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Abstract

Thispaperaddressespen-loopcontrolstratgiesthatinvolve alow frequeny modulationof thefuel
injectionfor suppressiomf pressurescillationsin comhustionsystems.Sucha stratgy hasbeenem-
ployedin anumberof recentinvestigationsncluding[1]-[5]. Usingaphysicallybasednodel,analytical
explanationsfor the effectivenesof sucha low pulsingstrateyy are providedin this paper Conditions
arederivedon thefrequeng andthe duty-cycle usedin the control strateyy thatleadto stabilizationin
thecomlustor, underidealandnonidealswitchingstrategyies,andin the presencef hysteresis.

1 Introduction

An importantperformanceequirementof lean premixed comhustion systemss stability over the entire
operatingrangeof fuel/airflow. Unstablepressureoscillationsare undesirableasthey impactthe compo-
nentlife-time andthe overall turbinein general.Avoiding unstableoperatingconditionsby increasinghe
equivalenceratio negatively affects otherdesirableperformancespecificationsuchaslow NOx and high

efficiengy.

Comlustioninstability hasbeenobsered in systemssuchas afterturners,gasturbines,wasteincin-
erators. Practicalsolutionsto avoid it include changesn the acousticparametersand/orthe comhustion
stabilizationmechanismaswell asthe useof dampers.Lack of understandingf the underlyingmecha-
nisms,modelsthat can predictthe instability characteristicas a function of the systemgeometry design

andoperatingconditionsmale it difficult to designstablesystemswithout the useof numerousterations.

Active controltechnologiehave beenexploredover the pastdecaden aneffort to combatthe unstable
dynamicswithout requiring major hardware redesignsJimiting the operability regime of the engine,or
shifting the operatingconditionaway from the stateof lowestemissionin leansystemsor highestpower
densityin nearstoichiometricsystems. Five different methodshave beenadoptedfor active control: (i)

Phase-shiftontrol,which consistof filtering, phase-shiftingandfeedingbackthe pressuresignal[6]-[13]
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(i) model-basedontrol,which consistof developingaphysicallybasednodelof thecomhustiondynamics
andhave beendemonstratetb yield anoptimalstabilizingresponse@ndercertainconditions [14]-[17], (iii)
obserer-basedcontrol[18], which have beenshavn to resultin satishctorypressuresuppressiomisingan
on-line determinationof an obserer and a phase-shiftcontroller basedon the obserer parameters(iv)
control basedon system-identificatiorbasedmodeling[19, 20] and (v) open-loopcontrol stratgies [1,
2],[21]-[5] wherethe mass-flav rate of a fuel injector (and thereforethe equialenceratio) is switched
betweentwo differentvaluesat a significantly slover frequeng thanthe resonanfrequeng. This paper

concernanalyticaldiscussion®f the lastmethodlisted above.

In [1, 2, 21] alow frequeng pulsing stratgy was usedto stabilizethe pressureoscillations,with no
feedback.In [3], a similar low-frequeng modulationwasused.In [4, 5], the presencef hysteresisn the
comhustorwasusedto designalow-frequeng pulsingstrat@y to suppresshe pressurescillations.In [1],
a 20 kW gasturbine comhustorwas stabilized,with a resonanfrequeng of 300 Hz and an equivalence
ratio of 0.85,usinga fuel-injectoroscillatedat 50 Hz andat duty cyclesbetweer).36and0.5. It wasalso
obsenred that for larger duty-g/cles (than 0.6), the sameinjector led to oscillationsof a higheramplitude
thanwithout control. In [2], a similar rig wasstudiedandthe sameswitchingstratgy wasused,but with
differentswitchingfrequeng and duty-g/cle at differentoperatingconditions. It wasshown that the 300
Hz oscillationsarereducedsignificantlyby switchingbetweenequivalenceratiosof 0.65and0.75,andan
air-flow rateof 20.7 g/s, for all switchingfrequenciedessthan20 Hz, and duty-g/clescloseto 0.5. The
hypothesigproposedn [2] for why stabilizationoccurswasthat thesetwo valuesof the equivalenceratio
correspondo “stable” operatingpointsandthereforestabilizationoccursby switching betweenthesetwo
“stable” valuesthoughthe intermediatevalueof ¢ = 0.7 corresponds$o an“unstable”operatingpoint. In
[21] practicalconsideration®f deploymentof fuel-injectors,in termsof their numberaswell aslocation

thatgeneratesuch“stable” operatingooints,werediscussed.

The questionthat arisesis, why doessuchan open-loopcontrol stratgy work? What are the limits
of operationof sucha methodology? Given that low-frequeng pulsingis an attractve methodsinceit
circumwentsthe constraintglueto the currentlyavailablebandwidthof availablefuel-injectors whatarethe
guidelinesfor fuel-injectorpulsingstratgy aswell asfuel-injectordesignin termsof numberandlocation
for optimalpressuresuppression® hysteresiss indeedpresenin acomhustor whatarethe guidelinesfor

designinga switchingstratgy? We will attemptto answerthesequestionsn this paper



2 An Analytical M odel

In this section we modelthe comhustiondynamicsby deriving modelsof heatreleaseacousticsandinho-

mogeneitydynamics andthe couplingdynamics.

2.1 Heat Release Dynamics

At high Damlohlernumbersandweakto moderatdurbulenceintensity turbulentcomhustioncanbe mod-
eledusingwrinkled laminarflames[22, 23]. Incorporatingthe effects of perturbationsn the equvalence
ratio, the flamesurfacecanbe describedy a single-\aluedfunction{(r, t) andthetotal heatrelease(, is

proportionalto theintegral of this surfaceover ananchoringring. Theserelationsaregiven by
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with S, theburningvelocity, andAh,, theheatof reactionbeingafunctionsof ¢, k(¢) = 27 py Su(P) Ah, (),
andp, is thedensityof the unturnt mixture. To derive alinearmodel,the effectsof perturbationsn bothu

and¢ will beconsidered.

Assumingnegligible velocity componentn theradial direction,andlinearizingaroundnominalvalues

, Sy, andé(r), denoting(.) and(.)’ assteadyandperturbationyespectiely, we canderive the following

linearmodel[24]:
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the coeficientsd; dependon S, and¢, and; representshe characteristipropagatiordelayof the flame

surfaceinto thereactantglow.

