
8.962 Pset 5 Solutions

Will M. Farr; minor revisions by Scott Hughes

March 24, 2009

1. Space garbage

In a convenient coordinate system, the spacetime of the earth is approxi-
mately

ds2 = −
(

1 − 2GM

r

)

dt2 +

(

1 +
2GM

r

)

[

dr2 + r2
(

dθ2 + sin2 θ dφ2
)]

= −
(

1 − 2GM

r

)

dt2 +

(

1 +
2GM

r

)

(dx2 + dy2 + dz2) , (1)

where M is the earth’s mass. In the second version, we’ve remapped the
spherical coordinates to Cartesian coordinates in the usual way:

x = sin θ cosφ , y = sin θ sinφ , z = cos θ . (2)

Note that the Cartesian form of the spacetime metric is conveniently writ-
ten gαβ = ηαβ − 2Φdiag(1, 1, 1, 1), with Φ ≡ −GM/r. You may assume
|Φ| ≪ 1 throughout this problem.

The space shuttle orbits the earth in a circular (ur = 0), equatorial (θ =
π/2, uθ = 0) orbit of radius R.

(a) [5 pts] Using the geodesic equation, show that an orbit which begins
equatorial remains equatorial: duθ/dt = 0 if uθ = 0 and θ = π/2 at t = 0.
(Hint: begin by computing the non-zero connection coefficients; use the
fact that Φ ≪ 1 to simplify your answer. Use the results of Carroll 3.3.)

Solution: We know from Carroll that, for a diagonal metric, the connec-
tion coefficients take the form

Γαβγ = 0 (3)

Γααβ = ∂β ln
√
gαα (4)

Γαββ = − 1

2gββ
∂αgββ (5)

Γααα = ∂α ln
√
gαα, (6)

where repeated indices are not summed over, and α 6= β 6= γ. In this case,
the non-constant part of the potential is Φ, which is already small, so all
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terms (1/g)∂g reduce to simply ∂g. In addition, ∂tΦ = 0, so we have, in
the Cartesian coordinate system

Γααi = Γαiα
.
= −∂iΦ (7)

Γiββ
.
= ∂iΦ (8)

Γiii
.
= −∂iΦ. (9)

Note that α 6= i and β 6= i does not imply that α or β are timelike—
they can be spacelike in a different dimension than i. In the spherical
coordinate system the expressions are more complicated. Just for fun, we
have explicitly computed the connection in spherical coordinates in the
attached Mathematica notebook “pset05sol-notebook”.

To demonstrate that an initially equatorial orbit remains equatorial (as
it must by symmetry), we will have to use the geodesic equation. The θ
component of the geodesic equation is

duθ

dτ
= −Γθµνu

µuν , (10)

where τ is an affine parameter for the geodesic. Inserting the spherical
coordinate form that we calculated, we find

duθ

dτ
= − cos θ sin θ(uφ)2 (11)

if we have uθ = 0. Evaluating at θ = π/2, we find that duθ/dτ = 0.
Hence, if we start equatorial and our initial condition has uθ = 0, the
orbit stays equatorial for all τ .

We now require that the orbit must remain circular: dur/dτ = 0.

(b) [5 pts] By enforcing this condition with the geodesic equation, derive
an expression for the orbital frequency

Ω ≡ dφ/dτ

dt/dτ
. (12)

Does the result look familiar?

Solution: Writing the r component of the geodesic equation, we have

dur

dτ
= 0 = −Γrµνu

µuν . (13)

We specialize to an equatorial orbit (θ = π/2, uθ = 0) and also require
constant r (ie, ur = 0). We explicitly compute this in the Mathematica
notebook, and show that it leads to the result

Ω ≡ uφ

ut
=

√

GM

r3
+ O(ǫ3/2) (14)
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where ǫ is the order counting parameter we suggested you include. The
leading order term is just Kepler’s law for a circular orbit.

The next part is most conveniently described in Cartesian coordinates;
you may describe the shuttle’s orbit as x = R cos Ωt, y = R sin Ωt.

An astronaut releases a bag of garbage into space, spatially displaced from
the shuttle by ξi = xigarbage − xishuttle.

(c) [10 pts] Using the equation of geodesic deviation, work out differential
equations for the evolution of ξx, ξy, and ξz as a function of time. You
may neglect terms in (GM/r)2, and you may treat all orbital velocities
as non-relativistic. You will need the Cartesian connection coefficients for
this.

