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Abstract

Rather than investigate a particular combustor, a whole class
of combustion systems, susceptible to damage from combus-
tion instabilities, is considered. Under some simple and realis-
tic assumptions (pressure waves re
ected from the combustor
boundaries smaller than incoming waves, 
ame stable in itself,
limited bandwith for the 
ame response), it is demonstrated
that the open-loop transfer function of such a combustion sys-
tem satis�es some general properties (minimum phase, small
relative degree) that are exploited to design adaptive active
controllers guaranteed to stabilise the self-excited combustion
oscillations. In particular, for the practical case of a com-
bustion system with time delay, a completely new and simple
adaptive control design is presented and a formal proof for
stability is given. The performance of such stable adaptive
controllers is illustrated in a simulation.

1. Introduction

In order to meet stringent emission requirements, combus-
tors are increasingly being designed to operate in a lean pre-
mixed mode. Although this reduces the NOx emissions, it has
the disadvantage that premixed 
ames are particularly suscep-
tible to self-excited oscillations, and the associated large-scale
pressure waves can cause structural damage. Active control
provides a way of extending the stable operating range of a
combustion system, by interrupting the damaging interaction
between acoustic waves and unsteady combustion. However,
to be useful in practice, an active controller needs to be e�ec-
tive across a range of operating conditions. An eÆcient ap-
proach is to use an adaptive controller in which the controller
transfer function is continually altered as the engine condition
changes.
They are already some algorithms that describe how to up-

date the controller parameters. The most popular adaptive
schemes used for active control of combustion instability is
the Least Mean Squares (LMS) algorithm applied to an IIR
(In�nite Impulse Response) �lter [5],[14],[11]. The LMS is very
attractive because it does not require any theoretical model:
the combustion process is considered as a `black box' and is
learnt during a system identi�cation procedure, performed o�-
line [5] or on-line [14],[11], thanks to measurements. However,
the major drawback is that an LMS controller might lead to
a divergence of the control scheme if, for some operating con-
ditions, the poles of the IIR become unstable. The features of
a LMS controller have been extensively studied by Evesque &
Dowling [11], and here it was necessary to introduce a parallel
algorithm (based on the Laguerre's method [22]) to prevent
a starting divergence due to the controller. Other adaptive
schemes already developed include neural networks [6] which
is a nonlinear version of the LMS-controller, and a minimi-
sation scheme based on the downhill simplex algorithm [19].

All these schemes provide no guarantee that the controller can
stabilise the self-excited combustion process.

An eÆcient way to prevent any divergence of the adaptive
control scheme is to use systematic methods for designing sta-
ble adaptive systems. The adaptive controller, called STR
(Self-Tuning Regulator) by Annaswamy et al [2], is designed
based on a Lyapunov stability analysis and is therefore guar-
anteed to be stable for any operating conditions. Furthermore,
the STR has the advantage of avoiding a system identi�cation
procedure (which is one of the main diÆculties in implement-
ing a LMS controller [11]), since it uses little information about
the physical process. However, so far, only a speci�c simple
combustor has been shown to have the structure required for
the design of a STR [2].

Our purpose in this paper is to:
(i) determine the general features of a self-excited combustion
system, rather than investigate a particular combustor in de-
tail.
(ii) exploit these features to design an adaptive controller
(STR) that is guaranteed to stabilise the combustion system,
the major challenge being to guarantee stabilisation in the p-
resence of time delay in the combustion system.
Step (ii) involves �rst the choice of a low order �xed con-
troller structure that can stabilise the system, and second the
determination of adaptive laws for the controller parameters
guaranteed to converge to stabilising values.

Hence, the paper is divided as follows: in section 2, a whole
class of self-excited combustion systems is described, and its
features used to build a STR are given. Section 3 describes low
order �xed regulator structures that can control a combustion
system with or without time delay, while section 4 deals with
the design of a Self Tuning Regulator guaranteed to stabilise a
self-excited combustion process, containing or not some time
delays. In section 5, the performance of the STR is illustrated
on a simulation based on a nonlinear model of a premixed
ducted 
ame developed by Dowling [9].

2. General features of self-excited combustion
systems

Most premixed combustors are highly resonant systems
and may develop combustion instabilities for some operating
conditions. These self-excited oscillations result from an
interaction between unsteady combustion and acoustic waves:
unsteady combustion generates sound, while acoustic waves
re
ected from the boundaries perturb the combustion still
further. Rather than investigate a particular combustor in
detail, we determine the general structure of this interaction,
which will then be exploited to design �xed and adaptive
controllers in sections 3 and 4 respectively.
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2.1 Open-loop characteristics

A wide class of combustion systems, including lean pre-
mixed prevapourised (LPP) combustors and aeroengine
afterburners, can be modelled as a combustion section
embedded within a network of pipes, as shown in �gure 1.
We will investigate linear low frequency perturbations to the

ow in such a pipework system.
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Figure 1: Open-loop behaviour of a self-excited combustion pro-
cess

The 
ow at inlet to the combustor is assumed to be isentrop-
ic, and the frequencies of interest are low. This ensures that
the combustion zone is short compared with the wavelength.
Moreover, since only plane waves transport acoustic energy,
it is suÆcient to consider one-dimensional disturbances. The
pressure and velocity upstream the 
ame can therefore be writ-
ten as a linear combination of the waves g and f , and down-
stream the 
ame as a linear combination of the waves h and
j:
in �xu < x < 0,

p(x; t) = p1 + f
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in 0 < x < xd,
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p,u,� and c are respectively the pressure, velocity, density and
speed of sound. The suÆces 1 and 2 denote 
ow quantities
just upstream and downstream of the combustion zone, and
the overbar indicates a mean value. The distances xu and xd
are the lengths upstream and downstream of the combustion
zone.
The boundary conditions of the combustor are characterized

by upstream and downstream pressure re
ection coeÆcients
Ru and Rd respectively. Since this boundary condition ne-
glects the conversion of combustion-generated entropy waves
into sound at any downstream nozzle, we expect it to be a good
approximation when the time taken for entropy waves to con-
vect through the straight duct, �u2=xd, exceeds their di�usion
time. We consider linear disturbances with time dependence
est, and assume that in the half plane Real(s) � 0:

jRu(s)j < 1;

jRd(s)j < 1: (3)