2.2 Acoustics

Comlustorsexhibit instabilitiesover arangeof frequenciesncludingtheHelmholtzmode thelongitudinal,

andtransersemodes.Theserepresenthe acousticcomponenbf the instability, or the hostoscillator The



equationgyjoverningthefirst two aregivenby

d2pl dpl —1.
o TRt = T (w), (4)
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In the abore, w = vt v is the effective Helmholtz frequeng [25] associatedvith a comlustor
connectedo ducts. The passie dampingdueto differentdissipationsourcese.g. heat-lossandfriction, is
accountedor in the naturaldampingratio, ¢, andc is the meanspeedf sound.The sameapproactcanbe
usedfor transersemodesaswell (for example,screechmodesn rockets[26]). In whatfollows, we assume

thatflamesarelocalizedcloseto theanchoringplane,sothatq'(z, t) = ¢'(t)6(z — ).

Usinganexpansionin basisfunctionsfor bothEgs.(4) and(5) as
pzt) = Y vilz)mi(t), (6)
=0

wherey)y is aconstantsinceit correspondso thespatialvariationin thebulk-mode i); () = sin (kiz + ¢40),
1 =1,...,n, andk; andg;y determinedrom the boundaryconditions.Performinga weightedspatialaver

aging,themodalamplitudescanbe shavn to follow [14]:
n ~ .
il + 20wi 0; +wini = Y bi qf (7)
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whereby = (y — 1)/V, b; = yaopi(x;)/E fori = 1,...,n, E = [L'4? (z)dz, ~ is the specificratio,

a, = 77—%1, ¢ representshe passie dampingratio in the comhustort, L is its length,w3 = Lf}f{,, Vis

the volume of the comhustor A,, and L,, arethe cross-sectionahreaandlength of the inlet/outlet neck

connectedo thecomlustor andw; = k;¢,7 = 1,...,n. Typically, wp << w;, fori =1,...,n.

2.3 Coupling Dynamics

In the casewhena Helmholtz-typeresonances triggeredin the comhustor the acousticvelocity is very
small and the possiblecoupling betweenheatreleasefluctuationsand acousticsis throughthe pressure
which in turn producegerturbationsn the equvalenceratio via feedlinedynamics[27]. In particular if
eithertheair or fuel-flow feedsis choled andthe otherfeedis uncholed, ¢ canfluctuate.Theinstantaneous

equialenceratio ¢, whenlinearized canbe shavn to satisfytherelation

gbs = - :us (8)

Dissipationin acomhustorcanbe causedy heatlossesn theflamezoneandfriction dueto viscouseffects.



In addition,thereis a corvective delay . dueto transportiag from the supplyto the burning planeof the

flame,andhence,

¢ = 4’/5 (t—7) 9)
wherer, = L/@, andL is thedistancebetweerthe supplyandthe burning plane.

Theequvalenceratio perturbationsin turn, canberelatedto thepressurgerturbationsn thecomtustor
by consideringhe momentunconserationin theinlet duct,

oul 1 Op;
5 E£ - 0 (10)
whereu; andp; denotethe velocity andthe pressureat the inlet duct, respectrely. Whenthe dominant
acoustiomodesarelongitudinal,bothperturbationsn » and¢ caninduceinstability Thecouplingbetween
u andp canbe determinedisingthe enegy conseration equationas

op' o’
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2.4 Overall Modd

Combiningthe acousticsheat-releasegndcorvective lag effects,we obtainthefollowing equations:
i+ 2wiris + wing = b [dou’ +dy (v, (1)) +da (), (1)) + dad (£ — ) + dgd (¢ —70) | (12)

Thisindicatesthattwo differentcouplingmechanismare possibleexcitationsfor the acousticspneresult-
ing from the velocity perturbations:,’” andthe otherfrom equivalenceratio perturbationsp’. Eq. (12) also
indicateghattwo differenttime-delaysy; andr,. caninducetheseexcitations,onearisingfrom propagation

effects,andthe otherfrom cornvection.

The completecomhustiondynamicss thereforedeterminedy (12) andthe couplingrelationsgiven by
(9), (10)and(11). For easeof expositionwe assumehatonly oneacousticnodeis presentandsetrn; = 7.

If thevariationsaremainlyin ', thenEgs.(12) and(11) canbe combinedto obtaintherelation

i + 2(owon + won — yen(t —75) = 0 (13)
where
R _— pa dy R
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20wo = 20w —71, wi=w +Y, M= 5, 1=F SuEkOQ (%Kb(w))xf =g (14)

andif they aredueto ¢', thenEqgs.(12), (10),and(9) canbe combinedo obtain

t—1
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where
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At theacoustidrequeny, theimpactof thefifth andsixthtermontheleft-hand-sidef Eq. (15) aretypically
smaller Also 7 is smallcomparedo 7. in mary casesHencea simplifiedversionof (15) canbeanalyzed

in theform

i+ 20w + w’n = Bin(t — 1) = 0. (16)

It is interestingo notethatthestructureof (16)is identicalto thatof (13) with thedifferencesonly dueto the
parametersThisimpliesthattime-delayeffectsarepresenbothin the presencef u'- and¢’-perturbations,
with thedistinctionthatwith «’, thetime-delayis dueto 7, whichis dueto flamepropagationandwith ¢/,
the delayis dueto 7., a corvectioneffect. The otherdistinctionis in the dampingeffect; in the former, if
1 IS positive, evenin the absencef ary time-delay instabilitiescanbe present.In the latter, on the other

hand,instability is only dueto thetime-delayr.; thedampingeffectis stabilizing.

2.5 Discussion

Themodelsin (16) and(13) werediscussedatlengthin [24], andwereshavn to exhibit intenals of alternat-
ing stableandunstablebehaior asthetime-delayincreasedThesemodelswerealsoshavn to predictthe
instability behaior of anumberof experimentarigs. In particular themodelin (16) wasshaovn to alternate
betweenstability andinstability asthe corvective lag 7. increasedwhich wassimilar to the propertiesof
therig consideredn [1]. Similarly, the modelin (13) appeargo matchthe stability mapin Figure6 in [2]

which shavs the stability bands.

