3.4 Scalar fields in higher dimensions

Problem 3.8: Find the temperature distribution, u = u(Z, t), on a disk of radius R when
the initial temperature distribution is known and the temperature on the boundary of the
disk is kept at zero degrees. Working in polar coordinates appropriate for the symmetry,
this means finding v = u(r, 0, t) satisfying the partial differential equation
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(where k is some positive constant depending on the material making up the disk), along
with the boundary conditions

u(R,0,t) =0 for t>0

as well as the initial condition
u(r, 0,0) = ug(r,0)

for 0 <r < a and t > 0 where ug is some known function.

Problem 3.9:  Energy in Waves: Consider longitudinal deformations u(z,t), of a spring.
There is a local kinetic energy density pu® /2, where p is the mass per unit length, and a local
potential energy density Ku'?/2, where K is the local analog of the Hookian constant. The
net energy of a spring of length L can thus be written as
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1. Assume that the ends of the spring are fixed , such that u(zx = 0) = u(z = L) =0 at
all times. Write down the deformation u(™(z,t) for the nth normal mode of vibration.

2. Calculate the net kinetic energy, and the net potential energy for a normal mode, and
show that they have the same time average.

Problem 3.10:  Plucked String: In a guitar or harpsichord,! tones are produced by
plucking a string. Consider a string of length L, fixed at both ends, which is plucked at a
distance d from one end by an amount w, and then released, so that the initial conditions
are given by

i for 0<x<d
h(z,t =0) = w(L — ) : and  h(z,t=0)=0.

_ f <z <L
(L—d) or d<z<

LA stringed instrument resembling a grand piano but with two keyboards and two or more strings for
each note and producing tones by the plucking of strings with plectra.




1. Show that the initial profile can be decomposed in a Fourier series as
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n=1

2. Assuming a wave velocity of v, write down the expression for h(z,t) at all times.

Problem 3.11: Hammered String: In a piano, tones are generated by a hammer that
strikes a string of length L at a distance d from one end (typically d = L/7). A simplified
model of this is to assume an initial condition in which the string is straight, h(z,t = 0) =0,
but acquires an initial velocity at the point of impact by the hammer, approximated by?

h(z,t =0) = ugd(z — d).

1. Assuming a wave velocity of v for the piano string, write down the expression for the
string shape h(z,t) at all times, as a Fourier series.

2. Show that, quite generally, the kinetic energy of the string can be written as a sum of
contributions from individual normal modes (without any cross terms between modes).

3. Give the expression for the time averaged energy in the modes of the hammered string.

Problem 3.12: Wave transients: A string of length L is initially at rest, with one
end fixed to a wall. At time ¢ = 0, the other end of the string is forced to oscillate as
h(x = 0,t) = wsin(wt), where w is not a resonance frequency.

1. Write down the initial conditions, as well as the boundary conditions, for the shape of
the string, h(z,t).

2. Show that the wave equation and the boundary conditions, are satisfied by

h(x,t) = iA” sin (?) sin (?t + Hn) + hy(z, 1),
n=1

where hg(z,t) is the solution obtained without considering the initial conditions.

2The so-called §-function is the limit of functions which are peaked around a point, and zero everywhere
else, such that for any function f(z),

/ def(2)8(z — d) = £(d).



3. Find the parameters {A, } and {6, } by requiring that the initial conditions are satisfied.

Problem 3.13:  Travelling waves: Consider a very long wire of mass p per unit length,
under a strong tension 7". The initial shape and velocity of the wire are given by

h(z,0) = wexp (—2%22) , and h(x,0) = %xexp (—%22) :
where v = \/T_/p is the wave velocity.
1. Find the shape h(z,t), and its velocity h(z,t), at all times.
2. Calculate the net kinetic energy of the wire at all times.?

3. Calculate the net potential energy of the wire at all times.

4. What is the shape of the wire at time ¢, if the initial conditions are changed to

x? :
h(z,0) = wexp (_Tﬂ> , and h(z,0) = 0.
Problem 3.14:  Confined Cable: A massive cable is under a tension 7' and rests along

the bottom of a rigid semi-cylindrical groove. The action of gravity provides an additional
restoring force, such that the equation of motion for the displacements h(z,t) of the cable
is given by ) ,
,uM = 19y + T@,
ot? R Ox?
where p is the mass per unit length of the cable, g is the acceleration due to gravity, and R
is the radius of the confining groove.

1. Show that a separable solution of the form h(z,t) o cos(wt + ¢)sin(kx + 0) satisfies
the above equation, and give the dispersion relation w(k).

2. Note that there are no propagating waves for w < wy = /g/R. It is still possible,
however, to find separable solutions of the form h(x,t) o cos(wt + ¢) X (z). What are
possible solutions for X (z) in this case?

3You may need the following integrals:

/ dre™ = /7, and / drzle™® = V2.
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3. One end of the cable is forced to moves as h(z = 0,t) = acos(wt), at a frequency
w < wp. Find the steady-state solution h(x,t), which goes to zero at large x.

4. For the above steady-state solution calculate the velocity of the string f'L(O7 t), and the
transverse force Fj(0,t), at x = 0. Hence show that the time average power input

Py, = h(0,1)F,(0,1) is zero.

Problem 3.15: Viscous boundary: A long string is attached at x = 0 by a massless ring
to a wire covered with grease, and is subject to a tension 7. The ring experiences a drag
force Fj, = —bh(z = 0,t), when the end of the string moves.

1. By equating the forces acting on the (massless) ring, find the boundary condition at
rz=0.

2. Show that the boundary condition is satisfied by a distortion which is the sum of an
incident pulse f(x 4 vt) (arriving from +x direction), and a reflected pulse g(x — vt),
where v is the wave velocity. Find ¢ in terms of f.

3. Explain the limiting behaviors for b — 0, and b — oo.

4. For what value of b is there no reflection?

Problem 3.16: Generating waves: A very long inextensible string is held horizontally at
a tension 7" by one end passing over a pulley and being attached to a mass M = T'/g. The
other end is fixed to a support which at ¢t = 0 starts to move as h(z = 0,t > 0) = H sin(wt).

1. Assuming a wave velocity v, write down the expression for the travelling wave along
the string, for times before it reaches the other end.

2. Show that the inextensible string is pulled in by an amount
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and hence calculate the average vertical velocity of the mass.

3. Calculate the velocity of the string h, and the transverse force Fr(0,t) at x = 0, and

hence obtain the time average power input P;, = h((), t)F5(0,t). Is this equal to the
rise in the potential energy of the mass? If not, where is the remaining energy?



