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Abstract

Thispaperaddressesopen-loopcontrolstrategiesthatinvolvealow frequency modulationof thefuel
injection for suppressionof pressureoscillationsin combustionsystems.Sucha strategy hasbeenem-
ployedin anumberof recentinvestigationsincluding[1]-[5]. Usingaphysicallybasedmodel,analytical
explanationsfor theeffectivenessof sucha low pulsingstrategy areprovidedin this paper. Conditions
arederivedon thefrequency andtheduty-cycle usedin thecontrolstrategy that leadto stabilizationin
thecombustor, underidealandnonidealswitchingstrategies,andin thepresenceof hysteresis.

1 Introduction

An importantperformancerequirementof leanpremixed combustion systemsis stability over the entire

operatingrangeof fuel/air-flow. Unstablepressureoscillationsareundesirableasthey impactthecompo-

nentlife-time andtheoverall turbinein general.Avoiding unstableoperatingconditionsby increasingthe

equivalenceratio negatively affectsotherdesirableperformancespecificationssuchaslow NOx andhigh

efficiency.

Combustion instability hasbeenobserved in systemssuchasafterburners,gasturbines,wasteincin-

erators. Practicalsolutionsto avoid it includechangesin the acousticparametersand/orthe combustion

stabilizationmechanismsaswell astheuseof dampers.Lack of understandingof theunderlyingmecha-

nisms,modelsthat canpredict the instability characteristicsasa function of the systemgeometry, design

andoperatingconditions,make it difficult to designstablesystemswithout theuseof numerousiterations.

Active controltechnologieshave beenexploredover thepastdecadein aneffort to combattheunstable

dynamicswithout requiring major hardware redesigns,limiting the operability regime of the engine,or

shifting the operatingconditionaway from the stateof lowestemissionin leansystemsor highestpower

densityin nearstoichiometricsystems.Five differentmethodshave beenadoptedfor active control: (i)

Phase-shiftcontrol,whichconsistsof filtering, phase-shifting,andfeedingbackthepressuresignal[6]-[13]�
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(ii) model-basedcontrol,whichconsistsof developingaphysicallybasedmodelof thecombustiondynamics

andhavebeendemonstratedto yield anoptimalstabilizingresponseundercertainconditions,[14]-[17], (iii)

observer-basedcontrol [18], which have beenshown to resultin satisfactorypressuresuppressionusingan

on-line determinationof an observer and a phase-shiftcontroller basedon the observer parameters,(iv)

control basedon system-identificationbasedmodeling[19, 20] and (v) open-loopcontrol strategies [1,

2],[21]-[5] wherethe mass-flow rate of a fuel injector (and thereforethe equivalenceratio) is switched

betweentwo differentvaluesat a significantlyslower frequency thanthe resonantfrequency. This paper

concernsanalyticaldiscussionsof thelastmethodlistedabove.

In [1, 2, 21] a low frequency pulsingstrategy wasusedto stabilizethe pressureoscillations,with no

feedback.In [3], a similar low-frequency modulationwasused.In [4, 5], thepresenceof hysteresisin the

combustorwasusedto designa low-frequency pulsingstrategy to suppressthepressureoscillations.In [1],

a 20 kW gasturbinecombustorwasstabilized,with a resonantfrequency of 300 Hz andan equivalence

ratio of 0.85,usinga fuel-injectoroscillatedat 50 Hz andat duty cyclesbetween0.36and0.5. It wasalso

observed that for larger duty-cycles(than0.6), the sameinjector led to oscillationsof a higheramplitude

thanwithout control. In [2], a similar rig wasstudiedandthesameswitchingstrategy wasused,but with

differentswitchingfrequency andduty-cycle at differentoperatingconditions. It wasshown that the 300

Hz oscillationsarereducedsignificantlyby switchingbetweenequivalenceratiosof 0.65and0.75,andan

air-flow rateof 20.7g/s, for all switchingfrequencieslessthan20 Hz, andduty-cyclescloseto 0.5. The

hypothesisproposedin [2] for why stabilizationoccurswasthat thesetwo valuesof theequivalenceratio

correspondto “stable” operatingpointsandthereforestabilizationoccursby switchingbetweenthesetwo

“stable” valuesthoughthe intermediatevalueof ���
	���
 correspondsto an“unstable”operatingpoint. In

[21] practicalconsiderationsof deploymentof fuel-injectors,in termsof their numberaswell aslocation

thatgeneratesuch“stable” operatingpoints,werediscussed.

The questionthat arisesis, why doessuchan open-loopcontrol strategy work? What are the limits

of operationof sucha methodology?Given that low-frequency pulsing is an attractive methodsinceit

circumventstheconstraintsdueto thecurrentlyavailablebandwidthof availablefuel-injectors,whatarethe

guidelinesfor fuel-injectorpulsingstrategy aswell asfuel-injectordesignin termsof numberandlocation

for optimalpressuresuppression?If hysteresisis indeedpresentin acombustor, whataretheguidelinesfor

designingaswitchingstrategy? Wewill attemptto answerthesequestionsin thispaper.
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2 An Analytical Model

In this section,we modelthecombustiondynamicsby deriving modelsof heatrelease,acousticsandinho-

mogeneitydynamics,andthecouplingdynamics.

2.1 Heat Release Dynamics

At high Damkohlernumbersandweakto moderateturbulenceintensity, turbulentcombustioncanbemod-

eledusingwrinkled laminarflames[22, 23]. Incorporatingthe effectsof perturbationsin theequivalence

ratio, theflamesurfacecanbedescribedby a single-valuedfunction ����������� andthetotal heatrelease,� , is

proportionalto theintegral of this surfaceover ananchoringring. Theserelationsaregivenby� �� � � ����� � �� � �! #"$�%�&� ' ( � �� �*),+,-/. � (1)� � 01�%�&�32546 ' .,- ( � �� � )7+98 �:� (2)

with  " , theburningvelocity, and ;=<3> , theheatof reactionbeingafunctionsof � , 0?�%�*�,�/@BA*C "  " �%�*�D;E<3>F�%�&� ,
and CG" is thedensityof theunburnt mixture.To derive a linearmodel,theeffectsof perturbationsin both �
and � will beconsidered.

Assumingnegligible velocity componentin theradialdirection,andlinearizingaroundnominalvalues� ,  H" , and �����F� , denoting �I��� and �I���KJ assteadyandperturbation,respectively, we canderive thefollowing

linearmodel[24]: �� J � 8 6 � J -L83MON � JPKQ �����IR -S8 + N � JPKQ �����IR -L8GT � J -L8GUWV� J (3)

where X P ����� Y� 2[ZZ]\ P
X �%^_� 8 ^3� `bac�ed H" �

thecoefficients 8Ff dependon  " and � , and `ba representsthecharacteristicpropagationdelayof theflame

surfaceinto thereactantsflow.

