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1.Learning:well-posednessandpredictivity

Twokey,separatemotivationsinrecentworkintheareaoflearning:

•in“classical”learningtheory:learningmustbepredictive,thatis
itmustgeneralize.ForERMgeneralizationimpliesconsistency.
ConditionsforconsistencyofERM.

•forseveralalgorithms:learningisill-posedandalgorithmsmust
restorewell-posedness,especiallystability.

Inotherwords...therearetwokeyissuesinsolvingthelearningproblem:

1.predictivity(whichtranslatesintogeneralization)

2.stability(egwell-posedness)ofthesolution

Apriorinoconnectionbetweengeneralizationandstability.Infact
thereisandweshowthatforERMtheyareequivalent.



Learning,adirectionforfutureresearch:
beyondclassicaltheory

TheclassicallearningtheoryduetoVapniketalconsistsofnecessary
andsufficientconditionsforlearnabilityiegeneralizationinthecase
ofaboutERM.Itwouldbedesirabletohavemoregeneralconditions
thatguaranteegeneralizationforarbitraryalgorithmsandsubsumethe
classicaltheoryinthecaseofERM.

Ourresultsshowthatsomespecificnotionsofstabilitymayprovide
amoregeneraltheorythantheclassicalcondtionsonHandsubsume
themforERM.



Preliminary:convergenceinprobability

Let{Xn}beasequenceofboundedrandomvariables.We

saythat

lim
n→∞

Xn=Xinprobability

if

∀ε>0lim
n→∞

IP{‖Xn−X‖≥ε}=0.

or

ifforeachnthereexistsaεnandaδnsuchthat

IP{‖Xn−X‖≥εn}≤δn,

withεnandδngoingtozeroforn→∞.



2.Thesupervisedlearningproblemand
generalization

•Thelearningproblem

•Classificationandregression

•Lossfunctions

•Empiricalerror,generalizationerror,generalization



Thelearningproblem

Thereisanunknownprobabilitydistributionontheprod-

uctspaceZ=XxY,writtenµ(z)=µ(x,y).Weassume

thatXisacompactdomaininEuclideanspaceandYa

closedsubsetofIRk.

ThetrainingsetS={(x1,y1),...,(xn,yn)}=z1,...zncon-

sistsofnsamplesdrawni.i.d.fromµ.

Histhehypothesisspace,aspaceoffunctionsf:X→Y.

AlearningalgorithmisamapL:Zn→Hthatlooks

atSandselectsfromHafunctionfS:x→ysuchthat

fS(x)≈yinapredictiveway.



Classificationandregression

Ifyisareal-valuedrandomvariable,wehaveregression.

Ifytakesvaluesfromafiniteset,wehavepatternclassi-

fication.Intwo-classpatternclassificationproblems,we

assignoneclassayvalueof1,andtheotherclassay

valueof−1.



LossFunctions

Inordertomeasuregoodnessofourfunction,weneeda

lossfunctionV.WeletV(f(x),y)=V(f,z)denotethe

pricewepaywhenweseexandguessthattheassociated

yvalueisf(x)whenitisactuallyy.Werequirethatfor

anyf∈Handz∈ZVisbounded,0≤V(f,z)≤M.

WecanthinkofthesetLoffunctions`(z)=V(f,z)with

`:Z→IR,inducedbyHandV.

ThemostcommonlossfunctionissquarelossorL2loss:

V(f(x),y)=(f(x)−y)
2



Empiricalerror,generalizationerror,

generalization

Givenafunctionf,alossfunctionV,andaprobabilitydistributionµ
overZ,theexpectedortrueerroroffis:

I[f]=IEzV[f,z]=

∫

Z

V(f,z)dµ(z)

whichistheexpectedlossonanewexampledrawnatrandomfrom
µ.

WewouldliketomakeI[f]small,butingeneralwedonotknowµ.

Givenafunctionf,alossfunctionV,andatrainingsetSconsisting
ofndatapoints,theempiricalerroroffis:

IS[f]=
1

n

∑

V(f,zi)



Empiricalerror,generalizationerror,

generalization

AverynaturalrequirementforfSisdistributionindependentgeneral-
ization

∀µ,lim
n→∞

|IS[fS]−I[fS]|=0inprobability

Adesirableadditionalrequirementisuniversalconsistency

∀ε>0lim
n→∞

sup
µ

IPS

{

I[fS]>inf
f∈H

I[f]+ε

}

=0.



