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Abstract

This paper presents analysis of the effect of actuation on combustion dynamics. Two dif-
ferent categories of actuators are examined: flow sources, e.g., acoustic speakers, and heat
sources, e.g., fuel injectors. These sources are modeled in the conservation equations and a
finite dimensional model is obtained. Two methods of analysis are used to gain insight into the
physics of actuation, and its stabilizing/destabilizing effect on the combustor through feedback
control. Thefirst isthe energy method which is used here in anovel way to explain work ex-
change between the different dynamic components of the system: the acoustics, the flame, and
the actuator. Energy analysisisalso used to quantify the “useful” and “wasted” work generated
by actuators. The second method of analysis is the dynamic method in which the combustor is

represented as an oscillator. This method is used as abasis of any optimal control design.



Nomenclature

A combustor cross-sectiona area Ta actuator location
¢  speed of sound Ty flame location
D combustor diameter x; distance between injector and flame front
d, diameter of holesin aperforated disk Ts sensor |ocation
E  acoustic energy flux Ze phase-lead controller zero
I current input Q decay rate
k wave number Qo ratio of speaker membrane surface areato A
k.  phase-lead controller gain 0 specific heat ratio
ky  stiffnessof adiaphragm Ah, enthapy of reaction
k;  speaker gain A;  differenceover L
k,  proportional controller gain A,  difference over time, 7
L combustor length ¢ damping ratio
Mach number n(t) modal amplitude
mg digphragm mass 0 effect of velocity ahead and behind
n unit normal vector to the control volume the flame on its dynamics
ny  number of holesin a perforated disk p density
p  pressure T; convectivetimelag
p.  phase-lead controller pole ) rate of energy dissipation
S, burning velocity ) equivalenceratio
t  time Y(x) modal amplitude
u  velocity w mode frequency
v.  flow source velocity wy speaker natural frequency
W work (1)) perturbed quantity
r  distance () mean quantity

1 Introduction

Combustion instability has been a major obstacle in designing and operating low-emission, lean
premixed combustors, and high-powered, near stoichiometric combustors. Active control has

shown promising results in abating the instability. Designing actuators depends on a clear in-
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sight into the dynamics of the system, while optimizing its operation relies on the availability of
accurate models of the dynamics as well as for how an actuator may impact it under a range of

conditions.

The problem iscritical in combustion instability since: (1) It isimportant to minimizethe input
energy through the actuator while recognizing certain practical limitations on its design such asits
bandwidth and the power it delivers[1]; (2) whileit is desirable to achieve the minimum possible
settling time, this should be done without imposing unreasonabl e requirements on the actuator; (3)
extra constraints on the design are usually encountered in practice, such as the allowable locations
of the sensor and actuator, which may hinder achieving theoretically optimal conditions; and (4)
since models are difficult to construct and validate, certain robustness is needed in the control
design. Clearly, the role of an actuator and how it interacts with the system dynamics must be

understood before these goals can be accomplished.

Models of combustion instability have been suggested [1]-[4]. However, effort to model the
impact of the actuator on the system dynamics has been limited. In most cases, asimplerelationis
assumed to exist between the action of an actuator and the system response. For instance, when a
speaker is employed, it is often assumed that its primary function is to introduce a pressure signal
which counters the existing unstable pressure field (anti-sound). However, the subtle interactions
between the actuator signal and the flame will be shown here to lead to different results depending
on the structure of the control algorithm and its implementation into the system design, i.e. the

locations of sensors and actuators, etc. We will also study the impact of an oscillating fuel stream.

In Section 2, thermoacoustic instability is reviewed using the traditional energy point of view,
then aternatively, we show that adopting a system dynamics view can lead to significant insight
into the features of an actuator. In Section 3, we present a finite dimensional instability model
with different input actions from two different actuator categories, namely, (1) flow sources (e.g.,
speakers), and (2) heat sources (e.g., fuel injectors). The analysis of the impact of the former is
performed in Section 4, while for the latter in Section 5 using a proportional and a phase-lead
controller. In both sections, a dynamic analysis as well as an energy anaysis are performed. We

summarize in Section 6.
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Figure 1: One dimensional reacting fluid flow with flame at = = x ¢

2 Energy vs. Dynamics Analysis

In this section, we present two different but compatible approaches; namely the energy and dy-
namic analyses, for examining combustion instability in an organ-pipe combustor, which typically
model s situations of combustion in gas turbines and after-burnersin applications. According to the
first law of Thermodynamics, we start by carrying out an energy balance of the combustor. We note
that the acoustic field (hosted by the combustor tube) is the primary energy storage mechanismin
the combustor. Increasing or decreasing the stored (or internal) energy of thisfield can be achieved
by transferring work or heat to the field. Since, in our case, the flameis considered alocalized heat
source, only asmall control volume in the acoustic field is heated, the small volume expands and

in turn exerts work on the field.

