8.962 Problem Set 7 Solutions

Will M. Farr and Scott A. Hughes
April 15, 2009

1. Gravitomagnetism

In lecture and working in Lorentz gauge, we examined the linearized Ein-
stein field equations for a static source,

Ohyp = —167GT,,  —  VZhu, = —167GT), | (1)

where V2 is the ordinary Euclidean 3-space Laplacian operator. For a
static, non-relativistic source, the only non-zero stress-energy component
is (to sufficient accuracy for our purposes)

Too=p- (2)
Using this, we found
hoo = —4® — hy,,, = —2® diag(1,1,1,1) , (3)
where ® = —G M /r is the Newtonian gravitational potential.

We will now modify this slightly by imagining that the source rotates, and
thus is characterized by a spin angular momentum with spatial compo-
nents S* as well as a mass M.

(a) [7 pts] Consider the source to be spherically symmetric, with uniform
density p and radius R. Take it to be rotating rigidly about the 2% = z
axis with constant angular velocity 2. Working in a Lorentz frame that
is at rest with respect to the center of mass of the source, work out all
components of the stress energy tensor 7),, to first order in Q. (Assume
p, R, and Q are constant.) Indicate which components would change
if you included terms to second order in 2, but don’t calculate those
second order corrections. (You may neglect pressure terms throughout
your calculation.)

Solution: Neglecting pressure, the stress energy tensor is
Ty = puuy (4)

where p is the rest density of the source’s fluid. To first order in €2, we
thus have

Too = p, (5)
Toi = pvi=pv’, (6)
T, — 0. (7



Working in a Cartesian basis, v* = yQ, v¥ = —z, v* = 0.
The components Tpo and T;; would be modified if O(02?) terms were kept.

(b) Solve for the Cartesian off-diagonal components hoz, hoy, ho-- (Note
that hg; = hg; since trace reversal has no effect on off-diagonal compo-
nents.)

This is a moderately challenging calculation. The following tips should
help:

e Recall that the formal solution to the Poisson-type equation for hg;
is

hoi(x) = 4G/ ZOl()i/)| d*z’ (8)

where x is the “field point”, the location of the point at which hg; is
to be evaluated, and x’ is the “source point”, a coordinate within the
source over which the integral is taken. [Boldface quantities denote
3-vectors: x = (z,y,2).]

e The following expansion for the factor 1/|x — x’| is very useful:

3 i’
% =2+ I3 9)
x=—x| r r
You may assume this identity in your solution. Note also that a sum
over j is implied here; we are allowed to be sloppy about the place-
ment of indices since the spatial metric is d;; to leading order. [This
identity is more often seen as an expansion in spherical harmonics;
see, for example, J. D. Jackson, Sec. 3.6 (2nd edition). This form in
terms of Cartesian coordinates is equivalent.

e After you have set up your integral, convert the primed integration
variable to spherical coordinates to do the integration:

2V =2/ — 1'sin6 cos¢’ (10)
2 =y = r'sinf'sing’ (11)
=2 = rcost (12)

Your final metric components should be proportional to pR® /r3.

Solution: Taking advantage of the tips, we know that
1 i I\ A3 ! i1 i 33,
hoi =4Gp |~ [ v'(xX)d°2" + — [ 270" (x')d’2"| . (13)
r r

You should be able to quickly convince yourself that the first term vanishes
since v*(x’) is an odd function of x’. Let us expand the second integral,



focusing on hg,. Inserting v* = 3’Q) and expanding all the other terms,
we find

how = 4GQp [Txg /x’y’ dx'dy'dz’ + %/(y’)Q dx'dy' dz’
+Z:3/z’y’daz’dy’dz’} ) (14)
T

The first and third integrals vanish due to the oddness of their inte-
grands. We rewrite the second integral in spherical coordinates, putting
y =r'sin@ sing’, dz'dy’'dz’ = (r")2dr’ sin 0'd6’'d¢’:

4GQ) R ™ 2m
hoe = o [T [Can [ i) ine ) (15)
0 0 0
16mGQpyR®
= —. 1
1573 (16)
By a similar calculation, we find
167GQpxR®
hy = ———F——— 1
Oy 1573 ’ (17)
ho = 0. (18)

(c) Using the identity S* = IQ2® where I is moment of inertia and Q¢ is
the ith component of the angular velocity vector, rewrite your answer in
terms of the angular momentum S*.