2.2 Acoustics

Combustorsexhibit instabilitiesoverarangeof frequenciesincludingtheHelmholtzmode,thelongitudinal,

andtransversemodes.Theserepresenttheacousticcomponentof theinstability, or thehostoscillator. The
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equationsgoverningthefirst two aregivenby8 +hg J8 � + - @i^ij 8 g J8 �5- j + g J � k � .l Vm J � X �����n� (4)� + g J� � + � o + � + g J� X + � � k � . � Vm J � X ���p�n� (5)

In the above, jq�sr thuvDw vx vzy - t u{ w {x { y is the effective Helmholtz frequency [25] associatedwith a combustor

connectedto ducts.Thepassive dampingdueto differentdissipationsources,e.g.heat-lossandfriction, is

accountedfor in thenaturaldampingratio, ^ , and o is themeanspeedof sound.Thesameapproachcanbe

usedfor transversemodesaswell (for example,screechmodesin rockets[26]). In whatfollows,weassume

thatflamesarelocalizedcloseto theanchoringplane,sothat m J � X ���p�|� m J �����D}_� X � X aF� .
Usinganexpansionin basisfunctionsfor bothEqs.(4) and(5) as

g J �
X �����~� g���f�� 6�� f �

X ��� f �����*� (6)

where� 6 isaconstant,sinceit correspondsto thespatialvariationin thebulk-mode,� f � X �,���p������� f X - � f 6 � ,� � . ����������� , and � f and � f 6 determinedfrom theboundaryconditions.Performingaweightedspatialaver-

aging,themodalamplitudescanbeshown to follow [14]:�� f3- @i^Bj f �� f - j +f � f � ��f�� MB� � f �m Ja (7)

where� � 6 ��� k � . ��� l , � � f � k#�_� � f � X aG����� for
� � . �������:��� , ����� x6 � +f �

X � 8 X , k is the specificratio,�_� � � \ M� ¡ , ^ representsthe passive dampingratio in the combustor1, ¢ is its length, j +6 ��£ w#¤x ¤ y ,
l

is

the volumeof the combustor, ¥ � and ¢ � are the cross-sectionalareaand lengthof the inlet/outletneck

connectedto thecombustor. and j f �/� f o , � � . ����������� . Typically, j 6§¦�¦ j f , for
� � . �������:��� .

2.3 Coupling Dynamics

In the casewhena Helmholtz-typeresonanceis triggeredin the combustor, the acousticvelocity is very

small and the possiblecoupling betweenheatreleasefluctuationsand acousticsis throughthe pressure

which in turn producesperturbationsin the equivalenceratio via feedlinedynamics[27]. In particular, if

eithertheair or fuel-flow feedsis chokedandtheotherfeedis unchoked, � canfluctuate.Theinstantaneous

equivalenceratio � J ¨ , whenlinearized,canbeshown to satisfytherelation� J ¨ � � �� � J ¨ (8)

1Dissipationin a combustorcanbecausedby heatlossesin theflamezoneandfriction dueto viscouseffects.
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In addition,thereis a convective delay ` t dueto transportlag from thesupplyto theburningplaneof the

flame,andhence, � J � � J ¨ ���?�©` t � (9)

wherè t ��¢O� � , and ¢ is thedistancebetweenthesupplyandtheburningplane.

Theequivalenceratioperturbations,in turn,canberelatedto thepressureperturbationsin thecombustor

by consideringthemomentumconservation in theinlet duct,� � Jf� �L- .C f � g f� X � 	�� (10)

where � f and g f denotethe velocity and the pressureat the inlet duct, respectively. Whenthe dominant

acousticmodesarelongitudinal,bothperturbationsin � and � caninduceinstability. Thecouplingbetween� andg canbedeterminedusingtheenergy conservationequationas� g J� �ª- k g � � J� X � � k � . � m J (11)

2.4 Overall Model

Combiningtheacoustics,heat-release,andconvective lag effects,we obtainthefollowing equations:�� f - @i^Bj f V� f - j +f � f � � � f¬« 8 6 � J -!83M N � JPKQ ����� R -!8 + N � JPKQ ����� R -L8GT � J ¨ ���¬�©` t � -L8�U V� J ¨ ���H�©` t �h­ (12)

This indicatesthattwo differentcouplingmechanismsarepossibleexcitationsfor theacoustics,oneresult-

ing from thevelocity perturbations� J andtheotherfrom equivalenceratio perturbations� J . Eq. (12) also

indicatesthattwo differenttime-delays,̀ba and ` t caninducetheseexcitations,onearisingfrom propagation

effects,andtheotherfrom convection.

Thecompletecombustiondynamicsis thereforedeterminedby (12)andthecouplingrelationsgivenby

(9), (10)and(11). For easeof expositionweassumethatonly oneacousticmodeis present,andset � f ��� .
If thevariationsaremainly in �$J , thenEqs.(12)and(11)canbecombinedto obtaintherelation�� - @i^ 6 j 6 V� - j +6 �®� k + �&���¬�©`baF�¯� 	 (13)

where@i^ 6 j 6 �/@i^ij�� k M ��j +6 �°j + - k + � k M �ed " k + � k + � 0  ¬" g ����W� + ( 8 �8
X � � X � ),± Q ��`baW�²d " (14)

andif they aredueto � J , thenEqs.(12), (10),and(9) canbecombinedto obtain������ - @i^Bj �� - j +f V�W�©³ M V�*���¬�©` t � - ³ + �*���¬�©` t �?��³ T �Ga t �����¯� 	�� �Ga t �´2 Z]\ PIQZ]\ P Q \ Phµ �*�%^_� 8 ^ (15)
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where³ M � @BA � � �� � o k � +c¶  H" 8 ;=<3>8 � ···· U - ; < > 8  "8 �´···· Ui¸ ¶ 2 46 � 8 � ¸ ��³ + �´@BA � � �� �o k � + ; < >  H" 8  "8 � �3�]	G�³ T � �¹@BAº; < > � � �� � o k � +  +" 8  H"8 � 8 �8 � ····· 6 � ` t � ¢ � �
At theacousticfrequency, theimpactof thefifth andsixthtermontheleft-hand-sideof Eq. (15)aretypically

smaller. Also `ba is smallcomparedto ` t in many cases.Hencea simplifiedversionof (15)canbeanalyzed

in theform �� - @i^ij V� - j + �®��³ M �*���¬��` t �~� 	�� (16)

It is interestingto notethatthestructureof (16)is identicalto thatof (13)with thedifferencesonly dueto the

parameters.This impliesthattime-delayeffectsarepresentbothin thepresenceof �$J - and ��J -perturbations,

with thedistinctionthatwith �$J , thetime-delayis dueto `ba , which is dueto flamepropagation,andwith ��J ,
thedelayis dueto ` t , a convectioneffect. Theotherdistinctionis in thedampingeffect; in the former, ifk M is positive, evenin theabsenceof any time-delay, instabilitiescanbepresent.In the latter, on theother

hand,instability is only dueto thetime-delaỳ t ; thedampingeffect is stabilizing.

