8.962 Problem Set 3 Solutions

Will M. Farr; minor revisions by Scott Hughes
March 8, 2009

1. Accelerated observer revisited:

(a) [5 pts] Calculate the acceleration experienced by a CSO. You may find
it helpful to use the fact that, along a CSO’s trajectory in the acceler-
ated coordinate system, ds? = —d72, where dr is proper time along that
trajectory.

Solution: Let £(7) be the trajectory of the CSO associated with z. In
the barred coordinate system, we have

¢ = (A(r), 7). (1)

(This is the definition of a CSO—such an observer remains at fixed spatial
coordinate.) But, we know that

_ 2

g€ = —1 = —(g0)? (4(r)) ", (2)

where overdot denotes d/dr, and where we have used the components of
the metric in the barred coordinates which we derived last week. This
implies that

-
A(r) = — 3
M= 3)
since A(0) =¢(r =0) = 0.
It seems tempting to try to compute
_ dz
at = ) ", (4)

but this is not correct! &7 is a four-vector, and therefore, differentiating it
properly requires using a covariant derivative. Physically, this is because
as we move along the accelerated worldline, the basis objects are changing
as well as the vector’s components.

Rather than compute the connection coefficients for the barred coordinate
system, we will instead transform ¢ into the un-barred (Lorentz) frame,



where the connection vanishes. We have

$0) = o

OxH

¢ (r)

)
- g% (g7 cosh(gA(r)), g sinh(gA(7)))

e (3) s (). g

where we have employed the coordinate transformation between the barred
and un-barred coordinates derived last week.

In the un-barred frame, we have

o

dr

(D)D) ©

Varta, = %, (7)

ST

Note that

as it should.

[Note, you might wonder why we did not need to worry about the con-
nection to compute the 4-velocity in the first place. This is because &7 (1)
isn’t itself a four-vector; it is just a series of spacetime events, labeled with
the parameter 7, which define the worldline of this observer. The tangent
to this trajectory, d€#/dr, is the 4-velocity.]

(b) [5 pts] On a spacetime diagram, show the trajectory (¢,z) exhibited
by the uniformly accelerated astronaut from Problem 6 of pset 2.

Solution: See Figure 1. Recall that the astronaut’s trajectory was given
by

(t.2) = - (sinb(gf),cosh(g). (®)

(c) [5 pts] Show that there is a region of spacetime which is causally
disconnected from this astronaut. In other words, show that there is a
region of spacetime in which events cannot effect the astronaut without
violating the fundamental postulate that information cannot propagate
faster than the speed of light.

Solution: Light travels at unit slope in our diagram. It is clear that the
trajectory of the astronaut is asymptoting to ¢ = x (because sinh(7) —
cosh(r) as 7 — o0). Therefore, any light ray emitted from the region
to the left of the line in Figure 2 emanating from the origin will never
intersect the astronaut’s trajectory. This region is causally disconnected
from the astronaut.

(d) [5 pts] Find the boundary between the region that is causally connected
and causally disconnected from the astronaut. Such a boundary is called a
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Figure 1: The trajectory of the astronaut from Problem 6 last week.



Uniformly Accelerated Astronaut

T T T T T T

16 Astronaut’s Trajectory i

' — — — Particle Horizion
14 b
1.2 9

1F This is the B

causally—-disconnected
- region e
0.8 e b
7
e
e
0.6 7 |
e
e
7
e
04r - 4
e
e
e
e
0.2 - 9
e
e
e
e
0 | | | |
0 0.2 0.4 0.6 0.8

Figure 2: The trajectory of the astronaut, including a hypothetical light ray
emitted from the origin in the (¢, ) plane. Since the trajectory of the astronaut
is asymptoting to the light ray, any light emitted from the region to the left of
the ray will never intersect the astronaut’s trajectory.



particle horizon; it shares some features of the event horizon that separates
the interior and exterior spacetimes of black holes.

Throughout this problem, only consider ¢t > 0.

Solution: The line emanating from the origin in Figure 2 is the particle
horizon.