Solution: First, note that the total mass of the source is 47wpR3/3, so our
answers may be rewritten

4G MR?
hog Tv (19)
4GQx M R?
hOy = _T7 (20)
ho. = 0. (21)

Next, we use the fact that the moment of inertia of a rigidly rotating,
uniform density sphere is I = 2M R?/5:

2GyS*
how = :{5 : (22)
2GxS*?
by = 25 (23)
ho, = 0. (24)

We have used the fact that the angular velocity is along the z axis to put
5% = IQ.



Although we derived this result for a special situation (uniform density,
spherical body, rigid rotation), the result we obtain in terms of S* is
completely general; see, for example, MTW Sec. 19.1.

(d) Converting to spherical coordinates, find ho,, hog, hog.

Solution: Our transformation equation is

where 2% = (1,0, ¢), #* = (x,y,2). Taking the derivatives, we see that
this equation is nicely written in the matrix form

hor sin 6 cos ¢ sin 0 sin ¢ cos hox
hoo = rcosfcos¢g rcosfsing —rsing | - | hoy | . (26)
hog —rsinfsing rsinf cos ¢ 0 hos

Inserting ho, = 2GS?sin@sin¢/r?, ho, = —2GS*sin 6 cos ¢/r?, ho, = 0,
we find

hor = 0 (27)

hog = 0 (28)
2GS* sin® 0

hopy = E— (29)

. Comparison of linearized GR and Maxwell’s theory

Consider the line element
ds? = —(1 +2®)dt* + (1 — 2®)(dz? + dy® + dz*) + 26" dz' dt ;  (30)

in other words, the usual weak field line element on the diagonal with
ho; = (. (To first order in deviations from flat spacetime, we also have
B =8B = B3, and also h% = —3%.)
(a) [10 pts] Show that the geodesic equation for a particle moving in
this spacetime gives the following equation of motion to first order in the
particle’s velocity v:

d2

mﬁﬁ = mg +m(v x H) . (31)

Here, x is a 3-vector representing the position of the particle, and

g = Vo, (32)
H = Vxg3, (33)

where V represents the ordinary gradient operator in Euclidean 3-space.



Solution: The trick here is to gather terms at the right order in our
linearized theory and at the right order in our non-relativistic limit. Let
us introduce an order-counting parameter into our spacetime: We put

ds® = —(1 + 2e®)dt? + (1 — 2e®)(dx? + dy® + dz?) + 2¢[" dx' dt . (34)

We then want to keep quantities describing our spacetime to O(e), and
quantities describing our test particle to O(v), where v is the test particle’s
typical speed.

Let us first write out the geodesic equation. We have

A2t o dt dt dzd dt

— 00— — + 2mI g —— — 3 =
2 tm OOdeTjL M0 () =0, (35)
or
m@ +mIgg + 2mI™ ot 0 (36)
d? 00 9 T
Using GRTool.nb, I find
I = V;®+0(?) (37)
and
o = 0, (39)
1
1
FIOZ = 5 (azﬂz - 89552) . (41)
Defining
H=Vxg3, (42)
the results I'*o; can be written
. 1
Iy = _§6zijk . (43)

Working out the other components, we have more generally

; 1
Floj = —ieiijk. (44)

Now, put all this together to build our equation of motion:

d?ax’ dx?



or

d2
mw);:ngrmva. (46)

(b) [10 pts] Show that for stationary sources (i.e., no component of the
stress energy tensor shows time variation) the Einstein field equations may
be written

V.g = —4nGp, (47)
VxH = —161GJ (48)
V.-H = 0, (49)
Vxg = 0. (50)

The current J = pv, where v is the velocity of fluid flow in the source.
(Note that the second two equations follow from the definitions of g and
H, so the only labor is in working out the first two.)

