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Abstract

Active control usingperiodic fuel injection hasthe potentialof suppressingcombustion
instabilitywithout radicallychangingtheenginedesignor sacrificingperformance.In thispa-
per, we carryout a studyof optimalmodel-basedcontrolof combustioninstability usingfuel
injection.Themodeldevelopedis physicallybasedandincludestheacoustics,theheat-release
dynamics,their coupling,andtheinjectiondynamics.A heat-releasemodelwith fluctuations
in theflamesurfaceareaaswell asin theequivalenceratiois derived.Weshow thatareafluctu-
ationscoupledwith thevelocity fluctuationsdrive longitudinalmodesto resonancecausedby
phase-lagdynamics,while equivalenceratiofluctuationscandestabilizebothlongitudinaland
bulk modescausedby time-delaydynamics.Comparisonsaremadebetweenthemodelpre-
dictionsandseveralexperimentalrigs. Thedynamicsof proportionalandtwo-position(on-off)
fuel injectorsareincludedin themodel.Usingtheoverallmodel,two differentcontroldesigns
areproposed.Thefirst is anLQG/LTR controllerwherethetime-delayeffect is ignored,and
the secondis a Posi-Castcontrollerwhich explicitly accountsfor the delay. Injection at (i)
theburningzoneand(ii) furtherupstreamis considered.Thecharacteristicsof fuel injectors
includingbandwidth,authority(pulsed-fuelflow rate),andwhetherit appliesaproportionalor
a two-position(on-off) injectionarediscussed.We show that increasingauthorityandband-
width result in improved performance.Injection at (ii) comparedto (i) resultsin a trade-off
betweenimprovedmixing andincreasedtime-delay. Wealsonotethatproportionalinjectionis
moresuccessfulthanon-off injectionsincetheformercanmodulatebothamplitudeandphase
of thecontrolfuel.

1 Intr oduction

Combustioninstability hasbeenwidely observed in premixedcombustionat near-stoichiometric

operationin high-powercombustors[1]-[4] aswell asat leannear-flammabilityconditionsin low-

emissioncombustors[5]-[7]. Active control hasbeenrecognizedasa promisingtechnologyto
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abatecombustioninstability in practicalsystems[5]-[11]. Among the variousmethods,control

usingperiodicfuel injectionhasbeenobservedto have themaximumimpacton instability using

the smallestfraction of the systemenergy. A systematicactive control designfor pulsing fuel

that canguaranteeoptimal androbust performanceover a wide rangeof operatingconditionsis

thereforehighly desirable.

It haslong beenrecognizedthat combustion instability is governedby strongcoupling be-

tweenthe heatreleaseand the acousticfield of the combustor chamber[12]. While acoustics

is well known andcanbe modelledaccurately[13], heatreleasedynamicsremainsa challenge.

Most currentdesignsare basedon phase-shiftalgorithmswhich succeedover a small rangeof

operatingconditionswherethe frequency andphasecharacteristicsdo not vary significantly. In

addition,their behavior is not optimalin termsof fuel consumption,settlingtime,androbustness.

In orderto designanefficient active controllerthatcandeliver guaranteedperformance,a model

of the actuatedcombustor that includesthe combustioninstability andthe underlyingdominant

interactionsbetweenacousticsandtheheatrelease,theactuatordynamicssuchasits bandwidth,

nonlinearities,authority, delayeffects,andeffectsof operatingconditions,actuatortype,andac-

tuator locationsis highly desirable.In this paper, we develop a generalmodelof the acoustics,

heat-release,fuel-injector, andvariousinteractionsbetweenthesecomponents.

Theresponseof heat-releaseratefor variousperturbationsin theflow-field is slowly beginning

to be understood.Of these,perturbationsdueto velocity andequivalenceratio are two mecha-

nismswhich appearto affect heat-releaserate in a dominantway. The heat-releaseresponseto

perturbationsin the velocity throughareafluctuationswasfirst quantifiedin [14] to establisha

reduced-ordermodelof combustioninstability [15] in a laminarflow, andlateradoptedin [16] and

[17] to establishinstabilityundermoreturbulentconditions.Theheat-releaseresponseto perturba-

tionsin theequivalenceratiowasobservedexperimentallyin [18, 19,20], with preliminaryresults

relatedto theirmodelingreportedin [21, 22]. While bothmechanismscandestabilizelongitudinal

modes[9, 23, 19,24], bulk modesaremorestronglyaffectedby thelatter[8, 21]. In thispaper, we

derive a generalheat-releasemodelthatcapturestheeffect of bothvelocity andequivalenceratio

perturbations.We usethesameflamekinematicsequationasin [14] andderive a reducedorder

modelof theheatreleasedynamicsassumingthatwehaveconditionsof highDamkohlernumber,

weakto moderateturbulent intensity, andthat it is a thin sheetseparatingreactantsandproducts.
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Theacousticmodesareassumedto beeitherdueto abulk-modeor a longitudinalmode.Coupling

theheatreleasemodelandtheacoustics,wederivetheinstabilityconditionsfor thecombustor. We

show thattwo differentperturbationscancausetheinstability, wherethefirst is dueto equivalence

ratio fluctuationsanda convective delay, while the secondis due to velocity fluctuationsanda

propagative time-delay. Themodelpredictionsin thefirst category arecomparedto experimental

rigs in [19, 20,8, 25] while thosein thesecondarecomparedto [26, 23, 27,28,9, 29].

Theperformanceof theactive controlleris tightly correlatedwith theperformanceof sensors

andactuators.While high-bandwidthdevicesof thefirst areavailable,e.g.,pressuretransducers

andheat-releasesensors,actuationby meansof fuel injectionconsistsof low bandwidth,limited

authority, time-delays,andnonlinearities(in theform of dead-zone,saturationandon-off effects)

[30]. It is thereforeimportantto modeltheseeffectsandincludethemasmuchaspossiblein the

controldesign.Theimpactof idealactuatorson combustiondynamicswasstudiedextensively in

[31] whereit wasassumedthat theactuatorhasa very high bandwidthandfreeof nonlinearities

aswell as time-delay. In this paper, we studythe effect of all of the above deviationsfrom the

ideal case.Themostdominanteffect of theactuatordynamicsis a time-delay,andoccursdueto

thedistanceof theinjectionlocationfrom theburningplane.Thiseffect is modeledexplicitly and

takeninto accountin thecontroldesign.Usingthecombinedmodelof thecombustiondynamics

andthefuel-injectormodel,two differentcontroldesignsareproposedin thispaper, which include

(1) an LQG-LTR controller, and (2) a posi-castcontroller. The former is utilized for the case

whenthe injection is at theburningzonesincethe time-delayspresentaresmall,while the latter

is relevantwhentheinjectoris upstreamof theburningzonesinceit introducessignificantdelays.

In all cases,theimpactof bandwidth,authority, andnonlinearitiesis investigated.