Generalization

x

f(x)

Inthefigurethedatawasgeneratedfromthe“true”greenfunction.Theblue

functionfitsthedatasetandthereforehaszeroempiricalerror(IS[fblue]=0).Yetit

isclearthatonfuturedata,thisfunctionfbluewillperformpoorlyasitisfarfromthe

truefunctiononmostofthedomain.ThereforeI[fblue]islarge.Generalizationrefers

towhethertheempiricalperformanceonthetrainingset(IS[f])willgeneralizetotest

performanceonfutureexamples(I[f]).Ifanalgorithmisguaranteedtogeneralize,

anabsolutemeasureofitsfuturepredictivitycanbedeterminedfromitsempirical

performance.



3.ERMandconditionsforgeneralization
(andconsistency)

GivenatrainingsetSandafunctionspaceH,empirical

riskminimization(Vapnik)isthealgorithmthatlooksat

SandselectsfSas

fS=argmin
f∈H

IS(f)

Thisproblemdoesnotingeneralshowgeneralizationand

isalsoill-posed,dependingonthechoiceofH.

Iftheminimumdoesnotexistwecanworkwiththeinfi-

mum.

Notice:ForERMgeneralizationandconsistencyareequiv-

alent



ClassicalconditionsforconsistencyofERM

UniformGlivenko-CantelliClasses

Gisa(weak)uniformGlivenko-Cantelli(uGC)classoffunctions

if

∀ε>0lim
n→∞

sup
µ

IP

{

sup
g∈G

∣

∣

∣

∣

∣

1

n

n∑

i

g(zi)−IEµg

∣

∣

∣

∣

∣

>ε

}

=0.

Theorem[VapnikandČervonenkis(71),Alonetal(97),Dudley,Giné,andZinn
(91)]

AnecessaryandsufficientconditionforconsistencyofERMisthattheclassofloss
functions`(z)=V(f,z)(definedforforafixedVandf∈H)isuGC.



...mappingnotationandresultsin
CuckerSmale...

ε(f)←→I(f)

εz(f)←→IS(f)

Thus

Lz←→I(f)−IS(f)

ForERM

fz←→fS

TheoremB(forHcompact)←→generalization,seeTheorema(for
generalalgorithmsandgeneralH)

TheoremC(egεH(fz)→0)←→Theoremb(consistencyofERM)
whereεH(f)=ε(f)−ε(fH),
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Givenacertainnumberofsamples...

x

f(x)



hereisone(say,thetrue)solution...

x

f(x)



...buthereisanother(andverydifferent)
one!

x

f(x)



Bothhavezeroempiricalerror:whichone
shouldwepick?Issue:stability(and

uniqueness)

x

f(x)



Well-posedandIll-posedproblems

Hadamardintroducedthedefinitionofill-posedness.Ill-posedprob-
lemsaretypicallyinverseproblems.

Asanexample,assumegisafunctioninYanduisafunctionin
X,withYandXHilbertspaces.Thengiventhelinear,continuous
operatorL,considertheequation

g=Lu.

Thedirectproblemisistocomputeggivenu;theinverseproblemis
tocomputeugiventhedatag.InthelearningcaseLissomewhat
similartoa“sampling”operation.

Theinverseproblemoffindinguiswell-posedwhen

•thesolutionexists,

•isuniqueand

•isstable,thatisdependscontinuouslyontheinitialdatag.

Ill-posedproblemsfailtosatisfyoneormoreofthesecriteria.Often
thetermill-posedappliestoproblemsthatarenotstable,whichina
senseisthekeycondition.



Stabilityoflearning

Forthelearningproblemitisclear,butoftenneglected,thatERMisin
generalill-posedforanygivenS.ERMdefinesamapL(“inverting”
the“sampling”operation)whichmapsthediscretedataSintoa
functionf,thatis

LS=fS.

Considerthefollowingsimple,“classical”example.

Assumethatthexpartofthenexamples(x1,...,xn)isfixed.

ThenLasanoperatoron(y1,...,yn)canbedefinedintermsofaset
ofevaluationfunctionalsFionH,thatisyi=Fi(u).