A few commentsaboutthe variousparameteren (13) and(16) arein order We discusghe parameters
in (13)first. Thedependencef «;’s on ¢ is straight-forvard, dueto the change®of Ah, andS, with ¢. In
generalfor valuesof ¢ < 1, vy andy; increasewith ¢. Similarly, 7, increasesvith a decreasing dueto
its dependencen S, for valuesaway from the LBO limit andunity. Thedependencef w on ¢ is indirect,
andoccursthroughthe temperaturavhich increasess¢ increasesindhenceincreaseshe speedof sound
andthereforethe frequeng. The quantity {, dependson the flame positionwith respectto the acoustic
mode. For example,a quarterwave acousticmodeimpliesthat~y; is negatve andtherefore(, is positve,

andhencejeadsto a stablesystemfor smallvaluesof 7, anddestabilizedas; increases.



The paremetersn (16) are alsodependenbn ¢ but to a smallerextent. For example,changesn 7,
aremorelikely to occurwith changesn the meanvelocity @ ratherthan¢. Eventhoughthe parametep;
changeswith S, andAh, as¢ increasessinceit occursasa linear coeficientin (16), its changesio not
produceadrasticdifferencesn thestability characteristicsf (16). Thedampingcoeficientis unchangeavith

flameposition,while thefrequeny dependencwith ¢ is the sameasin (13) dueto temperaturehanges.

3 Stabilization using the Open-loop Control Strategy

In this section,we addresghe problemof stabilizationusing an open-loopcontrol stratgy that consists
of switchingbetweentwo valuesof equvalenceratio. In particular we will focuson the stratgiesused
in [1, 2] which consistsof changingthe equivalenceratio betweenwo constantvaluesat a frequeng that
is significantly lower than the resonantirequeng. The discussionsn the previous sectionindicate that
while thespecificdependencef theindividual parametersnaybedifferent,thegeneraklassof modelsthat

describehe comhustioninstability areof theform of
it + 2Cown + (W —ki)n+ kan(t —7) = 0 (17)

with theexactvariationsin (g, w, k1, k2 andr dependingnwhethertheinstability is dueto ' or ¢'. Using
themodelin (17), we derive the conditionsunderwhich the switchingstratgy canstabilizethe comhustion

dynamics.Designprocedure$or meetingthesestabilizationconditionsarealsodiscussed.

3.1 Ideal Switching

Thecontrolstratgy in [1, 2] canbe describedasfollows: Startingfrom ¢, = 0, definet; = t; 1 + T}, for

i > 1 andmodulateequialenceratio accordingto:

_ ¢ fort; 1 <t<tiqi+ WypTn,
¢(t) o { g[)g fort;_1 + Wme <t<t (18)

where0 < W, < 1 is the pulsewidth and T, is the pulseperiod. The parametersw, (o, k1, k2, 7) of
themodel(17) arefunctionsof ¢ and,underthis ideal switchingstrat@y, the system(17) becomes time-
varying time-delaysystem. Our objectie is to analyzethe stability of this systemand derive conditions

from which thedesignvariables(¢1, ¢2, W), Tr,,) canbecomputedeadily

Let usrewrite (17) in thefollowing way:

N+ 2€¢W¢f] + (wi — k1¢)7) + a1¢n(t — T¢1) + 052¢’r](t — T¢2) =0 (29)



wheresubscriptshave beenintroducedto shav dependencef the parameter®n equvalenceratio ¢. We

have alsobroughtin two new functionsa; 4 anday, thatswitchaccordingo:

gy = { kag, 1 &= on

0 otherwise

Theprocedureutlinedbelav establishesn arigorousmannerthatthesystemn (19) canbestabilized
usingalarge enought;,, providedtherearetwo operatingoointswith equivalenceratios¢, andg, oneither
sideof the desiredunstableoperatingpoint with atleastoneof thembeingstable.Oncethisis established,
thequestiorthenremainds to determingheconditionsunderwhich suchastability patternexistsin agiven

rig. In particular we notethatthe stability of the systemin (19) is dependenbn the parametewraluesof

f(¢), where
f(¢) = (w¢7 C¢7 kl(f)a A1¢, X2¢, T¢) (20)

which obviously changeswvith ¢. Thisdependences discussedn Section6.

3.1.1 Stability Conditions Under Ideal Switching

It is clearthat(19) describeg17) underthe controlstratgy (18). When¢ is a constantfhe system(19) can

bewrittenin feedbackinterconnectiorform as

s+1
g = u=(s+1)Gy(s)u (21)
(32 + 2Cpwes + (wg - k1¢))
1
u=—pleme ][99 g Ds)agg (22)
n=y (23)

wheretheinfinite dimensionakcomponentD is time-invariant. This feedbackinterconnections shavn on
the left of Figurel. The block diagramshaws that we have simply addeda stablepole anda canceling

minimum phasezeroin orderto generate finite dimensionalniform approximation.

Now, givenary v > 0, thereexists a finite dimensionakystemP with a rationaltransferfunction of

degreesay2n suchthat:

1
P-|-A:D(3) = o) [e—T¢1S e—7'¢25] (24)
wheretheapproximatiorerror A satisfies
1
A(jw)| < —
|A(jw)] 5

for all frequeny w includingoo. Similarly, givenary ordern, we cancomputea systemP of ordern and

anumbery > 0 suchthatthe approximationerroris smallerin magnitudethan1/~ at every frequeng.

8
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Figurel: Block diagramfor approximatiorprocedure

Moreover, asn goesto infinity, theapproximatiorerrorgoesto zerouniformly. This additive representation
of theinfinite dimensionalpartof (19) is shavn on the right handsideof Figure 1. The systemwithin the
dashed-linas the approximatesystemof degree2n + 2 thatwe shallwork with. This systemhasa scalar

output,z, anda2 x 1 vectorinput,w with statespacerealization

- 0 1 0] . _
b0~ | (2L hiy) 20wy | B0t | 1] = Asa+ By (25)

g=[1 1]lzg= Cyz, (26)
for (s + 1)G4, andarealization

Ty = Apzp + Bpz 27)

i = Cpiyp (28)

for P. Combiningthesetwo statespacemodels,we arrive at thefollowing realizationfor the approximate

system:
. Ay B,C B 3
T = ByayC, ipp]ac+[og]w—A¢x+Bw (29)
z=[—aypCy 0]z =Cyx (30)

wherez = [z}, z,]". Wheng is modulatedaccordingto (18), the equationg29)-(30)describea finite-

dimensionalineartime-varying system.