2 Physically-BasedCombustor Model

In this section,wemodelthecombustorheatrelease,acousticsandinhomogeneitydynamics,and

we investigatethecouplingbetweenthesedynamicsandthesusceptibilityto instability.
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2.1 Heat ReleaseDynamics

Modeling of the heatreleasedynamicsis a challengethat hasbeencloudedby the intricacy of

turbulentcombustion. Oneway of alleviating thecomplexity is by modelingturbulentpremixed

combustion,at high Damkohlernumbersandweakto moderateturbulenceintensity, aswrinkled

laminar flames[2], andfirst usedin [14] for combustion instability modeling. We carry out a

similar procedurebelow but with theexceptionof incorporatingtheeffectsof perturbationsin the

equivalenceratio aswell. Thefollowing assumptionsaremadeto deriveour model:(i) Theflame

is athin interfaceseparatingreactantsandproductsandis insensitiveto pressureperturbations[5].

(ii) Theflamecanmodelturbulentpremixedcombustionif conditionsof high Damkohlernumber

andweakto moderateturbulenceintensityprevail [2]-[32]. (iii) Theflameis weaklyconvoluted.

Undertheseassumptions,theflamesurfacecanbedescribedby asingle-valuedfunction
���������
	

which representstheinstantaneousaxial displacementof theflame� , andthetotal heatrelease,� ,

is proportionalto theintegralof thissurfaceoverananchoringring:
 �
 � � ����� 
 �
 ������� ����	�����  
 �
 ��!#"%$'& � (1)

� � ( �)��	+*-,. ���� &/$  
 �
 � !#"10 ��� (2)

where ��� is the burning velocity, ( �)��	 � 243657�8��� ����	
9-:<;�����	 , 57� is the densityof the unburnt

mixture,and
9�:<;

is theheatof reaction.To derive a linearmodel,theeffectsof perturbationsin

both � and
�

will beconsidered.

Assumingnegligiblevelocitycomponentin theradialdirection,andlinearizingaroundnominal

values� , �=� , and
�+�>�7	

, denoting
�@?A	

and
�@?A	CB

assteadyandperturbation,respectively, we get
 � B
 � � � B $ �=� 
 � B
 ��$ 
 �
 � 0D���0 �FEEEEE G � B � (3)

with boundaryconditions" � B ��HI���
	 � JLK �M� � B ����� J 	 � JLK � (4)N
We considerherea flamestabilizedovera perforatedplate, O is theradiusof theperforation.P
It shouldbe notedthat with the appropriatechangein coordinatesandboundaryconditions,Eq. (3) canalso

representflamesstabilizedbehinda gutter[17], or a dump[16].
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Similarly, theunsteadyheatreleasecanbelinearizedby considering,in additionto finite � B , per-

turbationsin
9-:Q;

and ��� dueto
� B

to obtaintherelation� B �R�
	 � ( * ,. � B �>�����
	 0 � $�0 G � B � (5)

whereS (T�U2�3657�8��� 9 :Q;V�XW8YQZ 0 G �[243657�]\^ �_� 0 9-:Q;0 � EEEEE G $ 9 :<; 0D���0 � EEEEE G
`a  * ,. � � 0 � ! ?

It is worthnotingthattheflameareafluctuation,b B c , is givenby b B cd�>�
	 �U243fe ,. �8BR�>�4�
�
	 0 � . This

with Eq. (3) shows that theflameareais affectedby both � B and
� B

, andtheareain turn impacts� B asshown in Eq. (5). This alsoshows that
��B

affectsdirectly � B andindirectly throughthearea

fluctuations.

It shouldbenoticedthatin Eq. (3) theflamearea(representedby
� B

) is affectedby bothforcing

in � B and
� B

, which in turn affectstheheatreleaseindirectly asshown in Eq. (5). This latteralso

showsthat � B is directlyaffectedby
� B

andindirectly throughtheeffectof
� B

onareafluctuations.

Equation(3) canbemanipulatedfurtherandsolvedfor
� B

in theLaplacedomainas:� B �����Mg�	 � \^ � BR�)g�	g $ 
 �
 � 0h���0 � EEEEE G
��BR�)g�	g `a'i &j�lk8m+n , m ;po%qrts+u � (6)

where
g

is theLaplaceoperator. Dif ferentiatingEq. (5) with respectto time,andusingEq. (3), we

get ?� B � ( * ,. \^D� B $ �%� 
 � B
 � $ 
 �
 � 0D���0 � EEEEE G � B
`a 0 � $�0 G ?� B � (7)

which is integratedover
�
, as?� B � ( \^ H � B � �%� � B � J �
�
	 $ *-,. 
 �
 � 0D���0 �vEEEEE G � B 0 �

`a $w0 G ?� B ? (8)

TakingtheinverseLaplaceof Eq. (6) at
� �[J , andsubstitutingin Eq.(8),aftersomemanipulations,

weget ?� B � 0 . � B $�0 � i � Bxzy �R�
	 u $w0 "
i � Bxzy �>�
	 u $�0 S � B $w0 G|{� B (9)}

Thefactor ~����
�~p� EEE � is positiveand ~p�1�~p� EEE � is alsopositivewhen �f��� .
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where � x �>�
	 �� *��� m x
� ���h	 0 �+� (10)0 . � ( HI� 0 � ��� ( �%� � 0 " ��� ( �%� 
 ���
 � EEEEE G


 �+����	
 � EEEEE . �0 S � � ( 
 �%�
 � ��� J 	�� (]�[24365 9-:<; �_� � � c � H�%�� c
representsthecharacteristicpropagationdelayof theflamesurfaceinto thereactantsflow. Note

that for the classof flamesconsideredin the paper, the slopeat the flametip, which is typically

conical,is zero,andthereforethethird termon theright-hand-sideof Eq. (9) canbeomitted.We

alsonotethatif thedominantinstability is dueto thebulk-mode,it impliesthatthevelocityfluctu-

ations � B arezero. Hence,unsteadyheatreleasecanoccuronly if equivalenceratio perturbations

arepresent.

2.2 Acoustics

The hostoscillatorsresponsiblefor the combustion instability, in most cases,are generatedby

residentacousticmodes. Theseare typically, Helmholtz-type,longitudinal, or transverse,with

the typeof modedeterminedby thegeometryof thecombustionchamber. Helmholtz-typecom-

bustioninstabilities(alsoknown asbulk modeinstabilities)arecharacterizedby low frequencies

andno spatialdependencefor the pressure,unlike longitudinalmodeswhich resonateat higher

frequenciesandvary with thespanof thecombustordependingon theboundaryconditions[24].

Combustorsexhibit low frequency instabilities,e.g. [16, 8], blamedon bulk modes.Theorigin of

a Helmholtz-typeresonance[13] is thecouplingbetweena compressiblevolumeof gasin a large

cavity creatingarestoringpotentialenergy for anoscillatingmassof slugflow gasin anarrow neck

attachedto thecavity. Theslugflow couldoccureitherat theinlet or exit piping to thecombustor

chamberwheretheflameresidesandwhich canbeconsideredasthecavity (seeFig. 1).

Thegoverningequationsof theHelmholtz-modearederivedformally below by usingthefol-

lowing assumptions:(i) Theflow is assumedone-dimensionalandincompressiblein theducts.(ii)

Thevolumeof thecombustorchamberis larger thanthatof eachduct. (iii) Thegasbehavesasa

perfectgas,andis inviscid.