Physically, this means that the amplitude of the re
ected
wave is less than the incoming wave and may include some
time delay. Simple duct terminations like open and choked
ends trivially satisfy this condition, provided appropriate en-
ergy loss mechanisms are included. In appendix A, we show
that condition (3) is also satis�ed by re
ection from general
pipework con�gurations with negligible mean 
ow. The re-

ected waves f and j are easily obtained from g and h using
the combustor boundary conditions�:

f(t) = Ru(s)[g(t � �u)] at x = �xu

j(t) = Rd(s)[h(t � �d)] at x = xd; (4)

where �u = 2xu= �c1(1 � �M1
2
) and �d = 2xd= �c2(1 � �M2

2
) are

respectively the upstream and downstream propagation time
delays, and �M is the mean 
ow Mach number.
The equations of conservation of mass, momentum and en-

ergy across the short 
ame zone at x = 0 can be written in a
form that is independent of downstream density and temper-
ature [8]:

p2 � p1 + �1u1(u2 � u1) = 0





 � 1
(p2u2 � p1u1) +

1

2
�1u1(u

2
2 � u21) =

Q

A
: (5)

Q is the instantaneous rate of heat release, A is the combustor
cross-sectional area and 
 is the ratio of speci�c heat capaci-
ties. Substitution from (1), (2) and (4) into (5), and making
use of the isentropic condition p1=�



1 , gives the time evolution

of the outgoing waves g and h generated by the unsteady heat
release Q(t):

�
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��
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��
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0
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Ac1

!
(6)

where Xij and Yij are constant coeÆcients depending on the
mean 
ow only, and given in appendix B.
After taking the Laplace transformy of the system (6) and

using (1) and the boundary condition (4), one obtains the
transfer function

G(s) =
u1(s)

Q(s)
=

(RdY12e
�s�d�X12)(Rue�s�u�1)

det(N)
(7)

where

N =

�
X11 �RuY11e�s�u X12 � RdY12e

�s�d

X21 �RuY21e�s�u X22 � RdY22e
�s�d

�
:

G(s) describes the generation of unsteady velocity u1(t) at
the 
ame, due to the unsteady heat release Q(t).
Since the self-excited oscillation results from a coupling be-

tween unsteady heat release and acoustic waves, the forcing of
unsteady heat release due to incoming 
ow disturbances at the

�F (s)[ ] is an operator of the variable s = d
dt
. For instance,

x(t) = 1
s+1

[y(t)] means that dx
dt
(t) + x(t) = y(t).

yThe same notation is used for a temporal signal and its Laplace
transform, for instance u(t) and u(s).

2




ame must be also described. In many applications, the com-
bustion responds most strongly to velocity 
uctuations. This
is because in acoustic waves the fractional change in 
ow veloc-
ity is order M�1 larger than the fractional change in pressure,
ie a large factor at the low Mach numbers at which combustion
can be sustained. This dependence on 
ow velocity can either
be seen directly through its in
uence on 
ame kinematics and
shape [9],[12], or indirectly through its in
uence on fuel-air ra-
tio and hence on the rate of combustion in LPP systems [23].
A transfer function

H(s) =
Q(s)

u1(s)
(8)

is introduced to describe this combustion response. In
many circumstances, H(s) will include substantial time de-
lays. Models for the 
ame transfer function H(s) have been
published in the literature for di�erent combustors. However,
we do not want to restrict our controller design to any particu-
lar combustion system or model. Instead we will make general,
non-restrictive observations about the structure of the transfer
function H(s):

� (I) The 
ame is stable when there is no driving velocity
u, which means that the poles of H(s) are `stable' (ie, are
in the half plane Real(s) < 0 and so lead to eigenmodes
with negative growth rate).

� (II) The 
ame response has a limited bandwith, therefore
H ! 0 when s!1.

These assumptions about H(s) �t many 
ame models given in
the literature, including premixed 
ames [9] and LPP system-
s [13]. The eigenfrequencies can be determined by combining
equations (7) and (8). They satisfy

1�G(s)H(s) = 0: (9)

When a combustor is unstable, there are roots of equation (9)
with Real(s) > 0: linear perturbations grow exponentially in
time. We will design a feedback controller to stabilise such a
system.

2.2 Actuated combustion system

In order to apply active control to our self-excited com-
bustion system, an actuator is used to inject a perturbation
and hence break the damaging coupling between unsteady
combustion and acoustic waves. The two most commonly used
active control inputs are loudspeaker forcing and fuel-forcing
( [16] [20][4]). We will concentrate on fuel forcing which is
the most relevant for practical applications. An actuator is
driven to provide extra fuel (and sometimes air) which in turn
produces additional heat release. In order to describe the
impact of this input on the combustion system characteristics,
we study the relationship between Vc, a voltage sent to the
actuator, and Pref , the 
uctuating pressure measured at a
location xref (see �gure 1). That is, our goal is to characterize
the transfer function

W (s) =
Pref (s)

Vc(s)
: (10)

which represents the actuated open-loop combustion process.
We derive this transfer function in the following.

