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Aboutthisclass

Wedescribeafamilyofregularizationtechniquesbased

onradialkernelsKandcalledRBFs.Weintroduce

RBFextensions(somewhatlessrigorous)suchasHy-

perBasisFunctionsandcharacterizetheirrelationwith

othertechniquesincludingMLPsandsplines.



RadialBasisFunctions

RadialBasisFunctions,asMLPs,havetheuniversalap-

proximationproperty.

Theorem:LetKbeaRadialBasisFunctionfunctionand

Iithen-dimensionalcube[0,1]
n
.Thenfinitesumsofthe

form

f(x)=
N∑

i=1

ciK(x−xi)

aredenseinC[Ii].Inotherwords,givenafunctionh∈C[Ii]

andε>0,thereisasum,f(x),oftheaboveform,for

which:

|f(x)−h(x)|<εforallx∈In.



NoticethatRBFcorrespondtoRKHSdefinedonaninfi-

nitedomain.NoticealsothatRKHSdonotingeneralhave

thesameapproximationproperty:RKHSgeneratedbya

Kwithaninfinitecountablenumberofstrictlypositive

eigenvaluesaredenseinL2butnotnecessarilyinC(X),

thoughtheycanbeembeddedinC(X).SeeZhouresults.



DensityofaRKHSonaboundeddomain(the

non-RBFcase)

WefirstaskunderwhichconditionisaRKHSdenseinL2(X,ν).

1.whenLKisstrictlypositivetheRKHSisinfinitedimensionaland
denseinL2(X,ν).

2.inthedegeneratecasetheRKHSisfinitedimensionalandnot
denseinL2(X,ν).

3.intheconditionallystrictlypositivecasetheRKHSisnotdensein
L2(X,ν)butwhencompletedwithafinitenumberofpolynomials
ofappropriatedegreecanbemadetobedenseinL2(X,ν).



DensityofaRKHSonaboundeddomain(cont)

DensityofRKHS–definedonacompactdomainX–inC(X)(inthe
supnorm)isatrickierissuethathasbeenansweredveryrecentlyby
Zhou(inpreparation).ItishoweverguaranteedforradialkernelsK
forKcontinuousandintegrable,ifdensityinL2(X,ν)holds(withX
theinfinitedomain).Thesearefactsforradialkernelsandunrelated
toRKHSproperties

•spanK(x−y):y∈R
n

isdenseinL
2
(R

n
)ifftheFouriertransform

ofKgoesnotvanishonsetofpositiveLebesquemeasure(N.
Wiener).

•spanK(x−y):y∈R
n

isdenseinC(R
n
)(topologyofuniform

convergence)ifK∈C(R
n
),K∈L

1
(R

n
).



SomegoodpropertiesofRBF

•Wellmotivatedintheframeworkofregularizationtheory;

•Thesolutionisuniqueandequivalenttosolvingalinearsystem;

•Degreeofsmoothnessistunable(withλ);

•Universalapproximationproperty;

•Largebodyofappliedmathliteratureonthesubject;

•Interpretationintermsofneuralnetworks(?!);

•Biologicallyplausible;

•Simpleinterpretationintermsofsmoothlook-uptable;

•Similartoothernon-parametrictechniques,suchasnearestneigh-
borandkernelregression(seeendofthisclass).



Somenot-so-goodpropertiesofRBF

•Computationallyexpensive(O(`3));

•Linearsystemtobesolvedforfindingthecoefficients

oftenbadlyill-conditioned;

•Thesamedegreeofsmoothnessisimposedondifferent

regionsofthedomain(wewillseehowtodealwiththis

problemintheclassonwavelets);



Thisfunctionhasdifferentsmoothnesspropertiesindif-

ferentregionsofitsdomain.



Afirstextension:lesscentersthandata
points

Welookforanapproximationtotheregularizationsolu-

tion:

f(x)=
∑̀

i=1

ciK(x−xi)

⇓

f∗(x)=
m∑

α=1

cαK(x−tα)

wherem<<`andthevectorstαarecalledcenters.