Applying themassandenergy conservationsin thecombustorportrayedin Fig. 1, andusing
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Figure1: Schematicdiagramof a combustorexhibiting aHelmholtz-typeresonance

theperfectgasstateequation,theperturbationof thepressurein thecombustorcavity aroundthe

steadymeancanbeevaluatedas0�� B0 � � &���4� "� ?� B � ��� "� ?� B � $ �>� ��& 	 � B cV T� (11)

where
�

is thevolumeof thecavity,
?� is themassflow rateof gas, � is thespeedof sound,and

thesubscripts¡ and k denoteinlet andexit, respectively. Usingmomentumandmassconservation,

theperturbedincompressibleflow in theductssatisfies0 ?� B£¢0 � ��� b ¢ 
 � B¢
 � ��¤ ¢ ���
	�� (12)

whereb and
¤

arethecross-sectionalareaandlengthof theslugflow in the ¥ �§¦ duct,and¥ � ¡ ork . By substitutionin Eq. (11),weget0 " � B0 � " $ &�  � "� b � 
 � B�
 � ��¤ � ���
	 ��� "� b � 
 � B �
 � ��¤ � �
�
	 ! � � ��&� 0 � B c0 � ? (13)

Assumingthattheinlet andtheexit ductsareacousticallyopento theatmosphere,i.e.,thepressure

distribution in the ductsis negligible, hence, ¨C©1ª«¨M¬ ��¤ ¢ �
�
	 � © ª­ « , and this resultsin the following

oscillatorequationfor thepressurein thecombustor:0 " � B0 � " $w2 ��® 0¯� B0 �°$ ® " � B � � ��&� {± B �
� ���
	��

(14)
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where
® �³² ´�µ¶�· ¶­ ¶¹¸ $ ´ µº · º­ º ¸ is theeffective Helmholtzfrequency [13] associatedwith a combustor

connectedto ducts.Thepassivedampingin thecombustordueto differentdissipationsources,e.g.

heat-lossandfriction, is accountedfor in thenaturaldampingratio,
�
.

Thegoverningequationsfor a longitudinalmodecanbederivedin a straight-forwardmanner

[24] andareof theform 
 " � B
 � " � � " 
 " � B
 � " � �>� ��& 	 {± B �
� ���
	��

(15)

where� is thepressure,and � is themeanspeedof sound.

Eqs. (14) and (15) denotethe acousticdynamicsfor a Helmholtz modeanda longitudinal

mode,respectively. In what follows instabilitiesarisingfrom eitherof thesetwo modeswill be

considered.The sameapproachcanbe usedfor transversemodesaswell (for example,screech

modesin rockets [33]). In what follows, we alsoassumethat flamesare localizedcloseto the

anchoringplane,sothat ± B � � ���
	 � ± B �R�
	
»D� � � � c 	 .
Usinganexpansionin basisfunctionsfor bothEqs.(14)and(15)as� B � � �
�
	 � �½¼¾�§¿ .+À � �

� 	<Á � �R�
	�� (16)

where À . is a constant,sinceit correspondsto the spatialvariation in the bulk-mode, À � �
� 	 �Â�Ã Yf�)Ä � � $ � � . 	 , ¡ �Å& ��?V?�?Æ��Ç , and

Ä � and
� � . determinedfrom theboundaryconditions.Performing

aweightedspatialaveraging,themodalamplitudescanbeshown to follow [24]:ÈÁ � $F2 ��® � ?Á � $ ® "� Á � � ¼¾�§¿ �4É Ê � ?± Bc (17)

where É Ê . � � �Ë&�Ì � , É Ê � � ��ÍÏÎ À � �
� c 	 Ì8Ð for ¡ �Ñ& ��?�?V?Æ�tÇ , ÐÑ�Òe ­. À "� �

� 	 0 � ,
�

is the specific

ratio,
ÍÏÎ �ÔÓ m �Ó © ,

�
representsthe passive dampingratio in the combustorÕ , ¤ is its length,

® ". �Ö ·D×­ × ¸ ,
�

is thevolumeof thecombustor, b ¼ and
¤ ¼ arethecross-sectionalareaandlengthof the

inlet/outletneckconnectedto thecombustor. and
® � � Ä � � , ¡ �Å& ��?V?�?Æ��Ç . Typically,

® .jØÙØ ® � , for¡ ��& �V?�?�?V��Ç .Ú
Dissipationin acombustorcanbecausedby heatlossesin theflamezoneandfriction dueto viscouseffects.
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2.3 Coupling Dynamics

In Sections2.1 and2.2, we analyzedheatreleaseandacousticsindividually. Here,we investi-

gatethe physicalcouplingbetweenthe heatreleaseandthe acousticswhich will drivesthemto

resonance.

In the casewhena Helmholtz-typeresonanceis triggeredin the combustor, the acousticve-

locity is very small in the bulk and the possiblecouplingbetweenheatreleasefluctuationsand

acousticsis throughthepressure.Undersuchconditions,we canassumethat � BÜÛ J [22]. How-

ever, couplingcanbeproducedthroughperturbationsin theequivalenceratio, which in turn can

occurdueto feedlinedynamics[16]. In particular, if eithertheair or fuel-flow feedsis chokedand

theotherfeedis unchoked,
�

canfluctuate.In general,thefuel nozzleis morelikely to bechoked

thantheair duct[16], andtheinstantaneousequivalenceratio
�ÞÝ

at theexit of thefuel nozzledue

to air flow fluctuationsis determinedas:��Ý � �&X$l� BÝ Ì � (18)

where � Ý denotesthe velocity at the fuel supply, andis similar to a relationusedin [16]. When

linearized,weobtainthefollowing relation:� B � � �� � B (19)

In addition,thereis aconvectivedelay
� ´ dueto transportlag from thesupplyto theburningplane

of theflame,andhence, � B � � B Ý �R� � � ´ 	 (20)

where
� ´ � ¤ Ì � .

Theequivalenceratio perturbations,in turn,canberelatedto thepressureperturbationsin the

combustorby consideringthemomentumconservationin theinlet duct,
 � B�
 ��$ &5 � 
 � �
 � � J ? (21)

where � � and � � denotethe velocity and the pressureat the inlet duct, respectively. When the

dominantacousticmodesare longitudinal,both perturbationsin � and
�

can induceinstability.

Thecouplingbetween� and� canbedeterminedusingtheenergy conservationequationas
 � B
 �ß$ � � 
 � B
 � � �>� �v& 	 ± B (22)
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Combining the acoustics,heat-release,and convective lag effects, we obtain the following

equations:ÈÁ � $F2 ��® � {Á � $ ® "� Á � � É Ê �Üà 0 . � B $F0 �
i � Bx�á �R�
	 u $w0 "

i � Bx�á �R�
	 u $w0 S � B �>� � � ´ 	 $w0 G {� B �R� � � ´ 	pâ(23)

This indicatesthat two differentcouplingmechanismsarepossibleexcitationsfor the acoustics,

oneresultingfrom thevelocityperturbations� B andtheotherfrom equivalenceratioperturbations� B
. Eq. (23) alsoindicatesthat two differenttime-delays,

� c
and

� ´ caninducetheseexcitations,

onearisingfrom propagationeffects,andtheotherfrom convection. An additionalpoint to note

from (23) is thatif thedominantpressuremodeis thatof a bulk-mode,thenit canbeexcitedonly

dueto perturbationsin theequivalenceratio. However, if longitudinalmodesaretheonesthatare

dominant,they canbeexcitedeitherby � B -perturbationsor by
� B

-perturbations.