We now describethe designprocedureor choosingWW, and7;, in (18) soasto stabilize(19). Thisis
donein the following two steps.In thefirst step,we describehow W, andT;, canbe chosensothat(18)
stabilizes(29)-(30). In the secondstep,we derive additionalconditionsthatneedto be satisfiedby W, and

T, sothat(18) stabilizesheactualsystemin (19).

Thefollowing lemmaprovidesthe conditionsfor stabilizationof (29)-(30)using(18).

9



Lemma 1. Thesystemn (29)-(30)with the contmol strategy (18) is asymptoticallystableif and only if

there existsa periodic (with periodT,,), positivedefinitefunction P sud that
P+ ALP+PAy <0 (31)
forall t > 0.

Thedesignprocedureconsistsof choosingiW,, andT;, sothat(31)is satisfiedfor someP andsothat
Qbav — Wp¢1 + (1 - Wp)¢2 (32)

whereg,, is thedesiredoperatingcondition. Givena ¢,y, oncestableoperatingooints¢, and¢, arefound
suchthat¢; < ¢ay < ¢2, €q.(32)determinedV,. Therefore,whatremainsis to shov how T, canbe

chosersothat(31) is satisfied.

In orderto determiner,,, from (31), fix T,, andsubdvide thetime intenal [0, T;,,] into M equalparts,
0<e<2<---< Me= T, Letusdenoteby Py, P, A, andC} thevaluesof P, P, A4 andC,
respectiely attime ke. Now, if the subdision is suffciently fine (or if P is piecaviselinear),then

6 . . k_l .
Po=Py+- |P+P+2> P (33)
2 =
for £ > 1. Periodicityof P impliesthat P, = P,,. This, alongwith (33) at k = M andthe periodicity of
P, gives
. . Mil .
Php=Py=-)Y B (34)
k=1
Usingthe abore developmentsthe linear matrix inequality (LMI) conditionsin Lemmal canbereplaced

by thefinite setof suficient LMIs:

Py>0 (35)

Pk:P0+§(P0+2z§;}Pj+Pk) >0 (36)

— (SN B) + AT Py + Podp < 0 (37)

Pk + A%Pk + PkAk <0 (38)

wherek =1,2,- -, M — 1. Here,theunkncwnsare(Po,Pl,- . -,PM_l). Thesematricescanbe computed

usingefficient numericaltechniqueghat have beendevelopedin the LMI literature[28] (for examplethe

MATLAB LMI toolbox).

We now shawv that (18) stabilizesthe original system(19) if T;,, is chosensothat P satisfiesa linear

matrix inequalitythatis somevhat strongerthan(31). Noting thatthe differencebetweenthe approximate

10



andactualsystemis representetby A, it follows thatif D canadmitperturbationdarge enoughcompared
to A, thenstabilizationof the actualsystemis possible. This is statedmoreformally in the two lemmas

below.

Let £, denotethe Hilbert spaceof functionsof time with finite enegy. Roughlyspeakingafunction f
isin Lo if andonly if

/ T FOT (@)t < 0o

We canview the approximatesystemwith input w andoutputz in Figurel asa mappingfrom £, into
Lo. For eachinputw of finite enegy, the systemgeneratesn outputz whoseenegy is scaledby afactor
The largestscalingfactor obtainedby searchingover all finite enegy inputs, is calledthe inducednorm
of the system. Thelemmabelow givesa sufficient conditionfor stability of the original systemandis an

applicationof thesmallgaintheorenm29].

Lemma 2: Lety > 0 begiven, P bethe correspondinguniformappoximationdefinedin (24) andthe
equivalenceatio ¢ satisfythe contiol law (18) for some(¢1, ¢2, W), T;,). Supposehat theinducednorm
of the time-varyingsystemfrom w to z in Figure 1 is strictly lessthan+. Then,the infinite dimensional

system(19) with the control law (18) is stable

The above lemmasuggestshatthe designvariables(¢:, ¢2, W), Tr,, ) areto be selectedso thatthe in-
ducednormof theapproximatesystemsatisfiesa specifiedoound.Suchaninducednormcanbeguaranteed
to existif anLMI conditionthatis similar to thatin (31),andsomeavhatstrongeris satisfied.This is stated

in thefollowing lemma.

Lemma 3: Lety > 0 begiven. Theappoximatesystem(29)-(30)with the contol strategy (18) has
inducednorm strictly lessthan v if and only if there exists a periodic (with period 7;,,) positivedefinite
function P sud that

P+ ATP+PA,+CJCy PB

<0 39
BTP —21 (39

forall t > 0.

3.1.2 TheControl Design Procedure

Thesummaryof Lemmasl and3 is thefollowing: The switchingstratgy in (18) is guaranteedo stabilize
the comhustioninstability modelin (19) if a certainLMI conditionis satisfied. The questionthatarisesis
if indeedthis conditionis satisfiedfor a given comtustionsystem.In particular given a desiredoperating

condition ¢, andvalues¢; and ¢, thataresuchthat¢, < ¢ay < ¢s, the problemis to determinethe

11



designprocedurefor calculatingT;,, suchthatthe LMI condition (39) canbe satisfied. We addresghis

guestionby consideringhefollowing threecases:

(a) Stable-Stabl&witching: Thesystem(17)is stableat ¢; andes.

(b) Stable-Unstabl&witching: Thesystem(17) is stableat oneof the points(say¢,) andunstableatthe
other(¢9).

(c) Unstable-Unstabl&witching: Thesystem(17)is unstableat ¢; and¢s.

Note that, in all of the above cases¢; and ¢o mustsatisfy 1 < ¢y < ¢o Sothat the time-averaged
equivalenceratio canequalg,y, i.e. (32) holdsfor some0 < W, < 1. Thesecasesareconsideredn some

detailbelow.