The acoustic energy density, €', in a one-dimensional acoustic field can be derived from the
linearized conservation equations as (see [5], for more details)
— 2 12

2 +2m2’

(1)

where p, u, and p are the density, velocity, and pressure in the field, respectively, (.)’ and (.) are
the perturbed and mean values of the parameters, respectively, and ¢ is the mean speed of sound.
The first term in the RHS is the acoustic kinetic energy and the second is the potential or elastic
acoustic energy. It is clear that any system that would sustain waves (also, as in many vibration
processes) should have these two components of stored energy, and the periodic conversion from

one form to the other sustains the oscillatory behavior.

The momentum and energy conservation equations for small perturbationsin a combustor tube

hosting alocalized heat-release zone, asseenin Fig. 1, for zero mean velocity, @, and for no spatial



gradients in the mean density, p, pressure, p, can be written as

ou'  op
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By performing the operation v’ x (Eq. (2))+% x (Eq. (3)), and using Eq. (1), we get

oe’ ,0p0u =1,
0t+u0 TP or pec? Pa- @)

Integrating Eq. (4) spatially, over the length of the combustor, L, we get

L
9 / ¢ Adz = / AL(E'A) - ®, 5)
ot Jo

where E' = p'v/, is the acoustic energy flux, ® is the rate of energy dissipation. z, ¢t are the
distance and time, respectively, A; signifies the difference over L, and A is cross-section area of
the combustor. Equation (5) represents the Rayleigh criterion [6] which, for conditions satisfied by
systems analyzed in this work, expresses the energy transfers in a continuous combustion system.
The conclusion drawn from this condition is that a combustion system may become unstable when
D) £(p — ¢") < 90°, i.e.,, when the magnitude of the first term in the RHS reaches high enough
levels to overcome the dissipation and (2) when the energy flux terms (which are typically small
in this class of combustors) add to the stored energy in the combustor at a rate faster than the
dissipation.

In the case of a concentrated heat release zone, one may consider the boundaries between this
zone and the acoustic field as virtual pistons which oscillate in phase with the oscillation of the
heat deposition rate into the gas trapped between them. The work done by the oscillating pistons
will add energy to the acoustic field. Viewed as such, the first term on the RHS of Eq. (5) can be
written asa (pdV’) work exchange between the small volume, 1, within which heat is deposited and
the acoustic field. The massin this control volume undergoes a change in density which follows
the heat release rate and leads to the expansion/contraction of the volume, against the fluctuating
pressure at its boundaries. The effect of the flame on the acoustic field is therefore analogous to
that of aflow source (e.g. speaker) which (aswill be shown in Section 4.2) acting like a monopole
[7], and the energy exchange between the flame and the acoustic field can be regarded as “work

exchange’.



An equivalent, more revealing but less general statement can be obtained by expressing the
pressure perturbation as a Galerkin expansion in time and space, p'/p = Xn;(t);(x). Using the
acoustic modes in the absence of heat addition, which satisfy the boundary conditions, to express
the spatial dependence, one can develop equations governing 7;(¢). Assuming that one mode,
whose amplitude is 7, can be used to capture the dynamics adequately!, and substituting in the
equations governing the perturbation [3], the system response can be described by the following

oscillator equation:

ii+wtn = bd, (6)

where w is the mode frequency, b is a constant which depends on the flame location. In Eq. (6),
it isassumed that the heat release zone is compact, concentrated at a distance from the inlet of the
combustor, and that dissipation is negligible. The oscillator equation is closed by expressing ¢’ in
terms of 1 and n (note that 7 is proportional to the velocity perturbation). We can assume, without

loss of generality that ¢' = ¢'(7) and for convenience write the above as
i+ G) i +wn = 0. (7)

This equation shows that a combustion system becomes an unstable oscillator, i.e., possesses“ neg-
ative damping”, when G(7;) < 0. For small amplitudes, one can expand G and retain only the
constant term to obtain the condition of the linear instability. One can show that thisis equivalent
to the Rayleigh criterion. As the perturbation grows, and making the reasonable assumption that
combustion dynamics become nonlinear before acoustic dynamics, Eg. (7) can still be used to ap-
proximate the nonlinear behavior and the conditions and mechanisms responsible for establishing
limit cycles. In this case, the dependence of GG on 7, which isthe only source of nonlinearity, must

be retained.