Solution: Using GRTool.nb (or a similar tool), work out the components
of the Einstein tensor. To O(¢), we find

Goo = 2V?® = 2V - g (51)
Using Ty = 8mp, we find
V. .g=—-4nGp. (52)
We also find

Goi = f%v%i . (53)

Actually, not quite: You only find this if you choose 9;3° = 0. However,
recall that the linearized Einstein equations were derived in Lorentz gauge,
for which we chose 9;h% = 0. For j = 0, this amounts to the requirement
that 20,® — 0;8° = 0. Since ® is time-independent, this condition is true.

This lets us write this as
1
Goiz—g(VXVXﬁ)i . (54)
Using Ty; = 8mpv;, we find

V xH = —-167Gpv . (55)

The other components equaling zero follows simply from vector identities
applied to the definitions of H and g.

Note: In the course of doi_ng this problem, some people were finding that
they got equations with 3* on both the right-hand side and the left-hand



side of the equation. Terms such as this came about by unconsciously
including terms that are non-linear in the metric in your analysis. For
example, using the solution we have sketched here, 8 is of order (Gp).
An equation which includes 5 on the right-hand side (acting as a source)
could then be solved iteratively. The solution we have found here would

be the leading order solution; it would act as a source for a correction of
order (Gp)?.

Such an iterative scheme is in fact used quite a lot, and is known as the
“post-Newtonian” approach to general relativity. Careful use of order-
counting parameters (such as the e used here) helps to keep things at
consistent order in the calculation.

(c) [b pts] These equations clearly bear a strong resemblance to Maxwell’s
equations in the limit O;E = 0;B = 0; the main differences are the reversed
sign in both equations, and the extra factor of 4 (compared to Maxwell) in
the curl equation. Can you give a simple explanation for these differences?

Solution: The sign difference occurs because two positive masses attract
each other, instead of repelling as two positive charges would. In E&M, the
opposite signs on these terms allow one to form a wave equation for E and
B; here the dynamical part of the Einstein equation is the ij-components.

The factor of 4 is related to the fact that our “potential” is a 2-index
tensor rather than a 1-index vector; this in turn is fundamentally due to
the fact that gravity is spin 2 while electromagnetism is spin-1.

. [13 pts] Carroll: Chapter 7, Problem 1.

In this problem, Carroll asks us to vary a certain Lagrangian to construct
the linearized Einstein tensor [Carroll Eq. (7.8)]. If you vary this La-
grangian in the “obvious” way, you will probably find that you get almost
the correct Einstein tensor — you should get Eq. (7.8), but with the first
two terms replaced with 2 times the first term. In other words, you don’t
get the symmetrization on p and v that we should get.

What is going on here? The issue is that the Lagrangian doesn’t “know”,
a priori, that the tensor h,, is symmetric. This has a strong impact on
the second term of the Lagrangian — it should be symmetric with respect
to exchange of the indices p and o, but isn’t unless you somehow build in
the knowledge we have of this symmetry.

There are two simple ways to address this:

a. Rewrite the Lagrangian to force this symmetrization:
g 1 g g
(0 (@1 5) = 5 (D) (Dph"s) + (D) (O] 5 (56)

b. Make sure that, in our variation, this symmetry is enforced. The way



I did this was to note that I should have

6(aﬂhpg) _ (5(8th0-> (57)
5Orhes)  3Dyhsa)
1 [6(0uhps) | 6(9uhps)
= = + 58
2 |50, han) T 5(0hsa) 58)
= [ ) (59)

It shouldn’t be too difficult to convince yourself that these methods are in
fact equivalent.

Solution: Given the Lagrangian

2L = (9,h*) (8,h) — (8,h"7) (0,h* )

1 1
+ 51" (0uh?7) (Bhps) — 5™ (0uh) (1), (60)

we can just grind through the variations.

A note about the hint: when varying Lagrangians, you need to be very
careful about what your configuration space is. You are only allowed to
make variations in your fields (or trajectories, or whatever) which remain
in configuration space. For example, in one-dimensional mechanics prob-
lems you generally have a configuration space which consists of smooth
paths between two points, so your variation must also be smooth to pre-
serve this property. In our case, the field is a metric, so our configuration
space is the space of possible metrics. This is the space of 4 x 4, symmetric
matrices, so our variation must be a 4 x 4 symmetric matrix, too.