(a) Stable-Stable Switching: If ¢ and¢, arestableoperatingooints,andthegoalis to switchbetween
thesetwo pointsandstill ensurestability, essentiallyone needsto switch suficiently slowly so thatary
transientghatareinduceddueto the switchingdie down duringthe switchingperiod. Thatis, if T, is large
enoughthesetransientsareguaranteedo die down andhenceensurestability. In fact,it canbe shavn that
theLMI conditionsin (39) hold for a sufiiciently largeT;,, irrespectre of W,,. Sincestability in this cases
independenof the pulsewidth W, ary desiredoperatingequivalenceratio ¢,, betweenp; and¢, canbe
achieved by simply choosingi¥,, accordingto (32). A procedureto computethe designparameterss the

following:
(1) Selectp; andgs suchthate < ¢,y < @9 andthesystem(17)is stableat$; andes.
(2) ChoosélV, accordingto (32).
(3) Choosea large period 79 and performbisectionbetween[0, 7:%9] until the smallesttime period

Tmin for whichthe LMIs in (39) hold.

Any T, > T/ will resultin stability of the controlledsystem(17).

(b) Stable-Unstable Switching®: Unlike case(a), “instability” or pressureamplificationcanresultin

this caseeither from switching or becauseof operatingat an unstablepoint. Therefore,the fraction of

%This casecorrespondso the behaior of the comhustorconsideredn [2] nearthe operatingpoint ¢, = 0.7 with equivalence
ratio modulatecbetweertwo stablepoints.

3This casecorrespondgo the comhustor behaior discussedn [2] nearg,, = 0.9 with switchingbetweena stableand an
unstablepoint.

12



time spendat the unstableoperatingpoint is relevantto stability of the overall system.Thatis, stability is

determinedy both W, andT;,. As aresult,notall ¢,, betweenp,; and¢, canbeachievedby switching.

The setof all W), andT;, (equvalently ¢,, andT;,) thatresultin stability of (17) underthe control

stratgy (18) canbe computedasfollows:

(1) Selectp; andg, suchthatg; < ¢,y < @9 andthesystem(17)is stableat ¢; andunstableat ¢,.

(2) Choosea periodT,,. Performbisectionon W, between0, 1] to determinethe smallestW;”i" for

whichthe LMlIs in (39) hold.

(3) Repeatstep(2) for adifferentT,.

For ary periodT;, > 0, the pulsewidth W,, = 1 guaranteestability asit corresponds$o operationat
the stablepoint ¢ = ¢;. Similarly, W, = 0 resultsin instability. The bisectionin Step(2) computeshe
smallestpulsewidth neededo guaranteestability for a fixed pulseperiodT,,. It is clearthatlarge T,,, and

large W), (or ¢,y closeto ¢;) resultin stability of the controlledsystem.

(c) Unstable-Unstable Switching: It is easyto seethatlarge periodsresultin instability of the original
system.Therefore this casedoesnotfit into the conceptof stabilizationvia low frequeng switching. That
is, the systemcannotbe stabilizedusingthe switchingstratgy in (18) if ¢; and¢, correspondo unstable

operatingpoints,almostalways.

3.2 Non-ideal Switching

The switchingstratgy given by (18) assumeshattransitionbetweenhe two equvalenceratiosis instan-
taneous.But, in generalthe transitiontime dependn the actuatorbandwidth(i.e. openingandclosing
timesof theinjectorvalve) aswell asthetime takenfor thereactionzoneto reachthe nen equvalenceratio.

Considetthefollowing non-idealswitching:

[ Pay for t=0
b1(2) for 0<¢<4
b1 for 6 <t <WpTp, —§6
D) =3 ot — WpTpn +6) for Wyl — 8 <t < WpT, + 6 (40)
b2 for WpTh, +0 <t < Ty — 9
bs(t — Ty, + 0) for T, — 6 <t < Tp,
| Pav for t =T,

where§ > 0 is the transitiontime, ¢;'s are continuousfunctionsof time that describethe variation of ¢

duringtransitionperiods,andthe remainingvariablesareasbefore. It turnsout thatthe delaye="¢% may
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not be aboundedoperatorandsomeassumptionsireneededo extendthe analysisof the previous section.
We assumehatthe effect of non-idealcontinuousswitchingcanbe approximatedy thatof a finite number
of smallideal swicthes.In particular

e—Td,S —TkS

N
e
~ «
s+1 kgl k¢s+1

for someay,'s of the form in the previous section. With this assumptionit canbe shavn that (39) gives
sufficient conditionsfor stability of the original systemprovided that the approximatemodel (29)-(30)is

constructedvith IV delaytermsinsteadof two asin the previoussection.

4 Stabilization in the presence of hysteresis

In theprevioussectionweimplicitly assumedhatthecomhustorparametevector f (¢) = (¢4, wg, k16, k2¢, T5)
is single-valuedat each¢g. As notedin [5], oftena hysteresisnechanisms presenin comhustionsystems.
Thisin turnimpliesthat f(¢) is multi-valuedbetweeny; and¢,. Interestinglyenough,evenin this case,
stabilizationis possibleusingthe sameswitchingstratgy asin (40), with the underlyingconditionsinvolv-
ing functionalformsof f(¢) for both brancheof hysteresigFigure2). To do this, considerthe hysteresis
cycle shawvn in Figure2 andsupposehatthe desiredoperatingpointis ¢,,. Let usdenotethe lower and
upperhalvesof hysteresigycle by f; andfs respectiely. Also, supposehatd isthetransitiontime between
¢1 and¢,, aswell asbetweenp,, and¢,. Thus,in the presencef hysteresisswitchingbetweenp, and

¢- leadsto comhustorparametewariationgivenby:

( f1(¢av) for t=0
Fi(d1(2)) for 0<t<é
f1(?1) = fa(¢1) for 6 <t < W,Tp,, — 0
F(@)() = falgo(t = WpTh +6)) for WpT, — 6 <t < WpTh,, + 6 (41)
fg(gég) = fl((/l)z) for Wme +6<t<Ty — 96
fl( 3(t—Tm+5)) for T,, —6 <t < Ty
L f1(dav) for t =T,

which is no moregenerakthanthe parametewariationsgeneratedy the non-idealswitchingstratey (40).
Therefore,(39) onceagaincorrespondso sufficient conditionsfor stabilizationwith the the approximate

systenmrepresentedsing N delaysratherthantwo, asdiscussedh the previoussection.