Solution: The geodesic deviation equation for ξ reads

D2ξµ

dτ2
−Rµνρκu

νuρξκ = 0, (15)

where τ is an affine parameter along the geodesic, u is the tangent vector
to the geodesic, and

Dvµ

dτ
≡ dvµ

dτ
+ Γµνρu

νvρ, (16)

for any vector v defined on the geodesic. Assuming that all velocities in
the problem are small, we can write

uµ
.
=
(

1 + O(v2),O(v)
)

, (17)

where v is the spatial velocity for the orbit. Then, expanding the deriva-
tives in equation (15), we have

d2ξµ

dτ2
+ 2Γµ0ν

dξν

dτ
+ ∂0 (Γµ0ν) ξ

ν + Γµ0κΓ
κ
0νξ

ν −Rµ00κξ
κ = 0. (18)

Because Γ ∼ Φ ≪ 1 and ∂0Γ = 0, this reduces to

d2ξµ

dτ2
+ 2Γµ0ν

dξν

dτ
−Rµ00κξ

κ = 0. (19)

Based on the answer to part a, in Cartesian coordinates we have

Γ0
0i = ∂iΦ (20)

Γi00 = −∂iΦ (21)

with all other Γµ0ν = 0. Also, since any terms Γ2 ∼ 0, we have

Rµ00κ = ∂0Γ
µ
0κ − ∂κΓ

µ
00 =

{

0 µ = 0 or κ = 0

−∂i∂jΦ µ = i and κ = j
. (22)
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Plugging in, the t-component of the geodesic deviation equation becomes

d2ξt

dτ2
+ 2 (∂iΦ)

dξi

dτ
= 0, (23)

and the spatial components become

d2ξi

dτ2
− 2

(

∂iΦ
) dξt

dτ
+
(

∂i∂jΦ
) dξj

dτ
= 0. (24)

These equations are displayed explicitly in the attached Mathematica
worksheet. We see that there is a coupling between ξt, ξx, and ξy, but
that the equation for ξz is independent of the others, since ∂zΦ = 0 in the
equatorial plane.

(d) [5 pts] Suppose the initial displacement is ξx = ξy = 0, ξz = L,
dξi/dτ = 0. Further, synchronize the clocks of the garbage and the space
shuttle: ξ0 = 0, ∂tξ

0 = 0. Has the astronaut succeeded in getting rid of
the garbage?

Solution: If we also assume that ξt = dξt/dt = 0 initially, then the
equations we derived in the Mathematica worksheet give ξt = ξx = ξy = 0
for all time.

The z-equation is

d2ξz

dt2
= −Φ′(R)

R
ξz = −GM

R3
ξz, (25)

which, given the initial conditions above, has the solution

ξz(t) = L cos

(

√

GM

R3
t

)

= L cos Ωt. (26)

Thus, the deviation vector between the astronaut and the garbage becomes
zero twice an orbit, so the astronaut didn’t succeed in getting rid of the
garbage. From the point of view of the astronaut, the garbage executes
harmonic oscillation in the vertical (z) direction with a period equal to
the astronaut’s orbital period.

2. [15 pts] Light bending

The spacetime of the sun can be written using the same line element as
that of Problem 1 (substituting the sun’s mass for M). Consider a light
ray which initially is moving purely along the x axis. Suppose that it
passes near the sun with impact parameter (the distance between the axis
passing through the sun’s center and the axis along which the light initially
moves) b, as shown in this figure:

Using the geodesic equation, compute the angle by which the sun bends
the light ray, ∆φ = (py/px)final, expressing your answer using GM and
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∆φ

x

y

b p

p
initial

final

b. You may assume that GM/r ≪ 1 and that the bending angle is very
small (so that pxfinal ≃ pxinitial to leading order in ∆φ).

Solution: We know that the light will follow a null geodesic trajectory:

duµ

dτ
= −Γµνρu

νuρ, (27)

where Γ is evaluated along the trajectory, and u is the tangent to the
trajectory, i.e. uµ = dxµ/dτ , with τ an affine parameter. We can write
the solution to this equation as a series in Φ. At zero order in Φ, Γ = 0,
and

u(0)µ .
= (1, 1, 0, 0). (28)

The first-order pieces of the geodesic equation are

du(1)µ

dτ
= − Γ(1)µ

νρ

∣

∣

∣

x(0)
u(0)νu(0)ρ, (29)

where we can evaluate Γ on the zero-order trajectory because it is already
first-order, so the error introduced by this is second-order in Φ.