3 Actuation in a Finite Dimensional M odel

A finite dimensional model that includes both forms of actuation: speaker [8] and fuel injector [1]

has been devel oped. Two mechanisms of combustion instabilitiesare reported in practical systems,

'Without external actuation, this assumptionisvalid. In case of external actuation, it may be necessary to use more

than one mode [3].



the first is due to coupling of acoustics and heat release through flame-surface-area perturbations
[2, 3] while the second is due to the coupling of acoustics and heat release oscillations through
equivalence ratio perturbations [1, 4, 9, 10]. Experimental evidence of the former has been pre-
sented in [11, 12] while the latter has been observed in [13, 14, 15, 16]. We present the former

form of instability in the analysisin this paper.? The final form of the finite-dimensional model is

givenby [3, 8]:
. U ¢ ¢'/
' / ~ f f f
qy +bpqy = wrgp(=+=+—1-), 9)
ek P, T8, T wrey
ulf = EzT'Lzlgi 771 +ayve, (10)
Pl(x,t) = pEiice(x)mi(t), (11)

where b; = vai(xr)/E, ¢ = wlcg d1/1;(;3f)’ ECi = Yo, i(xa)/E, ¢.; = Yi(xs), wp = 45,/dp,
by = wi(l — 0a,gs), ao = (v — 1) /7D, E = [} ¢ipFdx, and §; = nppAhyTisg; (d,/D)’. Note
that here we are modeling a premixed organ pipe type combustor of diameter D and length L with
aperforated disk (with n; holes of diameter d,) acting as a flame holder [3]. ~, S, and Ah, are
the specific ratio, the burning velocity and the enthalpy of reaction of the reactants, respectively.
v, and v, are the velocity and acceleration of atypical flow source (e.g. a speaker), respectively,
¢ and uy are the equivalence ratio and the velocity at the flame (out of a perforation), p is the
pressure, (.) and (.)" are the mean and perturbation of avariable. ¢, z,, and z, are the flame, the
sensor (e.g., amicrophone), and the flow source actuator (e.g., a speaker) locations measured from
the upstream end, respectively. «,. isthe ratio of the speaker membrane surface areato that of the
duct cross section area. 0 € (0, 1) isa parameter expressing the effect of «/; ahead and behind the

flame on itsdynamics[3]. k; and E are the wave number and the energy in the mode, respectively.

2The instability triggered by equivalence-ratio fluctuations due to the convective time-delay is associated with a
time-lag mechanism while that induced by flame surface area is due to a phase lag mechanism. In both cases, the

phase relation between p’ and ¢’ is the same and hence the approach presented here is applicable to both cases.



4 TheRoleof a Speaker

4.1 Dynamic Analysis

Using a single mode to describe the acoustic dynamics, namely the unstable mode® we investi-
gate how the loudspeaker impacts the combustor dynamics. For a single mode, Egs.(8)-(10) are

combined as follows;
771 _Elwf.afgl 771 "H")%nl - gIngflarvc +501 ijca (12)

where g, = g/u,. We neglect the second term on the LHS of Eq.(9), since the flame character-
istic frequency is often an order of magnitude smaller than the acoustic frequency [2] (bulk modes
may be exceptionsto thisrule, and are treated in [4]). Equations (8) and (12) show that the speaker
affects the combustor dynamics through two parallel paths, a direct path through the pressure gen-
erated by its diaphragm acceleration, ., and an indirect path through an additional component of
unsteady heat release generated by its diaphragm velocity, v.. If these two paths are managed,
using an intelligent controller, so that they generate, collaboratively, “positive damping” that coun-
tersthe “negative damping” induced by the unsteady heat rel ease, the combustor can be stabilized.

To achieve this*damping”, both v. and v, must have components which are proportional to 7.
The dynamics of the diaphragm motion of atypical loudspeaker can be modeled as [7]:
Do +2Cwn, + WP / vdt = ki, (13)

where w;, = /kq/mq is the natural frequency of the loudspeaker diaphragm, &, and m, are the
equivalent stiffness and mass of the diaphragm, respectively, ¢ isadamping ratio, k; is a speaker
gain, and I is the input current. We assume that w; < w; which allows us to approximate the

loudspeaker dynamics as
ve =2 Kkl (14

The input current into the actuator is determined by a controller according to a measurement of

3Under certain conditions combustor control analysis may require more than one mode for accurate modeling [3].
For the sake of analytical tractability and to gain the requisite insight, we focus on cases where a single mode is

sufficient.



p', u’; or ¢ which is obtained via a sensor placed at a certain location in the combustor. In the

following, we examine the impact of two different control algorithms.

4.1.1 A Proportional Controller:

The measured signal is chosen to be p’ which is proportional to 7;, and we need either or both the
source terms in the oscillator Eq. (12) to be proportional to 7,. The simplest controller that can
stabilize the system is a proportional controller for which the control input I is proportional to the
sensor signal p', I = k,pc.,m. We compute v.= kjk,pc.,m and v, = kik,pc., 1), fw?, where the

approximate relation, n; = —ij; w? is used to get the later. The oscillator equation becomes

o~ kik,pc. . ~ _
i — biw;dr, <01 — ff; 1) i+ (w0 = be kukpBe, ) m = 0. (15)

1

Equation (15) shows that only the indirect path adds damping to the system. A stable oscillator
must satisfy

bywidy, (51 - ar%> <0. (16)
The proportional controller has two free parameters: the sensor location which determines ¢..,,
and the gain k,, both of which have selectable signs. Thus, the controller has enough degrees
of freedom to satisfy the inequality. Interestingly, the actuator location does not contribute to
the damping, since it affects only the direct path. Although the proportional controller is able to
add enough damping to achieve stability, it requires high gain since it takes advantage of a single
channel only. Moreover, it changes the frequency of the oscillation substantially; part of the input
energy isnot utilized to suppresstheinstability. A large change in the frequency is expected, since
be, kikppee, > (be, &1 Jo)w?, and (b,, & Jo,) ~ O(1). Thus, afraction of the input energy, which
will be quantified in Section 4.2, is”wasted”.