. [5 pts] Perfect fluids:

In class, I listed one of the defining characteristics of a perfect fluid that
it have no viscosity — i.e., no force parallel to the interface between fluid
elements. This implied that the stress-energy tensor must be diagonal —
any component 7% for i # j would violate this assumption. I then claimed
that the stress-energy tensor could be written

7P = diag[p, P, P, P] 9)

in Cartesian coordinates (t,x,y, z).

Suppose that the form were instead
T8 = diag[p, P(1 +¢), P, P) . (10)

Show that if one performs a rotation around the z axis by an angle ¢ that
TP has off-diagonal components of order eP. Hence we must have ¢ = 0
in order for the tensor to be diagonal in all Cartesian coordinate systems.

Solution: A rotation about the z axis is a coordinate transformation with
the Jacobian

1 0 0 0
. Dz 0 cos¢p —sing 0
Bo=27

T = Ok 0 sing cos¢p O (11)

0 0 0 1

To transform the stress-energy tensor, we use
CI\M _1\V _N\T _

Ty = ()" () T = (77 T, (12

which we see generates off-diagonal components of order €P sin ¢ cos ¢.

. “341” split of the electromagnetic field:

An observer with 4-velocity U interacting with an electromagnetic field F
measures electric and magnetic fields E; and By in their instantaneous
local inertial reference frame (that is, in an orthonormal basis with & =

—

U). These fields are 4-vectors with components

1
Ef =FUs,  Bj=—e " UsFy; . (13)



(a) [7 pts] Show that Eﬁ and ﬁﬁ lie orthogonal to the observer’s worldline.
Thus, they are spatial vectors according to the observer, living entirely in
that observer’s hypersurface of simultaneity. (Hint: recall the projection
tensor defined in Pset 1.)

Solution: Consider Eﬁ U
E2Us = F*PU3U, =0, (14)

because F' is antisymmetric and U ® U is symmetric. Similarly, we have
1
BU, = —ieaﬁV‘*UngUa =0. (15)

Thus, E_",j and éﬁ are orthogonal to U. Because U is timelike, this implies
that Eﬁ and éﬁ are spacelike, and live in the observer’s hypersurface of
simultaneity.

(b) [8 pts] Show that the field tensor can be reconstructed from the ob-
server’s 4-velocity and the electric and magnetic fields they measure via
the following tensor equation (valid for any basis):

FoP =U°E - BQUP + 75U B . (16)
The identity

€y €F7% = 57 007 56" + 67 46" 367, + 6% 467 567,
— 6005 567, — %007 307, — 67 00”56, (17)

may prove useful.

Solution: As an aside, generating these identities is a nice party trick
(assuming you attend particularly nerdy parties). The important things
to remember (so you don’t have to look them up) are:

(a) The result must be antisymmetric in the free indices of each of the e
terms.

(b) The properties of the € tensor density require that each of the free
indices of the left-hand term equals one of the free indices of the
right-hand term. (This means we can write the result in terms of
Kroniker s between the free indices.)

(¢) There will be an overall multiplicative factor for the number of differ-
ent ways to assign the same numbers to the set of contracted indices
(for the hint, that is one—if we were contracting on two indices the
factor would be two, if three indices, the factor would be 6, etc).

With that identity out of the way, consider the quantity

U“Eg — E3UP + €% sUVBY. (18)



The part proportional to Eﬁ reduces to
U“EL — EU” = UFP,U" — P, UUP. (19)

The part proportional to Eﬁ reduces to (for convenience, we're writing it
with indices down for the moment)

1
€aprsU"BY =:-§ea57565p*“(1715,ﬁgg. (20)

Applying the hint and exploiting the antisymmetry of F', we find
eaﬁ,ﬂ;UWBg = — (0007307, + 87007 36P, + 67407 6" ) UTU,Freir. (21)
Simplifying the Kroniker ds yields
€aprsUT BYy = — (UaU° Fpo + Uy U Fop + UgU" Fra) - (22)

We see that the first and third terms in this expression are equal to the
two terms in Equation (19) (once we re-raise the indices); recalling that
U-U = —1, we have

U°E — EGU® + % ;UTBY, = F°P, (23)

which is what we were asked to show.

(c) [5 pts] The wedge product between two 1-forms is defined as
ANB=A®@B-B®A.

