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Abstract

Active controlusing periodicfuel injection hasthe po-
tential of suppressingcomhustion instability without
radically changingthe enginedesignor sacrificingper
formance. In this paper we carry out a study of opti-
mal model-basedontrol of comtustioninstability us-
ing fuel injection. The modeldevelopedis physically
basedand includesthe acousticsthe heat-releasely-
namics,their coupling,andthe injection dynamics. A
heat-releasenodel with fluctuationsin the flame sur
faceareaaswell asin the equivalenceratio is derived.
We shaw thatareafluctuationscoupledwith the veloc-
ity fluctuationsdrive longitudinalmodesto resonance
causedy phase-laglynamicswhile equivalenceratio
fluctuationscan destabilizeboth longitudinaland bulk
modescausedby time-delaydynamics,similar to ex-
perimentalbbsenations.The dynamicsof proportional
andtwo-position(on-off) fuel injectorsareincludedin
the model. Using the overall model,two differentcon-
trol designsare proposed. The first is an LQG/LTR
controllerwherethe time-delayeffect is ignored, and
theseconds a Posi-Castontrollerwhich explicitly ac-
countsfor the delay Injection at (i) the burning zone
and(ii) furtherupstreanis considered.The character
istics of fuel injectorsincluding bandwidth,authority
(pulsed-fueflow rate),andwhetherit appliesapropor
tional or atwo-position(on-off) injectionarediscussed.
We shaw thatincreasingauthorityandbandwidthresult
in improvedperformancelnjectionat (ii) comparedo
(i) resultsin atrade-of betweenmproved mixing and
increasedime-delay We also note that proportional
injectionis moresuccessfuthanon-off injectionsince
the former can modulateboth amplitudeand phaseof
the controlfuel.

1 Introduction

Active control using periodic fuel injection hasbeen
recognizedasa promisingtechnologyto abatecomhus-
tion instability in practicalsystemq1]-[6]. Most cur

rentdesignsarebasedbon phase-shifalgorithmswhich,
despitetheir successare not optimal in termsof fuel
consumptionsettlingtime, androbustnessPhase-shift
controllers,dueto theirlimited dynamicsareknown to
succeednly within a limited frequeng band(around
the unstablefrequeng), and over a small rangeof op-
eratingconditions. In this paper we presentalterna-
tive controldesignausingLQG/LTR andPosi-Caston-
trol methodsawhich arebasedon a physicalmodel,and
demonstrat¢heir advantages.

Control algorithmsmust be basedon an accuratede-
scription of the systemdynamicsto achiere optimal
performance. Much effort has gone into modeling
acoustics[1],[7]-[10]. Modeling of heat-releasely-
namicsandits couplingwith acousticsmixing dynam-
ics, andactuatordynamicsdespitetheir crucialrole in
the instability mechanismhave not beendealtwith to
the sameextent. Recognizinghatheat-releasescilla-
tionscanbe causedy fluctuationsof the flamesurface
areadueto velocity perturbatiornor the equivalencera-
tio dueto pressureerturbationwe derive amodelthat
incorporatedothfor thecaseof aweaklyturbulentpre-
mixedflame.We shov how certainacoustiomodescan
couplewith eitheror bothformsof heatoscillations.

The feasibility of control designis tightly correlated
with the performanceof sensorsaand actuators.While
high-bandwidthdevices of the first are available, e.g.,
pressurdransducerandheat-releassensorsactuation
by meansof fuel injection is hinderedby low band-
width, limited authority andnonlinearitieqin theform
of dead-zonegaturationandon-off effects)[11]. The
impact of ideal actuatorswas studied extensvely in
[12]. Theability of the actuatorto corvey the control
signalfaithfully to the comhustor, thusintroducingthe
correctforcing, is key to stableperformanceThishow-
ever is often not the casedueto (i) non-idealinjection
dynamics,and (ii) injection locationswhich may im-
posea delayin the controlinput. To capturethe contri-
bution of theseeffectsin thecontroldesignwe develop
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a modelof the injector dynamicsandincorporateit in
the overall analysisof the system.

In Sec.2, wemodeltheheatreleasalynamicsforcedby
velocity andequivalenceratio fluctuationsthe acoustic
dynamicsthe couplingandmixing dynamics their ef-
fectonstability, andageneriomodelof typical solenoid
injectorswhich capturesits relevant features. In Sec.
3, control is developedfor a multi-mode comhustor
and injection at as well as upstreamof the burning
zone is implemented. For the former, an optimal
LinearQuadraticGaussiarwith Loop-TransferRecor-
ery (LQG/LTR) controlleris used,andfor the latter, a
noveltechnigueknown asPosi-Castontrolthataccom-
modatescomhustionsystemswith delaysis developed
andimplemented.