We assume that the external voltage Vc results in the addi-
tional heat release Qc through the following transfer function

Qc(s)

Vc(s)
=Wa(s)e

�s�a ; (11)

whereWa(s) represents the actuator dynamics. Typically the
actuator will be a valve with the characteristics of a mass-
spring-damper system, whose dynamics are described by the
transfer function Wa(s). If the fuel-air mixture is injected
directly into the combustion zone, the combustion response
will be instantaneous (�a = 0). However, if only fuel is added,
there will be a small mixing time delay before it is burnt (�a >
0). Often it is hazardous to inject fuel directly into the 
ame.
If the additional fuel is introduced some distance upstream of
the combustion zone, there will be a convection time delay
�a between injection and combustion. In a LPP system, it is
convenient to modulate the main fuel supplied in the premix
ducts, in which case �a may be a signi�cant proportion of the
period of the self-excited oscillations.
There will be additional unsteady heat release driven by the


ow 
uctuations. We will denote this naturally occuring rate
of heat release by Qn. It is related to the velocity 
uctuations
by the 
ame model in (8):

H(s) =
Qn(s)

u1(s)
: (12)

For linear 
uctuations, we can superimpose the 
uctuating
heat release due to external actuation Qc and the naturally
occuring heat release Qn to give the total 
uctuating rate of
heat release:

Q(s) = Qc(s) +Qn(s): (13)

The acoustic waves generated by Q(s) are described by (7),
ie

G(s) =
u1(s)

Q(s)
: (14)

From equations (11)-(13), one obtains that:

u1(s)

Vc(s)
=

G(s)Wa(s)e�s�a

1�G(s)H(s)
: (15)

If the unsteady pressure Pref is measured upstream the

ame (xref < 0), then Pref is a linear combination of the
upstream waves f and g. Using (1) and the boundary condi-
tion (4) at x = �xu, one easily obtains:

Pref (s)

u1(s)
= ��1 �c1

1 + Rue

�2s(xu+xref )

�c1(1�
�M2
1
)

Rue�s�u � 1
� e

sxref
�c1��u1 (16)

Therefore, it follows from (15) and (16) that the open-loop
transfer function of the actuated system given in (10) can be
written in the form:

W (s) =
Pref (s)

Vc(s)
=W0(s)e

�s�tot ; (17)

where

�

�tot = �det + �a (18)

is the total time delay in the actuated system, �a is a time
delay due to the actuation and �det = �xref=(�c1 � �u1) is
the detection time delay due to the pressure measurement
location.
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�

W0(s) = ��1�c1 �
G(s)Wa(s)

1�G(s)H(s)
�
1 +Rue

�2s(xu+xref )

�c1(1�
�M2
1
)

Rue�s�u � 1
; (19)

with G(s) and H(s) given in equations (7) and (8).

If Pref is measured downstream the 
ame (xref > 0), then
Pref is a linear combination of the downstream waves h and
j. A simple calculation, using the wave structure in equation-
s (1) and (2) and the continuity condition across the combus-
tion zone in equation (5)a, shows that the transfer function
Pref (s)=Vc(s) again has the form given in (17), provided that
the right-hand side of equation (19) is multiplied by

Pdu(s)=
�X11+RuY11e�s�u

X12�RdY12e�s�D

1+Rde
�2s

xd�xref

�c2(1�
�M2
2
)

1+Rue
�2s

xu+xref

�c1(1�
�M2
1 )

e
�s

� xref
�c2+�u2

+
xref
�c1��u1

�
(20)

2.3 General structural properties of the open-loop
system useful for control design

For the sake of clarity, only the case of an upstream
pressure measurement is considered here, but similar results
could be derived for a downstream pressure measurement,
using the expression of Pdu(s) given in (20). The wave
description of linear perturbations in sections 2.1 and 2.2
gives the open-loop transfer function W (s) in a particularly
convenient form:

W (s) = e�s�totW0(s); (21)

ie the product of a pure time delay and the transfer function
W0(s) de�ned in (19). We will now show that W0(s) has some
general structural properties that are useful for the control
design. First W0(s) given in equation (19) is expanded into
a rational form. This is achieved by applying the Pad�e ap-
proximation technique [3] for each exponential term of W0(s).
This technique has been widely used in handling systems with
time delays. We will use the notation

�
L
M

�
f(s)

to denote the

(L;M)th order Pad�e approximant of a function f(s), which
is a rational function P (s) whose numerator has order L and
denominator order M . The rational function P (s) is chosen
such that the �rst L+M+1 terms in the power series of P (s)
will match those of f(s), ie

f(s) =

�
L

M

�
f(s)

+O(sL+M+1): (22)

Lemma 1: The zeros of W0 are stable (ie are in Real(s) < 0):
W0(s) is said to be `minimum phase'
Note that a rational approximation of the multiplying time de-
lay e�s�tot in equation (21) introduces unstable zeros into the
open-loop transfer function W (s) = W0(s)e

�s�tot : it is W0(s)
that is minimum phase, and not the overall transfer function
W (s). The time delays in the expression ofW0(s) given in (19)
are approximated by Pad�e expansions to give a rational ap-
proximation to the transfer function W0(s), and the stability
of the zeros of W0(s) is discussed. First, it is evident from e-
quation (19) that the poles of the 
ame transfer function H(s)
become zeros of W0(s). As noted in assumption (I), the condi-
tion that the 
ame is stable when there is no driving velocity
u1 ensures that these zeros are all in Real(s) < 0. There-
fore H(s) does not introduce unstable zeros for W0. Secondly,
G(s) appears at the numerator and the denominator of W0(s),

therefore its poles do not in
uence the zeros of W0(s). Third-
ly, we assume that Wa(s) has no unstable zeros. Fourthly, the
numerator of W0 includes G(s) de�ned in (7) and is the prod-
uct of terms of the form K1(s)+K2(s)e