2.5 Discussion

Themodelsin (16)and(13)werediscussedat lengthin [24], andwereshown to exhibit intervalsof alternat-

ing stableandunstablebehavior asthetime-delayincreased.Thesemodelswerealsoshown to predictthe

instabilitybehavior of anumberof experimentalrigs. In particular, themodelin (16)wasshown to alternate

betweenstability andinstability astheconvective lag ` t increased,which wassimilar to thepropertiesof

therig consideredin [1]. Similarly, themodelin (13) appearsto matchthestability mapin Figure6 in [2]

whichshows thestability bands.

A few commentsaboutthevariousparametersin (13) and(16) arein order. We discusstheparameters

in (13) first. Thedependenceof k f ’s on � is straight-forward,dueto thechangesof ;=< > and  #" with � . In

general,for valuesof �¼» . , k 6 and k M increasewith � . Similarly, `ba increaseswith a decreasing� dueto

its dependenceon  " for valuesaway from theLBO limit andunity. Thedependenceof j on � is indirect,

andoccursthroughthetemperaturewhich increasesas � increasesandhenceincreasesthespeedof sound

andthereforethe frequency. The quantity ^ 6 dependson the flame positionwith respectto the acoustic

mode. For example,a quarterwave acousticmodeimplies that k M is negative andthereforê 6 is positive,

andhence,leadsto a stablesystemfor smallvaluesof `ba , anddestabilizedas `ba increases.
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The paremetersin (16) arealsodependenton � but to a smallerextent. For example,changesin ` t
aremorelikely to occurwith changesin themeanvelocity � ratherthan � . Eventhoughtheparameter³ M
changeswith  #" and ;=< > as � increases,sinceit occursasa linear coefficient in (16), its changesdo not

producedrasticdifferencesin thestabilitycharacteristicsof (16). Thedampingcoefficient isunchangedwith

flameposition,while thefrequency dependencewith � is thesameasin (13)dueto temperaturechanges.

3 Stabilization using the Open-loop Control Strategy

In this section,we addressthe problemof stabilizationusingan open-loopcontrol strategy that consists

of switchingbetweentwo valuesof equivalenceratio. In particular, we will focuson the strategiesused

in [1, 2] which consistsof changingtheequivalenceratio betweentwo constantvaluesat a frequency that

is significantly lower than the resonantfrequency. The discussionsin the previous sectionindicatethat

while thespecificdependenceof theindividualparametersmaybedifferent,thegeneralclassof modelsthat

describethecombustioninstabilityareof theform of�� - @i^ 6 j V� - �½j + �!� M �K� - � + �&���¬�©`$�¾� 	 (17)

with theexactvariationsin ^ 6 , j , � M , � + and ` dependingonwhethertheinstability is dueto � J or � J . Using

themodelin (17),wederive theconditionsunderwhich theswitchingstrategy canstabilizethecombustion

dynamics.Designproceduresfor meetingthesestabilizationconditionsarealsodiscussed.

3.1 Ideal Switching

Thecontrolstrategy in [1, 2] canbedescribedasfollows: Startingfrom � 6 �¿	 , define � f �¿� f \ MH-SÀ*Á for�,Â . andmodulateequivalenceratio accordingto:�¬�����,�qÃ � M for � f \ M »Ä� ¦ � f \ MH-ÄÅ ¡ À#Á� + for � f \ M?-ÄÅ ¡ À#Á »Ä� ¦ � f (18)

where 	Ä» Å ¡ » . is the pulsewidth and À#Á is the pulseperiod. The parameters�½jÆ�Ç^ 6 �Ç� M �Ç� + �p`$� of

themodel(17) arefunctionsof � and,underthis idealswitchingstrategy, thesystem(17) becomesa time-

varying time-delaysystem. Our objective is to analyzethe stability of this systemandderive conditions

from which thedesignvariables�%� M �Ç� + � Å ¡ � À*Á � canbecomputedreadily.

Let usrewrite (17) in thefollowing way:�� - @i^ U j U V� - �½j +U �¼� M U �K� -LÈ M U �&���?�¼` UiÉ � -LÈ + U �&���?�©` U u �Ê�Ë	 (19)
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wheresubscriptshave beenintroducedto show dependenceof theparameterson equivalenceratio � . We

have alsobroughtin two new functions È M U and È + U thatswitchaccordingto:ÈHÌ9U �qÃ � + U:Í if �Î�/� Ì	 otherwise

Theprocedureoutlinedbelow establishes,in arigorousmanner, thatthesystemin (19)canbestabilized

usingalargeenoughÀ Á providedtherearetwo operatingpointswith equivalenceratios � M and � + oneither

sideof thedesiredunstableoperatingpoint with at leastoneof thembeingstable.Oncethis is established,

thequestionthenremainsis to determinetheconditionsunderwhichsuchastabilitypatternexistsin agiven

rig. In particular, we notethat the stability of the systemin (19) is dependenton the parametervaluesofÏ �%�&� , where Ï �%�&�¾� �½j U �Ç^ U �Ç� M U � È M U � È + U �p` U � (20)

whichobviously changeswith � . Thisdependenceis discussedin Section6.

3.1.1 Stability Conditions Under Ideal Switching

It is clearthat(19)describes(17)underthecontrolstrategy (18). When � is aconstant,thesystem(19)can

bewritten in feedbackinterconnectionform asÐÑ � Ò -Ë.N Ò + - @i^ U j U Ò - �½j +U �©� M U � R �[�
� Ò -�. ��Ó U � Ò �K� (21)�Ô�Õ� .Ò -Ë.�Ö�× \ PhØ É ¨ × \ PhØ u ¨�ÙÊÚ È M UÈ + UÊÛ ÐÑ �/Üª� Ò � È?U ÐÑ (22)�E� Ñ (23)

wherethe infinite dimensionalcomponentÜ is time-invariant. This feedbackinterconnectionis shown on

the left of Figure1. The block diagramshows that we have simply addeda stablepole anda canceling

minimumphasezeroin orderto generateafinite dimensionaluniform approximation.