Thecompletecombustiondynamicsis thereforedeterminedby (23)andthecouplingrelations

given by (20), (21) and(22). For easeof expositionwe assumethat only oneacousticmodeis

present,andset
Á � � Á

. The first or the latter two will be the governingequationdependingon

whetherthedominantvariationsarein � B or in
� B

. If thevariationsaremainly in � B , thenEqs.(23)

and(22)canbecombinedto obtaintherelationÈÁ $ � 2 ��® � � � 	 {Á $ �z® " $ � " 	@Á � � " Áã�R� � � c 	 � J (24)

where � � � ( H É Ê É� � � " � ( �_� É Ê É � É�ä� &��Ä " 0 À0
� � � É Ê � É Ê �

andif they aredueto
� B

, thenEqs.(23), (21),and(20)canbecombinedto obtainÈÁ $F2 �7® {Á $ ® "� Á �æå � Á��>� � � ´ 	 $lå " Á � �R� � � ´ 	 �æå S Á �èç á � J � Á � �R�
	 � *��. Á����h	 0 � (25)

whereå � � 243657� É Ê �� É � ��Ä " \^ �%� 0 9-:<;0 � EEEEE G $ 9 :<; 0h���0 � EEEEE G
`a  *-,. � � 0 � ! � å " �U243ã57� É Ê �� É� ��Ä " 9 :<; �%� 0 �_�0 � ��� J 	å S � � É Ê �5 � É� ��Ä " ( �%� 0 �_�0 �

At the acousticfrequency, the impactof the second-termon the right-hand-sideof Eq. (25) is

typically smaller. Henceasimplifiedversionof (25) canbeanalyzedin theformÈÁ $F2 �7® {Á $ ® " Á �æå � Á��>� � � ´ 	 � J ? (26)
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It is interestingto notethatthestructureof (26) is identicalto thatof (24)with thedifferencesonly

dueto theparameters.This impliesthat time-delayeffectsarepresentboth in thepresenceof � B -
and

��B
-perturbations,with thedistinctionthatwith � B , thetime-delayis dueto

� c
, which is dueto

flamepropagation,andwith
� B

, thedelayis dueto
� ´ , a convectioneffect. The otherdistinction

is in the dampingeffect; in the former, if
� � is positive, even in the absenceof any time-delay,

instabilitiescanbepresent.In thelatter, on theotherhand,instability is only dueto thetime-delay� ´ ; thedampingeffect is stabilizing.

The above discussionsindicatethat thegeneralclassof modelsthatdescribethecombustion

instability areof theform ofÈÁ $w2 � . ® {Á $ �z® " � Ä � 	@Á $ Ä " Áã�R� � �+	 � J (27)

with
� . , ® ,

Ä � , Ä " and
�

takingdifferentvaluesdependingonwhethertheinstability is dueto � B or� B
.

3 Instability Properties

In [34], stability boundsfor bothsecond-orderandthird-orderdelayedordinarydifferentialequa-

tionsof theform of (27) and(25), respectively, wereinvestigated.Thehighlightsof [34] thatare

relevantfor our discussionsherearebriefly statedbelow.

For a systemof the form of (27), threepossiblestability characteristicscanoccurin general:

(i) thesystemis alwaysstablefor all
�
, (ii) thesystemis stablefor

�êéwë J ���+ì@í andunstablefor all�ßî'�+ì
, and(iii) thesystemalternatesbetweenstability andinstability as

�
increases.Theresults

of [34] outlineconditionson theparameters
�+�
®

,
Ä � , and

Ä " , for cases(i)-(iii) to occur. For case

(iii) to occur, it is necessaryfor
Ä � Ø ® " . In mostof thecombustorsunderconsideration,it canbe

shown thatthelatteris satisfied,which impliesthatthemodelin (27)predictsbandsof instability.

It is interestingto notethat mostexperimentalresultswhere
� B

-fluctuationsoccurillustratesuch

bands.In thefollowing section,wemakemoredetailedcomparisonsbetweenthebandspredicted

by ourmodelandexperimentalresults.
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3.1 Comparisonwith Experimental Results

3.1.1 Instability due to
� B

fluctuations

Wenow comparetheinstability characteristicspredictedby themodelin (27)with thefour exper-

imentalresults[19, 20,8, 25]. In thefirst threecases,thefeedlineconsistedof a chokedfuel-line

andan unchoked air-feed. In [20], they alsostudiedthe casewhenthe fuel-line wasunchoked

andtheair-feedwaschoked. In [25], thecorrespondingdetailsarenot given,thoughfluctuations

wereobservedto bepresentat theoutletof thefuel-line. Suchfeedlinecharacteristicsin turn in-

troduce
� B

-fluctuationsasshown in section2.3. Below, we considereachof thesefour resultsand

show how theinstability characteristicsaspredictedby themodelin (27)comparewith theresults

reportedin [19, 20,8, 25].

In [20], measurementsof thepressureamplitudefrom differentexperimentswheretheposition

of theunchokedfuel inlet waschanged,hencechangingtheconvectivedelay
� ´ , werecollectedasa

functionof
� ´ Ì �Æï ´ . �Æï ´ is theacousticmodetime-constant,it followsthat

�Æï ´ �U243ðÌ ® . Theunstable

regimesclusteraround
� ´ Ì �Æï ´ = 0.65and1.6which is in agreementwith our model.We neglected

theeffect of dampingin all four cases,sinceit is small,anddifficult to quantify. Therefore
�

was

setto zeroin Eq. (27). Theresultsin [34] show thatinstability occurswhenÇ $L&2 Ø � ´�Vï ´ Ø Ç $F22 ñ>ò�ó Ç �ôJ � 2 �tõ<?ö?¹? (28)

which encompassestheunstableregionsin [20]. In addition,in [19], instability occuredat J ?ø÷ Ø� ´ Ì �Vï ´ Ø & ? J , whenthefuel inlet wasunchokedin perfectagreementwith our model(seeFig. 2).

It is worth noting that the acousticmodewasthat of a quarter-wave in [19], anda half-wave in

[20].

The instability modein [8] correspondsto that of a bulk-modewith
® �ù2�J7J Hz where

� B
-

fluctuationswere observed to be present. Basedon the experimentaldataprovided in [8], we

calculated
� ´ �ûú ? & � g , leadingto

� ´ Ì �Æï ´ �ûJ ?ýü 2 , which matchesthemodelpredictionsfrom Eq.

(28).

Our final comparisonis with theresultsof [25], wherethe instability characteristicswereob-

servedto vary with
¤

, thedistanceof thefuel-injectorfrom theburningzone(seeFig. 7 in [25]).