The analysis shows some surprising results. While one traditionally considers the role of an
acoustic actuator as a means of imposing a pressure signal which is out of phase with the existing
signal, i.e., an anti-sound mechanism, our results here show that this is not always the case. In
the case analyzed above, the only mechanism by which the actuator can impact the system is by
affecting the heat source, through the extra velocity signal which is managed by the controller for
stability.



4.1.2 A Phase-Lead Controller

To overcome the drawbacks in the proportional controller, one should design a controller such that
both source terms in Eq.(8) contribute directly to »,. This can be achieved using a phase-lead

compensator whose dynamics are governed by*:
j"‘pcl = kcpce, (1, +2em) (17)

wherep,, z., and k. are the compensator parameters. pole, zero, and gain, respectively. In general,
the quantity p. — z. corresponds to the decay resulting from the damping effect that the phase lead
controller provides, while k. corresponds to the control effort needed to provide the damping.
The phase-lead compensator adds a positive phase that can counter the “natural” negative phase,
achieved viap, > z. [17]. There are two choices for the compensator pole: p. > w; and p. < wy.
We discuss thefirst one only. In this case,

1 = kePee, [(1 — é) m i +zc771] . (18)

Pe Pe Pe

Combining Egs.(14) and (18), we write:

ko_ c1 c c .
p o LolC lwl (Z— i ﬂ) m + (1 - Z—) m] : (19)
Pe w1 De Pe

whichisintegrated to

ko_ c1 c 1 c .
vc%Ll<1—z—>n1——<z—+ﬂ>m], (20)
pc pc W1 W1 pc

where k, = k;k.. Substituting in Eq. (12), we obtain:

~ kD biwed -
T L N U N A (e |

c w1 w1 Pe Pe

ko_ c 7 c 7 ~ c
+ {w% _ Kol [bclwl (Z— + ﬂ) — biwsgr o (1 — Z—)l } n =0 (21)
Pe w1 Pe Pe

The damping terms due to direct and indirect channels (the third and second term in the bracket

multiplied by 7, , respectively) show that the condition for the direct path to lead to positive damp-
ingisbe, koce, < 0, and that for theindirect pathis by k,c., > 0. Recall that b, b;, and ¢, depend

4The phase-lead controller has enough dynamicsto createtermsin, anditsderivativer, . Thelatter isproportional
to the velocity, «', and hence a similar control input can be obtained by sensing «” in addition to p’, and modulating

them through respective proportional controllers.
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on the locations of the actuator, flame, and sensor, respectively, while &, is the gain. The phase-
lead controller has enough degrees of freedom to satisfy both inequalities at the same time, since

we can choose sign(koc.,) = sign(by), and sign(be,) = —sign(koce, ).

To examine both effects in more detail, let k,/p. =const. In this case, the indirect damping
decreases with p.., while the direct damping increases. If the actuator islocated close to a pressure
node, where b,, = 0, the indirect damping becomes dominant. The “optimization” of damping
from both channels, i.e., achieving maximum total damping, is not well defined in the absence of
actuator constraints, e.g., its location. For instance, when the actuator is close to a pressure node,
then 2. ~ w; maximizes total damping. However, if we assume that k,/p. =const. and z, = 0,
maximum total damping is achieved when p. ~ w;. If the actuator is located at a pressure anti-
node, maximum damping is achieved when the contribution from the direct and indirect paths are

of the same order of magnitude. Similar results are obtained for p. < w;.

Thus, by properly selecting the controller parameters, one can impose damping through both

channels and hence minimize the required input control energy for a given settling time.

4.1.3 Optimization

Here, we define optimization as minimizing “the maximum input power”. Using | 7, | &~ wi|m],
wefind, for p, > wy, that:

k.pce,w Ze W 2 Ze ?
e p—J (— " —1> " (1 - p—) ml = Paln @)

Pe w1 Pe c

subject to the constraint that

kopce, lblwfgflo‘r (ﬁ + ﬂ) _ECI (1 — ﬁ)l = const. (23)

Pe w1 w1 De De

The constraint comes from the fact that we need to minimize the input power for a certain settling

time, and hence the damping coefficient must be held constant. Let I’j— = wy, j—cl + % = wy,
1 — 2 = ws, pe,wi = g1, klﬁcclglwfgfla,«/wl = ¢, and klpcclgcl = —g3. The minimization

Pc
problem iswritten as:

