Normal modes for 4 blocks

We have to diagonalize the 4 x 4 matrix

2 -1 0 0
-1 2 -1 0

T=|, . 5 il (2.3.21)
0 0 -1 2

In this case we can put the end-particles, and the central particles into two separate groups,
each related by symmetry. Let’s first guess an eigenvector of the form
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which is symmetric under the reversal of label orders. From

2 -1 0 0 +1 2—r
» -1 2 -1 0 r r—1
A= S S =L (2.3.23)
0O 0 -1 2 +1 2—r
we note that r has to be chosen such that
2 — 1 1+
T:_7 =rl—r—1=0, =7 = \/5 (2.3.24)
r—1 r 2
We can indeed then check that
2 -1 0 0 +1 +1
T, 4|0 2 10 (1+v5)/2| _ (3=V5\ | (1++5)/2  (2325)
0 -1 2 —1[|@a+v5)/2 2 (1++/5)/2
0 0 -1 2 +1 +1
and
2 -1 0 0 +1 +1
SURD U e B B (1=v5)/2| _ (3+V5) | (1-V5)/2 (2.3.26)
0 -1 2 —-1||@a-+v5)/2 2 (1—-+/5)/2
0 0 -1 2 +1 +1
(The eigenvectors are labelled in order of the magnitude of their eigenvalue.)
The other 2 eigenvalues are obtained by starting with
+1
A= _Tr : (2.3.27)
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which are antisymmetric under label reversal. Indeed this form is preserved, since

2 -1 0 0 +1 2—r
- -1 2 -1 0 T 3r —1
To-d=1o 1 o | |= |7 |=3rs1 ] (2.3.28)
0 0 -1 2 —1 -2+
if we choose r such that
2—r 1 ) -1++5
37=_1_;’ =7r"+r—1=0, :>7‘—72 . (2.3.29)
We can indeed then check that
2 -1 0 0 +1 +1
S _ _ _ 5—15 _
T A — |t 2 L 0| CLEVE)2) VEY | (C1+VB)/2| 55,
0 -1 2 —1|| a=-vH/2 2 (1-+/5)/2
0O 0 -1 2 —1 —1
and
2 -1 0 0 +1 +1
. _ _ 11— 5 5 1_
T4 - |l 2 L0 (—1=vB)/2| _ [5+V5) [ (-1-V5)/2 (2.331)
0o -1 2 -1 (1++5)/2 2 (1++5)/2
~1 -1

We have thus found all the normal modes in this case, and they are labelled in order
of increasing frequencies. Again, the lowest frequency corresponds to particles moving most
closely together, and the highest frequency to the motion in which the particles are most
opposite each other.