Let us examinesomeof the consequencesf our analyticalresultsfor stabilizationin the presencef
hysteresis.First, thereis a minimum value of pulseperiodT;, belov which stabilizationis not possible.
Intuitively, thisis becauseapid switchingresultsin very little time for transientgo die out. Secondsince
partof the hysteresisycle leadsto unstableoperatingcondition, pulsewidth cannotbe arbitraryfor stabi-

lization. This is similar to the stable-unstablewitchingwe considered A third statementve canmake is
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Figure2: Hysteresisurve

thatdueto the non-zerdransitiontime ¢, shortpulsesmay not be stabilizing. Thesestatementsorroborate

thefollowing obserationsmadein [5]:
(O1) Pulsingataslower frequenyg thantheunstabldrequeng stabilizeshe system.
(02) Shorterpulsestendto belesseffective,in general.
Recallthat¢,; and¢, aredesignvariablesthatmustbe chosemalongwith W,, andT;,, sothatequation
(32)andthe LMIs (35)-(38)holdto guarantestability. In thepresencef hysteresisanadditionalcondition

which we implicitly assumednusthold. This conditionis the following: ¢; and ¢, mustbe suficiently

apartsothatthelowerandupperhalvesof the hysteresisycle meetat ¢; andegs:

f1(é1) = fa(d1) and fi(g2) = fa(d2)
In otherwords,the flow rateof the fuel injector shouldbe large enoughso that we canswitch betweeng;

andg¢s satisfyingtheabove condition. This corroborateyet anotherobsenration madein [5]:

(03) Theflow rateneededo accomplishsuccessfupressuresuppressiois substantialabout25% of the

primaryfuel-flow rate).

It is quitelikely thatthe primaryloop of the hysteresicure in [5, 4] correspondetb anequialenceratio
changethatis commensuratevith a 25% changein the fuel-flow rate. This discussionshawvs that (39)

providessuficient conditionsfor stabilizationwith infinite switchingin the presencef hysteresis.

Whenhysteresiss presenta considerablysimplercontrol stratgy sufiices: a singlepulseof suficient

durationand height. This canbe explainedusing Figure 2. Let us assumehat operationbegins on the
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upperhalf of the hysteresigycle atanequivalenceratio of ¢,, (pointA in Figure2). For stabilizationusing
hysteresiswe needa pulseof sufiicient durationand heightso thatthe equivalenceratio ¢, canbecome
effective following which the systemcanreturnto the desiredoperatingpoint B in Figure2 alongthelower
branchduring the off-period. Thus, during this single period, the switchingstratgy takesthe equvalence
ratio from ¢,y to ¢ andback. As long asthe pulsedurationandwidth arelarge enoughto allow transition
from ¢,y t0 ¢, stabilizationwill occur This confirmsthe obserations(O1)-(03)in [5]. As with the
infinite switchingstratgy, we notethatthe robustnesf this singlepulsestratgy is non-&istent; aslong
as perturbationsare present,the operatingpoint will move from B to A causingpulsingto be invoked

repeatedly

We notethatthis paperdoesnotanswelithequestiorregardinghow generathe existenceof hysteresiss
in comhustorsor whattheresponsiblenechanismarein a comhustionsystemfor the hysteresisHowever,
onceit is detectedthis papergivesguidelinesfor determiningthe numbey width, andheightof secondary-

fuel pulsesto efficiently stabilizethe system.

5 Simulations

We now presentnumericalresultsto shav thata comhustionrig, modeledby (17), canbe stabilizedusing

anopen-loopswitchingstratgy with a nonzeraransitiontime. The simulationmodelis:
N+ 2C¢(u¢’f7 + (wg — k1¢)’l7 + k2¢7](t — T¢) = w (42)

wherew is a processoisevector We have addedw to the systemdynamicsto representhe effects of
unmodeleddynamicsand external disturbances.This addition doesnot affect stability propertiesof the
system.Numericalresultsaregivenfor the stable-stabl@andstable-unstablswitchingcasesorresponding

to theexperimentalkonditionsin [2]. Ourresultswith thelinearsimulationmodelcorroboratahoseof [2].

For the numericalresultspresentedelov, we usedan unstablefrequeng w of 300Hz, andan equia-
lenceratio transitiontime § of 0.0125 secasin [2]. White noisewith a covarianceof 200 wasusedasthe
processhoisew. Initial conditionswererandomlyset;but the sameinitial statewasusedfor simulationat
desiredoperatingpoint ¢,, with no switching,andsimulationwith open-loopswitchingstratgy. Table 1
givesnumericalvaluesof othermodelparametersTheseparametersvereusedto computel,, using(32)
andthesmallesperiodT™" usingtheLMIs in (39), bothin the stable-stabl@ndstable-unstablswitching

caseandareasfollows.

Stable-Stable Non-ideal Switching: W, = 0.5 andT/" = (.05
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For solvingthe LMIs, we usede = 4 /2.

Stable-Unstable Non-ideal Switching: W, = 0.5 andT7" = 0.05

Parameter

Stable-Stable

Stable-Unstable

(d)la ¢a.va ¢2)

(0.65,0.7,0.75)

(0.8,0.9,1)

(w¢1 ) w¢av ) w¢2)

(300,300,300)

(300,300,300)

(Co1>Cepy, 2 G2

(0.05,0,0.01)

(0.05,0, -0.005)

(k1¢1 ’ k1¢av’k1¢2)

(“‘)¢1 1 Yehay? o.)¢2)

(w¢1 1Yoy wtﬁz)

(k2¢1 3 k2¢av ) k2¢>2)

(w¢1 ) w?ba,v ’ w¢2)

(w¢1 ) w?lsav ) w¢2)

(T¢1 ' Tehay? T¢z)

(7r/w¢1 ) 27T/"J(ﬁ?w ) 7T/w¢2)

(W/w¢1 ) 271'/(4J¢av ) ﬂ-/w¢2)

(WP7Tm)

(0.5,0.2)

(0.5,0.2)

Table1: Numericalvaluesof parametersisedin simulations.EquivalenceratioS¢i, ¢ay, ¢2, pulsewidth
W, andperiodT,, arefrom [2].