2 Combustor Model

Physically-basedodelinghasbeenshavn to beindis-
pensablgor optimal control designfor suppressiormf
comlustioninstability [13]. The dynamicsleadingto
comhustioninstability is known to occurdueto theres-
onantcouplingbetweeracousticandheatreleaseThis
couplingmay occurthroughflame-aredluctuations as
shavn experimentallyin [1], andby modelingin [14].
It canalsooccurthroughmixtureinhomogeneityreac-
tants’ equivalence-ratidluctuations),obsened experi-
mentallyin [15]-[17], andmodeledin [18, 19]. While
both mechanismsan destabilizelongitudinal modes
[4, 7, 16, 20], bulk modesare more strongly affected
by thelatter[3, 18]. A rigorousmodelfor theresponse
of heat-releasdynamicsto theseoscillationsis shovn
next. This is followed by a descriptionof acoustics,
couplingmechanismsandfuel-injectordynamics.

2.1 Heat-Release Dynamics

Thegoalof this sectionis to derive ananalyticalmodel

for the heat-releaseate in responsego simultaneous
perturbationgn the flow velocity, 4, andthe equiva-

lenceratio, ¢. Thetwo effectsweremodeledseparately
in [14] and [18]. In the latter, a similar attemptwas

made,albeit usinga lumpedparametemodelderived

from the consenation of massand enegy. Here,we

usetheflamekinematicsequation.

We make the following assumptions{i) The flameis
a thin interface separatingeactantsand productsand
is insensitve to pressureperturbationd1]. The flame
canmodelturbulentpremixedcomtlustionif conditions
of high Damkohler numberandweakto moderatetur-
bulenceintensity prevail [21]-[23]. (ii) The flameis
weaklycorvoluted,i.e.,it canbedescribedy a single-
valued function, £(r,t), describingthe instantaneous
location of its surface. In this case ¢ andthe heatre-

lease(Q, aregivenby!

% o un® s (65) +1, Q)
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where is
the burning velocity, x(¢) = pruSu(qﬁ)Ah,,(@, p
is the densityof the unburnt mixture, and Ah,. is the
heatof reaction.

Q

Assumingnegligible velocity componentin the radial
direction,andlinearizingaroundnominalvaluest, S,
and£(r), denoting(.) and(.)" assteadyand perturba
tion, respectiely, we get

e _
ot “or

with boundaryconditiong

¢ (R,t) =0Vt (r,0) =0 Vr,

while

R
QW = =& /0 g tydr+did, (@)

wheré
E = 27pySuAh,,
_ dA R
and d; = 27wpy | Sy ——— dah, + Ah, Sy / rédr | .
dé 7

It is worth noting that the flame areafluctuation, A’;,

is givenby Ay (t) = 2r [;*¢(r,¢)dr. This with Eq.
(3) shawvs thatthe flameareais affectedby both«' and
¢', andtheareain turnimpactsQ’ asshavnin Eq. (4).
Thisalsoshavsthat¢' affectsdirectly @' andindirectly
throughthe areafluctuations.

Equation(3) canbe manipulatedurtherandsolvedfor
&' in theLaplacedomainas:

, (s) 90 (,_ g
g(r,s>=<“ + $T>(1—e %), 6

S
LWe consideterea flamestabilizedover a perforatedplate, R is
theradiusof the perforation.
21t shouldbenotedthatwith theappropriat&ehangen coordinates
andboundaryconditions Eq. (3) canalsorepresenflamesstabilized
behindagutter[24], or adump[22].

3Thefactor qu’;T | is positive and £« | is alsopositive when
¢ <1

GE dS.
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wheres is the Laplaceoperator Differentiatingeq. (4)
with respecto time, andusingEq. (3), we get

. R ! .1
O'=x @'wa—é 08 d5. )dr+dl¢, ©)
0 3 67’ d’
whichis integratedoverr, as
o <] R BZ dSy
Q—F&<RU - 5.8'(0,t) + | _r% +d¢ (7)

Taking the inverseLaplaceof Eq. (5) atr = 0, and
substitutingn Eq.(7),aftersomemanipulationsye get

—néﬁu - ﬁ Ydr + S, dzjé( )d7'+d3¢> +d1<}>la

whered, = % . a8y - dg = —£(0) %+
74 = R/S, is the characteristiqpropagationdelay of

the flame surfaceinto the reactantglow. Note thatfor

the classof flamesconsideredn the paper the slopeat
the flametip, which is typically conical,is zero,there-
fore the third termin the RHS of Eq. (8) canbe omit-

ted. Thisresultconfirmsthe analysisin [18] wherethe
starting point was a lumped model of the flame. In

the above, the flame dynamicsis capturedby a pure
time delay 7, making the dynamicsinfinite dimen-
sional. In the lumped-flameapproach,the dynamics
is of the phase-lagype which makesthe modelfinite-

dimensional.