�s� , where � is a time
delay, and jK1(s)=K2(s)j > 1 for Real(s) � 0 (because the
re
ection coeÆcients Ru(s) and Rd(s) have modulus strictly
smaller than 1 for Real(s) � 0, and also because X12 > jY12j).
These factors have no zeros in Real(s) � 0, because at a zero

e�s� = �
K1(s)

K2(s)
: (23)

Equation (23) cannot be satis�ed in the half-plane Real(s) �
0, because there je�s� j � 1, while jK1(s)=K2(s)j > 1. We need
to check that this remains true after a suitable Pad�e expansion
of e�s� . After the Pad�e approximation is made, one has to
solve equations of the type

�
L

M

�
e�s�

=
�K1(s)

K2(s)
; (24)

in order to �nd the remaining zeros of W0. Baker & Graves-
Morris [3] introduce the concept of A-acceptability for ra-
tional functions: a rational function R(z) is A-acceptable if
jR(z)j < 1 for Real(z) < 0. They go on to prove that the
Pad�e approximant of the exponential function [L=M ]ez is A-
acceptable provided that M = L, L + 1 or L + 2. Therefore,
with such a choice of L and M , we obtain that

j [L=M ]e�s� j < 1 for Real(�s�) < 0: (25)

However, jK1(s)=K2(s)j > 1 for Real(s) � 0, so equa-
tion (24) has no roots in Real(s) > 0. On Real(s) = 0,
the numerator and denominator of the Pad�e approximan-
t [L=M ]e�s� are complex conjugate when L = M , which
means that j [M=M ]e�s� j = 1 in Real(s) = 0. Hence, since
jK1(s)=K2(s)j > 1 for Real(s) = 0, equation (24) has no roots
on Real(s) = 0, when L =M .
Therefore, it has been proved that all the zeros of W0

are stable, provided that the (L;M)th order of each Pad�e
approximant is chosen so that M = L, for any M .

Lemma 2: The relative degree of W0 is equal to the
relative degree of the actuator transfer function
An essential feature required for the control design is the
relative degree n� of W0, denoted n

�(W0), which is the degree
of the denominator of W0 minus the degree of its numerator.
n�(W0) is the sum of the relative degrees of its various factors.
Again working from the de�nition from the de�nition of W0

in (19):

� n�(G(s)) = 0 when the (L;M)th order Pad�e approxi-
mant for each exponential term e�s�u and e�s�d satis�es
L �M (we assume that Ru(s) and Rd(s) have a relative
degree equal to zero, as it is described in Appendix A).

� similarly, n�( 1+Rue

�2s(xu+xref )

�c1(1�
�M2
1 )

Rue�s�u�1
) = 0 when the (L;M)th

order Pad�e approximants for each exponential term e�s�u

and e

�2s(xu+xref )

�c1(1�
�M2
1
) satis�es L �M .

� n�(H) � 0 since the 
ame has a limited bandwidth re-
sponse (assumption (II)). Therefore, H(s) does not a�ect
the relative degree of W0.

Finally, it appears that the relative degree of W0 is
equal to the relative degree of the actuator transfer func-
tionWa, when each Pad�e approximant [L=M ] satis�es L �M .
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Lemma 3: The high frequency gain of W0 is positive
The STR design requires information on the sign of the high
frequency gain k0 of W0 [18], de�ned as follows:

W0(s) = k0
Z0(s)

R0(s)
; (26)

where k0 is a constant, and Z0(s) and R0(s) are two monicz

polynomials. To �nd sign(k0), we simply need to �nd equiv-
alent expressions at large s for each factor of W0:

� As noted in assumption (II), H ! 0 for s!1. Further-
more, n�(G) = 0, so that

1�G(s)H(s) � 1 for s!1: (27)

� The other factors of W0 are terms of the form 1 +
R(s)e�s� , where � is a time delay. Make a Pad�e ap-
proximation: e�s� = [L=M ], with L = M . Hence the
high frequency gain of [L=M ] is (�1)M . In appendix A
is shown that the high frequency gain h of R(s) satis�es
jhj < 1. Therefore, the high frequency gain 1 + h(�1)M

of the term 1 +R(s)e�s� has the same sign as 1.

Finally, at high frequencies, the gain ofW0 is easily found to be
positive when each Pad�e approximant [L=M ] satis�es L =M .
There is a straightforward reason why W0(s), in the open-

loop transfer function Pref=Vc = W0(s)e
�s�tot , has the sim-

ple properties outlined in lemmas 1 and 2. For Real(s) � 0,
the amplitudes of the oscillations do not decrease with time
and the boundary conditions jRuj; jRdj < 1 ensure that the
largest contribution to Pref is from the acoustic wave leaving
the combustion zone, rather than the waves subsequently re-

ected from the boundaries. Under these circumstances, the
main structure ofW0(s) in equations (19) and (20) is dominat-
ed by the properties of Wa(s), the other multiplying factors
do not introduce unstable zeros nor a�ect the relative degree.
It is interesting to note that this argument remains true

if the form of actuation is a loudspeaker, provided the loud-
speaker is located within the combustion zone. However, this
situation is more complicated when the loudspeaker is at a
general axial position in the combustor. Then, since the com-
bustion zone is an active component, it can re
ect a wave
of greater amplitude than the incident wave: if Rf denotes
the re
ection coeÆcient at the 
ame, jRf j > 1 is possible
even in Real(s) � 0 [21]. Under these circumstances, Pref=Vc
can have unstable zeros for some positions xref . Lemma 1
therefore is not true for general loudspeaker positions. This
is consistent with the experience of Annaswamy et al [1] who
calculated Pref=Vc for a particular idealised combustor with
loudspeaker actuation. They found that no simple relationship
could be derived between the locations of the sensor, actuator
and 
ame, and the zeros stability. For instance, for the partic-
ular case of sensor and actuator collocated at the 
ame, their
open-loop plant Pref=Vc had no unstable zeros. However, for
the particular case of fuel forcing, the open-loop transfer func-
tion satis�es lemmas 1 and 2, properties that greatly help in
the control design.