5.1 Simulation 1: Stable-Stable Switching

Here, the desiredoperatingconditionis unstableandthe stratgy is to switch betweentwo stablepoints
“hoppingover” theinstability This casecorrespondso experimentakesultsneartheoperatingpoint ¢,, =
0.7 (ataninlet temperaturef 367K) presentedn [2]. Numericalvaluesusedfor simulationsaregivenin

Tablel.

Figure3 shavs pressurgespons®f the simulationmodel(42). Theleft half of the plot shavs pressure
responsatthedesiredequivalenceratio ¢,, with noswitching. Theright half of theplot shavs reductionin
pressurebtainedwith open-loopswitching. The plot atthe bottomshaws switchingsequenceavith nonzero
transitiontime. It is clearthatthe open-loopswitchingstratgy is stabilizing. This figure comparesvery

well with theexperimentakesultspresentedn [2] (seeFigurel0aof [2]).

5.2 Simulation 2: Stable-Unstable Switching

In this case the desiredoperatingconditionis unstableandis not anisolatedinstability asin the previous
casethatallowed usto hopoverto a stableoperatingpoint. This conditioncorrespondso the experimental
resultsnearthe operatingpoint ¢,, = 0.9 givenin [2] andthe open-loopcontrol stratgy is to switch

betweera stableoperatingpointandanunstableoperatingpoint.

Figure4 shaws pressurgesponsef the linear simulationmodel(42). The left half of the plot shavs

pressuregesponsatthedesiredequivalenceratio ¢,, with noswitching. Theright half of the plot shavs the
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effect of open-loopswitching. Thelargejumpsin amplitudeis causedy switchingto anunstableoperating
point. The plot at the bottom shavs switchingsequencavith nonzerotransitiontime. As in the previous

casethisfigurecomparewsery well with the experimentaresultspresentedn [2] (seeFigure7aof [2]).

5.3 Simulation 3: Evaluation of Resultsin [1]

Theapproachn [1] is somevhatdifferentfrom thatin [2] in thattheopen-loopcontrolstrateyy is evaluated
at threedifferentoperatingpoints. The switchingperiodis still choserto be considerablysmallerthanthe
unstabldrequeng. Sincethe controlstratgy evaluatedn this paperconsistf slow switching,we discuss

the conditionscitedin section3 andtheir ability to predicttheresultsof [1] aswell, in this section.

The minimum and maximumoverall equivalenceratiosusedin [1] are¢; = 0.73 (pulseinjector off)
and¢e = 0.85 (pulseinjectoron). This meansthat, unlike the previous caseswe canattainary desired
equivalenceratio ¢, intherang€ep:, ¢ by selectinganappropriatgulsewidth W, accordingo (32). The
experimentalresultsgivenin [1] correspondo: (i) W, = 0, ¢ay = 0.73 (fuel injectoroff), (i) W, = 0.2,
¢ay = 0.826 (with a duty-g/cle of 80%),and(iii) W, = 0.64, ¢,y = 0.7732 (with a duty-g/cle of 36%).
Resultsn [1] ataswitchingfrequeng of 50Hz (7;,, = 0.02 sec)shaw thatpressurescillationsareslightly
larger with the switchingstratgy (ii) is appliedthanwhentheinjectoris off (asin (i)). It is alsoshavn in
[1] thatpressurescillationsaresignificantlyreducedoy applyingthe stratgy (iii). Theseobsenationscan
be explainedwith the sameanalyticaldevelopmentsof Section3 with a suitablechoiceof the comhustor

modelparameters:

Thefollowing valuesarechoserfor numericalsimulation:
wp = 600 = k1p = kog = 7/T

Cpy, = 0.01, Co.7732 = 0.05, (p.826 = 0.005, (g, = 0.001

Thesechoicesare motivatedby the experimentalconditionsin [1].A transitiontime of § = 0.005 secwas
used. The correspondingesultsshavn in Figure 5. Indeedstabilizationoccursin case(iii) and larger

oscillationsarepresenin case(ii). Thisis similarto theobserationsin Figures5,7,and8 in [1].

6 Discussion

Thediscussiongn Section2-5shawv thatananalyticaimodelcanbederivedthatprovidesexplanationsaand

guidelinesfor the succesof an open-loopcontrol stratgy with a large enoughswitching period. It was
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shavn thatanappropriateswitchingstratgy canbe foundfor stabilizingthe comhustorbothwhile switch-
ing betweentwo stableoperatingpoints and while switching betweena stableand an unstableoperating
points. It wasalsoshavn thatthe numericalsimulationstudiesmatchtheseanalyticalpredictionsandmore

importantly matchthe experimentabbserationsin [1, 2].

The discussionsn section3 shaved thatthe succes®f a slowly switchingopen-loopcontrol stratgy
essentiallydependson the natureof the parametewnector f(¢) definedin (20). If f(¢) belongsto one
of the caseqa)-(c) definedin section3.1.2,then f(¢) determineghe feasibility of the openloop stratgy
with the specificcasefixing the parameter®f the switchingscheme(18). Therefore,a determinatiorof
how f(¢) varieswith ¢ in a givenrig is useful for determiningthe control stratgyy. Of the parameters
(We, Copy k19, 195, 26, Tg) IN f(p), the mostsensitve is 7. As shavn in Eq. (14), in the casewhenthe
instability mechanisnis dueto variationsin ', 7 = 7¢; 7y changesvith the burning velocity S,,, whichin
turn is quite sensitve to changesn ¢. For example,in propane-aimixture,a 25% changein ¢ leadsto a
400%changean S, [30]. Also, notingthestructureof Eq. (19),it is clearthatchangesn thetime-delaylead
to a moredrasticchangein the stability patternof the underlyingsystemratherthanchangesn the other
parametersf f(¢). In particular supposeve areinterestedn operatingconditionsg; and¢- bothof which
arestable,and¢,, is unstable.lf thedominanteffect of ¢ is on 7, thenthe systemshouldexhibit a stable-
unstable-stablpatternass increase$rom avaluethatcorrespond$o ¢;, throughe,, to ¢2. Suchstability
“bands”areknown to exist in time-delaysystemsn generalandin the experimentakig in [2] in particular
(Figure®). It is worth notingthatin [2], careis takento ensurehatthe equivalenceratio fluctuationsin the
feed-systenare decoupledrom the burning zone. It is thereforequite likely that the configurationin [2]
consistof aninstability mechanisnwherefluctuationsin »' aredominant.The above discussiongndicate
thattheresultspresentedhn this papercorroboratehe obsenrationsin [2] ratherclosely First, theinstability
propertiesof theuncontrolledorocesgarallelthoseof themodelin (13), Seconda slow switchingstratgy
asin [2] hasbeenshavn in section3 to leadto stability propertieghatarequite similar to the experimental

obsenrationsin [2].