Py . = min {wlgm/wg + w%} : (24)
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subject to

wi(gowe + gsws) = cq, (25)
leading to:
c w w !
Pipin = 91 hin [ <—2>2 +1x (92 2 4+ 1> ] ) (26)
gs w3 gsws

Equation (26) showsthat the function to be minimized isreduced to afunctionin asinglevariable:

(ws /ws). The minimum power is reached at

(w2 /wz)mm = 92/93, (27)

and the minimum maximum amplitude of the input current is:

~ Cag
|I|min—max - ﬁmnmax-
V92t 93

It is worth noting that the optimal ratio in Eg. (27) leads to no change in the natural frequency

(28)

of the oscillator in Eq.(21). Moreover, the problem of maximizing the damping while keeping
the input power constant leads to the same result as in Eq. (27). Similar results are obtained for

Pe < Wi

To illustrate the optimization results, we test two controllers, an optimal and a non-optimal,
with a combustor setup similar to Ref. [3]. The combustor is 4 cm in diameter and 50 cm long
with closed upstream end and open downstream end. The flame is anchored on a perforated disc
with 80 holes (each 1.5 mm in diameter), at = ,=32.5 cm. Assuming a perfect gas with v = 1.4,
p =1am, and Ah, = 2.15x10%Jkg, which corresponds to ¢ = 0.7, S, = 0.3 m/s. Effects of
the mean flow and mean heat addition are neglected. However, we include two acoustic modes
(quarter and three quarter modes), the low frequency dynamics of the heat release, and the speaker
dynamics (asin Eq. (13), with k; = 1404, w, = 1822, and ¢ = 0.1) in the combustor model.
Since the analytical optimization result is based on one mode, we choose the sensor and actuator
locations such that the coupling between modes is weak [3], namely we set = ;=1 cm and z,=15
cm. Using the optimization analysis, we obtain k. = —0.1437, z. = 2018.9, and p. = 9173.2. On
the other hand, the second controller which is designed considering the phase needed for stability
has k. = —0.1437, z. = 100, and p. = 15000. We choose the gain of the latter to be equal to

12
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Figure 2: Controlled combustor responses. “a@’ and “c”: optimal, “b” and “d”: non-optimal

that of the optimal controller to ensure equal maximum input current. The pressure responses of
the two controllers are shown in Figs. 2-aand 2-b (control is switched on at 400 ms). The control
effort in terms of the speaker input current is given in Figs. 2-c and 2-d. One can see that for the
same maximum input current, the optimal controller reduces the pressure to 5% of itsinitial value

in 17 ms, while the non-optimal one needs 41.6 ms.

4.2 Energy Analysis

In Section 4.1, we based the stability analysis on the properties of the oscillator which models the
combustor dynamics. Here, we pursue a different analysis for the purpose of explaining the origin
of the “dissipation” in the oscillator equation. The primary energy storage mechanism in the com-
bustor is the acoustic field. Increasing the stored (or internal) energy of thisfield can be achieved
by doing positivework by “external” sources which include the flame and the actuator. Work done
by the flame has been explained in Section 2 as work done on the field by expansion/contraction of

asmall volume surrounding the flame against negative/positive unsteady pressure. When actuation
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using a speaker isincorporated and dissipation is neglected, the integral of Eq. (5) leadsto

A, ( /0 Le'da:) -

)

/ / P'é(x — x4)Up.ndrdt — Ap </0 'dt> (29)

where A, and A}, denote the change over time and over length, respectively, and we denote v, =

—v,, Since the direction of the velocity from the speaker membrane is opposite to the unit normal
to the control surface, n, (note that the acoustic field is regarded here as the control volume). The
RHS terms are the work per unit cross-section area of the combustor done by the heat source,
in this case the flame, the speaker, and the net acoustic energy convected across the boundaries,
respectively. The loudspeaker which is aflow source exerts work on the acoustic field similar to a

monopol e source [7].

Rewriting Eq. (29) as A, (f" e'dz) = W + W,, substituting for the heat release dynamics
using Egs. (9) and (10), neglecting b, with respect to the acoustics frequencies (as in Section 4.1),

assuming the presence of one mode only, and carrying out the integration over L, we get

We = W,+ W, (30)
W, = —wfgflccfcl/ n?dt, (31)
y—-1
I/Vi = —wfgflcc]car/ T (/ Ude> dta (32)
0 0 0
and Wy = a,Dc, / ’ mupdt, (33)
0

where Egs. (31)-(33) denote the work exchange between the flame and the acoustic field; the actu-
ator and the flame; and the actuator and the acoustic field directly, respectively. 1V, is composed of
the total work exchange with the flame. Without actuation, only 17/, exists and work is done by the
flame on the acoustic field. W; arises because the speaker does work on the flame (through Egs.
(9) and (10)) and hence indirectly affects the acoustic field. This constitutes negative work on the
field which counteracts W,. W, is work done by the field on the speaker.

