
8.962 Pset 5 Solutions
Here we have a function which computes the Christoffel symbols given a metric.

In[1]:= MakeG = Function@8coord, g<,
With@8gInv = Inverse@gD <, Table@1ê 2 Sum@gInv@@a, kDD HD@g@@b, kDD, coord@@gDDD +

D@g@@g, kDD, coord@@bDDD - D@g@@b, gDD, coord@@kDDDL, 8k, 1, Length@coordD<D,
8a, 1, Length@coordD<, 8b, 1, Length@coordD<, 8g, 1, Length@coordD<DDD

Out[1]= FunctionA8coord, g<, WithA8gInv = Inverse@gD<,

TableA 1
ÅÅÅÅ
2 ‚

k=1

Length@coordD
gInvPa, kT H∂coordPgT gPb, kT + ∂coordPbT gPg, kT - ∂coordPkT gPb, gTL,

8a, 1, Length@coordD<, 8b, 1, Length@coordD<, 8g, 1, Length@coordD<EEE

And here we compute the curvature tensor given the connection:

In[2]:= MakeR = Function@8coord, G<, With@8n = Length@coordD<,
Table@D@G@@a, d, bDD, coord@@cDDD - D@G@@a, c, bDD, coord@@dDDD +
Sum@G@@a, c, eDD G@@e, d, bDD, 8e, 1, n<D - Sum@G@@a, d, eDD G@@e, c, bDD, 8e, 1, n<D,

8a, 1, n<, 8b, 1, n<, 8c, 1, n<, 8d, 1, n<DDD
Out[2]= FunctionA8coord, G<, WithA8n = Length@coordD<,

TableA∂coordPcT GPa, d, bT - ∂coordPdT GPa, c, bT +‚
e=1

n

GPa, c, eT GPe, d, bT -

‚
e=1

n

GPa, d, eT GPe, c, bT, 8a, 1, n<, 8b, 1, n<, 8c, 1, n<, 8d, 1, n<EEE

Problem 1

ü a

Here are the Christoffel symbols in spherical coordinates, where we have inserted an e to keep track of powers of F:
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In[3]:= Gsph =
FullSimplify@Series@MakeG@8t, r, q, f<, DiagonalMatrix@8-H1 + 2 e F@rDL, 1 - 2 e F@rD,

r^2 H1 - 2 e F@rDL, r^2 Sin@qD^2 H1 - 2 e F@rDL<DD, 8e, 0, 1<DD
Out[3]= 9880, F£@rD e + O@eD2 , 0, 0<, 8F£@rD e + O@eD2, 0, 0, 0<, 80, 0, 0, 0<, 80, 0, 0, 0<<,

88F£@rD e + O@eD2, 0, 0, 0<, 80, -F£@rD e + O@eD2, 0, 0<,
80, 0, -r + r2 F£@rD e + O@eD2, 0<, 80, 0, 0, -r Sin@qD2 + r2 Sin@qD2 F£@rD e + O@eD2<<,

980, 0, 0, 0<, 90, 0, 1
ÅÅÅÅr - F£@rD e + O@eD2, 0=, 90, 1

ÅÅÅÅr - F£@rD e + O@eD2, 0, 0=,
80, 0, 0, -Cos@qD Sin@qD<=, 980, 0, 0, 0<, 90, 0, 0,

1
ÅÅÅÅr - F£@rD e + O@eD2=,

80, 0, 0, Cot@qD<, 90, 1
ÅÅÅÅr - F£@rD e + O@eD2 , Cot@qD, 0===

Here we show that -HGq Lm n  um  un = 0 for equatorial orbits which have uq = 0 initially:

In[4]:= FullSimplify@
With@8u = 8ut, ur, 0, uf<<, Sum@-Gsph@@3, m, nDD u@@mDD u@@nDD, 8m, 1 , 4<, 8n, 1, 4<DDD

Out[4]= uf2 Cos@qD Sin@qD

In[5]:= % ê. q Ø Piê 2
Out[5]= 0

ü b

Here we compute the RHS of the r-component of the geodesic equation in an equatorial orbit, -HGr Lm n  um  un

In[6]:= FullSimplify@With@8u = 8ut, 0, 0, uf<<,
Sum@-Gsph@@2, m, nDD u@@mDD u@@nDD, 8m, 1, 4<, 8n, 1, 4<DD ê. q Ø Piê 2D

Out[6]= r uf2 - Hut2 + r2 uf2L F£@rD e + O@eD2

Specializing to the particular form of the potential we have, we can solve for  uf in terms of ut  (we need to remove the
power-series with Normal[...] or else Mathematica will try to satisfy this order-by-order in e, which we do not want):

In[7]:= Solve@FullSimplify@Normal@%D ê. F Ø Function@r, -G M ê rDD ã 0, ufD êê FullSimplify

Out[7]= 99uf Ø -
è!!!G è!!!M ut è!!!