3. Fixed regulator design

We have shown that for fuel actuation the open-loop
transfer function has a simple form: it can be written as the

za monic polynomial denotes a polynomial whose leading coeÆ-
cient is unity

product of a pure time delay and a transfer function W0(s):
Pref (s)=Vc(s) = e�s�totW0(s). We will begin by designing a
controller for the particular case �tot = 0 and will then extend
these ideas to the general and more practically relevant case
�tot 6= 0.

3.1 System without time delay (�tot = 0)

It is clear from equation (18) that �tot = 0 requires
that the control fuel is injected and burnt with no time delay
(�a = 0), and that the reference pressure is measured in
the combustion zone (xref = 0). Our open-loop combustion
process is then described by

W0(s) =
Pref (s)

Vc(s)
= k0

Z0(s)

R0(s)
(28)

where k0 is a positive constant, and Z0 and R0 are two monic
polynomials. Furthermore, Z0 and R0 are `coprime' polyno-
mials, which means that they have no common factors. From
lemma 1, we also know that Z0 is a stable polynomial (ie it has
only zeros in Real(s) < 0), whereas R0(s) has unstable zeros
since our system exhibits self-excited oscillations. Finally, if
R0 has degree n, Z0 has degree n � n�, where

1 � n� = n�(Wa) � 2: (29)

(n� = n�(Wa) comes from lemma 2, and most practical actu-
ators have a relative degree of 1 or 2).

To this open-loop system, we will apply an active feedback

Vc

Pref
= �K(s): (30)

The aim of the regulator is to stabilize the system, ie to
make all the closed-loop poles stable. Combining (28) and (30)
shows that these poles are the zeros of

Rcl(s) = R0(s) +K(s)k0Z0(s); (31)

The regulator transfer functionK(s) is to be determined using
roots locus arguments [7]:

If n�(W0) = 1, consider the transfer function

K1(s) = kc; (32)

where kc is a constant. Then the closed-loop poles are the
zeros of the

Rcl(s) = R0(s) + k0kcZ0(s): (33)

For jkcj `large', n � 1 zeros of Rcl(s) will be moved towards
the n � 1 stable zeros of k0Z0(s). Investigation of the large
jsj asymptotic form shows that the nth zero of Rcl(s) is also
stabilised if sign(kc) = sign(k0). Therefore, a �nite value
kcmin

> 0 exists such that

jkcj > kcmin
; sign(kc) = sign(k0) (34)

is a necessary and suÆcient condition to stabilize our mini-
mum phase plant of relative degree 1.
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If n�(W0) = 2, and the regulator K1(s) is used, then a
large jkcj will guarantee that n � 2 zeros of Rcl(s) will be
moved towards the stable zeros of k0Z0(s). The two remaining
complex conjugate roots of Rcl(s) = 0 will be moved towards
the stable half plane Real(s) < 0 only if

sign(kc) = sign(k0)X
(zeros of R0)�

X
(zeros of Z0) < 0: (35)

As explained by Dorf & Bishop [7], equation (35)b guarantees
that the asymptote centroid of the root locus is situated in the
left half plane Real(s) < 0. However, since (35) is not true in
general, a better strategy is to use the following regulator:

K2(s) = kc
s+ zc

s+ pc
; (36)

where pc and zc are some positive constants, pc > zc. K2(s)
corresponds to a phase-lead compensator, which adds phase,
ie damping, in a frequency range [zc; pc]. Then the closed-loop
poles are the zeros of

Rcl(s) = (s+ pc)R0(s) + k0kc(s+ zc)Z0(s): (37)

For a `large kc' and an adequate choice of zc and pc, the n
zeros of Rcl(s) can be moved towards the left half plane. More
precisely, a �nite value kcmin

> 0 and some positive constants
pc and zc exist such that

jkcj > kcmin

sign(kc) = sign(k0)X
(zeros of R0)�

X
(zeros of Z0) < pc � zc (38)

is a necessary and suÆcient condition to stabilize a minimum
phase plant of relative degree 2 with the regulator K2(s). No-
tice thatK2(s) is also guaranteed to stabilize a minimum phase
plant of relative degree 1.
In the following, the compensator K2(s) given in equa-

tion (36) will be implemented as shown in �gure 2. The feed-
back transfer function for this system is given by

Vc = �
k2Vc

s+ zc
� k1Pref (39)

ie

Vc

Pref
= �

k1(s+ zc)

s+ zc + k2
: (40)

It is clear from equations (40) and (36) that k1 represents
the gain kc and k2 determines the phase lag pc in K2(s).

Vc Pref

k1

ko(Zo/Ro)

k2/(s+zc)

- -

Figure 2: Fixed low-order controller structure for �tot = 0, n� � 2

However, the major drawback of such a �xed regulator
K2(s) is that a cautious choice of pc is necessary if the in-
equality (38)c is to be guaranteed without detailed knowledge

of the plant. This in turn can mean that the gain kc required
to achieve control is large, especially to ensure stabilization
under varying operating conditions, ie under uncertainties
in the unstable frequencies !u. A large kc means a large
control e�ort, which is to be avoided. Therefore, to improve
the response of our regulator K2(s) under varying operating
conditions, one can choose a �xed zc > 0, and make the other
control parameters kc and pc adaptive. This is the topic of
section 4 .