We have alsodiscussedheresultsin [1] in section3. It shouldbe notedthatthecomtustorin [1] differs
from thatin [2] in two respects First, variationsin ¢’ arepresentn therig in [1], contraryto the casein
[2] wherea decoupleris introducedbetweenthe feed systemandthe burning zone. This implies thatthe
time-delayin [1] maybedueto 7.. Secondthecontrolstratgy in [1] wasattemptedtdifferentduty-gscles;
thisis in contrasto thatin [2] wheretheduty-g/cle wasfixedat50%andonly thevaluess; and¢, between
which ¢ waschangedwere altered. As mentionedin sections2 and5, if the duty cycle is changedthe

operatingpoint, ¢,y, shifts. The succes®f the switchingstratgy in sucha caseis simply governedby the
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valueof f(¢,y). Thisis quitedistinctfrom thestratgy in [2] whereg,, is fixed In fact,it canbearguedthat
in this caseto achieve stabilization,onedoesnot needto switch betweerntwo valuesin a periodicmanner
but could simply operateat a ¢,,, basednthevalue f (¢ay). If f(¢ay) correspondso a stablevalue,slow
switchingaroundthis operatingconditionwill still leadto stability, whereasswitchingaroundanunstable
valueof f(¢,y) leadsto a moreunstableresponsewhich may have beenthe causeof the obserationsin

Figures7 and8in [1].

Yet anotherguestionthatis raisedin [2] is the numberandlocationof multiple fuel-injectorsrequired
to ensurethe succes®f the proposedswitching stratgy. Again, this can be quantifiedusing our model
and f(¢). Theultimategoalis the realizationof two values¢; and¢; aroundthe desiredoperatingpoint
¢4y atwhich stability canbe realized. Noting that thesevaluescorrespondo the equivalenceratio at the
burningsectionn thesituationwheremultiple fuel-injectorsareused theproblemis to identify atleasttwo
choicesamongvarioussequencesf pulsesof fuel-injectorthatcorrespondo thesedesiredvalues.Suppose
thattherearen fuel-injectors,Jocatedat» differentlocations,andeachcan,at ary instant,bein theon-or
off-mode. The sequencef pulsesfrom thesen injectorsat atime instantcanbe expresse@s{ei,. .., e, }
whereeache; cantake avaluel or 0 dependingnwhethertheith injectoris in theon- or off-mode,Hence,
it follows that2™ possiblesequences; canbegeneratedisingthesen fuel-injectors.Theissueis therefore
to identify the mappingfrom S; to ¢;, andfind the S;’sthatcorrespondo thedesiredp] and¢s. In general,
thesesequenceareboundto dependn a comple way on the configurationandboundaryconditionsin a
givenrig. Oncethesesequenceareidentified,they determinan turn whena giveninjectoris fired. Given
thequasi-statimatureof theswitchingstrat@y (thatis, the switchingfrequeng is significantlysmallerthan
theunstabldrequeny), thetime-delaybetweerthefiring instantsof ary two injectorsmaynotbearelevant

parameteaswasspeculatedn [21].

We have alsoshavedin this paperanexplanationfor whenandhow acomhustorcanbestabilizedusing
a switchingstratey in the presencef hysteresisasin [4, 5]. In particular we have shovn thatthe same
propositionthat explainedthe ideabehindstabilizationusing the switching stratgy in [1, 2] providesthe
analyticalbasisfor theresultsin [4, 5] aswell. We shavedthatour obserationsbasednthemodelandthe

propositionmatcheghe experimentabbsenrationsin [4, 5].

A pointworth makingis aboutpropertiesof open-loopcontrol stratgiesin general.Unlike closed-loop
control stratgies,open-loopcontrol stratgiesare quite vulnerableto changesn the operatingparameters.
As the above discussiorindicated the stability of the open-loopstratey is closelytiedto f(¢), andhence
its stability robustnesss conditionedon the sensitvity of f(¢) to variousperturbationsand changesn

the operatingconditions. This shouldbe keptin mind while implementingopen-loopcontrol strategies. It
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shouldbe notedthatfor the switchingstrateyy in (18), stability dependnly on f(¢1) and f(¢2), andnot

on how thefunction f behaesatothervaluesof ¢.

Finally, we make a commentaboutthe modelin (17), which is a second-orderlumped, time-delay
model. Obviously, afair amountof simplificationhasbeenmadein collapsingthe complex dynamicinter
actionsbetweenacousticmodes,heatreleasedynamicsfrom a distributed flame zone,fuel-injection, and
mixing dynamicsinto a simpleform. However, the descriptionof the open-loopcontrol stratgy andits
impacton the rig usingthe time-delaymodelasin (17) represents very usefulguidelineandanimpor
tantbeginning for how the physicalmodelcanbe expandedappropriatelyto encompassariousdynamics

exhibited by a comhustionrig with andwithoutactive control.
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Figure3: Stabilizingeffect of open-loopequivalenceratio modulationbetweerntwo stablepoints. Response
shavn ontheleft half correspond$o operatiorat ¢, ; theright half shavs reductionin pressurescillations
obtainedfrom equialenceratio modulation.Comparewith Figure10aof [2].
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Figure 4. Stabilizing effect of open-loopequialenceratio modulationbetweena stableand an unstable
point. Responseshavn on theleft half correspondso operationat ¢,,; the right half shavs responsevith
equvalenceratio modulation.Comparewith Figure7aof [2].
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Figure5: Responsef the linear simulationmodel. Thetop plot is for operationat ¢,, = ¢1 = 0.73 with
no switching; the middle plot is for operationat ¢,, = 0.826 with switchinganda duty-g/cle of 80%;
the bottomplot is for operationat ¢,, = 0.7732 with switchinganda duty-g/cle of 36%. Comparewith
Figuresb,7,80f [1].
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