Homework:showthattheinterpolationproblemisstillwell-posed
whenm<`.

(BroomheadandLowe,1988;MoodyandDarken,1989;PoggioandGirosi,1989)



LeastSquaresRegularizationNetworks

f∗(x)=
m∑

α=1

cαK(x−tα)

Supposethecenterstαhavebeenfixed.

Howdowefindthecoefficientscα?

⇓

LeastSquares



Findingthecoefficients

Define

E(c1,...,cm)=
∑̀

i=1

(yi−f∗(x
i))

2

Theleastsquarescriterionis

min
cα

E(c1,...,cm)

Theproblemisconvexandquadraticinthecα,andthe

solutionsatisfies:

∂E

∂cα

=0



Findingthecenters

Giventhecenterstαweknowhowtofindthecα.

Howdowechoosethetα?

1.asubsetoftheexamples(random);

2.byaclusteringalgorithm(k-means,forexample);

3.byleastsquares(movingcenters);

4.asubsetoftheexamples:SupportVectorMachines;



Centersasasubsetoftheexamples

Fairtechnique.Thesubsetisarandomsubset,which

shouldreflectthedistributionofthedata.

Notmanytheoreticalresultsavailable(butweprovedthat

solutionexistssincematrixistillpd).

Mainproblem:howmanycenters?

Mainanswer:wedon’tknow.Crossvalidationtechniques

seemareasonablechoice.



Findingthecentersbyclustering

Verycommon.Howeveritmakessenseonlyiftheinput

datapointsareclustered.

Notheoreticalresults.

Notclearthatitisagoodidea,especiallyforpatternclas-

sificationcases.



Movingcenters

Define

E(c1,...,cm,t1,...,tm)=
∑̀

i=1

(yi−f∗(x
i))

2

Theleastsquarescriterionis

min
cα,tα

E(c1,...,cm,t1,...,tm).

Theproblemisnotconvexandquadraticanymore:expect

multiplelocalminima.



Movingcenters

:-)Veryflexible,inprincipleverypowerful(morethan

SVMs);

:-)Sometheoreticalunderstanding;

:-(Veryexpensivecomputationallyduetothelocalminima

problem;

:-(Centerssometimesmovein“weird”ways;



ConnectionwithMLP

RadialBasisFunctionswithmovingcentersisaparticular

caseofafunctionapproximationtechniqueoftheform:

f(x)=
N∑

i=1

ciH(x,pi)

wheretheparameterspicanbeestimatedbyleastsquares

techniques.

RadialBasisFunctionscorrespondstothechoiceN=m

andpi=ti,and

H(x,pi)=K(‖x−ti‖)



ExtensionsofRadialBasisFunctions(muchbeyondwhatSVMscando!!!)

•Differentvariablescanhavedifferentscales:f(x,y)=

y2sin(100x);

•Differentvariablescouldhavedifferentunitsofmeasure

f=f(x,
·
x,

··
x);

•Notallthevariablesareindependentorrelevant:f(x,y,z,t)=

g(x,y,z(x,y));

•Onlysomelinearcombinationsofthevariablesarerel-

evant:f(x,y,z)=sin(x+y+z);



Extensionsofregularizationtheory

Aprioriknowledge:

•therelevantvariablesarelinearcombinationoftheorig-

inalones:

z=Wx

forsome(possiblyrectangular)matrixW;

•f(x)=g(Wx)=g(z)andthefunctiongissmooth;

Theregularizationfunctionalisnow

∑̀

i=1

(yi−g(zi))
2
+λΦ[g]

wherezi=Wxi.



Extensionsofregularizationtheory
(continue)

Thesolutionis

g(z)=
∑̀

i=1

ciK(z−zi).