Thepapershows that instability is alsodependenton thevalueof
�
. As the latterdecreases,the
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Figure2: Instabilitybandmeasuredin [19] vs. ourmodelpredictions(shadedarea).

instabilityvanishes.Ourmodelcanpredictthisbehavior since
�
, affects å � in Eq. (26). According

to [34], as
�
, andhenceå � decreases,andbelow a critical valuefor the latter, thesystemwill be

stableirrespectiveof theamountof delay.

3.1.2 Instability due to � B fluctuations

In severalof theexperimentalstudies,thefeedlinedynamicswasdecoupledfrom theburningzone,

but thepressureinstabilitieswerestill observedto bepresent.In [26, 23, 27], thoughthefuel inlet

is choked andthe air inlet is unchoked, the pressurefluctuationsat the mixing sectionaresmall

comparedto thoseattheburningzone,whichin turnsuggeststhatthe
� B

-fluctuationsarenegligible

aswell. In [28], the fuel andair-streamsare introducedusingsimilar meanswith neitherbeing

choked. In [9], apremixerupstreamof thecold-sectionof thecombustorwasintroducedto ensure

thoroughmixing. In [29], a similar arrangementis madeto decouplethe feed-lineperturbations.

Theseobservationsindicatethata mechanismdifferentfrom
� B

-fluctuationsis indeedresponsible

for introducingtheresonance.Onesuchpossiblecandidateis � B -perturbations.In [24,15], amodel

hasbeenderivedundersuchan assumption,andshown to comparefavorably with experimental
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resultsin [23, 27, 35] for laminarflow conditions.On theotherhand,theresultsin [28, 29,10,9],

theflow velocitieswerein the turbulent regime. Thequestionhereis, whetherthemodelin (27)

canpredicttheinstability reportedin thesefour papers.In both[29, 9], thequarter-wave modeof

the hot-sectionis driven into resonance.This implies that
� � in (24) is negative andhence

� . in

(27) is positive. But asindicatedby the resultsin [34], instability canstill occur. The modelin

(27) indeedpredictsinstability, which occursdueto thepropagationdelay
� c

. In particular, as
� c

increases,bandsof instability occur, asindicatedin Eq.(28).Oneof thequantitiesthatcancause� c
to changeis

�
, since

� c � H Ì7��� andboth
H

and ��� changewith
�
. It is interestingto notethat

in [9], it is observed(seeFig. 6 in [9]) thatinstabilitybandsindeedoccuras
�

changes.As pointed

above, in this particularexperimentalset-upcarewastakento decoupleany
� B

-perturbationsfrom

theburningzone.

It appearsthatsimilarmechanismsarepresentin [29,10,28] aswell, thoughmoreexperimental

studiesneedto becarriedout to supportour hypothesis.

3.1.3 Instability with Diffusion flames

In a numberof experiments,a diffusion flameratherthana premixed flameis presentandstill

known to result in instability (for example,[36, 37, 11, 30]). Our modelpresentedin this paper

is not applicabledue to the assumptionthat the flameis premixed. A more indepthstudyof a

diffusionflame-modelmaybenecessaryin orderto identify thepossiblemechanismsof instability.

Yet anotherassumptionin our model is that the flame-perturbationsare localizedspatially.

Thereforein rigs wherethe perturbationsarepresentin a distributedform (asin [5]), the model

presentedheremaynot beappropriate.In [38] relevantmodelshave beenpresentedby assuming

acertainspatialdistributionof theflame.

4 Control

In this section,we investigatemodel-basedcontrol strategies for abatingcombustion instability

usingsecondaryfuel injection.A pulsatingfuel injectordeliversoscillationsin themass-flow rate

in responseto a voltageinput. The injector dynamicsis modeledfrom first principles,both in
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Figure3: A schematicof a typical injector.

the casewhen the mass-flow rate is proportionalto the input voltageand in the casewhen the

injectoroperatesin an on-off mode. We assumethat the pressuresignalis the measuredoutput,

usinga pressuretransducer. The transducerdynamicsis neglectedsinceit typically hasa much

higherbandwidththanthecombustiondynamics.We thendevelopactive controlstrategiesusing

the modeldevelopedin section2 for the combustiondynamicsandthe fuel-injectormodel. We

study the caseswherean injector locatedat (i) the burning zoneor (ii) further upstream. We

assumethatthecombustiondynamicsis determinedby severalcoupledacousticmodes[24]. The

controldesignis carriedout for thecasewhenthe instability is primarily inducedby fluctuations

in theflameareacoupledwith theacoustics.We refer the readerto [21, 22] for investigationsof

instability causedby equivalenceratiofluctuationsandits control.

4.1 Fuel Injector Dynamics

4.1.1 A Proportional Injector

Theinjectorsystemconsistsof anelectro-mechanicalpartanda fluidic part,wherein theformer,

theinput voltagegeneratesanelectro-magneticfield thatcausesapoppetto moveagainstaspring

(asseenin Fig. 3). Themotionof thepoppetcontrolstheapertureof theinjectorallowing fluid to

flow.

Theelectro-mechanicalpartrelatesthevoltageÐ to thepoppetposition

�
throughtheelectrical,

electro-magnetic,andmechanicalcomponents,whichcanbemodeledasÐ � ¡ H � $ ¤ � 0 ¡0 � $ � � (29)� � þ �
ÿ 0
�
0 � � (30)��� � þ �
ÿ ¡ � (31)
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� 0 "
�

0 � " $ Ê 0
�
0 � $ Ä

� � ��� �
(32)

where ¡ is the current,
���

is the magneticforce,

�
denotesthe motion of the armaturein the

directionof the magneticforce,
H � , ¤ � , þ � , and ÿ denote,the resistanceof thesolenoidcoil, the

inductanceof the coil, the magneticflux density, and the length of the armaturewhich moves

orthogonalto themagneticfield, respectively. � , Ê , and
Ä

representtheeffective mass,damping,

andthestiffnessof thearmature/poppetsystem.

Thefluidic partcanbemodeledusingtheunsteadyBernoulliequation,andtheconservationof

massacrosstheinjectorassumingincompressibleflow. Theunsteadyvelocity, � , canbeobtained

from the former appliedbetweenthe inlet to the valve which is connectedto a pressurizedtank

(wheretheflow velocity is � 0, and � �U� Î ), andtheoutlet to thecombustorwhere� �[� ´ , and9 ���æ� Î � � ´ , as 5 ¤ � 0Ï�0 � $ &2 5Ï� " � 9 � � (33)

In casesmallperturbationsin � ´ affect thevelocityoutof theinjector, theunsteadyvelocityoutof

thevalve, � , is linearizedas � c�� � ��� 0Ï� B0 � $�� B Û� �#� B´	 2 9 �+5 � (34)

where
� c�� � ��� � ¤ � Ì Ö 2 9 �ÞÌ45 is thefluidic time constant,and

¤ � is the distancebetweenthe tank

andthevalve’s outlet.
� c�� � ��� is negligible for conditionswhere

¤ � ØÙØ & � ,
9 � is large(which is

expected),and 5 is small( 
 � & Ä�� Ì � S 	 for mostgaseousfuels)
 .
Themassflow rate,definedas {� c ��5Ï� b , is perturbed,assumingoscillationsin � (causedby

thedynamicsin Eq. (34))and b (causedby themotionof thepoppet

�
), as

{� B c � 5 b � B $�5 � b B � (35)

wherewe assumeb B � Ä7Î �
, and

Ä7Î�� J . Equations(34) and(35) describethefluid dynamicsdue

to perturbationsin � B ´ and/or

�
. In mostpracticalcases,

9 � is largeto guaranteechokedconditions

in the injector’s discharge, thus, the first term in the RHS of Eq. (35) canbe neglected. Using�
In the caseof liquid fuels, the time constantcanbe comparableto the acousticstime constantdue to large � ,��� ��������������� }! .
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� � Ö " " ©# from Eq. (33),wesimplify Eq. (35)as

{� B c Û � Ä7Î 5 $ 2 9 �5
� ?