IfHisaHilbertspaceandinittheevaluationfunctionalsFiare
linearandbounded,thenHisaRKHSandtheFicanbewrittenas
Fi(u)=(u,Kxi)KwhereKisthekernelassociatedwiththeRKHSand
weusetheinnerproductintheRKHS.

ForsimplicityweassumethatKispositivedefiniteandsufficiently
smooth(seeCucker,Smale).



StabilityofERM(examplecont.)

TheERMcasecorrespondsto

min
f∈BR

1

n

n∑

i=1

(f(xi)−yi)
2
.

Well-posednesscanbeensuredbyIvanovregularizationthatisbyen-
forcingthesolutionf–whichishastheformf(x)=

∑

n
1=1ciK(xi,x)

sinceitbelongstotheRKHS–tobeintheballBRofradiusRinH
(eg‖f‖

2
K≤R),becauseH=IK(BR)–whereIK:HK→C(X)isthe

inclusionandC(X)isthespaceofcontinuousfunctionswiththesup
norm–iscompact.

InthiscasetheminimizerofthegeneralizationerrorI[f]iswell-posed.

Minimizationoftheempiricalriskisalsowell-posed:itprovidesaset
oflinearequationstocomputethecoefficientscofthesolutionfas

Kc=y(1)

wherey=(y1,...,yn)and(K)i,j=K(xi,xj).



StabilityofERM(examplecont.)

Inthisexample,stabilityoftheempiricalriskminimizerprovidedby
equation(1)canbecharacterizedusingtheclassicalnotionofcondi-
tionnumberoftheproblem.Thechangeinthesolutionfduetoa
perturbationinthedataycanbeboundedas

‖∆f‖

‖f‖
≤‖K‖‖(K)

−1
‖
‖∆y‖

‖y‖
,(2)

where‖K‖(K)−1‖istheconditionnumber.



StabilityofERM(examplecont.)

Tikhonovregularization–whichunikeIvanovregularizationisnotERM
–replacesthepreviousequationwith

min
f∈H

1

n

n∑

i=1

(f(xi)−yi)
2
+γ‖f‖

2
K(3)

whichgivesthefollowingsetofequationsforc(withγ≥0)

(K+nγI)c=y(4)

whichreducesforγ=0toequations(1).Inthiscase,stabilityde-
pendsontheconditionnumber‖K+nγI‖‖(K+nγI)−1

‖whichisnow
controlledbynγ.Alargevalueofnγgivesconditionnumberscloseto
1.

Ingeneral,however,theoperatorLinducedbyERMcannotbeex-
pectedtobelinearaandthusthedefinitionofstabilityhastobe
extendedbeyondconditionnumbers...



Motivationsforstability:inverseproblems
andbeyondERM

Insummarytherearetwomotivationsforlookingatsta-

bilityoflearningalgorithms:

•canwegeneralizetheconceptofconditionnumberto

measurestabilityofL?Isstabilityrelatedtogeneral-

ization?

•throughstabilitycanonehaveamoregeneraltheory

thatprovidesgeneralizationforgeneralalgorithmsand

subsumestheclassicaltheoryinthecaseofERM?



5.Stabilitydefinitions

S=z1,...,zn

Si=z1,...,zi−1,zi+1,...zn

ThelearningmapLhasdistribution-independent,CVloo

stabilityif

foreachnthereexistsaβ
(n)
CVandaδ

(n)
CVsuchthat

∀µIPS

{

∣

∣

∣V(fSi,zi)−V(fS,zi)
∣

∣

∣≤β
(n)
CV

}

≥1−δ
(n)
CV,

withβ
(n)
CVandδ

(n)
CVgoingtozeroforn→∞.



CVloostability
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Thebluelinewasobtainedbyalinearregression(egERMwithsquarelossona
hypothesisspaceoflinearfunctions)onallfivetrainingpoints(n=5).Thegreen
linewasobtainedinthesamewayby“leavingout”theblacktrianglefromthe
trainingset.Inthiscase,CVloostabilityrequiresthatwhenasinglepointisremoved
fromadataset,thechangeinerrorattheremovedpoint(hereindicatedbythe
blackdashedline)issmallanddecreasestozeroinprobabilityfornincreasingto
infinity.