Without active control,1W,; = W, = 0 and for an unstable combustor, A, ( J"OL e’daz) > 0, and
hence W, =W, > 0, while ¢; and p" are in phase. When active control is applied, the condition
for stability, A, (fy" ¢'dz) < 0, leadsto W; + Wy < — V.

For the proportional controller considered in Section 4.1.1, and for the conditions obtained by

14



the dynamic analysis (Eq. (16)), we find that

vy—1 arklkpﬁcclccf /T 5
W, = — dt <0, 34
~y Wrgs w% 0 M ( )
aykikypce, ce,
and Wy = =272 [i(0) — i (7)] > 0. (35)
1

Thus, as shown before, the impact of actuation which contributes to stabilization comes only from
the indirect path while the direct path adds energy to the acoustic field. Moreover, since W, <
—W,, Wy <0, and ¢} and p' are out of phase. Actuation adds energy to the field from the direct
channel, W, while it modifies the flame oscillations such that the work is done by the field on the

flame (W, < 0), and is so much larger than W, that the overall effect is stabilizing.

The ratio of the “useful” work done by the loudspeaker, which stabilizes the combustor, and
that wasted in the process, i.e., consumed in altering w; asdiscussed in Section 4.1.1, is

Wy YD (e | |MF(0) =P ()] ]
T n? 1 1
where |—; 0 mdz ‘ = for = -, (37)
[771(0) — M (7')] a/w1 «Q

and « isthe decay rate. Thisleadsto |W; /W] ~ O(1). Thus, the useful work is of the same order
asthat wasted in changing the potential energy of the acoustic field. Thisratio staysthe sameif ¢’

is chosen asthe feedback signal since ¢ o 7. When ', (ox7, ) isfed back, W, becomes dominant.

When the phase-lead controller isused, for p. > w; and maintaining the same stable conditions

obtained from the dynamic analysis (Section 4.1.2), the work done per unit areaiis:

-1 a,k,pe,, c. . T
W, = 1Ty g, Srellaley (Z—+ﬂ>/ 2t < 0, (39)
Y Pt w1 DPe 0
Tk:O_Q C C, (64 T
and W, = W(l_z_) [t <o. (39)
Pe c 0

Both forms of work exchange are done by the acoustic field on the actuator and the flame, i.e.,
actuation couples with the flame and the acoustic field to generate energy sinks for the acoustic
field. Note that W, in Eq. (39) is negative because of the choice of sign(k,c.,) = —sign(c.,) =
sign(c.,), in agreement with the stability conditions discussed in Section 4.1.2. Similar conclu-

sions can be reached for the case with p. < w;. Thus, both the indirect and direct actuation paths

15
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Figure 3. The different energy channelsin the controlled combustor when only the direct effect is

active, and the indirect effect is forced to zero

0.02

0 50 100 150

0 50 100 150

time (ms)

b
0.01
0.005
. [0]
&
£
= -0.005
=
-0.01
-0.015
-0.02
o] 50 100 150
time (ms)
g
0.02
0.015
E
= o.01
x
=
‘o
-_50.005
=
[0]
(o] 50 100 150
time (ms)
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is active, and the direct effect is forced to zero
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participate in decreasing the acoustic energy in the combustor. However, while the former mech-
anism changes the phase between ¢} and p’ from < 90° to > 90°, the latter appears as work done

by the field on the actuator.

Figures 3 and 4 depict graphical representations of the results for a combustor similar to that
described in Section 4.1.3 except for the values of =, z,, and z,, which are chosen as 24cm,
12.3cm, and 25cm, respectively. The controller parametersare k£, = 250, z. = 100, and p. = 1000
and make the direct and indirect work of the same order. Figure 3 shows the different energies for
conditions when the indirect path is forced to zero. The latter can be weak if the flame is robust,
i.e., is hon responsive to fluctuations in the acoustic field. As shown in Fig. 3-d, the combustor
is driven to stability when the control is turned on at 40ms, and the acoustic energy is reduced to
zero. W (equivalent to the Rayleigh index) remains > 0 (Fig. 3-c), i.e,, p’ and ¢} remain in phase,
whereas the energy sink stems completely from W, (Fig. 3-b), i.e., the speaker extracts energy
from the acoustic field. In Fig. 4, when the direct path is forced to zero, which can happen if the
speaker is placed at a pressure node, W; < 0 asshown in Fig. 4-b, i.e, p’ and ¢; become out of

phase, and W decreases asin Fig. 4-c. In this case also, the field does work on the speaker.

Using the optimal phase-lead controller designed in Section 4.1.3, we illustrate in Fig. 5 the
different work exchanges. Notethat W, (Fig. 5-a) isdominant and contributes more to stabilization
than W; (Fig. 5-b). Thus, for this optimal controller, W, > 0 (Fig. 5-c), i.e,, p’ and ¢; remainin
phase. Figure 5-d shows that the combustor has been stabilized, and the acoustic energy is driven

to zero.