Now, given any kËÝ 	 , thereexists a finite dimensionalsystemÞ with a rationaltransferfunctionof

degreesay @�� suchthat: Þ - ;ß�ËÜª� Ò �|� .Ò -Ë. Ö�× \ PhØ É ¨ × \ PhØ u ¨_Ù (24)

wheretheapproximationerror ; satisfies à ;Î��áBjO� à » .k
for all frequency j including â . Similarly, givenany order � , we cancomputea systemÞ of order � and

a number k¿Ý 	 suchthat the approximationerror is smallerin magnitudethan . � k at every frequency.
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Figure1: Block diagramfor approximationprocedure

Moreover, as � goesto infinity, theapproximationerrorgoesto zerouniformly. Thisadditive representation

of the infinite dimensionalpartof (19) is shown on theright handsideof Figure1. Thesystemwithin the

dashed-lineis theapproximatesystemof degree @�� - @ thatwe shallwork with. This systemhasa scalar

output, ã , anda @®ä . vectorinput, å with statespacerealizationVX$æ � Ú 	 .�W�½j +U �©� M U � �¹@i^ U j U Û X$æ - Ú 	 . ÛOç�[�Ë¥ U X -Lè æ ç� (25)ÐÑ � Ö . . Ù X æ �êé æ X æ (26)

for � Ò -/. ��Ó U , anda realization VX ¡ �Ë¥ ¡ X ¡ -Lè ¡ ã (27)Ðå/�êé ¡ X ¡ (28)

for Þ . Combiningthesetwo statespacemodels,we arrive at thefollowing realizationfor theapproximate

system: VX � Ú ¥ U è æ é ¡� è ¡ È?U é æ ¥ ¡ Û X - Ú è æ	 Û å´� Ð¥ U X -Sè å (29)ã®� Ö � ÈHU é æ 	 Ù X �´é U X (30)

where

X � Ö X�ëæ � X�ë¡ Ù ë . When � is modulatedaccordingto (18), theequations(29)-(30)describea finite-

dimensionallineartime-varyingsystem.

We now describethedesignprocedurefor choosingÅ ¡ and À#Á in (18) soasto stabilize(19). This is

donein the following two steps.In thefirst step,we describehow Å ¡ and À*Á canbechosensothat (18)

stabilizes(29)-(30). In thesecondstep,we derive additionalconditionsthatneedto besatisfiedby Å ¡ andÀ Á sothat(18)stabilizestheactualsystemin (19).

Thefollowing lemmaprovidestheconditionsfor stabilizationof (29)-(30)using(18).
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Lemma 1: Thesystemin (29)-(30)with thecontrol strategy (18) is asymptoticallystableif andonly if

there existsa periodic(with period À Á ), positivedefinitefunction Þ such thatVÞ - Ð¥ ë U Þ - Þ Ð¥ U ¦ 	 (31)

for all � Â 	 .
Thedesignprocedureconsistsof choosingÅ ¡ and À#Á sothat(31) is satisfiedfor someÞ andsothat�#ìhí�� Å ¡ � M - � . � Å ¡ �D� + (32)

where� ì�í is thedesiredoperatingcondition.Givena � ìhí , oncestableoperatingpoints � M and � + arefound

suchthat � M ¦ � ìhí ¦ � + , eq.(32)determinesÅ ¡ . Therefore,what remainsis to show how À*Á canbe

chosensothat(31) is satisfied.

In orderto determineÀ Á from (31), fix À Á andsubdivide thetime interval Ö 	�� À Á Ù into î equalparts,	 ¦�ïð¦ @ ïð¦òñ3ñ3ñ,¦ î ï � À*Á . Let us denoteby VÞ Ì , Þ Ì , Ð¥ Ì and é Ì the valuesof VÞ , Þ ,
Ð¥ U and é U

respectively at time � ï . Now, if thesubdivision is suffciently fine (or if VÞ is piecewiselinear),thenÞ Ì �ËÞ 6 - ï@ôóõ VÞ 6 - VÞ Ìö- @ Ì \ M�÷ � M VÞ ÷�øù (33)

for � Â . . Periodicityof Þ impliesthat Þ 6 �ÕÞ¬ú . This, alongwith (33) at �Î�ûî andtheperiodicityofVÞ , gives VÞ 6 � VÞ¬ú��Õ� ú \ M�Ì � M VÞ Ì (34)

Usingtheabove developments,the linearmatrix inequality(LMI) conditionsin Lemma1 canbereplaced

by thefinite setof sufficient LMIs: Þ 6 Ý 	 (35)Þ Ì ��Þ 6 -qü+ N VÞ 6 - @|ý Ì \ M÷ � M VÞ ÷ - VÞ Ì R Ý 	 (36)� N ý ú \ MÁ � M VÞ Á R - Ð¥ ë 6 Þ 6 - Þ 6 Ð¥ 6 ¦ 	 (37)VÞ Ìþ- Ð¥ ë Ì Þ ÌÆ- Þ Ì Ð¥ Ì ¦ 	 (38)

where �=� . �Ç@_� ñ�ñiñ �pîe� . . Here,theunknownsare �]Þ 6 � VÞ M � ñiñiñ � VÞHú \ M � . Thesematricescanbecomputed

usingefficient numericaltechniquesthat have beendevelopedin the LMI literature[28] (for examplethe

MATLAB LMI toolbox).

We now show that (18) stabilizesthe original system(19) if À Á is chosenso that Þ satisfiesa linear

matrix inequalitythat is somewhatstrongerthan(31). Noting that thedifferencebetweentheapproximate
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andactualsystemis representedby ; , it follows that if Ü canadmitperturbationslargeenoughcompared

to ; , thenstabilizationof the actualsystemis possible.This is statedmoreformally in the two lemmas

below.

Let ÿ + denotetheHilbert spaceof functionsof time with finite energy. Roughlyspeaking,a function
Ï

is in ÿ + if andonly if 2��6 Ï ����� ë Ï ���p� 8 � ¦ â
We canview the approximatesystemwith input å andoutput ã in Figure1 asa mappingfrom ÿ + intoÿ + . For eachinput å of finite energy, thesystemgeneratesanoutput ã whoseenergy is scaledby a factor.

The largestscalingfactor, obtainedby searchingover all finite energy inputs, is calledthe inducednorm

of thesystem.The lemmabelow givesa sufficient conditionfor stability of theoriginal systemandis an

applicationof thesmallgaintheorem[29].

Lemma 2: Let k�Ý 	 begiven, Þ bethecorrespondinguniformapproximationdefinedin (24) andthe

equivalenceratio � satisfythecontrol law (18) for some�%� M �Ç� + � Å ¡ � À*Á � . Supposethat theinducednorm

of the time-varyingsystemfrom å to ã in Figure 1 is strictly lessthan k . Then,the infinite dimensional

system(19)with thecontrol law (18) is stable.

Theabove lemmasuggeststhat thedesignvariables�%� M �Ç� + � Å ¡ � À#Á � areto beselectedso that the in-

ducednormof theapproximatesystemsatisfiesaspecifiedbound.Suchaninducednormcanbeguaranteed

to exist if anLMI conditionthatis similar to thatin (31),andsomewhatstronger, is satisfied.This is stated

in thefollowing lemma.