Although it is something of an abuse of this terminology, we define the

wedge product between two vectors similarly:

ANB=A@B-B®A.
(This generalization may seem obvious, but I am actually being somewhat

cavalier about the notation — the wedge product, strictly speaking, is only
defined for differential forms.)

The Hodge dual of a (0,2) tensor is defined as
* 1 o
qwzéfﬂwcw.
Show that the field tensor may be written
F:aﬁAEﬁ+b%ﬁAaﬁ.

What are the values of the real constants a and b?

Additional (and more rigorous) discussion of differential forms, Hodge

duals, and associated mathematical notions can be found in Sec. 2.9 of
Carroll.



Solution: Again, it will be more convenient to work with the indices on
F down. We have

Fop = UsEg — UsEo + €apyuU7B". (24)

By inspection, the part proportional to E}; isUNE , so we conclude that

a = 1. What about the EU term? Because € is already anti-symmetric,
we lose nothing by anti-symmetrizing U7 B":

1
€apyU"B" = 3 Cafn (UYB" —=U"B")=["(U A B)]aﬁ, (25)
so we conclude b = 1, too. To summarize,
F=0nEBy+(0nBy) (26)

. Transformation of Christoffel symbols:
(a) [10 pts] Show that, under a coordinate transformation, the components
of the Christoffel symbol transform as follows:

o dx® 9z’ Az _, O?x® 0xP dx”
BT gge 9z 97 P 0B 927 0P O

re (27)
Do this by considering the form of the Christoffel symbol in terms of
derivatives of the metric.

Warning/hint: You may find at the end of your calculation that you have
instead derived a rule that looks like

P gy = L oLP g L7y Ty + LP g L 105 L7 (28)

where L, = &Ta//@x“. This may look wrong — the sign on the final
term is incorrect. Inspecting your result closely, you'll see that the matrix
being differentiated in the second term of what you have derived is not
quite the same as it appears in the form we’ve asked you to find — the
primed and unprimed indices are in opposite locations.

By noting that L%/La',y = 50"7/, you should be able to show that these
two formulas are equivalent.

Solution: First, a brief digression: it is important, in problems like this,
to be clear about what is really happening regarding space-time points, our
coordinate labels for them, and the components of tensors (or tensor-like
objects) in the various bases introduced by the coordinate components.
In general, we're working at a fixed spacetime point, call it P. We have
two coordinate systems, in which the coordinates of P differ:

P = {aM} (29)
= {a"}. (30)



These coordinate systems introduce different bases for the tangent space
at P, so we have )

Ty (P)# T, (P), (31)
where T+, (P) and TF,  are the components of some tensor T at
point P in the two coordinate systems. Just because the components are

different, however, doesn’t mean that the tensor is different—applying the
tensor to the appropriate number of one-forms and vectors, we have

T(w,...,v,...)|p=T"" 5 (P)wy(P)...v"(P)...
=T, (P)wu,(P)...v"(P)... (32)
We know how to compute the components of tensors in the barred coor-

dinate system in terms of the components in the un-barred system. We
use the Jacobian, defined by

. OxF
Lt, = pon (33)
and its inverse, defined so that
(LN 174 = 6", (34)

Note that this happens to be equal to

_ OxM

1\ M
Ly, =22, (35)
so we only need to have an expression for z(z) or z(z) to differentiate—we
can get the other Jacobian just by inverting a matrix rather than having

to invert the coordinate transformation.

We nonetheless have to be a bit careful here. For example, the expression
Oa ([fl)ﬂl7 means “examine how the Jacobian from barred to unbarred
coordinates varies with respect to the unbarred coordinates.” Given that
the coordinate transformation itself varies from point to point, we can see
that this must be a non-trivial function. If we take relations like Eq. (35)
too seriously, however, we might conclude that 9, (L_l)“l7 = 0,02+ =
0p0qx* = 0;0%, = 0. In fact, the swapping of derivatives that we did
here was mot correct: in the expression 0,0;x*, x* was shorthand for
the function z#(z"); in the expression 9;0,2H, # stood for a particular
coordinate. Hence, we made an error in that step.

The transformed tensor components work out to
i il — v
THop. =T LFy .  (L7Y)7 (36)
with everything evaluated at point P.

