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PRELIMINARY PROBLEM SET 13

DUE DATE: Wednesday, May 16, 2018, at 11:00 am. That is, the problem set is due just
before our last class.

TOPICS COVERED AND RELEVANT LECTURES: Problem 1 is concerned with
the concept of total energy in general relativity, as discussed in lecture. Since the ap-
proach in lecture followed Weinberg’s, I have posted a copy of Section 7.6 of Weinberg’s
book. Problem 2 is related to our introduction to cosmology, as discussed in lecture
and in Carroll’s Chapter 8. The full problem set, to be posted shortly, will include one
additional problem.

MAXIMUM GRADE: This problem set has a total of 35 points so far.

PROBLEM 1: THE TOTAL ENERGY OF THE SCHWARZSCHILD SOLU-
TION (15 pts)

(a) [4 pts] We wish to calculate the total energy of the Schwarzschild spacetime, using
the formula that expresses the total energy in a region as a surface integral over the
boundary of the region,

P 0 = − 1

16πG

∫ {
∂hjj
∂xi
− ∂hij
∂xj

}
ni ds , (1.1)

where
gµν = ηµν + hµν . (1.2)

The formalism is designed for a coordinate system that is at least approximately
Minkowskian, so the polar coordinates of the standard Schwarzschild metric,

ds2 = −
(

1− 2GM

r

)
dt2 +

(
1− 2GM

r

)−1

dr2 + r2 dΩ2 , (1.3)

where
dΩ2 = dθ2 + sin2 θ dφ2 , (1.4)

are not appropriate. But we can translate it into Cartesian-like coordinates by using
the usual relations between Cartesian and polar coordinates:

x ≡ r sin θ cosφ ,

y ≡ r sin θ sinφ ,

z ≡ r cos θ .

(1.5)
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(Note that in this context the above equations define x, y, and z, so it would be
meaningless to think about deriving these equations.) Show that, in the (t, x, y, z)
coordinate system, the Schwarzschild metric can be written as

ds2 = −
(

1− 2GM

r

)
dt2 + dx2 + dy2 + dz2 + f(r)

(
x dx+ y dy + z dz

r

)2

, (1.6)

where f(r) is a function that you must determine.

(b) [4 pts] In an expansion in powers of 1/r, determine hij through order 1/r2.

(c) [7 pts] Use Eq. (1.1) to determine the total energy of the system out to radius r, using
the expansion derived in the previous part. You should find that the total energy is
M , plus a correction of order 1/r.

PROBLEM 2: DE SITTER SPACE (20 pts)

Any homogeneous and isotropic spacetime can be described by the Robertson–Walker
metric,

ds2 = − dt2 + a2(t)

[
dr2

1− kr2
+ r2 dΩ2

]
. (2.1)

The assumptions of homogeneity and isotropy also restrict the form of the energy-momentum
tensor of the matter in the universe, which is required to have the form of a perfect fluid:

Tµν = (ρ+ p)UµUν + pgµν , (2.2)

where ρ is the mass or energy density, p is the pressure, and Uµ is the 4-velocity of the
matter, which by isotropy must be purely in the time direction, Uµ = (1, 0, 0, 0). When
Einstein’s equations are applied to this system, they reduce to the Friedmann equations,(

ȧ

a

)2

=
8π

3
Gρ− k

a2
, (2.3)

ä

a
= −4π

3
G(ρ+ 3p) . (2.4)

From these equations one can derive the equation describing the covariant conservation of
Tµν ,

ρ̇ = −3

(
ȧ

a

)
(ρ+ p) . (2.5)

Any two of Eqs. (2.3), (2.4), and (2.5) are sufficient to derive the third.

(a) [3 pts] Show that if k > 0, it is always possible to redefine the coordinates and a(t)
so that the spacetime is described by the Robertson–Walker metric with k = 1. Show
also that if k < 0, it is always possible to redefine coordinates and a(t) so that the
spacetime is described by the Robertson–Walker metric with k = −1.
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(b) [4 pts] De Sitter space is the unique homogeneous and isotropic spacetime in which the
“matter” consists solely of vacuum energy with ρv > 0. Vacuum energy is equivalent
to what Einstein called a cosmological constant Λ, with

ρv =
Λ

8πG
. (2.6)

Vacuum energy does not change with time, so Eq. (2.5) implies that pv = −ρv. For a
flat (k = 0) metric, determine the general solution for the scale factor a(t). You should
find that there is no time at which a(t) vanishes, but it does become arbitrarily small
as t→ −∞.

(c) [4 pts] Consider an open universe with matter consisting only of vacuum energy with
ρv > 0, and find the general solution for the scale factor. You should find in this case
that there is always a time at which a(t) = 0, which is conventionally taken to be t = 0.

(d) [4 pts] Now consider a closed universe with matter consisting only of vacuum energy
with ρv > 0, and find the general solution for the scale factor. Here you should find
that a(t) never vanishes, and in fact has a nonzero minimum value.

A very surprising fact about de Sitter space is that the flat, open, and closed universe
descriptions above actually all describe the same spacetime, with different choices of how
to define equal-time surfaces. (Only the closed universe coordinates, however, cover the
entire manifold.) Note that when p = −ρ, the energy-momentum tensor of Eq. (2.2) does
not depend on Uµ, so there is nothing that defines a rest frame. De Sitter space has 10
spacetime symmetries, the same as Minkowski space, with symmetries analogous to Lorentz
boosts (3), as well as rotations (3) and spacetime translations (4). It is the presence of these
additional symmetries which allows there to be multiple Robertson–Walker descriptions.

(e) [5 pts]

A very simple description of de Sitter space, which makes its symmetries evident,
involves embedding it into a (4+1)–dimensional Minkowski space. The metric for the
embedding space can be written as

ds2 = − dT 2 + dX2 + dY 2 + dZ2 + dW 2 , (2.7)

where the embedded de Sitter space is the subspace satisfying the Lorentz-invariant
condition

X2 + Y 2 + Z2 +W 2 − T 2 = R2 , (2.8)

for some constant R. The metric on the de Sitter subspace is taken to be the Minkowski
metric on the full (4+1)–dimensional space, Eq. (2.7), restricted to the de Sitter sub-
space (i.e., it is the induced metric on this subspace). By defining the Robertson–
Walker time coordinate t to be a function only of T , show that it is possible to define
coordinates on the de Sitter subspace such that the metric is exactly that of the closed
universe that you found in the previous part.
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