Lemma 3: Let k/Ý 	 be given. Theapproximatesystem(29)-(30)with the control strategy (18) has

inducednorm strictly lessthan k if and only if there existsa periodic (with period À*Á ) positivedefinite

function Þ such that � VÞ - Ð¥ ë U Þ - Þ Ð¥ U§- é ëU é U Þ èè ë Þ � k +�� � ¦ 	 (39)

for all � Â 	 .
3.1.2 The Control Design Procedure

Thesummaryof Lemmas1 and3 is thefollowing: Theswitchingstrategy in (18) is guaranteedto stabilize

thecombustioninstability modelin (19) if a certainLMI conditionis satisfied.Thequestionthatarisesis

if indeedthis conditionis satisfiedfor a givencombustionsystem.In particular, givena desiredoperating

condition ���	� , andvalues � M and � + that aresuchthat � M ¦ � ìhí ¦ � + , the problemis to determinethe
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designprocedurefor calculating À*Á suchthat the LMI condition (39) canbe satisfied. We addressthis

questionby consideringthefollowing threecases:

(a) Stable-StableSwitching2: Thesystem(17) is stableat � M and � + .
(b) Stable-UnstableSwitching:Thesystem(17) is stableatoneof thepoints(say � M ) andunstableat the

other( � + ).
(c) Unstable-UnstableSwitching:Thesystem(17) is unstableat � M and � + .

Note that, in all of the above cases,� M and � + must satisfy � M ¦ ��ìhí ¦ � + so that the time-averaged

equivalenceratio canequal �#ìhí , i.e. (32) holdsfor some	E» Å ¡ » . . Thesecasesareconsideredin some

detailbelow.

(a) Stable-Stable Switching: If � M and � + arestableoperatingpoints,andthegoalis to switchbetween

thesetwo pointsandstill ensurestability, essentiallyoneneedsto switch sufficiently slowly so that any

transientsthatareinduceddueto theswitchingdiedown duringtheswitchingperiod.Thatis, if À*Á is large

enough,thesetransientsareguaranteedto die down andhenceensurestability. In fact,it canbeshown that

theLMI conditionsin (39) hold for a sufficiently large À*Á irrespective of Å ¡ . Sincestability in this caseis

independentof thepulsewidth Å ¡ , any desiredoperatingequivalenceratio �#ìhí between� M and � + canbe

achieved by simply choosingÅ ¡ accordingto (32). A procedureto computethedesignparametersis the

following:

(1) Select� M and � + suchthat � M »°� ìhí »�� + andthesystem(17) is stableat � M and � + .
(2) ChooseÅ ¡ accordingto (32).

(3) Choosea large period À�
 f æÁ andperformbisectionbetweenÖ 	�� À�
 f
æÁ Ù

until the smallesttime periodÀ Á f �Á for which theLMIs in (39)hold.

Any À Á Â À Á f �Á will resultin stability of thecontrolledsystem(17).

(b) Stable-Unstable Switching3: Unlike case(a), “instability” or pressureamplificationcanresult in

this caseeither from switching or becauseof operatingat an unstablepoint. Therefore,the fraction of

2This casecorrespondsto thebehavior of thecombustorconsideredin [2] neartheoperatingpoint ��
�������� � with equivalence
ratio modulatedbetweentwo stablepoints.

3This casecorrespondsto the combustorbehavior discussedin [2] near � 
�� ����� � with switchingbetweena stableandan
unstablepoint.
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time spendat theunstableoperatingpoint is relevant to stability of theoverall system.That is, stability is

determinedby both Å ¡ and À Á . As a result,notall �#ì�í between� M and � + canbeachievedby switching.

The setof all Å ¡ and À*Á (equivalently, � ìhí and À#Á ) that result in stability of (17) underthe control

strategy (18)canbecomputedasfollows:

(1) Select� M and � + suchthat � M »°� ìhí »�� + andthesystem(17) is stableat � M andunstableat � + .
(2) Choosea period À*Á . Performbisectionon Å ¡ betweenÖ 	�� . Ù to determinethe smallestÅ Á f �¡ for

which theLMIs in (39)hold.

(3) RepeatStep(2) for adifferent À*Á .

For any period À#Á Ý 	 , thepulsewidth Å ¡ � . guaranteesstability asit correspondsto operationat

thestablepoint �Ä��� M . Similarly, Å ¡ �q	 resultsin instability. Thebisectionin Step(2) computesthe

smallestpulsewidth neededto guaranteestability for a fixedpulseperiod À Á . It is clearthat large À Á and

large Å ¡ (or � ì�í closeto � M ) resultin stability of thecontrolledsystem.

(c) Unstable-Unstable Switching: It is easyto seethatlargeperiodsresultin instability of theoriginal

system.Therefore,this casedoesnot fit into theconceptof stabilizationvia low frequency switching.That

is, thesystemcannotbestabilizedusingtheswitchingstrategy in (18) if � M and � + correspondto unstable

operatingpoints,almostalways.

3.2 Non-ideal Switching

Theswitchingstrategy givenby (18) assumesthat transitionbetweenthe two equivalenceratiosis instan-

taneous.But, in general,the transitiontime dependson the actuatorbandwidth(i.e. openingandclosing

timesof theinjectorvalve)aswell asthetimetakenfor thereactionzoneto reachthenew equivalenceratio.

Considerthefollowing non-idealswitching:

�¬�����,�
������������ �����������

� ì�í for �Ê�Ë	ç� M ����� for 	®»Ä� ¦ }� M for }c»ô� ¦ Å ¡ À Á �!}ç� + ���?� Å ¡ À#ÁS- }�� for Å ¡ À#Á �¼}W»Ä� ¦ Å ¡ À#ÁS- }� + for Å ¡ À#ÁS- }W»Ä� ¦ À#Á �¼}ç� T ���?� À Á - }�� for À Á �©} »Ä� ¦ À Á� ì�í for �Ê� À*Á
(40)

where } Ý 	 is the transitiontime, ç� f ’s arecontinuousfunctionsof time that describethe variationof �
during transitionperiods,andthe remainingvariablesareasbefore. It turnsout that thedelay × \ PhØ ¨ may
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not bea boundedoperatorandsomeassumptionsareneededto extendtheanalysisof theprevioussection.

Weassumethattheeffectof non-idealcontinuousswitchingcanbeapproximatedby thatof afinite number

of small idealswicthes.In particular, × \ P Ø ¨Ò -Ë.�� ��Ì � M ÈHÌ9U × \ P Í ¨Ò -Ë.
for someÈ?Ì U ’s of the form in theprevious section.With this assumption,it canbe shown that (39) gives

sufficient conditionsfor stability of the original systemprovided that the approximatemodel(29)-(30) is

constructedwith  delaytermsinsteadof two asin theprevioussection.

4 Stabilization in the presence of hysteresis

In theprevioussection,weimplicitly assumedthatthecombustorparametervector
Ï �%�*�Ê� �%^ U �Dj U �Ç� M U �Ç� + U �p` U �is single-valuedat each� . As notedin [5], oftena hysteresismechanismis presentin combustionsystems.