Finally, we have the operator identity that

O = (LY 8,, (37)

Iz



where the left-hand-side operates on functions of Z at point P, and the
right-hand-side operates on functions of x at point P.

We now return to our regularly scheduled programming....

The Christoffel symbol is given by

[0 1 K
I8y = 59°" (9897 + 95k — Ongpn]- (38)

We don’t know (yet) how this transforms in a new coordinate system, but
we can re-compute it (at the same spacetime point) using the metric in
the new system:

a 1 57
r B8y = 59 [659“7% + 8’79@% - akgﬁfy] . (39)

Now we take a stiff drink, and re-write this in terms of the metric and
derivatives in the un-barred coordinate system:

rey, - Lrepe, g
[ 50 (L), g
()70, (L7557 g0
() 0 (1757 0 )] (40)

We can expand the derivatives of products using the product rule. Note
that the terms with derivatives of g (only) just reproduce terms which
amount to transforming I' as a tensor. We can move these uninteresting
terms over to the left, and define

a_ _ ma a —1\6 - a

which represents the “non-tensorial” parts of the I' transformation.
We have

AT, = %Laalﬁmg“’“
% [(E71) 5905 (L7, (271"
(L) g0y (277 ,(27)
~(E7)" gm0 (L7757 )] (42)

The symmetry properties of I' imply that we can collapse the first two

10



terms, and that the last term expands to the expression below:
A a4 1 @ R Kl
[, = §L oLk g

x {2(L*1)Bﬁgwa@ ((Lil)va(Lfl)mﬁ)

(L) g (LY g0 (1) ] (49)

Now we expand the derivative in the first term in brackets, and exploit
the cancellation of J and J~!, to obtain

& a _1\B 1\«
A5, =L a{(L 1) gaﬁ(L 1) 5

+ (Lil)ﬁg Lil)’y,:/g'wizgaﬁll’kﬁ1aﬁ (Lil)mr{

g (L) 0 (L)) (a4)

v
Note that
(L1 0517 = 0500 (45)
= 8[,8@1501 (46)
= (L7),0,(L7)".. (47)

(The indices ¥ and 3 have traded places.) Applying this to the middle
term in brackets of Equation (44), we get

e}

a a —_1\B _
AP = Lo [(L7)7 40(L7)"

8
+ (L—l)ﬁk(L—l)')’:yg’YHQ.gamLknlaﬁ (L—l)li2§

ak —1\B —
—g 1957([/ 1) Bafﬁ(lf 1)7,7:| , (48)
which can be reduced to

o7 a —1\B 1\«
AP = 1o [(L71)7 08 (E7)"

5
Ko

+ (L7 g™ 0 (L71)

g, (L) 0., (7)) 49)

We see that the last two terms in brackets cancel, leaving us with
[0

AT, = Lo (L71)7 405 (71" (50)

But, we know that

5 ((L*I)aiL‘ia) =0, (51)



so we can swap the Jacobian outside the derivative with the inverse Jaco-
bian inside the derivative at the cost of a minus sign:

- 0z 9P 92z®

a_ _ -1\ (r-1\6 a _
Al = () (7 50 % = — 55 S e )

which is what we were asked to show.

(b) [5 pts] Show that, using this rule, the components of the covariant
derivative of a vector transform as tensors should:

. Oz 92F
AP = 2 g AP
v Ox® Oxf v (53)
Solution: We have
Va/Aﬁl = 8a/AB, + F'B/a/.y/A'Y/; (54)

we already computed the non-tensorial parts of the transformation of I in
part (a) (see equation (52)), and now we will see that they exactly cancel
the non-tensorial terms from the partial derivative above.

We have , ,
Ady A" = (L71) ,A°9,LF 4, (55)

where we are using the A notation for the non-tensorial terms as we did
in part (a). But, we saw that

Arﬁ/a”‘/'A’Yl = _AB(L_l)aa/aaL5/57 <56)

which is exactly what is required to cancel A8y AP, s0 Vo AP transforms
like a tensor.

. [12 pts] Carroll: Chapter 3, Problem 2. In this problem, define the curl
via

(curl V), = 9%V, V; . (57)

(3 points for gradient, 4 points for divergence, 5 points for curl.)