We can compute the first-order change in uy by integrating

du(1)y

dτ
= u(0)x du

(1)y

dx
= − Γyµν |x(0) u

(0)µu(0)ν (30)

along the initial trajectory from x = −∞ to x = ∞. Explicitly evaluating
the RHS of this equation in the attached Mathematica notebook gives

du(1)y

dx
= −2bΦ′

(√
x2 + b2

)

√
x2 + b2

= − 2GMb

(x2 + b2)3/2
. (31)
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Next, evaluate the integral:

∆u(1)y = −
∫

∞

−∞

dx
2GMb

(x2 + b2)3/2
= −4GM

b
. (32)

The deflection angle, ∆φ is then

∆φ = −u
y

ux
≃ 4GM

b
(33)

using the small angle approximation.

3. [10 pts] Parallel transport on a sphere

On the surface of a 2-sphere of radius a, ds2 = a2
(

dθ2 + sin2 θ dφ2
)

. Con-
sider the vector A0 = ~eθ at θ = θ0, φ = 0. The vector is parallel trans-
ported all the way around the latitude circle θ = θ0 (i.e, over the range

0 ≤ φ ≤ 2π at θ = θ0). What is the resulting vector ~A? What is its

magnitude ( ~A · ~A)1/2? (Hint: derive differential equations for Aθ and Aφ

as a function of φ.)

Solution: The vector A will be parallel-transported around a curve with
tangent vector v if

DAi

dτ
=
dAi

dτ
+ Γijkv

jAk = 0, (34)

or
dAi

dτ
= −Γijkv

jAk. (35)

There is a condition on the tangent vector vi ≡ dxi/dτ :

gijv
ivj = const (36)

on the curve. (This condition implies that τ is an affine parameter for the
curve.)

We can parameterize the curve in question using τ = φ, which means that
the tangent vector v is

vi =
dxi

dτ

.
=

d

dφ
(θ0, φ) = (0, 1). (37)

We see that this parameterization is affine:

gijv
ivj = a2 sin2 θ0 = const. (38)

We could compute the connection coefficients exploiting that the metric
is diagonal using the same formulas as in problem 1, but it’s easier to just
use Mathematica (see the attached worksheet). The result is

Γθφφ = − cos θ sin θ (39)

Γφθφ = Γφφθ = cot θ. (40)
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Thus, Eq. (35) reduces to the coupled ODEs

dAθ

dφ
= −ΓθφφA

φ = cos θ0 sin θ0A
φ (41)

and
dAφ

dφ
= −ΓφφθA

θ = − cot θ0A
θ. (42)

By taking one additional derivative, we decouple them:

d2Aθ

dφ2
= − cos2 θ0A

θ , (43)

d2Aφ

dφ2
= − cos2 θ0A

φ . (44)

The solution to these equations, with Ai(φ = 0)
.
= (1, 0) is

Aθ = cos [cos θ0φ] , (45)

Aφ = − csc θ0 sin [cos θ0φ] . (46)

When φ = 2π, this reduces to

Aθ = cos [2π cos θ0] , (47)

Aφ = − csc θ0 sin [2π cos θ0] . (48)

From either the solution at φ = 2π or from the general solution, it is
simple to see that

gijA
iAj = a. (49)

This is implied by the rules of parallel transport since parallel transport
doesn’t change the magnitude of a vector.

4. Curvature of a sphere

(a) [8 pts] Compute all the non-vanishing components of the Riemann
tensor Rijkl [(i, j, k, l) ∈ (θ, φ)] for the surface of a 2-sphere.

Solution: Though we could easily compute them from our formulas for
a diagonal metric, it’s convenient to use the mathematica notebook. The
answer is conveniently summarized by

Rθφθφ = a2 sin2 θ . (50)

Riemann symmetries provide all the other components.

(b) [8 pts] Consider the parallel transport of a tangent vector ~A = Aθ ~eθ+
Aφ ~eφ on the sphere around an infinitesimal parallelogram of sides ~eθ dθ
and ~eφ dφ. Using the results of part (a), show that to first order in dΩ ≡
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sin θ dθ dφ, the length of ~A is unchanged, but its direction rotates through
an angle equal to dΩ.