This in turn implies that
Ï �%�&� is multi-valuedbetween� M and � + . Interestinglyenough,even in this case,

stabilizationis possibleusingthesameswitchingstrategy asin (40),with theunderlyingconditionsinvolv-

ing functionalformsof
Ï �%�&� for bothbranchesof hysteresis(Figure2). To do this, considerthehysteresis

cycle shown in Figure2 andsupposethat thedesiredoperatingpoint is � ìhí . Let us denotethe lower and

upperhalvesof hysteresiscycleby
Ï M and

Ï + respectively. Also,supposethat } is thetransitiontimebetween� M and � ìhí aswell asbetween� ì�í and � + . Thus,in thepresenceof hysteresis,switchingbetween� M and� + leadsto combustorparametervariationgivenby:

Ï �%�&� �����,�
������������ �����������

Ï M �%�#ì�íG� for �,�Ë	Ï M � ç� M ������� for 	=»Ä� ¦ }Ï M �%� M �Ê� Ï + �%� M � for } »ô� ¦ Å ¡ À*Á �!}Ï + � ç� + ���?� Å ¡ À*ÁL- }���� for Å ¡ À#Á �¼}W»Ä� ¦ Å ¡ À#ÁS- }Ï + �%� + �Ê� Ï M �%� + � for Å ¡ À#ÁS- }W»Ä� ¦ À#Á �¼}Ï M � ç� T ���?� À Á - }���� for À Á �!}c»ô� ¦ À ÁÏ M �%� ì�í � for �,� À*Á
(41)

which is no moregeneralthantheparametervariationsgeneratedby thenon-idealswitchingstrategy (40).

Therefore,(39) onceagaincorrespondsto sufficient conditionsfor stabilizationwith the the approximate

systemrepresentedusing  delaysratherthantwo, asdiscussedin theprevioussection.

Let us examinesomeof theconsequencesof our analyticalresultsfor stabilizationin the presenceof

hysteresis.First, thereis a minimum valueof pulseperiod À#Á below which stabilizationis not possible.

Intuitively, this is becauserapidswitchingresultsin very little time for transientsto die out. Second,since

partof thehysteresiscycle leadsto unstableoperatingcondition,pulsewidth cannotbearbitraryfor stabi-

lization. This is similar to thestable-unstableswitchingwe considered.A third statementwe canmake is
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Figure2: Hysteresiscurve

thatdueto thenon-zerotransitiontime } , shortpulsesmaynotbestabilizing.Thesestatementscorroborate

thefollowing observationsmadein [5]:

(O1) Pulsingataslower frequency thantheunstablefrequency stabilizesthesystem.

(O2) Shorterpulsestendto belesseffective, in general.

Recallthat � M and � + aredesignvariablesthatmustbechosenalongwith Å ¡ and À*Á sothatequation

(32)andtheLMIs (35)-(38)holdto guaranteestability. In thepresenceof hysteresis,anadditionalcondition

which we implicitly assumedmusthold. This conditionis the following: � M and � + mustbe sufficiently

apartsothatthelowerandupperhalvesof thehysteresiscyclemeetat � M and � + :Ï M �%� M �|� Ï + �%� M � and
Ï M �%� + �Ê� Ï + �%� + �

In otherwords,theflow rateof thefuel injectorshouldbe largeenoughsothatwe canswitchbetween� M
and � + satisfyingtheabove condition.Thiscorroboratesyet anotherobservationmadein [5]:

(O3) Theflow rateneededto accomplishsuccessfulpressuresuppressionis substantial(about25%of the

primaryfuel-flow rate).

It is quite likely that theprimaryloop of thehysteresiscurve in [5, 4] correspondedto anequivalenceratio

changethat is commensuratewith a 25% changein the fuel-flow rate. This discussionshows that (39)

providessufficient conditionsfor stabilizationwith infinite switchingin thepresenceof hysteresis.

Whenhysteresisis present,a considerablysimplercontrolstrategy suffices: a singlepulseof sufficient

durationandheight. This canbe explainedusing Figure2. Let us assumethat operationbegins on the
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upperhalf of thehysteresiscycleatanequivalenceratioof � ì�í (pointA in Figure2). For stabilizationusing

hysteresis,we needa pulseof sufficient durationandheightso that the equivalenceratio � + canbecome

effective following which thesystemcanreturnto thedesiredoperatingpointB in Figure2 alongthelower

branchduring theoff-period. Thus,during this singleperiod,theswitchingstrategy takestheequivalence

ratio from � ìhí to � + andback.As long asthepulsedurationandwidth arelargeenoughto allow transition

from � ìhí to � + , stabilizationwill occur. This confirmsthe observations(O1)-(O3) in [5]. As with the

infinite switchingstrategy, we notethat therobustnessof this singlepulsestrategy is non-existent;aslong

as perturbationsare present,the operatingpoint will move from è to ¥ causingpulsing to be invoked

repeatedly.

Wenotethatthispaperdoesnotanswerthequestionregardinghow generaltheexistenceof hysteresisis

in combustorsor whattheresponsiblemechanismsarein acombustionsystemfor thehysteresis.However,

onceit is detected,this papergivesguidelinesfor determiningthenumber, width, andheightof secondary-

fuel pulsesto efficiently stabilizethesystem.

5 Simulations

We now presentnumericalresultsto show thata combustionrig, modeledby (17), canbestabilizedusing

anopen-loopswitchingstrategy with anonzerotransitiontime. Thesimulationmodelis:�� - @i^ U j U V� - �½j +U �!� M U �K� - � + U �&���?�¼` U �¯� å (42)

where å is a processnoisevector. We have addedå to the systemdynamicsto representthe effectsof

unmodeleddynamicsandexternal disturbances.This additiondoesnot affect stability propertiesof the

system.Numericalresultsaregivenfor thestable-stableandstable-unstableswitchingcasescorresponding

to theexperimentalconditionsin [2]. Our resultswith thelinearsimulationmodelcorroboratethoseof [2].

For thenumericalresultspresentedbelow, we usedanunstablefrequency j of !B	i	 Hz, andanequiva-

lenceratio transitiontime } of 	�� 	 . @#" secasin [2]. White noisewith a covarianceof @B	i	 wasusedasthe

processnoise å . Initial conditionswererandomlyset;but thesameinitial statewasusedfor simulationat

desiredoperatingpoint �#ì�í with no switching,andsimulationwith open-loopswitchingstrategy. Table1

givesnumericalvaluesof othermodelparameters.Theseparameterswereusedto computeÅ ¡ using(32)

andthesmallestperiod À Á f �Á usingtheLMIs in (39),bothin thestable-stableandstable-unstableswitching

case,andareasfollows.

Stable-Stable Non-ideal Switching: Å ¡ �Ë	��$" and À Á f �Á �/	�� 	�"
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Stable-Unstable Non-ideal Switching: Å ¡ �Ë	��$" and À Á f �Á �Ë	�� 	�"
For solvingtheLMIs, we usedï �/}B�B@ .