3.2 Combustion system with known time delay (�tot 6= 0)

non disclosure now due to patent application. Will

appear in the final version of the paper on 8-11 May

2000

4. Adaptive regulator design

4.1 System without time delay (�tot = 0)

It was shown in section 3.1 that a �rst order regulator
K2(s) = kc(s+zc)=(s+pc) will stabilize our combustion process
which is minimum phase and of relative degree less or equal to
2. The adaptive version of this regulator, called Self-Tuning
Regulator (STR), is given in �gure 3.

Vc Pref

k1

ko(Zo/Ro)

1/(s+zc)

k2

+

- -

i

Figure 3: Low order adaptive controller for �tot = 0, n� � 2

With this controller structure, the closed-loop transfer func-
tion between some input noise i and Pref is

Pref (s)

i(s)
=Wcl(s) =

k0(s+ zc)Z0(s)

Rcl(s)
; (41)

and the closed-loop poles are the roots of

Rcl(s) = (s+ zc + k2)R0(s) + k1k0(s+ zc)Z0(s); (42)

where zc > 0 is �xed, and two controller parameters, k1(t)
and k2(t), are tuned. It is clear from equations (42) and (37)
that k1 represents the gain kc of the �xed regulator K2(s),
while k2 is used to tune pc. The control equation in the time
domain is then:

dVc

dt
(t) + (zc + k2(t))Vc(t) = �k1(t)

�
zcPref (t) +

dPref

dt
(t)

�
: (43)

In the following, vectors are denoted in bold characters and
T denotes the transpose of a vector.
We introduce:

� the unknown controller parameter vector k(t)T =
[k1(t); k2(t)], and the error parameter vector ~k = k� k�,
where � denotes a value for which closed-loop stability is
achieved.

� the data vector d(t)T = [Pref (t); V (t)], where V (t) =
1

s+zc
[Vc(t)] and zc is a positive constant. In an experi-

ment, d can be determined at each t from the measure-
ment Pref and known Vc.
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We now need to �nd an updating rule for k, so that stabil-
isation can be accomplished fo any parameters in W0(s).

Case (i) : n
�(W0) = 1. This corresponds to the easi-

est case. The closed-loop transfer function Wcl given in (41)
has then a relative degree equal to 1 and is `Strictly Positive
Real' (SPR), which is the essential property required to de-
velop a global stability analysis based on Lyapunov's direct
method [18]. Such a method aims at �nding adaptive laws for
k which are guaranteed to stabilize the self-excited combustion
process. Essentially, the strictly positive realness ofWcl means
that it is possible to �nd a quadratic positive function Vl, that
is decaying when k is updated correctly. Such a function Vl is
referred to as a `Lyapunov function', and can be viewed as an
energy function: if this function decreases, it implies that the
system is stabilised. To summarize, when W0 has a relative
degree equal to 1, the STR which guarantees the stability of
the system is described by:

Vc(t) = �kT (t):d(t)

_k(t) = sign(k0)Pref (t)d(t); (44)

where sign(k0) = +1 from Lemma 3. For reference, equa-
tion (44) comes from the application of lemma 5.1 in Narendra
& Annaswamy [18], noting that

Pref (t) =Wcl(s)[�~k
T (t):d(t)]: (45)

Case (ii) : n
�(W0) = 2. In this case Wcl is not SPR.

We need then to modify the control signal Vc as indicated in
�gure 4, in order to make the closed-loop transfer functionWcl

to e�ectively have relative degree 1. We write, using the same
approach as Annaswamy et al [2]:

Vc(t) = (s+ a)[�kT (t):da(t)] (46)

where da(t) =
1

s+a
[d(t)]. After some simple algebra, Vc can

be written as

Vc(t) = �kT (t):d(t) � _k
T (t):da(t): (47)

Now, we have

Pref (t) = Wcl(s)(s+ a)[�~kT (t):da(t)]

= Wm(s)[�~k
T (t):da(t)]; (48)

where Wm(s) = (s+ a)Wcl(s) is the new closed-loop transfer
function of our system, which has relative degree 2 and is
SPR. Noting that equation (48) looks similar to equation (45),
lemma 5.1 [18] can be applied: the STR which will guarantee
the stability of the system of relative degree 2 is given by:

Vc(t) = �kT (t):d(t) � _k(t)T :da(t)

_k(t) = sign(k0)Pref (t)da(t); (49)

where sign(k0) = +1 from Lemma 3.

da

s+a1/(s+a)

d
k

Vc

Figure 4: Modi�cation of the control input Vc

An important remark is that the STR described for the
case n�(W0) = 2 will also work if n�(W0) = 1, which means
that even if the actuator dynamics are not very well known in
practice, the STR design given in equation (49) will always
give satisfactory results.

4.2 Combustion system with known time delay (�tot 6= 0)

non disclosure now due to patent application. Will

appear in the final version of the paper on 8-11 May

2000

5. Application to a premixed ducted 
ame
(simulation)

5.1 Nonlinear 
ame model used in the simulation

A model for nonlinear oscillations of a ducted 
ame de-
veloped by Dowling [9] will be used to verify the controller
performance. The theory involves extension of the 
ame
model of Flei�l et al[12] to include a 
ame holder at the centre
of the duct and nonlinear e�ects. Due to page limitation, the
reader is asked to refer to [9] for details.

5.2 Adaptive regulator design

The 
ame model described in [9] �ts in the class of
combustion systems given in section 2, since:

� the upstream re
ection coeÆcient has a modulus strictly
smaller than 1 (choked end: Ru = (1� �M1)=(1 + �M1)) , in
agreement with equation 3. Notice that the downstream
re
ection coeÆcient has modulus just equal to 1 (ideal
open end: Rd = �1). However, with care the condition
jRd(s)j < 1 in equation 3 can be relaxed to jRd(s)j �
1 provided an upstream pressure measurement is made.
This is because in the transfer function G(s) given in (7),
jX12j > jY12j and jX22j > jY22j.