Stabilitydefinitions(cont.)

BousquetandElisseeff’suniformstability:

themapLinducedbyalearningalgorithmisuniformlystableif

limn→∞β
(n)

=0withβ
(n)

satisfying

∀S∈Z
n
,∀i∈{1,...,n}sup

z∈Z
|V(fS,z)−V(fSi,z)|≤β

(n)
.

andβ
(n)

=O(
1
n).

•Uniformstabilityimpliesgoodgeneralization.

•Tikhonovregularizationalgorithmsareuniformlystable.

•Mostalgorithmsarenotuniformlystable:ERM,evenwithahypothesisspace
Hcontainingjusttwofunctions,isnotguaranteedtobeuniformlystable.

•UniformstabilityimpliesCVloostability.



Stabilitydefinitions(cont.)

•ThelearningmapLhasdistribution-independent,Eloostabilityif

foreachnthereexistsaβ
(n)
Erandaδ

(n)
Ersuchthatforalli=1...n

∀µIPS

{

|I[fSi]−I[fS]|≤β
(n)
Er

}

≥1−δ
(n)
Er,

withβ
(n)
Erandδ

(n)
Ergoingtozeroforn→∞.

•ThelearningmapLhasdistribution-independent,EEloostabilityif

foreachnthereexistsaβ
(n)
EEandaδ

(n)
EEsuchthatforalli=1...n

∀µIPS

{

|ISi[fSi]−IS[fS]|≤β
(n)
EE

}

≥1−δ
(n)
EE,

withβ
(n)
EEandδ

(n)
EEgoingtozeroforn→∞.

•ThelearningmapLisCVEEEloostableifithasCVloo,Elooand
EEloostability.



Preview

Twotheorems:

•(a)saysthatCVEEEloostabilityissufficienttoguar-

anteegeneralizationofanyalgorithm

•(b)saysthatCVEEEloo(andCVloo)stabilitysubsumes

the“classical”conditionsforgeneralizationandcon-

sistencyofERM
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6.Theorema:stabilityimplies
generalization

Theorem(a)

IfalearningmapisCVEEEloostablethenwithprobability1−δgen

|I[fS]−IS[fS]|≤βgen,

where

δgen=βgen=(2MβCV+2M
2
δCV+3MβEr+3M

2
δEr+5MβEE+5M

2
δEE)

1/4
.

ThusCVEEEloostabilityisstrongenoughtoimplygen-

eralizationofgeneralalgorithms.Thequestionthenis

whetheritisgeneralenoughtosubsumethe“classical”

theory,thatisthefundamentalconditionsforconsistency

ofERM.



7.Theoremb:ERMstabilityisnecessary
andsufficientforconsistency

Theorem(b)

For“good”lossfunctionsthefollowingstatementsare

equivalentforalmostERM:

1.thelearningalgorithmisdistributionindependentCVEEEloo

stable.

2.almostERMisuniversallyconsistent

3.HisuGC.



Theoremb,proofsketch:ERMstabilityis
necessaryandsufficientforconsistency

First,ERMisElooandEEloostable,asitcanbeseenratherdirectly
fromitsdefinition.

ForCVloostability,hereisasketchoftheproofinthespecialcaseof
exactminimizationofISandofI.

1.ThefirstfactusedintheproofisthatCVloostabilityisequivalent
to

lim
n→∞

IES[|V(fSi,zi)−V(fS,zi)|]=0.

TheequivalenceholdssincethedefinitionofCVloostabilityimplies
theconditionontheexpectation,sinceVisbounded;theopposite
directionisobtainedusingMarkov’sinequality.



Theoremb:ERMstabilityisnecessaryand
sufficientforconsistency(cont.)

2.ThefollowingpositivitypropertyofexactERMisthesecondand
keyfactusedinprovingthetheorem:

∀i∈{1,...,n}V(fSi,zi)−V(fS,zi)≥0.

Bythedefinitionofempiricalminimizationwehave

IS[fSi]−IS[fS]≥0

ISi[fSi]−ISi[fS]≤0.

Notethatthefirstinequalitycanberewrittenas




1

n

∑

zj∈Si

V(fSi,zj)−
1

n

∑

zj∈Si

V(fS,zj)





+
1

n
V(fSi,zi)−

1

n
V(fS,zi)≥0.