(36)

Equations(29)-(32)and(36)determinetheinput-outputrelationbetweenthefuel-injectorinputÐ andtheoutput {� B c which is expressedin theLaplacedomainas:

{� B cd�)g�	Ð ��g4	'� Ä&%�R� � g $L& 	V� � g " $ Ê g $ ÄQ	 $�þ "� ÿ " Ì H � g � (37)

where
Ä&% �'þ �
ÿ Ä7Î 5 Ö " " ©# Ì H � .

In mostsolenoidsystems,thearmatureelectrictime constant,
� � � ¤ � Ì H � , is negligible com-

paredto the acousticstime constant[39]. In thesevalves,the stiffnessof the spring,
Ä
, is large,

for a fastclosingof thevalve, whenthevoltageis turnedoff. Also, themass,� , of thearmature

is very small in many of the typical injectorsto minimize inertia forces[39]. Thedampingterm,

Ê , containsthe overall dampingincluding stiction andfriction, andtypically is large. Thus, the

mechanicalsystemcanbe simplified asa first-ordersystem;a damper-springsystem[40]. The

mechanicaltime constantusuallylimits the bandwidthof typical injectorsto approximately100

Hz. (Notethatothereffects,suchasimpactdynamicsarenot includedhere,sinceweexpectthem

to beof higherfrequenciesthanthecombustordynamics).Thus,Eq. (37) is simplifiedas

{� B cD��g�	Ð �)g�	 � Ä&%M� �� � g $L& � (38)

where
� � � � Ê $wþ "� ÿ " Ì H � 	 Ì Ä . '

4.1.2 A Two-Position (on-off) Fuel injector

Somefuel injectorscurrentlyusedfor combustioncontrol [11, 30, 37] operateonly betweentwo

positions,on andoff. Unlike theproportionalinjectorsdiscussedabove, thephysicalstopsplay a

moreprominentrole in thedynamics.However, onecanstill modeltwo-positioninjectorsin the

samemannerasabove by includingtheeffect of thephysicalstopsasa saturationblock together

with Eq. (38) asshown in Fig. 4. A two position injector is turnedon after the voltageinput(
For moreadvancedproportionalinjectors,internalfeedbackloopsexist (usingfor examplea positiontransducer

for the armature)to guaranteeaccuratemetering,andincreaseits bandwidth,e.g.,a Moog DDV proportionalvalve
hasa bandwidthof )�*�� Hz [41].
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Figure4: Block diagramof a typical two-positioninjector.

overcomesa certainthreshold,thuscreatinga dead-zonein the control input (seefigure) which

will bediscussedfurtherwhencontrolis implementedin Section4.3.

An additionalpoint to noteis thedistinctionbetweenthe injectordynamicsduring transition

from closingandopening.Typically, the injector is over-drivenby a high voltagein theopening

modeto ensurefastopening. The openingtime constantis differentthanthe closingone. This

effect canalsobe includedin the injector model,asseenin Fig. 4, by assumingthat
� �

varies

betweentwo values
� �,+

and
� � µ dependingon whethertheinjector is transitioningfrom off to on

or on to off. Notethat
� � + � � �

(asdefinedbefore)and
� � µ � Ê Ì Ä . Wereferthereaderto [42] for

moredetailsregardingthismodelwhenvalidatedagainsttwo differentinjectors,Parker9-130-905,

and9-633-900.-
4.2 Actuated Combustor

Denotingthe contribution of the fuel injector to the equivalenceratio as
� B ´ , we have that

� B ´ �� ª á�/. Ì&0 Î , where � ï and 0 Î arethemeanair massflow rate,andthestoichiometricfuel to air ratio,

respectively. We assumethat
��B´ is uniform radially, andthat perturbationsarecarriedintact by

the meanflow to the burning zone,after a time delay
� ´ , where

� ´ � ¤ ´ Ì � ,
¤ ´ is the distance

betweentheinjectordischargeandtheburningzone,and � is themeanvelocityof thereactantsin

thecombustor.

FromEq. (23), theimpactof
� B ´ on thecombustiondynamicscanbetakeninto accountasÈÁ � $F2 �7® � ?Á � $ ® "� Á � É Ê �b ´ à ( H � B $�0 � {� ´ �>� � � ´ 	 â � (39)

1
It shouldbenotedthatwheninertiaforcesin thearmatureareimportant,asecond-orderfuel-injectormodel,with

high damping,is moreappropriate.Theexperimentalmeasurementsin [37] for a GeneralValveSeries9 modelshow
similardynamics.
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for ¡ �Å& � 2 �V?ö?¹�tÇ , where ¡ denotesthemodenumber.

4.3 Control Design

4.3.1 Injection at the Burning Zone

Injection at the flame hasshown successin several experimentalfacilities [11, 30, 37], and in

a practicalfull-scale170 243 gas-turbinecombustor [10]. We carry out active control design

assumingthat the injection is at the flame,usingthe model in Eq. (39) while
� ´ � J , together

with the injectiondynamicsdescribedby Eq. (38). The input-outputmodelrelationbetweenthe

injectorinput voltage,Ð , andthepressure,� B , is givenby� B �)g�	 � 3 © �)g�	 Ð �)g�	�� 3 © �)g�	 � Ä ©�5Ü© �)g�	H © �)g�	 � (40)

where3 © ��g�	 is thetransferfunctionof afinite-dimensionalmodelof thecombustor,
Ä © , 56© �)g�	 andH © ��g4	 arethecorrespondinggain,numeratoranddenominator, respectively.

An appropriateoptimalcontrol for thefinite-dimensionalsystemasin Eq. (40) is LQG/LTR

[43]. Its successlies in its ability to generatesatisfactoryperformanceover a wide rangeof fre-

quencies,unlike phase-shiftcontrollerswhich candestabilizestabledynamics[44, 15]. Experi-

mentalvalidationof theLQG/LTR for combustioncontrolhasbeendemonstratedin [42, 35, 45].

In [35], asimilarphysically-basedmodelwasusedwith a loudspeakerasanactuator. In [42,45], a

system-IDapproachbasedon subspaceandARMAX methods[46] wasusedto suppresspressure

oscillationsin a dumpanda swirl-stabilizedcombustors,respectively, usingpulsedinjection. In

thispaper, weshow throughsimulationstudiesthatLQG/LTR canalsobeusedsuccessfullybased

onaphysicalmodel,usingfuel injectorasanactuator. For detailsof theLQG/LTR controldesign,

we referthereaderto [15, 35].