e
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!!!!!!!!!!!!!!!!r2 Hr - G M eL =, 9uf Ø

è!!!G è!!!M ut è!!!
e

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!!!!!!!!!!!!!!!!r2 Hr - G M eL ==

Here is a power series in e for W ª uf/ut

In[8]:= FullSimplify@Series@Huf ê. %@@2DDLê ut, 8e, 0, 2<D, 8r > 0, G > 0, M > 0<D

Out[8]= $%%%%%%%%%%G M
ÅÅÅÅÅÅÅÅr3

è!!!
e +

HG M rL3ê2 e3ê2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 r4 + O@eD5ê2

We see that to leading order in e, W = "##########G MÅÅÅÅÅÅÅÅÅÅÅr3 , which is the Keplerian orbital frequency.  Note that, technically speaking, it is
wrong to even include the higher order terms, since our line element is only accurate to leading order in e.
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ü c

We need the connection coefficients and curvature in Cartesian coordinates

In[9]:= G = FullSimplify@Series@MakeG@8t, x, y, z<, DiagonalMatrix@8-1, 1, 1, 1<D -
DiagonalMatrix@2 e F@Sqrt@x^2 + y^2 + z^2DD 81, 1, 1, 1<DD, 8e, 0, 1<DD;

In[10]:= R = FullSimplify@Series@Normal@MakeR@8t, x, y, z<, GDD, 8e, 0, 1<DD;

(The output of this is really long, so we won't display it here.)

Now we will exploit that the trajectory of the orbit is x = RR Cos[W t], y = RR Sin[W t], z = 0, with t ~ t to lowest order in
the velocity and compute the geodesic deviation equation:

In[11]:= FullSimplify@Series@Normal@With@8trajSubs = 8x -> RR Cos@W tD, y -> RR Sin@W tD, z Ø 0<<,
With@8G = G ê. trajSubs, R = R ê. trajSubs, x = 8xt@tD, xx@tD, xy@tD, xz@tD<<,
With@8Gm = Table@G@@m, 1, nDD, 8m, 1, 4<, 8n, 1, 4<D,
Rm = Table@R@@m, 1, 1, nDD, 8m, 1, 4<, 8n, 1, 4<D<,

D@x, 8t, 2<D + 2 Gm.D@x, tD - Rm.xDDDD, 8e, 0, 1<D, RR > 0D
Out[11]= 9xt££@tD + 2 HCos@t WD xx£@tD + Sin@t WD xy£@tDL F£@RRD e + O@eD2,

xx££@tD +
1

ÅÅÅÅÅÅÅÅÅÅÅ2 RR HHH2 Sin@t WD2 xx@tD - Sin@2 t WD xy@tD + 4 RR Cos@t WD xt£@tDL F£@RRD +

RR H2 Cos@t WD2 xx@tD + Sin@2 t WD xy@tDL F££@RRDL eL + O@eD2,
xy££@tD +

1
ÅÅÅÅÅÅÅÅÅÅÅ2 RR HHH-Sin@2 t WD xx@tD + 2 Cos@t WD2 xy@tD + 4 RR Sin@t WD xt£@tDL F£@RRD +

RR HSin@2 t WD xx@tD + 2 Sin@t WD2 xy@tDL F££@RRDL eL +

O@eD2, xz££@tD +
xz@tD F£@RRD e
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅRR + O@eD2=

Two things to note about the above (which is a pretty complicated expression): 1) We evaluate all tensors (G and R) on the
trajectory, so everything  is a function of t when we start taking derivatives.   2) Gm and Rm are the matrices HGm L0 n  and
HRm L0 0 n  which act on xn . 

Problem 2

We need the connection coefficients to first order in F:

In[12]:= G = FullSimplify@Series@MakeG@8t, x, y, z<, DiagonalMatrix@8-1, 1, 1, 1<D -
2 e F@Sqrt@x^2 + y^2 + z^2DD DiagonalMatrix@81, 1, 1, 1<DD, 8e, 0, 1<DD;

The output here is the same as from the above problem, so we won't display it again.

Here is the sum on the RHS of the first-order geodesic equation for uy  (note that we evaluate this on the trajectory z = 0, y =
b, t = x):

In[13]:= FullSimplify@With@8u0 = 81, 1, 0, 0<<,
-Sum@G@@3, m, nDD u0@@mDD u0@@nDD, 8n, 1, 4<, 8m, 1, 4<DD ê. 8y Ø b, z Ø 0, t Ø x<D

Out[13]= -
2 Ib F£Aè!!!!!!!!!!!!!!!b2 + x2 EM e
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!!b2 + x2

+ O@eD2
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In[14]:= Integrate@Normal@%D ê. F Ø Function@r, -G M ê rD,
8x, -Infinity, Infinity<, Assumptions Ø 8b > 0<D

Out[14]= -
4 G M e
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅb

Problem 3

Here are the connection coefficients for the sphere of radius a.