Theterminthebracketisnon-positive(becauseofthesecondin-
equality)andthusthepositivitypropertyfollows.



Theoremb:ERMstabilityisnecessaryand
sufficientforconsistency(cont.)

3.Thethirdfactusedintheproofisthat–forERM–distribu-
tionindependentconvergenceoftheexpectationofempiricalerrorto
theexpectationoftheexpectederroroftheempiricalminimizeris
equivalentto(universal)consistency.

Thefirsttwopropertiesimplythefollowingequivalences:

(β,δ)CVloostability⇔lim
n→∞

IES[|V(fSi,zi)−V(fS,zi)|]=0,

⇔lim
n→∞

IES[V(fSi,zi)−V(fS,zi)]=0,

⇔lim
n→∞

IESI[fSi]−IESIS[fS]=0,

⇔lim
n→∞

IESI[fS]=lim
n→∞

IESIS[fS].

Noticethataweakerformofstability(egCVloostabilitywithoutthe
absolutevalue)isnecessaryandsufficientforconsistencyofERM.

ThethirdpropertyimpliesthatCVloostabilityisnecessaryandsuf-
ficientforthedistributionindependentconvergenceI[fS]→I[f∗]in
probability(wheref∗isthebestfunctioninH),thatisfor(universal)
consistency.ItiswellknownthattheuGCpropertyofHisnecessary
andsufficientforuniversalconsistencyofERM.



8.Stabilityofnon-ERMalgorithms
Potentialprojectshere...

•RegularizationandSVMsareCVEEEloostable

•Bagging(withnumberofregressorsincreasingwith

n)isCVEEEloostable

•kNN(withkincreasingwithn)isCVEEEloostable

•Adaboost??
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9.Openproblems:othersufficient
conditions.

CVEEEloostabilityanswersalltherequirementsweneed:eachoneis
sufficientforgeneralizationinthegeneralsettingandsubsumesthe
classicaltheoryforERM,sinceitisequivalenttoconsistencyofERM.
Itisquitepossible,however,thatCVEEEloostabilitymaybeequivalent
toother,even“simpler”conditions.Inparticular,weknowthatother
conditionsaresufficientforgeneralizations:

ThelearningmapLisElooerrstableinadistribution-independentway,

ifforeachnthereexistsaβ
(n)
ELandaδ

(n)
ELsuchthat

∀µIPS

{∣

∣

∣

∣

∣

I[fS]−
1

n

n∑

i=1

V(fSi,zi)

∣

∣

∣

∣

∣

≤βEL

}

≥1−δ
(n)
EL,

withβ
(n)
ELandδ

(n)
ELgoingtozeroforn→∞.

Theorem:CVlooandElooerrstabilitytogetherimplygeneralization.



Openproblems:expectederrorstability
andhypothesisstability.

Weconjecturethat

•CVlooandEEloostabilityaresufficientforgeneralizationforgeneral
algorithms(withoutEloostability);

•alternatively,itmaybepossibletocombineCVloostabilitywith
a“strong”conditionsuchashypothesisstability.Weknowthat
hypothesisstabilitytogetherwithCVloostabilityimpliesgeneral-
ization;wedonotknowwhetherornotERMonauGCclass
implieshypothesisstability,thoughweconjecturethatitdoes.

ThelearningmapLhasdistribution-independent,leave-one-outhy-

pothesisstabilityifforeachnthereexistsaβ
(n)
H

∀µIESIEz[|V(fS,z)−V(fSi,z)|]≤β
(n)
H,

withβ
(n)
Hgoingtozeroforn→∞.

NoticethatElooerrpropertyisimplied–inthegeneralsetting–by
hypothesisstability.
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10.OpenProblemsaroundStability

•IsitpossibletosimplifythedefinitionofCVEEEloostability?In
particular,isEEloostabilityneeded,orisCVlooandElooenoughfor
generalization?

•DoesERMonauGCclassimplieshypothesisstability?

•RelationbetweenstabilityconditionsandboundsbasedonRadamacher
averages

•Onlinelearningalgorithmsandstability(stochasticgradientde-
scentundersomespecificassumptionsisconsistent)

•Conditionsaboutpredictivityofonlinealgorithms:implications
aboutsynapticplasticityrules