Simulations of the LQG/LTR Controller: A fifth ordercombustordynamicsmodel including

thefirst two modes,theflamedynamics,andtheinjectordynamicsis considered.Thecombustor

parametersandconditionsaretakenasin [15], thesecausea three-quarter-modeinstability which

resonatesat500Hz approximately, andhasunsteadypressureamplitudesof 
 � &¯J7J&6 Íh	 .
We choosefirst a proportionalinjector, as in [10], with a bandwidthof 300 Hz which is in

therangeof availablehigh-speedinjectors[41]. Figure5 shows thetime responseof thepressure
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Figure5: Responseof thecontrolledcombustorwith a proportionalinjectorwith a bandwidthof� ú7J7J Hz.

Figure6: Responseof thecontrolledcombustorwith anon-off injectorsetto deliver G87�9 : .<;G � J ? &�2 ÷
andwith abandwidth� 300Hz.

andthe control input,
� B ´ Ì � (

� ��J ?>= ). Control is appliedat
� � ÷ J � g . We notethat although

the bandwidthis lower than the systemdynamics,the control with proportionalinjector is still

capableof stabilizingthesystem,sincethedynamicsof the injectoraretaken into consideration

in thedesignof theLQG/LTR. As seenin Eq. (38), the injectordynamicsarefirst order, andthe

gainandphaseintroducedby theinjectordependon its bandwidth.For smallerbandwidthscases,

the phaseincreaseswhile the control authority, i.e., the gain, is dramaticallydecreasedaround

acousticfrequencies.Thecontroller, however, hasenoughdegreesof freedomto adjustthephase,

andincreasethevoltageamplitudeinto theinjectorto producetherequiredcontrolauthority,
� B ´ Ì � ,

aroundtheacousticsfrequenciesthusguaranteeingstability.

While a low bandwidthproportionalinjector is capableof maintainingthe systemat vanish-

ingly small pressureperturbations,a two-positioninjector may not be aseffective [30, 37, 45].

Using a 300 Hz bandwidthinjector, the LQG/LTR is still capableof stabilizingthe system,but

thepressureis suppressedto a smallbut finite amplitudelimit cycle asseenin Fig. 6. Thereason

is that the injector hasa thresholdinput voltagevalueat which it is activated. Thus, following

thesuppressionof theinstability, theinjectorstopspulsingat from
� � 105-138� g , asseenin the

figure.Disturbancesin thecombustorforcethepressureto grow, until themeasuredvoltageby the

20



Figure7: Responseof thecontrolledcombustorwith on-off injectorsetto deliver G87�9 : .?;G � J ? 2 = ,
andwith abandwidthof 300Hz.

Figure8: Responseof thecontrolledcombustorwith on-off injectorwith lower bandwidth � ÷ J
Hz (theacousticsunstablefrequency is 500Hz, approximately).

microphonereachesthethresholdat which the injectorstartsto fire again. In thecasesimulated,

this occursat
��� &¯úA@ � g . This sequenceis repeatedindefinitely.

Increasingthecontrol fuel-flow rate,andthus
� ´�B � ï ¬ , thecombustoris stabilizedin a smaller

settlingtime. As seenin Fig. 7, when
�+B´ B � ï ¬ Ì � is doubled,thesettlingtimediminishesby

Û @7JDC .

Moreover, the rms of the steady-statepressureis smaller. A similar effect hasbeenobserved in

[30].

Wealsoinvestigatetheeffectof bandwidthfor a two-positioninjector. Limiting it to 50Hz, as

seenin Fig. 8, thepressuresettlesto a higher-amplitudelimit cycle, andthe injector is incapable

of tracking the commandfrom the controller; the injector staysopenall the time. This shows

that injector bandwidthis a seriousproblem[30, 45]. Dif ferent solutionshave beenproposed

that include: (i) Developingfasterinjectors[41]. (ii) Useof multiple injectorswhich arefired

alternatively to increasethe apparentfrequency of actuation[30]. A differentapproachthat has

shown promiseregardlessof high-bandwidthinjectorsis throughfuel pulsingat low frequencies

(muchlower thantheacoustics).This is demonstratedexperimentallyin [9, 28], andanalytically

in [47].
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4.3.2 Injection Upstreamthe Burning Zone: Delay in the Control Input

While injecting fuel directly on the flame [10, 11, 30, 37] can avoid actuationdelays,it intro-

duceshot spotsat the flamesurfacethusincreasingemissions.In addition,if mixing is weakat

the injection port, we run the dangerof creatinga secondarydiffusionflamewhich canbecom-

pletelydecoupledfrom themainpremixedflame,andhencebecomeineffective in suppressingthe

instability E .
In this section,we studytheeffectsof pulsed-fuelinjectionupstreamtheburningzone. This

hasbeenutilized in [8] wheresecondaryinjectionwasdoneat theprimaryfuel source.In [22], we

presenteda Posi-Castcontrolcapableof working with aninjector locatedat anarbitrarydistance

upstreamtheflame. In thatcase,a bulk modewasunstable.Here,we extendtheanalysisof the

Posi-Castcontrol,andshow thatit is capableof stabilizinglongitudinalmodesaswell.

4.3.3 Posi-CastControl

A powerful approachfor controlling systemswith known time-delaywas originatedby Smith

[48], known alsoasPosi-Castfor “positiveforecasting”of futurestates.Theideais to compensate

for thedelayedoutputusinginput valuesstoredover a time window equalto thedelaytime, i.e.ë � � � ´ ���pí , andestimatethe future outputusinga modelof the combustor. Only stablesystems

wereconsidered.An extensionto includeunstablesystemswasproposedin [49] usingfinite-time

integralsof thedelayedinput valuestherebyavoiding unstablepole-zerocancellationswhichmay

occur. A frequency-domainpole-placementtechniquefor unstablesystemswasfirst proposedin

[50] andasimilar techniquewill bepresentedhere.

Themodelin Eq. (40), in thepresenceof a timedelay,
� ´ , canbere-writtenas� B �>�
	 � 3 © ��g4	Æë Ð �>� � � ´ 	pí)� 3 © ��g�	 � Ä ©�5Ü© ��g�	H © �)g�	 ? (41)

Dueto thenatureof thecombustionsystem,notall statesareaccessible,only thesysteminput,

i.e. the voltageto the injector Ð �R�
	 , and the output, � B in our caseare measured.A standard

pole-placementcontroller is required(for more information,see[50, 51]). The presenceof the

time-delay,
� ´ , in thecontrol input, motivatestheuseof anadditionalsignalin thecontrol input,F

This hasbeennoticedin experimentsatMIT andat UTRC[?].