Solution: First, as an overall comment, there’s a bit of freedom here to
interpret Carroll’s question. We can imagine raising indices at the end of
the problem to make things look vector-component-like; we can imagine
projecting onto basis objects to construct a real vector (rather than just
discussing the components of a vector); and we can imagine projecting
onto an orthonormal basis to facilitate comparison with standard formulas
in many other textbooks. We will grade this somewhat leniently as a
consequence.

In Cartesian coordinates, the connection vanishes:

I, = 0. (58)

12



Using the formula for the transformation of the connection, we find that
o’ —1\7 o’
I g = (L) 0L, (59)

where the “primed” coordinates are (r, 0, ¢). In this case, it is most con-
venient to compute
oz®  O(z,y,2)

o« = 927 9 0,0) (60)

"

since we can more easily express (z,y,z) in terms of (r,6,¢) than the
inverse. To actually compute the quantities, we’ll use Mathematica—see
the pdf of the Mathematica worksheet in “pset03sol-5.pdf”.

. [12 pts] Carroll: Chapter 3, Problem 3. (3 points for each identity.)

Solution: For a diagonal metric, we have

1
9uv = audy, and g' = —o* (61)
au

(no summation implied by the repeated p.) We have

1

Faﬁfy = igan (3ggm + 379;43 - 8&957) ’ (62)

which reduces (using the above metrics, again without summation over
repeated indices on a) to

1 1
%, = 3 (60‘785 Inaq +6“30yIna, — aé@&ﬂg) . (63)

If o # B # ~ then all three terms vanish, so I'“g, = 0, where we take
Carroll’s convention that different index labels imply that the indices are
distinct. If 8 = v, we get

which is exactly what we find in Carroll.

We also have

1
I'gq = 5(“)5 Inay, = 031n\/a, (65)
and 1
I'“ua =04 Ina, — §8a Ina, = 0, 1n /aq, (66)

also exactly what is in Carroll.

13



7. Prove the following connection identities:
(a) [2 pts} 8>\g;w = F;WA + Fl/p.)\'
Solution: We know that we have a metric compatible connection:
Viugvp =0=0ugvp — T uvgap — I upgva. (67)
Using the contracted metric to lower the indices on I', we obtain
Ougvp = Lppv + Lopp- (68)

Exploiting the symmetry in the last two indices of I, we obtain the desired
identity:
OGuv =L pwn +TvpA. (69)

(b) [3 ptS] Q/an)\g’w = 79’61)8)\9#)@-
Solution: We have

a)\ (g,uf-cgmj) = a)\auu =0= g,unakgm/ + gm’a)\g;uv (70)

(c) [3 pts] Oag"” = —THxeg™ — TV xeg"™"

Solution: If the metric is covariantly conserved, so is the inverse metric:
Vg =0=0xg"" +T"\a9™ +T"xag9"" (71)

The next three parts rely on an identity I plan to prove in lecture on
Tuesday March 4th. The quantity g is the determinant of the metric g,

(d) [3 pts] V,A," = [g]71%9, (|g|'/?A,") — T*,,A," in a coordinate
basis.

Solution: Hopefully, Scott proved that

D = |gl = 20xg ]2, (72)
Then, we have

VVA;J,V _ aVA[LV+FVVaAMa_FaVMAaV — |g|—1/28V (|g|1/2AHu) _FaVuAau
(73)

(e) [2 pts] V, F* = |g|~1/20, (|g|*/2F*") in a coordinate basis, if F*" is
antisymmetric.

Solution: We have
V" =0, F" +TH (F + T o FF. (74)

The second term vanishes because of the symmetry of I' and the antisym-
metry of F. The first and third can be combined into

Ve = 19|20, (g2 F*) (75)

14



(f) [3 pts] OS = gV, V.S = |g|7128, (|g|'/?¢"*,S) in a coordinate
basis. (S is a scalar function.)

Solution: We have
0s = ¢"'V,V,8 =V, (¢"0,85) = 0, (9" 0,S) + T" ,09*"0,S. (76)
These terms can be combined into

191720, (191297 9,5 . (77)

15