The simulation illustrates that the different work exchanges affecting the acoustic energy main-
tain the same signs as predicted in the one-mode analysis, even in the presence of two modes and

with no ssimplification in the heat release dynamics model (Egs. (8)-(11)).

5 TheRoleof a Fue Injector

In the case where an oscillating fuel stream (operated by a solenoid valve) is used for actuation,
asin [18]-[21], we choose to inject the secondary fuel either at the burning zone, or upstream the

flame where it mixeswith theincoming mixture of reactants creating an unsteady equivalenceratio
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Figure 5: The different energy channels when the optimal phase-lead controller is used, as in
Section 4.1.3

component, ¢'. In the latter case, injection of a secondary fuel is done at a distance upstream the
flame to guarantee good mixing. Thisintroduces a convectivetimelag, 7;, in ¢’ and the controlled
equivalence ratio a the flame can be expressed as ¢s(t) = ¢'(t — 7;), where ; = z;/u; z; is
the distance between the injector and the flame front, and = is the mean velocity of the reactants.
In most cases, 7; is greater than the acoustic time constant of the system, 7 = 27 /w, (r;/7 =
kx; /27 M, where k is the wave number and M is the Mach number), and conventional control
techniques will fail to stabilize the system [17]. Several studies have proposed control solutions
for systems with large delays [22, 23] and the implementation of these schemes is described in
other articles [1, 4, 9]. In this paper, we will analyze the case when injection is done at the flame

zone [18]-[20], thus minimizing transport lag.
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5.1 Dynamic Analysis
Equations (8)-(10) are combined to derive the oscillator equation:

mh — 51wf§f251 uh +W%771 = 51wf§fz(¢lf+ ¢’f /wf)a (40)

where gy, = G;/¢ - The combustion system, through the heat release dynamics, Eg. (9), reactsto
equivalence ratio perturbations, and itsrate of change[1, 4, 9]. Itisclear that if ¢ ismodulated in
such away to create positive damping that would counteract the destabilizing damping caused by
heat release, stability can be reached. For the purpose of this paper, the dynamics of the injector
will be disregarded for simplicity (see [1] for analysis of injector dynamics) assuming that the
bandwidth of the injector is much higher than the acoustic frequencies. Therefore, we assume
¢’ = k;I. Using apressure transducer as sensor, consistent with the analysis done with the speaker

in Section 4, the signal fed to the controller is proportional to ;.

5.1.1 A Proportional Controller:

A proportional control isthe simplest structure that can be used to stabilize the combustor. Similar
to Section 4.1.1, the equivalence ratio at the burning zone is written as ¢, = k;k,pc.,m, with its

rate of change ¢’ 1= kikypce, 11, and hence the oscillator becomes

. 7 ~ ~ kzk PCe . 7 ~ _
i — biwgs, <01 — %) M+ (wf — blwfghkikppccl) m = 0. (41)

Eqg. (41) shows that there are two channels through which the actuation input due to fuel
injection affects the dynamics, where the first is due to the effect of ¢, and the other is due to
qé’. Both inputs are affected by the dynamics of the controller used. Hence, both could be sources
of positive damping similar to the direct and indirect effects in the speaker case. The equivalence
ratio (at the heat release zone) has a dynamic effect because the input from theinjector is” filtered”
through the flame area dynamics, heat release dynamics, and acoustics dynamics. It should be
noted that the rate of heat release is the primary effect on the acoustics dynamics whichinturnis
strongly affected by the rate of change of the equivalence ratio. The reader isreferred to [9, 1, 4]

for further details regarding fuel-injection dynamics.
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Thusonly qé’ + @dds damping to the system, whereasthe ¢'; channel contributes only in changing
the frequency at which the system oscillates. The condition for stability is

bwidr, (51 - M%) < 0. (42)

The proportional controller has enough degrees of freedom to stabilize the system. These are the

sensor’slocation, c.,, and the gain, &, both of which have selectable signs. We note that unlike the

speaker in Section 4.1.1, the “wasted” effort is much smaller, and can be estimated using Egs. (41)

and (42) as byw; g, kik,pc., > w; which isless than w? by O(w,). In section 5.2, this “wasted”

energy will be estimated as afraction of the “useful” energy.

5.1.2 A Phase-Lead Controller:

For the case when p. > w;, a phase-lead controller can be approximated as described in Eg. (18),

with ¢’ replacing v, in Eq. (19), and k, = k;k.. Therate of equivalence ratio variation becomes:

. koDce, Ze 2. W .
bt 1 () ) s

c c w1 Pe

Substituting in Eq. (40) leads to:

. ~  _ _  ~ ke Z w 2 .
i+ {—blwfgf201 — bwrds, 05 = lwl (—c + —1> + (1 - —C>l } un

c

7 ko_ c c c
+ {wf—blwfﬁh ]1301 lwl (f}—l—f—%) —wf (1—;—)]}771 =0. (44)

We note that both channels contribute to “positive” damping when the condition for stability

bykoce, < 0, and hence sign(koc,,) = —sign(h,), is satisfied.