� after linearisation for small perturbations, the 
ame
transfer function is given by (see [9]):

H(s)=
Qn(s)

uG(s)
=
2��He�s�2

s�f �c
2
1(b+a)

�
a�be�s�f +

b�a

s�f
(1�e�s�f)

�
(50)

Therefore, H ! 0 as s!1, and the poles of H(s) are
stable: assumptions (I) and (II) are satis�ed.

Hence, section 2 proves that the relative degree of the open-
loop transfer function W0 is equal to the relative degree of
the actuator transfer function. As in Evesque et al [10], the
actuator chosen is a fuel injection system modelled as follows:

Qc(s)

Vc(s)
=

e�s�a

s2=!2c + 2cs=!c + 1
(51)

where !c and c are respectively the resonance frequency and
damping of the fuel injector. From equation (51), we deduce
that the relative degree of W0 is 2. Section 2 shows also that
the `high frequency gain' k0 is positive and that the zeros of
W0 are stable.
Two cases are studied in the simulation:

� a system without time delay (�tot = 0). This is achieved
by making the pressure measurement at the 
ame (ie
xref = 0) and by setting the time delay �a to zero in
equation (51). Then the STR is implemented as indicat-
ed in equation (49), with sign(k0) = +1.

7
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For both cases, a convergence coeÆcient � is added in the
adaptive law for each controller parameter. The controller
parameter vector k is initialized to zero. Simulations results
are given in the next section.

5.3 Simulation results

System without time delay (�tot = 0). Figure 5
shows the time evolution of the pressure measurement Pref
and the corresponding control signal Vc for varying operating
conditions. The control is switched on at t = 0:15 s, when
the limit cycles are already established (operating conditions:
� = 0:7, �M1 = 0:08). The oscillations tend to zero within
1 s; note that the settling time depends on the convergence
coeÆcient � used. Then from t = 1:95 s to t = 2:1 s, �M1

is increased to 0.095: in the open-loop system such a change
shifts the frequency of the unstable mode from 58 to 63 Hz.
Nevertheless, the STR is able to drive Pref back to zero again.
Changes in the fuel air ratio � have also been successfully test-
ed, but this corresponds to a less drastic change since only the
amplitude, not the frequency, of the unstable mode is modi-
�ed. It has been also observed that the STR works �ne even if
xref is moved anywhere upstream the 
ame (see �gure 6(c,d)),
which is interesting for practical applications where a pressure
measurement directly at the 
ame may be diÆcult to perform.

0 0.5 1 1.5 2 2.5 3
−0.2

−0.1

0

0.1

0.2

Pre
f

Control ON 
Control OFF

0 0.5 1 1.5 2 2.5 3
−0.4

−0.2

0

0.2

0.4

Vc

Time (sec)

Figure 5: STR for �tot = 0, M1 is varied linearly from 0.08 at
t = 1:95 s to 0.095 at t = 2:1 s. : : : : controller OFF, |: controller
ON after t = 0:15 s.

However, ideally the fuel injection system used for control
would modulate a very small fraction of the main fuel: 5 or
10% for instance, which corresponds in our simulation to lim-
iting Vc to below 0:05 or 0:10. Therefore, the next step is to
limit the control e�ort required to achieve control. This is il-
lustrated in �gure 6 in two ways: in �gure 6(a,b), a saturation
limit on Vc is imposed, as in Evesque et al [10], whereas in
�gure 6(c,d), control is switched on while the oscillations are
growing (this is simply achieved by reducing the duration of
the pulse initiating the limit cycles at t = 0). The second
case shows that the control e�ort naturally decreases when
the pressure oscillation amplitude is smaller. A saturation
limit imposed as in �gure 6(a,b) has to be handled with care:
if the amplitude of Vc becomes too small compared to the am-
plitude of Pref , then any controller (LMS [10], robust [10],
STR...) will not be able to drive Pref to zero but will only
reduce the pressure amplitude, as observed by Krstic et al [15].
Therefore, to optimize the control response in the presence of
saturation (in practice Vc will always need to be limited), it is
necessary to include the saturation limit on Vc into the STR
design: this is of current work.

0 0.5 1 1.5 2 2.5 3
−0.2

0

0.2

P
re

f

0 0.5 1 1.5 2 2.5 3
−0.4

−0.2

0

0.2

V
c

0 0.5 1 1.5 2 2.5 3
−0.2

0

0.2

P
re

f

0 0.5 1 1.5 2 2.5 3
−0.4

−0.2

0

0.2

V
c

Time (sec)

Figure 6: Two ways to limit the control signal amplitude. �tot = 0,
M1 is varied linearly from 0.08 at t = 1:95 s to 0.095 at t = 2:1
s. (a,b): the amplitude of Vc is clipped to 0.17. xref = xb. (c,d):
control is ON while the pressure oscillations are growing. xref =
xb=2. : : : : controller OFF, |: controller ON after t = 0:15 s.

System with time delay (�tot 6= 0). non disclosure

now due to patent application. Will appear in the

final version of the paper on 8-11 May 2000

6. Conclusions

A general combustion system, susceptible to exhibit combus-
tion instabilities, and satisfying the following assumptions, was
considered:

1. the pressure re
ection coeÆcients at the boundaries of
the combustor have a modulus strictly smaller than 1 in
Real(s) � 0.

2. the 
ame response has a limited bandwidth: at high fre-
quencies, the 
ame does not follow incoming velocity 
uc-
tuations.

3. the 
ame is stable in itself, it becomes unstable only due
to the interaction with the acoustic waves in the combus-
tor.