Parameter Stable-Stable Stable-Unstable�%� M �Ç� ìhí �Ç� + � (0.65,0.7,0.75) (0.8,0.9,1)�½j UiÉ �Dj ��ìhí �Dj U u � (300,300,300) (300,300,300)�%^ UiÉ �Ç^ � ì�í �Ç^ U u � (0.05,0, 0.01) (0.05,0, -0.005)�%� M UFÉ �Ç� M � ì�í �Ç� M U u � �½j UiÉ �Dj � ìhí �Dj U u � �½j UiÉ �Dj � ì�í �Dj U u ��%� + UFÉ �Ç� + � ì�í �Ç� + U u � �½j UiÉ �Dj +� ìhí �Dj U u � �½j UiÉ �Dj +� ì�í �Dj U u ��]` UiÉ �p` � ì�í �p` U u � �]A1��j UFÉ �Ç@BA1��j � ì�í �pA1��j U u � �]A1��j UiÉ �Ç@BA1��j � ìhí �pA1��j U u �� Å ¡ � À Á � (0.5,0.2) (0.5,0.2)

Table1: Numericalvaluesof parametersusedin simulations.Equivalenceratios � M , � ì�í , � + , pulsewidthÅ ¡ andperiod À Á arefrom [2].

5.1 Simulation 1: Stable-Stable Switching

Here, the desiredoperatingcondition is unstableand the strategy is to switch betweentwo stablepoints

“hoppingover” theinstability. Thiscasecorrespondsto experimentalresultsneartheoperatingpoint � ì�í �	���
 (at an inlet temperatureof 367K) presentedin [2]. Numericalvaluesusedfor simulationsaregiven in

Table1.

Figure3 shows pressureresponseof thesimulationmodel(42). Theleft half of theplot shows pressure

responseat thedesiredequivalenceratio � ìhí with noswitching.Theright half of theplot showsreductionin

pressureobtainedwith open-loopswitching.Theplot at thebottomshowsswitchingsequencewith nonzero

transitiontime. It is clear that the open-loopswitchingstrategy is stabilizing. This figure comparesvery

well with theexperimentalresultspresentedin [2] (seeFigure10aof [2]).

5.2 Simulation 2: Stable-Unstable Switching

In this case,thedesiredoperatingconditionis unstableandis not an isolatedinstability asin theprevious

casethatallowedusto hopover to astableoperatingpoint. This conditioncorrespondsto theexperimental

resultsnearthe operatingpoint � ìhí � 	��$% given in [2] and the open-loopcontrol strategy is to switch

betweenastableoperatingpointandanunstableoperatingpoint.

Figure4 shows pressureresponseof the linear simulationmodel(42). The left half of theplot shows

pressureresponseatthedesiredequivalenceratio �#ìhí with noswitching.Theright half of theplot showsthe
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effectof open-loopswitching.Thelargejumpsin amplitudeis causedby switchingto anunstableoperating

point. The plot at thebottomshows switchingsequencewith nonzerotransitiontime. As in theprevious

case,this figurecomparesvery well with theexperimentalresultspresentedin [2] (seeFigure7aof [2]).

5.3 Simulation 3: Evaluation of Results in [1]

Theapproachin [1] is somewhatdifferentfrom thatin [2] in thattheopen-loopcontrolstrategy is evaluated

at threedifferentoperatingpoints. Theswitchingperiodis still chosento beconsiderablysmallerthanthe

unstablefrequency. Sincethecontrolstrategy evaluatedin thispaperconsistsof slow switching,wediscuss

theconditionscitedin section3 andtheirability to predicttheresultsof [1] aswell, in this section.

The minimum andmaximumoverall equivalenceratiosusedin [1] are � M � 	���
&! (pulseinjector off)

and � + ��	��$'#" (pulseinjector on). This meansthat, unlike the previous cases,we canattainany desired

equivalenceratio �#ìhí in therangeÖ � M �,� + Ù byselectinganappropriatepulsewidth Å ¡ accordingto (32). The

experimentalresultsgiven in [1] correspondto: (i) Å ¡ �û	 , �#ì�íð�û	���
&! (fuel injectoroff), (ii) Å ¡ �û	�� @ ,� ì�í �ß	��$'i@#( (with a duty-cycle of 80%),and(iii) Å ¡ � 	��$(*) , � ìhí � 	���
i
&!i@ (with a duty-cycle of 36%).

Resultsin [1] ataswitchingfrequency of "B	 Hz ( À#Á �Ë	�� 	F@ sec)show thatpressureoscillationsareslightly

largerwith theswitchingstrategy (ii) is appliedthanwhenthe injector is off (asin (i)). It is alsoshown in

[1] thatpressureoscillationsaresignificantlyreducedby applyingthestrategy (iii). Theseobservationscan

be explainedwith the sameanalyticaldevelopmentsof Section3 with a suitablechoiceof the combustor

modelparameters:

Thefollowing valuesarechosenfor numericalsimulation:j U �+(B	i	iAª�´� M U �´� + U �/A1��`^ UiÉ �Ë	�� 	 . �ö^ 6-, ./. T + �/	�� 	�"_�O^ 6-, 0 +/1 �Ë	�� 	i	�"_�þ^ U u �Ë	�� 	i	 .Thesechoicesaremotivatedby theexperimentalconditionsin [1].A transitiontime of }E� 	�� 	i	�" secwas

used. The correspondingresultsshown in Figure 5. Indeedstabilizationoccursin case(iii) and larger

oscillationsarepresentin case(ii). This is similar to theobservationsin Figures5,7,and8 in [1].

6 Discussion

Thediscussionsin Sections2-5show thatananalyticalmodelcanbederivedthatprovidesexplanationsand

guidelinesfor the successof an open-loopcontrol strategy with a large enoughswitchingperiod. It was
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shown thatanappropriateswitchingstrategy canbefoundfor stabilizingthecombustorbothwhile switch-

ing betweentwo stableoperatingpointsandwhile switchingbetweena stableandan unstableoperating

points.It wasalsoshown thatthenumericalsimulationstudiesmatchtheseanalyticalpredictionsandmore

importantly, matchtheexperimentalobservationsin [1, 2].

Thediscussionsin section3 showed that thesuccessof a slowly switchingopen-loopcontrol strategy

essentiallydependson the natureof the parametervector
Ï �%�&� definedin (20). If

Ï �%�&� belongsto one

of thecases(a)-(c)definedin section3.1.2,then
Ï �%�&� determinesthe feasibility of theopenloop strategy

with the specificcasefixing the parametersof the switchingscheme(18). Therefore,a determinationof

how
Ï �%�&� varieswith � in a given rig is useful for determiningthe control strategy. Of the parameters�½j U �Ç^ U �Ç� M U � È M U � È + U �p` U � in

Ï �%�&� , the mostsensitive is ` . As shown in Eq. (14), in the casewhenthe

instability mechanismis dueto variationsin �$J , `��ê`ba ; `ba changeswith theburningvelocity  #" , which in

turn is quitesensitive to changesin � . For example,in propane-airmixture,a 25%changein � leadsto a

400%changein  #" [30]. Also, notingthestructureof Eq. (19), it is clearthatchangesin thetime-delaylead

to a moredrasticchangein the stability patternof the underlyingsystemratherthanchangesin theother

parametersof
Ï �%�&� . In particular, supposeweareinterestedin operatingconditions� M and � + bothof which

arestable,and ���2� is unstable.If thedominanteffect of � is on ` , thenthesystemshouldexhibit a stable-

unstable-stablepatternas ` increasesfrom avaluethatcorrespondsto � M , through � �	� to � + . Suchstability

“bands”areknown to exist in time-delaysystemsin general,andin theexperimentalrig in [2] in particular

(Figure6). It is worthnotingthatin [2], careis takento ensurethattheequivalenceratio fluctuationsin the

feed-systemaredecoupledfrom the burning zone. It is thereforequite likely that the configurationin [2]

consistsof aninstability mechanismwherefluctuationsin ��J aredominant.Theabove discussionsindicate

thattheresultspresentedin thispapercorroboratetheobservationsin [2] ratherclosely. First, theinstability

propertiesof theuncontrolledprocessparallelthoseof themodelin (13),Second,aslow switchingstrategy

asin [2] hasbeenshown in section3 to leadto stability propertiesthatarequitesimilar to theexperimental

observationsin [2].