As in the case of a proportional controller, some energy is wasted in changing the frequency
of the oscillator, and this can be estimated following arguments similar to 4.1.2 for the speaker. In
order to force theinjector to target all the effort towards adding damping without waste in changing
the potential energy of the system, i.e., wy, an optimal approach similar to Section 4.1.3 can be
utilized. As discussed before, the optimization will lead to zero change in the natural frequency.
In the following, we quantify both analytically and graphically the energy exchanges between the

injector’sinputs, qﬁ’ ; and ¢, and the combustor which cause positive damping.
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5.2 Energy Analysis

The energy balance equation for a combustor with an unsteady fuel injector, assuming no external
dissipationisidentical to Eq.(29) without the second term in the RHS (which is due to the speaker).
The only means for stabilizing a combustor using a secondary fuel injector is to affect the phase
between ¢; and p', similar to the indirect actuation in the speaker (Section 4.2). Because of the
linearity of the problem, one can identify easily the work contributed by actuation, W;,;, and by

the acoustic field, 1W,, to the total work, 17, as follows:

Wr = W, + Wiy, (45)
Winj = Wy+ W{b’ (46)
—1 _ T T
-1 T P
and ch = wagh Ce; /0 w—fmdt, (48)

Asdiscussed in Section 5.1, the injector has two contributions: one from the equivalence ratio and
the other from its rate of change; they are denoted here as W, and W<2>’ respectively. When no
active control is implemented, 1, > 0 (and is defined in Eq. (31)), the energy in the combustor
grows according to Eq. (29). Thus, the for stability, negative work must be introduced using ¢’ in
order to satisfy W;,,; < —W,,.

As discussed in Section 5.1, using a proportional controller, only ¢ + €an be made to contribute

to stability. This can beillustrated also in terms of the work done per unit area where:

—1 T
qu) = wangkikpﬁCcl / ﬂ%dt < 0, (49)
v 0
~ 7 Lwrgyr, kikyDee, . 5 2
and W, = ~ 9002 [177(0) — ni(7)] > 0. (50)
1

Theratio of the useful work, targeted towards dissipative energy, to the work wasted in chang-
ing the potential energy of the system can be estimated by considering Egs. (49) and (50), with
(37), as

Ww. 2
_¢ %2ﬂl%0<ﬂ>>L (51)
Wy wr o Wy

In this case, unlike the case of the speaker (Section 4.2), the useful work of the injector is larger

than the wasted one, supporting the resultsin the dynamic analysisin Section 5.1.1.
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Figure 6: The different energy channelsin the controlled combustor when using afuel injector.

The phase-lead controller, discussed in Section 5.1.2, has sufficient degrees of freedom to
accomplish stability, and one can show that

-1 kopce, c. . T
w., =~ 1 Wi df, Pler ey (Z— + ﬂ) / n?dt < 0, (52)
¢ Y bWy w1 Pe 0
y—1 _ kp’c, 2\ [T o
and W, = WrGf, 1—— / nydt < 0. (53)
Y Pe Pe 0

Although both W(;S and W contribute in stabilizing the combustor, the former effect is larger

than the latter, and this can be quantified as

Wl _ (Eri)w
‘Wz (1_7;)0}—; ~ 0(10). (54)

Figure 6 is a graphical representation of the analytical results. The phase-lead parameters are
k. = 2000, z. = 100 and p. = 1000. Both channels, W; (in Fig. 6-b) and W, (in Fig. 6-c),
suppress the instability by doing work on the heat release such that the phase between ¢ and p’ is
modified to j90°, similar to the indirect effect in a speaker. It isworth noting, from Fig. 6 b and c,
that W¢/W¢ ~ O(10) as estimated by Eq. (54).
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6 Summary

The impact of two different types of actuators; flow and heat source actuators, which are most
commonly used for abating combustion instability, are analyzed using two different approaches.
First, atypical flow source actuator; an acoustic speaker, is studied. The dynamic analysisreveals
how controlled actuation introduces dissipation, and is used to obtain the criteria for stability in
terms of the controller parameters, the sensor/actuator locations, and the combustor parameters.
The energy analysis is then carried out to relate the dissipative terms to the work done by/on the
speaker. The speaker is found to exchange work with the acoustic field directly, and indirectly
through the flame. One can quantify these energy transfers, define their physical origins, and
determine the necessary control signals to the actuators for minimizing the acoustic energy in the
combustor. Controller optimization analysis is performed based on the physical insight gained

from the dynamic analysis of the combustor.

A heat source actuator in the form of a fuel injector is then analyzed dynamically as well as
energetically. The work exchange between the injector and the acoustic field is shown to resemble
the indirect work exchange between the speaker and the acoustic field, since both actions affect
the acoustics through modulating the flame. The results presented herein shed more light on the
physics behind the different actuation effects, and emphasize the importance of using this under-

standing in designing effective actuators and stabilizing optimal controllers.
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