Solution: By the definition of the curvature tensor, to lowest order in
the area of the parallelogram,

Ãi =
(

δij +Rijklu
kvl
)

Aj , (51)

where u and v are the vectors which define the parallelogram.

The matrix
T ij ≡ δij +Rijklu

kvl (52)

is computed in the attached Mathematica notebook. The result is

T ij =

(

1 dθdφ sin2 θ
−dθdφ 1

)

. (53)

This transformation will preserve lengths (to first order) if

gijT
i
kT

j
l = gkl (54)

to lowest order in dθdφ. We explicitly demonstrate this in the attached
Mathematica notebook. Any transformation which preserves dot products
(i.e. the metric) is, by definition, a rotation.

Explicitly acting on the vector, we find

AθT = Aθ + sin2 θ dθ dφAφ , (55)

AφT = Aφ − dθ dφAθ , (56)

where the subscript T means the vector after transport.

We can compute the angle of rotation using

cosψ ≡ A · (TA)

|A| |TA| =
AigijT

j
kA

k

√

AigijAj
√

T ikAkgijT j lAl
. (57)

To lowest order (explicitly computed in the Mathematica worksheet), we
have

cosψ = 1 − ψ2

2
= 1 − 1

2

(

sin2 θdθ2dφ2
)

, (58)

from which we identify ψ = sin θdθdφ.

(c) [8 pts] Show that, if ~A is parallel transported around the boundary of
any simply connected solid angle Ω, its direction rotates through an angle
Ω. (“Simply connected” is a topological term meaning that the boundary
of the region could be shrunk to a point; it tells us that there are no holes
in the manifold or other pathologies. See
http://mathworld.wolfram.com/SimpleConnected.html

for illustrations.) Compare with the result of Problem 3.
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Solution: Full credit will be awarded just for the Stokes’ Theorem expla-
nation, but it’s worth being aware of the fact that this trick only works in
two dimensions.

First, let γ be the curve which bounds the region Ω. Let τ be a parameter
for the curve γ (so we write γi(τ) for the coordinates of the point on
the curve at parameter value τ , beginning from some arbitrary starting
point). Then, the differential equation of parallel transport for ~A around
the curve is

dAi

dτ
= −Γijk(γ(τ))

dγj

dτ
Ak, (59)

where we have made explicit that we are evaluating the connection co-
efficients along the curve γ. The following integral expression solves the
differential equation, as can be verified using direct substitution:

Ai(τ) = M i
j(τ)A

j(0), (60)

where the transformation matrix M is given by

M i
j(τ) = δij +

∫ τ

0

dsΓikj(γ(s))
dγk

ds
(s)

+

∫ τ

0

ds

∫ s

0

ds′
dγm

ds′
(s′)

dγk

ds
(s)Γikl(γ(s))Γ

l
mj(γ(s

′)) + . . . . (61)

M is composed of integrals of path-ordered products of Γ—the Γs with
smaller path-length arguments appear to the right of those with larger.
M is commonly written in “shorthand” as

M i
j(τ) = P exp

[
∫ τ

0

ds
dγm

ds
(s)Γimj(s)

]

, (62)

where the P in front of the exponential stands for “path-ordered.” It
means that, when multiple integrals over the entire range [0, τ ] appear in
the series expansion of this matrix exponential, we remember to write the
matrix product of the integrands in order of decreasing parameter argu-
ment. (The 1/n! which appears in the series expansion of the exponential
— note that it does not appear in the explicit integral solution — ac-
counts for the n! different ways to re-arrange the products in decreasing
parameter order.)

The total change in A upon parallel transport around the loop is, then,

Ai (τf ) −Ai(0) =

[

P exp

(
∫ τf

0

ds
dγm

ds
(s)Γimj(s)

)

− δij

]

Ai(0), (63)

where τf is the smallest value of the curve parameter where γi (τf ) = γi(0).
We have reduced the problem of computing the change in A to computing
the integral around the curve of Γ · dγ which appears in the exponential.
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C

Figure 1: A prototypical integration contour and its decomposition into cells.
The integral of a one-form evaluated along the contour will be equal to the
integral of the one-form evaluated around each of the cells. The evaluations on
interior boundaries of the cells cancel each other out.

If the quantity in the integral were a scalar, we could compute the integral
using Stokes’ Theorem. Consider the path outlined in figure 1. To evaluate
the integral of a scalar along the path, we can instead evaluate the integral
of the scalar around each of the cells. Interior boundaries of the cells
are traversed twice, in opposite directions, so the total integral over the
boundaries of the cells equals the integral along the curve.