In[15]:= MatrixForm@G = FullSimplify@MakeG@8q, f<, a^2 DiagonalMatrix@81, Sin@qD^2<DDDD
Out[15]//MatrixForm=

i

k

jjjjjjjjjjjjj

J 0
0
N J 0

-Cos@qD Sin@qD N

J 0
Cot@qD N J Cot@qD

0
N

y

{

zzzzzzzzzzzzz

Problem 4

ü a

Here we compute Ri j k l  (which requires lowering an index):

In[16]:= coord = 8q, f<
Out[16]= 8q, f<

In[17]:= g = a^2 DiagonalMatrix@81, Sin@qD^2<D
Out[17]= 88a2, 0<, 80, a2 Sin@qD2<<

Here it is:

In[18]:= MatrixForm@FullSimplify@With@8R = MakeR@coord, MakeG@coord, gDD<,
Table@Sum@g@@i, ipDD R@@ip, j, k, lDD, 8ip, 1, 2<D,
8i, 1, 2<, 8j, 1, 2<, 8k, 1, 2<, 8l, 1, 2<DDDD

Out[18]//MatrixForm=

i

k

jjjjjjjjjjjjjjjjj

J 0 0
0 0

N i
k
jjjj
0 a2 Sin@qD2
-a2 Sin@qD2 0

y
{
zzzz

i
k
jjjj
0 -a2 Sin@qD2
a2 Sin@qD2 0

y
{
zzzz J 0 0

0 0
N

y

{

zzzzzzzzzzzzzzzzz

As we expect, there is only one independent component for R.
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ü b

For u=(dq,0) and v=(0,df), we have HRi L j k l  uk  ul  (note that I've introduced es in order to keep track of powers of the area):

In[19]:= MatrixForm@T = 881, 0<, 80, 1<< +
With@8u = 8Sqrt@eD dq, 0<, v = 80, Sqrt@eD df<, R = MakeR@coord, MakeG@coord, gDD<,
FullSimplify@Table@Sum@R@@i, j, k, lDD u@@kDD v@@lDD,

8k, 1, 2<, 8l, 1, 2<D, 8i, 1, 2<, 8j, 1, 2<DDDD
Out[19]//MatrixForm=

i
k
jjj 1 dq df e Sin@qD2

-dq df e 1
y
{
zzz

Now we check that, to lowest order this transformation preserves the metric, and therefore lengths:

In[20]:= FullSimplify@Normal@Series@Transpose@TD.g.T, 8e , 0, 1<DD - gD
Out[20]= 880, 0<, 80, 0<<

Here is AÿHT ALÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ»A» »T A»  (note that we carry the series out to order e2 because we expect q~e, and the angle difference ~ Cos[q] = 1 -
q2 ê 2).

In[21]:= FullSimplify@With@8A = 8Aq, Af<<,
Series@HA.g.HT.ALLê HSqrt@HA.g.ALD Sqrt@HT.AL.g.HT.ALDL, 8e, 0, 2<DDD

Out[21]= 1 -
1
ÅÅÅÅ2 Hdq2 df2 Sin@qD2L e2 + O@eD3

We see that q = Sin[q] dq df.

Problem 6

ü a

Here's the metric:

In[22]:= g = DiagonalMatrix@8-Exp@2 f@xDD, Exp@-2 y@xDD<D
Out[22]= 88-‰2 f@xD, 0<, 80, ‰-2 y@xD<<

In[23]:= R = MakeR@8t, x<, MakeG@8t, x<, gDD êê FullSimplify

Out[23]= 88880, 0<, 80, 0<<, 880, -f£@xD2 - f£@xD y£@xD - f££@xD<, 8f£@xD Hf£@xD + y£@xDL + f££@xD, 0<<<,
8880, -‰2 Hf@xD+y@xDL Hf£@xD Hf£@xD + y£@xDL + f££@xDL<,

8‰2 Hf@xD+y@xDL Hf£@xD Hf£@xD + y£@xDL + f££@xDL, 0<<, 880, 0<, 80, 0<<<<

Now if we lower an index, we will find the non-zero component (there's only one in 2-D) of R.
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In[24]:= Table@Sum@g@@i, ipDD R@@ip, j, k, lDD, 8ip, 1, 2<D,
8i, 1, 2<, 8j, 1, 2< , 8k, 1, 2<, 8l, 1, 2<D êê FullSimplify

Out[24]= 88880, 0<, 80, 0<<,
880, ‰2 f@xD Hf£@xD Hf£@xD + y£@xDL + f££@xDL<, 8-‰2 f@xD Hf£@xD Hf£@xD + y£@xDL + f££@xDL, 0<<<,

8880, -‰2 f@xD Hf£@xD Hf£@xD + y£@xDL + f££@xDL<, 8‰2 f@xD Hf£@xD Hf£@xD + y£@xDL + f££@xDL, 0<<,
880, 0<, 80, 0<<<<
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