We demonstrated that such a combustion system is essentially
represented by an open-loop transfer function

W (s) =
Pref (s)

Vc(s)
= k0

Z0(s)

R0(s)
e�s�tot

where Pref is a pressure measurement in the combustor and
Vc is the voltage driving the fuel injector used as control ac-
tuation. Some general properties have been derived:
(i) the zeros of R0(s) are all stable (ie are in Real(s) < 0)
(ii) the relative degree of Z0(s)=R0(s) is equal to the relative
degree of the actuator transfer function, ie 2 for a fuel injector.
(iii) k0 is a positive gain.
These properties have been exploited to design an adaptive
controller guaranteed to stabilise the self-excited combustion
system. In particular, for the case of a combustion system
with time delay (�tot 6= 0), which is the most realistic case,
the design is completely novel. The adaptive controller has
been tested successfully on a simulation of a premixed ducted

ame. An experimental veri�cation is planned over the next
months.

APPENDIX
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Appendix A. Consider linear disturbances with time de-
pendence est in the pipework system upstream the combustion
zone, as shown in �gure 7.

f i f i+1

g i+1g i

x0 x1 x i x i+1

R0

Figure 7: upstream pipework system

The Mach number considered is so low that we assume there
is no mean 
ow in the pipework system. The pressure re
ec-
tion coeÆcient at an axial position xi is Rui(s). The cross-
sectional area of the duct i between x = xi and x = xi+1 is
Ai. The mean speed of sound is �c and the mean density is ��.
At x = 0, we assume that the pressure re
ection coeÆcient
Ru0(s) satis�es

jRu0(s)j < 1 in Real(s) � 0

n� (Ru0 (s)) = 0: (52)

These assumptions are true for a choked end at x = x0 for
instance. In the following, we show by induction that for all
i, jRui(s)j < 1 in Real(s) � 0, and n�(Rui(s)) = 0.
At x = xi, the re
ected wave fi is related to the incoming

wave gi:

fi(t) = e�2s
xi+1�xi

�c Rui(s) [gi(t)] : (53)

Writing the continuity of pressure and mass 
ux across
x = xi+1, and using the boundary condition (53) leads to
the following relationship between the re
ected wave fi+1 and
the incoming wave gi+1 in the duct i+ 1:

fi+1(t) = e�2s
xi+2�xi+1

�c Rui+1(s) [gi+1(t)] ; (54)

where

Rui+1 (s) =
Ki + Rui(s)e

�s�i

1 +KiRui (s)e
�s�i

(55)

Ki =
Ai+1 � Ai

Ai+1 + Ai
(56)

�i =
�2(xi+1 � xi)

�c
: (57)

By inspection jKij < 1. Furthermore, from (55), one deduces
that n�(Rui(s)) = 0 implies that n�(Rui+1(s)) = 0 after a
Pad�e expansion [M=M ] for e�s�i is made. Let us write Rui in
the form Rui(s) = jRui(s)je

�s�i in equation (55). Then one
easily obtains

jRui+1 (s)j
2 =

K2
i + jRui j

2e�2Real(s)�i + :::

1 +K2
i jRui j

2e�2Real(s)�i + :::

:::+ 2KijRui(s)je
�Real(s)�i cos(Imag(s)�i + �i)

:::+ 2KijRui(s)je
�Real(s)�i cos (Imag(s)�i + �i)

(58)

The di�erence P between the numerator and the denominator
of jRui+1(s)j

2 is equal to

P = (1 �K2
i )(jRui j

2e�2Real(s)�i � 1) (59)

Therefore, in Real(s) � 0, jRui(s)j < 1 implies that P < 0
and hence jRui+1 j < 0.

Now we assume that at x = x0, the high frequency
gain h0 of Ru0(s) satis�es

jh0j < 1: (60)

(this is true for a choked end). We show by induction that for
all i, the high frequency gain hi of Rui(s) satis�es jhij < 1.

From (55), after a Pad�e expansion [M=M ] for e�s�i is made,
one deduces that

hi+1 =
Ki + hi(�1)M

1 +Kihi(�1)M
: (61)

and hence

jh2i+1j =
K2
i + h2i � 2(�1)MKihi

1 + 2Kihi(�1)M +K2
i h

2
i

: (62)

The di�erence Q between the numerator and the denominator
of hi+1 is

Q = (1 �K2
i )(h

2
i � 1): (63)

Hence, jhij < 1 implies that Q < 0 and therefore jhi+1j < 1.

z1z jz j+1

a j
a j+1

b j+1
b j

z0

Figure 8: downstream pipework system

Similarly, for a pipework system downstream the 
ame, end-
ed by a nozzle (see �gure 8), we assume that at z = z0,
the pressure re
ection coeÆcient Rd0 satis�es the assumption-
s (52) and (60), which is true if the nozzle is compact [17]. By
induction, it can be shown that at any position z = zj , the
downstream pressure coeÆcient Rdj and its high frequency
gain hj satisfy

n�(Rdj ) = 0

jRdj (s)j < 1 in Real(s) � 0

jhj j < 1: (64)

Appendix B. The full form of the coeÆcients in equa-
tion (7) is:

X=

0
B@ �1+ �M1

�
2� �u2

�u1

�
� �M2

1

�
1� �u2

�u1

�
1+ �M1

��1 �c1
��2 �c2

1�
 �M1

�1

+ �M2
1�

�M2
1 (1�

�M1)
1
2

�
�u22
�u21
�1

�
�c2
�c1

1+
 �M2

�1

+ �M1
�M2

��1
��2

1
CA (65)

Y=

0
B@ 1+ �M1

�
2� �u2

�u1

�
+ �M2

1

�
1� �u2

�u1

�
�M1

��1 �c1
��2 �c2

�1

1+
 �M1

�1

+ �M2
1�

�M2
1 (1+

�M1)
1
2

�
�u22
�u21
�1

�
�c2
�c1

1�
 �M2

�1

+ �M1
�M2

��1
��2

1
CA (66)
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