Grinding away: we will need to discover the variations in d,h*?, 0,h*",
and 9,h when h*¥ — hM 4 §h*V| with Sh*" = §hU*). Since all these
expressions are linear in h*¥, this is pretty straightforward:

5(9h") = 0,0h" (61)
5(0,hM) = 0,6hM (62)
§(0uh) = 1yp0u0hYP. (63)

Plugging in, and exploiting that the last two terms in the Lagrangian are
symmetric in their h-dependence, we obtain

20L = (9,00"") (Ouh) + (00" ) 11po (0, 0077)
— (0,0RP7) (01" 5) — (0uh7 ) Nyo (0p0RH")
+ 0 (0uh?7) (0u6hpo) — 0" 1ps (06077 (Dyh) . (64)

Now we will apply the generalized divergence theorem:

/ "o, T = [ d"tan,TH, (65)
\4 ov



where n,, is the normal to the boundary of the region of integration, V.
On the boundary of our spacetime region, we require that the variation
oh*” = 0. So, for example, we have

/ d'a (9,50 (9,h) — / d'a 9, (Sh" D, h) (66)
1% 1%
- / e (5h™,0,h) (67)
1%
= d*xn,, (§h**8,h) (68)
oV
— / d*z (5h*9,0,h) (69)
1%
= / d*z (6h*9,0,h) (70)
1%

when the action integral is applied. Transforming every term with a
derivative this way, we obtain

20L ~ — [3u(9uh + nuuaaaﬂhaﬁ —20a0,h%,
+0*P 0005hy — 11,0400 SR*,  (T1)

where the notation ~ means “is the same variation under the action in-
tegral”. We want to eliminate the dh* using the fundamental theorem
of variational calculus, but before we do, we must ensure that the ob-
ject which is contracted with dh*” is symmetric. If it isn’t, we won’t be
adhering to our rule about only generating variations which respect the
configuration space once we remove the contraction, though the above
expression, where the anti-symmetric part of the expression in brackets
vanishes, is entirely correct.

In equation (71), the only anti-symmetric term is the one with the coeffi-
cient of 2. Re-writing that term symmetrically, we find that the action is
stationary only when

0u0ah®y + 0,061y — 0,0y h — Ohyy — 1 0a0sh®? —1,,Oh =0, (72)
but this is exactly Carroll’s expression for G, (equation 7.8).

. [12 pts] Carroll: Chapter 7, Problem 4.

Note: It’s easy to get tripped up in this problem by thinking of xz* as
the components of a vector. Doing so will make the problem far more
complicated than it needs to be. The idea instead is to regard the index
1 as labeling members of a set of scalar functions: Each coordinate is just
some scalar function, and our goal is to show that “box” applied to the
scalar x* is equivalent to Lorentz gauge in linearized theory. In practice,
this means you should ignore the fact that x* has an index when you



expand the box operator. (As a notational mnemonic, you might want to
replace x* with some scalar function f until you have expanded all the
covariant derivatives into partials and connection coeflicients.)

Solution: We are asked to show that the Lorenz gauge condition,
Ouht =0 (73)
is equivalent to the harmonic gauge condition
Ozt = g""V,V,2t =0 (74)

in the linear limit. We will assume the harmonic gauge condition, and show
that it implies the Lorenz gauge condition via a reversible argument.

The coordinate functions have particularly simple derivative:
V,at = 9,z =46, (75)

where we are only viewing the lower index as a “tensorized” index; the up-
per index is just a set enumerator for {0, 1,2,3}. This has zero derivative,
SO

Vo, = -T%,,0," = -T'",, =0. (76)

Thus, harmonic gauge reduces to
Ozt =0 = —gP'TH,,. (77)
In the linear limit, this becomes
Ozt =0 = """ [0phwy + Ovhip — Oxhpu] . (78)
Contracting on p and v, we obtain
Ozt =0 =n""[20,h",, — Okh]. (79)
Relabeling a few indices and contracting the 7 on the first term, we have
Ozt = 0 = 20,h"* — 3,n"""h = 20,h"", (80)

which demonstrates that harmonic gauge is equivalent in the linear limit
to Lorenz gauge.
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