Wehavealsodiscussedtheresultsin [1] in section3. It shouldbenotedthatthecombustorin [1] differs

from that in [2] in two respects.First, variationsin ��J arepresentin the rig in [1], contraryto thecasein

[2] wherea decoupleris introducedbetweenthe feedsystemandthe burning zone. This implies that the

time-delayin [1] maybedueto ` t . Second,thecontrolstrategy in [1] wasattemptedatdifferentduty-cycles;

this is in contrastto thatin [2] wheretheduty-cyclewasfixedat50%andonly thevalues� M and � + between

which � waschangedwerealtered. As mentionedin sections2 and5, if the duty cycle is changed,the

operatingpoint, � ìhí , shifts. Thesuccessof theswitchingstrategy in sucha caseis simply governedby the
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valueof
Ï �%� ì�í � . This is quitedistinctfrom thestrategy in [2] where� ìhí is fixed. In fact,it canbearguedthat

in this case,to achieve stabilization,onedoesnot needto switchbetweentwo valuesin a periodicmanner

but couldsimply operateat a � ìhí , basedon thevalue
Ï �%� ìhí � . If

Ï �%� ìhí � correspondsto a stablevalue,slow

switchingaroundthis operatingconditionwill still leadto stability, whereasswitchingaroundanunstable

valueof
Ï �%� ìhí � leadsto a moreunstableresponse,which mayhave beenthecauseof theobservationsin

Figures7 and8 in [1].

Yet anotherquestionthat is raisedin [2] is thenumberandlocationof multiple fuel-injectorsrequired

to ensurethe successof the proposedswitchingstrategy. Again, this canbe quantifiedusingour model

and
Ï �%�*� . Theultimategoal is the realizationof two values� � M and � �+ aroundthedesiredoperatingpoint�#ì�í at which stability canbe realized.Noting that thesevaluescorrespondto theequivalenceratio at the

burningsection,in thesituationwheremultiplefuel-injectorsareused,theproblemis to identify at leasttwo

choicesamongvarioussequencesof pulsesof fuel-injectorthatcorrespondto thesedesiredvalues.Suppose

that thereare � fuel-injectors,locatedat � differentlocations,andeachcan,at any instant,be in theon- or

off-mode.Thesequenceof pulsesfrom these� injectorsat a time instantcanbeexpressedas 3 × M ��������� × � 4whereeach× f cantakeavalue1 or 0 dependingonwhetherthe
�
th injectoris in theon-or off-mode,Hence,

it follows that @ � possiblesequences f canbegeneratedusingthese� fuel-injectors.Theissueis therefore

to identify themappingfrom  f to � f , andfind the  f ’s thatcorrespondto thedesired� � M and � �+ . In general,

thesesequencesareboundto dependin a complex way on theconfigurationandboundaryconditionsin a

givenrig. Oncethesesequencesareidentified,they determinein turn whena giveninjector is fired. Given

thequasi-staticnatureof theswitchingstrategy (thatis, theswitchingfrequency is significantlysmallerthan

theunstablefrequency), thetime-delaybetweenthefiring instantsof any two injectorsmaynotbearelevant

parameteraswasspeculatedin [21].

Wehavealsoshowedin thispaperanexplanationfor whenandhow acombustorcanbestabilizedusing

a switchingstrategy in the presenceof hysteresisasin [4, 5]. In particular, we have shown that thesame

propositionthatexplainedthe ideabehindstabilizationusingtheswitchingstrategy in [1, 2] providesthe

analyticalbasisfor theresultsin [4, 5] aswell. Weshowedthatourobservationsbasedonthemodelandthe

propositionmatchestheexperimentalobservationsin [4, 5].

A point worthmakingis aboutpropertiesof open-loopcontrolstrategiesin general.Unlike closed-loop

controlstrategies,open-loopcontrolstrategiesarequitevulnerableto changesin theoperatingparameters.

As theabove discussionindicated,thestability of theopen-loopstrategy is closelytied to
Ï �%�&� , andhence

its stability robustnessis conditionedon the sensitivity of
Ï �%�&� to variousperturbationsand changesin

theoperatingconditions.This shouldbekept in mind while implementingopen-loopcontrolstrategies. It
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shouldbenotedthat for theswitchingstrategy in (18), stability dependsonly on
Ï �%� M � and

Ï �%� + � , andnot

on how thefunction
Ï

behavesatothervaluesof � .

Finally, we make a commentaboutthe model in (17), which is a second-order, lumped,time-delay

model.Obviously, a fair amountof simplificationhasbeenmadein collapsingthecomplex dynamicinter-

actionsbetweenacousticmodes,heatreleasedynamicsfrom a distributedflamezone,fuel-injection,and

mixing dynamicsinto a simpleform. However, the descriptionof the open-loopcontrol strategy andits

impacton the rig usingthe time-delaymodelas in (17) representsa very usefulguidelineandan impor-

tantbeginning for how thephysicalmodelcanbeexpandedappropriatelyto encompassvariousdynamics

exhibitedby acombustionrig with andwithoutactive control.
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Figure3: Stabilizingeffectof open-loopequivalenceratiomodulationbetweentwo stablepoints.Response
shown ontheleft half correspondsto operationat � ìhí ; theright half showsreductionin pressureoscillations
obtainedfrom equivalenceratiomodulation.Comparewith Figure10aof [2].
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Figure4: Stabilizingeffect of open-loopequivalenceratio modulationbetweena stableandan unstable
point. Responseshown on theleft half correspondsto operationat � ì�í ; theright half shows responsewith
equivalenceratio modulation.Comparewith Figure7aof [2].
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Figure5: Responseof the linearsimulationmodel. Thetop plot is for operationat � ìhí �
� M �û	���
&! with
no switching; the middle plot is for operationat � ì�í � 	��$'i@#( with switchinganda duty-cycle of 80%;
thebottomplot is for operationat � ìhí �q	���
i
&!i@ with switchinganda duty-cycle of 36%. Comparewith
Figures5,7,8of [1].
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