22



Ð �R�
	 , denotedas Ð � �>�
	 which anticipatesthefutureoutputusinga modelof thesystem[22]. The

resultingcontrollerstructureis describedasÐ �>�
	 � � ��g4	G �)g�	4Ð �>� � � ´ 	 $ 0 �)g�	G ��g4	1� B �R�
	 $wÐ � �>�
	M�
(42)Ð � �>�
	 � Ç � �)g�	H © ��g�	8Ð �R�
	 � Ç " �)g�	H © ��g4	4Ð �R� � � ´ 	��

where
G �)g�	

is a chosenstablepolynomialof degree
Ç ��& , 0 �)g�	��tÇ � ��g4	 and

Ç " ��g�	 , arepolynomials

of degree
Ç �ô& at most,and � ��g4	 is of degree

Ç �v2 at most. For stability, thesemustsatisfythe

relations � �)g�	
H © ��g�	 $ Ä © 0 �)g�	 56© ��g4	 � G �)g�	@Ç " �)g�	M� (43)Ç � ��g4	 � H © �)g�	 � H � �)g�	�� (44)

where
H � �)g�	

is thedesiredcharacteristicequation,whichis astablemonicpolynomialof thesame

orderof
H © �)g�	 .

Usingthecontrollerstructurein Eq. (42)with theconditionsin Eqs.(43)and(44), theclosed-

loop transferfunctioncanbecomputedas

3 ´ � ��g4	 � Ä © k m Ý x 7H � �)g�	 ? (45)

The control input law, in Eq. (42), introducesadditionaldynamicsincluding non-minimum

phasezeroshaving the sameeigen-valuesof
H © ��g�	 . Obviously, theseleadto unstablepole-zero

cancellationssincethecombustormodelis open-loopunstable(i.e.,
H © �)g�	 hasunstableeigenval-

ues).Unstablepole-zerocancellationsareknown to causeproblemsconcerningobservability and

controllability of theplant (see[39] for moredetails).As a result,a modificationin thesynthesis

of Ð � �>�
	 in Eq. (42)wassuggestedby [49]. To avoid unstablepole-zerocancellations,Ð � �>�
	 must

begeneratedasafinite integralof theformÐ � �R�
	 � ¼¾ �§¿ � � * .m x 7 k m�H ¶JI Ð �R� $LK 	 0DK  �� (46)

where M � ’s aretheeigenvaluesof thecombustorsystem,i.e.
H © ��g�	 �ON ¼�§¿ � ��g � M � 	 . Taking the

Laplacetransformof Eq. (46),onecanshow thatÇ � �)g�	H © ��g4	 � ¼¾ �§¿ � 0 �g � M � � Ç " �)g�	H © ��g4	 � ¼¾ �§¿ � å �g � M � � (47)
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Figure9: Responseof the controlledcombustorwith a time-delayof &¯J7J � g in the input signal,
proportionalinjector. Note: only theenvelopeof theresponseis shown for clarity, sincethescale
of theplot doesnotpermitseeingindividualcycles.

where å � �P0 � k H ¶ x 7 . Anotherconditionfor thesuccessfuluseof thefinite integral in Eq. (46) is

that
H © ��g�	 hasno repeatedroots[50].

Thecontrollerdescribedin Eqs.(42) and(46) is sufficient to stabilizethecombustorprovided

thatanaccuratedescriptionof theplantandthetime delayareavailable.This controllerhasbeen

shown to provide robustnessto uncertaintiesin theplant including thetime delay[49]. Adaptive

versionsof the samecontroller have beeninvestigated[52, 53], and have shown to extend the

robustnessof thecontrollerto parameteruncertainties.

Simulationsof the Posi-CastController: Thecontrollerin Eqs.(42)and(46) is implementedfor

injectionat adistanceof
Û ú7� � upstreamtheburningzone.

� ´ is estimatedto be100� g , which is

about50 timesthetimeconstantof theunstablefrequency.

The closed-loopsimulationis illustratedin Fig. 9. Although control is switchedon at
� �÷ J � g , thepressurekeepsincreasingfor anadditional

� � � ´ � &�J7J � g (from
� � ÷ Jf�[& ÷ J � g ),

thenstallsfor another100 � g (from
� �Å& ÷ J=��2 ÷ J � g ) beforedecaying.Thereasonfor theformer

delayis physicalandis dueto the time taken for thepulsed-fuelto reachtheburning zone. The

latter is dueto a computationaldelayin thecontroller. Specifically, thefinite integral in Eq. (46)

outputsincorrectvaluesfor a periodof
� ´ . This is becausethe computationof the finite integral

relieson a storedwindow of thepastvaluesof thecontrol input of the sizeof
� ´ . Whencontrol

is switchedon, the window consistsof control inputsproportionalto � B which hasnot yet “felt”

theeffect of controldueto thephysicaldelay
� ´ (thevaluesof � B arestill thoseof theopen-loop

combustor). It requirestherefore
� �ù2 � ´ to start forming a window of integrationwith control

input correspondingto closed-loopvalues.Thisconfirmsobservationsin [49].
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Figure10: Responseof thecontrolledcombustorwith a time-delayof &¯J�J � g in theinput signal,
on-off injector. Note: only theenvelopeof theresponseis shown for clarity, sincethescaleof the
plot doesnot permitseeingindividualcycles.

In Fig. 10, a two-positioninjector is used. The control designis basedon the linear model,

andits parametersarefine-tunedto handlethenonlinearities.As discussedearlier, thecontrol is

switchedon at
÷ J � g , andstabilizesthesystem.Theinjectorstaysonaslongasthevoltagesignal

into theinjectoris greaterthana threshold,asdiscussedbeforein Sec.4.1.2.

It shouldbenotedthatwhencombustioninstability is causedby
� B Ý

fluctuations,asdiscussed

in Sec.2, thecharacteristicequationwill look differentthanin Eqs.(40)and(41).
H © ��g�	 will have

termswhich aredelayed,dueto the convective delay,
��Ý

, carriedby
��BÝ

. Hence,
H © �)g�	 becomes

infinite dimensional.To circumventthis, a Pad́e approximation[54] is usedto geta finite dimen-

sionaldescriptionof
H © ��g�	 , andthustheLQG/LTR andPosi-Castcontrollersasdescribedin Secs.

4.3.1and4.3.2,respectively, cansimilarly beusedfor thiscase.

5 Summary

In this paper, acompletemodelof thecombustiondynamicsleadingto instability is developed.A

modelencompassingtheacoustics,theheatrelease,thecoupling,mixing andinjectordynamicsis

presented.Theheatreleaseis derivedusingflamekinematicsfor flameswith highDamkohlernum-

bersandmoderateturbulence,andtheeffect of forcing in thevelocityandtheequivalenceratio is

illustrated,this latterbeingintroducedfor thefirst time in akinematicstudyof theflame.Different

stability criteriaarediscussedfor thedifferentdynamicsresultingfrom thecouplingof thesewith

the acoustics.While velocity perturbationscauseinstability of a phase-lagnature,equivalence-

ratio oscillationsintroducea time-delayinstability. Injectionat andupstreamtheburningzoneis

implemented.An LQG/LTR control is usedfor theformerwhile a Posi-Castcontrol is developed
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andusedfor thelatter. Bothproportionalandtwo-position(on-off) pulsedinjectionareexamined.

Proportionalinjectorsshow superiorperformanceto two-positionones.Performanceis shown to

bereducedastheauthorityand/orbandwidthdecreases.Someof theshort-termfixesproposedfor

this problemincludethe useof multiple injectors[30] andlow frequency pulsing[9, 28, 47]. A

long-termsolutionis clearlythedesignof ahigh-speed,high-authorityinjector.
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