Thereforethesolutionforfis:

f(x)=g(Wx)=
∑̀

i=1

ciK(Wx−Wxi)



Extensionsofregularizationtheory
(continue)

IfthematrixWwereknown,thecoefficientscouldbe

computedasintheradialcase:

(K+λI)c=y

where

(y)i=yi,(c)i=ci,(K)ij=K(Wxi−Wxj)

andthesameargumentoftheRegularizationNetworks

techniqueapply,leadingtoGeneralizedRegularizationNet-

works:

f∗(x)=
m∑

α=1

cαK(Wx−Wtα)



Extensionsofregularizationtheory
(continue)

SinceWisusuallynotknown,itcouldbefoundbyleast

squares.Define

E(c1,...,cm,W)=
∑̀

i=1

(yi−f∗(x
i))

2

Thenwecansolve:

min
cα,W

E(c1,...,cm,W)

Theproblemisnotconvexandquadraticanymore:expect

multiplelocalminima.



FromRBFtoHyperBF

WhenthebasisfunctionKisradialtheGeneralizedReg-

ularizationNetworksbecomes

f(x)=
m∑

α=1

cαK(‖x−tα‖w)

thatisanonradialbasisfunctiontechnique(wedefine

|x|2=x>W>Wx).



LeastSquares

1.mincαE(c1,...,cm)

2.mincα,tαE(c1,...,cm,t1...,tm)

3.mincα,WE(c1,...,cm,W)

4.mincα,tα,WE(c1,...,cm,t1,...,tm,W)



AnonradialGaussianfunction



Anonradialmultiquadricfunction



Additivemodels

Instatisticsanadditivemodelhastheform

f(x)=
d∑

µ=1

fµ(x
µ
)

where

fµ(x
µ
)=

∑̀

i=1

c
µ
iG(x

µ
−x

µ
i)

Inotherwords

f(x)=
d∑

µ=1

∑̀

i=1

c
µ
iG(x

µ
−x

µ
i)



Additivestabilizers

Toobtainanapproximationoftheform

f(x)=
d∑

µ=1

fµ(x
µ
)

wechooseastabilizercorrespondingtoanadditivebasis

function

K(x)=
d∑

µ=1

θµK(x
µ
)

Thisschemeleadstoanapproximationschemeofthead-

ditiveformwith

fµ(x
µ
)=θµ

∑̀

i=1

ciK(x
µ
−x

µ
i)

Noticethattheadditivecomponentsarenotindependent

sincethereisonlyonesetofci–whichmakessensesince

Ihaveonlyldatapointstodeterminetheci.



ExtensionsofAdditiveModels

Westartfromthenon-independentadditivecomponent

formulationobtainedfromadditivestabilizers

f(x)=
∑̀

i=1

ci

d∑

µ=1

θµK(x
µ
−x

µ
i)

Weassumenowthattheparametersθµarefree,egdiffer-

entforeachi.Wenowhavetofit

f(x)=
∑̀

i=1

d∑

µ=1

c
µ
iK(x

µ
−x

µ
i)

with`×dindependentc
µ
i.Inordertoavoidoverfittingwe

reducethenumberofcenters(m<<l):

f(x)=
d∑

µ=1

m∑

α=1

c
µ
αK(x

µ
−t

µ
α)



ExtensionsofAdditiveModels

Ifwenowallowforanarbitrarylineartransformationof

theinputs:

x→Wx

whereWisad′×dmatrix,weobtain:

f(x)=
d′

∑

µ=1

m∑

α=1

c
µ
αK(x

>
wµ−t

µ
α)

wherewµistheµ-throwofthematrixW.