Of course, we don’t have a scalar quantity in our integral—we have a ma-
trix. However, there is something special about the product of our matrix
(the connection) around a single cell—this product is R, the curvature
tensor, evaluated on the cell. In two dimensions, the curvature tensor has

only one free component, so, in a sense it is a scalar. This is why this
trick works in 2-D, but not in higher dimensions.

Using this heuristic argument, we can write equation (62) as

M i
j (τf ) = exp

(

∫

int(γ)

Rijlmdx
l ∧ dxm

)

. (64)

But, we have already shown that, at an arbitrary point in the manifold,
R evaluated on a cell generates an infinitesimal rotation by an angle equal
to the solid angle of the cell. Therefore, the result of the integral is the
sum of all these infinitesimal rotations—a finite rotation by an angle Ω.

5. [10 pts] Killing vectors and curvature
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Prove that the relations

∇ν∇µξ
α = Rαµνβξ

β (65)

�ξα ≡ ∇µ∇µξ
α = −Rαβξβ (66)

are satisfied by any Killing vector ξα. This result is not too difficult to
derive using the commutator [∇α,∇β ] = ∇α∇β−∇β∇α and the identities

[∇α,∇β ]V
µ = RµναβV

ν (67)

[∇α,∇β ]Vµ = −RνµαβVν (68)

(If you are reading Schutz, these identities are incorrectly given on p. 171
— the minus sign is missing in the second identity.)

Solution: We know that

∇ν∇µξα = ([∇ν ,∇µ] + ∇µ∇ν) ξα (69)

= −Rβανµξβ + ∇µ∇νξα (70)

= −Rβανµξβ −∇µ∇αξν , (71)

where the second line uses the definition of the curvature tensor, and
the third line uses Killing’s equation. We have rotated indices on the
derivative at the cost of introducing a term with the curvature tensor and
some minus signs. Repeating three times gives

∇ν∇µξα = −
(

Rβανµ −Rβνµα +Rβµαν
)

ξβ −∇ν∇µξα. (72)

Using the identity Rα[βγδ] = 0, this can be transformed into

∇ν∇µξα = Rβνµαξβ . (73)

Exploiting the various index-interchange identities of R, with some lower-
ing and raising of indices, we have

Rβνµα = Rµαβν = Rαµνβ , (74)

which yields
∇ν∇µξ

α = Rαµνβξ
β . (75)

Contracting on µ and ν gives

�ξα = Rαβξ
β , (76)

which is what we were asked to show.

6. Riemann tensor for 1+1 static spacetimes

(a) [8 pts] Compute all the non-vanishing components of the Riemann
tensor for the spacetime with line element

ds2 = −e2φ(x)dt2 + e−2ψ(x)dx2 . (77)
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Solution: This is a job for Mathematica. See the attached worksheet for
the computation. The single independent non-zero component of Rijkl is

R = e2φ (φ′ (φ′ + ψ′) + φ′′) . (78)

(b) [8 pts] For the case φ = ψ = 1
2 ln |g(x − x0)| where g and x0 are

constants, show that the spacetime is flat and find a coordinate transfor-
mation to globally flat coordinates (t̄, x̄) such that ds2 = −dt̄2 + dx̄2.

Solution: The spacetime is definitely flat—evaluating the expression in
equation (78), we find

R = e2φ (φ′ (φ′ + ψ′) + φ′′) = 0. (79)

To find a coordinate transformation which transforms the metric to η, we
seek a t̄ and x̄ which satisfy

−
(

∂t̄

∂t

)2

+

(

∂x̄

∂t

)2

= −g (x− x0) (80)

−
(

∂x̄

∂x

)2

+

(

∂x̄

∂x

)2

=
1

g (x− x0)
(81)

−∂t̄
∂t

∂t̄

∂x
+
∂x̄

∂t

∂x̄

∂x
= 0 (82)

so that

ηρσ
∂x̄ρ

∂xµ
∂x̄σ

∂xν
= gµν . (83)

A suitable transformation (guess and check works well here) is

t̄(t, x) =

√

4

g
(x− x0) cosh

(

gt

2

)

(84)

x̄(t, x) =

√

4

g
(x− x0) sinh

(

gt

2

)

. (85)
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