the sum on the RHS of the first-order geodesic equation for #” (note that we evaluate this on the trajectory z =0, y =
b, t = Xx):

In[13]:= FullSimplify[With[{uO={1,1, 0, 0}},
-Sum[T[[3, m, n]]uO[[m]] wO[[n]], {n, 1, 4}, {m, 1, 4}]]1/.{y—->b, 250, t-x}]
2 (ba [Vb2+x?])e

Out[13]= - N +0[e]?
+
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In[14]:= Integrate[Normal[%] /. & -» Function[r, -GM/r],
{x, -Infinity, Infinity}, Assumptions - {b > 0}]

4GMe

out[14]= - —¢

Problem 3

Here are the connection coefficients for the sphere of radius a.

In[15]:= MatrixForm[I' = FullSimplify[MakeI'[{6, ¢}, a” 2 DiagonalMatrix[{1l, Sin[6] "2}]]1]]

Out[15]//MatrixForm=
0 0
(0 ) ( -Cos[©] Sin[©O] )
0 (o]
(corter) (oo )
Problem 4
= a

Here we compute R; j;; (which requires lowering an index):

In[16]:

coord = {6, ¢}

out[l6]= {O, ¢}

In[17]:= g =a”~2DiagonalMatrix[{1l, Sin[6] "2}]

out[17j= {{a*, 0}, {0, a® sin[6]?}}

Here it is:
In[18]:= MatrixForm[FullSimplify[With[{R = MakeR[coord, MakeI'[coord, g]]},

Table[Sum[g[[i, ip]] R[[ip, j, k, 111, {ip, 1, 2}1,
{i, 1, 2}, {3, 1, 2}, {k, 1, 2}, {1, 1, 2}]]1]

Out[18]//MatrixForm=
(0 0 ) 0 a? sin[o]?
0 0 ~a?sin[6]® 0
0 -a? sin[o]? ] (0 0)
a? sin[e]® 0 0 0

As we expect, there is only one independent component for R.
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= b
For u=(d6,0) and v=(0,d¢), we have (R") ki u* u' (note that I've introduced es in order to keep track of powers of the area):

In[19]:= MatrixForm[T = {{1, 0}, {0, 1}} +
With[{u = {Sqrt[e] d6, 0}, v = {0, Sqrt[e] d¢}, R = MakeR[coord, Maker[coord, g]]},
FullSimplify[Table[Sum[R[[i, j, k, 1]]u[[k]] v[[1]],
{k, 1, 2}, {1, 1, 2}], {i, 1, 2}, {3, 1, 2}]1]]

Out[19]//MatrixForm=
1 dodo e Sin[o]?
-dodope 1

Now we check that, to lowest order this transformation preserves the metric, and therefore lengths:
In[20]:= FullSimplify[Normal [Series[Transpose[T].g.T, {e, 0, 1}]1] -4g]
out[20]= {{0, 0}, {0, 0}}

. A(TA)
Here is AT AT

& /2).

(note that we carry the series out to order €because we expect f~e, and the angle difference ~ Cos[f] = 1 -

In[21]:= FullSimplify[With[{A = {A6, A¢d}},
Series[(A.g.(T.A)) / (Sqrt[(A.g.A)] Sqrt[(T.A).g.(T.A)]), {€, 0, 2}111]

out[21]= 1 - % (d6? d¢? sin[0]%) €2 +0[€]?

We see that 6 = Sin[#] d6 d¢.

Problem 6

= a

Here's the metric:

In[22]:= g =DiagonalMatrix[{-Exp[2¢[x]], Exp[-2¢[x]]}]

Out[22] {{_‘EZMX] » 0}, {0, e v 1}

In[23]:= R =MakeR[{t, x}, MakeT'[{t, x}, g]] // FullSimplify

out[23]= {{{{0, 0}, {0, 0}}, {{0, -¢'[x]* - @' [x] ¥ [x] - ¢" [x]}, {¢'[x] (&' [x] +¥ [X]) +&"[x], 0}}},
{({{0, —e® WD (¢ [x] (¢ [x] + ¥ [x]) +¢" [x])},
e @BIED (g [x] (¢ [x] + ¥ [x]) +¢" [x]), 0}}, {{0, O}, {0, 0}}}}

Now if we lower an index, we will find the non-zero component (there's only one in 2-D) of R.
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In[24]:= Table[Sum[g[[i, ip]] R[[ip, j, k, 111, {ip, 1, 2}],

{1,
out[24]= {{{{0,
{{o,

{{{o,
{{o,

1, 2}, {3,

0}, (0, 0}},
e ¢l (¢’ [x] (
e (¢ [x]
0}, (0, 0}}})

®
(

Cx] U [x]) + @7 [X])

O [x] + ¥ [X]) + @

[x]

}
)

; (-e?f

bo (et

1, 2}, {k, 1, 2}, {1, 1, 2}] // FullSimplify