ExtensionsofAdditiveModels

Theexpression

f(x)=
d′

∑

µ=1

m∑

α=1

c
µ
αK(x

>
wµ−t

µ
α)

canbewrittenas

f(x)=
d′

∑

µ=1

hµ(x
>
wµ)

where

hµ(y)=
m∑

α=1

c
µ
αK(y−t

µ
α)

Thisformofapproximationiscalledridgeapproximation



GaussianMLPnetwork

Fromtheextensionofadditivemodelswecantherefore
justifyanapproximationtechniqueoftheform

f(x)=
d′

∑

µ=1

m∑

α=1

c
µ
αG(x

>
wµ−t

µ
α)

Particularcase:m=1(onecenterperdimension).Then
wederivethefollowingtechnique:

f(x)=
d′

∑

µ=1

c
µ
G(x

>
wµ−tµ)

whichisaMultilayerPerceptronwithaRadialBasisFunc-
tionsGinsteadofthesigmoidfunction.Onecanargue
ratherformallythatfornormalizedinputstheweightvec-
torsofMLPsareequivalenttothecentersofRBFs.

Noticethatthesigmoidfunctioncannotbederived–
directlyandformally–fromregularizationbut...



SigmoidsandRegularization

Supposetohavelearnedtherepresentation

f(x)=
d′

∑

µ=1

c
µ
K′(x>

wµ−tµ)

whereK′(x)=|x|.Noticethatafinitelinearcombination

oftranslatesofasigmoidal,piece-wiselinearbasisfunction

canbewrittenasalinearcombinationoftranslatesof|x|.

Thereisaverycloserelationshipbetween1-Dradialand

sigmoidalfunctions.



RegularizationNetworks
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RegularizationnetworksandKernel
regression

•Kernelregression:nocomplexglobalmodelofthe

worldisassumed.Manysimplelocalmodelsinstead

(acaseofkernelmethods)

f(x)=

∑`
i=1wi(x)yi

∑`
i=1wi(x)

•Regularizationnetworks:fairlycomplexglobalmodel

oftheworld(acaseofdictionarymethods)

f(x)=
∑̀

i=1

ciK(x−xi)



Arethesetwotechniquesrelated?Canyousaysomething

abouttheapparentdichotomyof“local”vs.“global”?



LeastsquareRegularizationnetworks

Amodeloftheform

f(x)=
m∑

α=1

cαK(x−tα)

isassumedandtheparameterscαandtαarefoundby

min
cα,tα

E[{cα},{tα}]

where

E[{cα},{tα}]=
∑̀

i=1

(yi−f(xi))
2



LeastsquareRegularizationnetworks

Thecoefficientscαandthecenterstαhavetosatisfythe

conditions:

∂E

∂cα

=0,
∂E

∂tα

=0α=1,...,m

Theequationforthecoefficientsgives:

cα=
∑̀

i=1

Hαiyi

where

H=(K
T
K)−1

K
T

,Kiα=K(xi−tα)



Dualrepresentation

Substitutingtheexpressionforthecoefficientsinthereg-

ularizationnetworkweobtain

f(x)=
∑̀

i=1

yi

m∑

α=1

H
T
iαK(x−tα)

f(x)=
∑`

i=1yibi(x)

wherewehavedefined

bi(x)=
m∑

α=1

H
T
iαK(x−tα)

Thebasisfunctionsbi(x)arecalled“dualkernels”.



Equivalentkernelsformultiquadricbasisfunctions
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DualformulationofRegularizationnetworks
andKernelregression

f(x)=
∑`

i=1yibi(x)Regularizationnetworks

m

f(x)=
∑`

i=1wi(x)yi
∑`

i=1wi(x)
Kernelregression

Inbothcasesthevalueoffatpointxisa

weightedaverageofthevaluesatthedatapoints.



Project:isthistrueforSVMs?Canitbegener-

alized?



Conclusions

•Wehaveextended–withsomehandwaving–classical,

quadraticRegularizationNetworksincludingRBFinto

anumberofschemesthatareinspiredbyregularization

thoughdonotstrictlyfollowfromit.

•Theextensionsdescribedseemtoworkwellinpractice.

Mainproblem–forschemesinvolvingmovingcenters

andorlearningthemetric–isefficientoptimization.