_, and
[

2.2 Acoustics

Acousticresonancef a comhustorcanbe capturedby
analyzingthewave equatiorandlinearizingtheconser
vationequationg20]

62 / . 62 ! .
atg —02 63&'?; = (’7_ ].)ql(.’l,‘,t), (9)

wherep is the pressure,and¢ is the meanspeedof
sound. We considerflameslocalized closeto the an-
choringplane¢'(z,t) = ¢'(¢t)0(z — x5).

Usinganexpansionin basisfunctions

IL' t = pZ% 771 ) (10)

wherein mostcasesy; () = sin (k;z + ¢q0), k; and
@i determinedrom the boundaryconditions,andper
forming aweightedspatialaveragingthemodalampli-
tudescanbe shawn to follow [20]:

n -
iis + 2Cw; ); +wini =Y bi df, (11)
i=1

whereb; = vaopi(zs)/E, E = fo ? (z) dz, v is
the specificratio, a, = 77;1_)1, ¢ represent$he passie
dampingratio in the comtustot, L is its length, and
w; = k;c.

2.3 Coupling Dynamics
Perturbation# theflameareaandtheequialenceatio
which couplein aresonanivay with the acousticfield
arecausedy velocity or pressurepscillations. Pertur
bationsin the velocity and pressureare relatedto the
perturbationin acousticfield via the enegy equation
[20]
! !

8% + 71566—1; (v -1, (12)
wﬁ?():h can be integratedover the comhustorlengthto
obtain(usingEq. (10))

3 & +6a0d, (13)

i=1

whereg; = —15‘3’/;1 (z4), a, = (v — 1)/vp, andé rep-
resentghe effect of the velocity aheadandbehindthe
flameon ¢'. This equationcanbe usedwith Eq. (8) to
couplethe heatreleaseao thevelocity perturbations.

Perturbationgn the equivalenceratio at the fuel source
dueto couplingwith theacousticcanbemodeledstart-
ing from the massconseration at the mixing section
whichresultsin

bs u!

for fluctuationsn theair flow only (fuel inletis choked)
or in thefuel flow only (air inlet is choked). Now using
themomentumequation:

_ou'  op
rvs + B 0, (15)
andp’ asin Eqg. (10), aftersomemanipulationsye get
.1 d i
b = Z v, e

accordingto fluctuationsin the air flow only or in the
fuel flow only. The equivalenceratio at the burning
zoneis relatedto that at the fuel sourceby a corvec-
tivedelay 7, = L /u, as

¢I = (ﬁ;(t - Tn); (17)

wherer,, = 7, + Teoms, andthelatteris the comhustion
time delay In mostcases; >> 7.omp, andr, ~ 75 IS

4Dissipationin a comhustor canbe causecby heatlossesin the
flamezoneandfriction dueto viscouseffects.
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anacceptablapproximation.We shouldalsomention
thatin this analysisthe radial distribution of the local
equivalenceratio is assumedo be constant.

It is worth notingalsothatinstability canarisein com-
bustorswhereflue-gasrecirculationis usedto reduce
NO, formation, e.g. [25]. The recirculatedproducts
may couplewith the acousticsand causeperturbations
in the equivalenceratio which can be describedin a
similar mannerasin Eqgs.(16)and(17). Also, whenin-
jectionis usedasactuation|t introducesan additional
termto appeaiin the RHS of Eq. (17) andis discussed
in Sec.3.1.

2.4 TheOverall Mode

Combining the acoustics,heat-releaselynamics,and
corvective-lag effectsin Eqgs. (11), (8) and (17), re-
spectvely, we obtainthefollowing equations:

t

—H{Ru - S,

suspectedo causethe instability in [4, 26] wherethe
reactantsnlet werechokedimplying no ¢’ fluctuations.
This conditionariseswhenthe flameis locatedin apo-
sition wherethe modal amplitudeof the pressureand
the velocity (representedby b and ¢) are of the same
sign. For example,in a closed-opercomhustor with

fixed equivalenceratio, a quarterwave modeis always
stablewhereas three-quartewave modegetsdestabi-
lized whenthe flameis locatedbetweenthe nodeand
theanti-nodeof the pressuranode[20].

On the otherhand,when2{,w > 0, perturbationdn
the equivalenceratio may destabilizehe comhustor In
mostpracticalcaseswe have |T2| < w? [18]. When
Ts = 0, thesystenis stable.As 7, increasesthesystem
becomesinstabléf 7, < 7, < 7", where

i + 2Giwi 0; +wini = u' (7)dr+ds ¢y (¢ — qul} 1/w
t— TF S
. 1—-202+\/T2/wt—4C(1 -2
+ dl ¢s (t - TS)J (18) \/ \/ / )
. . VIZJot =41 =) - 243\
where A, is the cross-sectionadreaof the comhustor X co Ty /u? 7
Equation(18) shaws thattwo differenttime delays,7; >
andr,, canleadto instability, one arising from flame ;
i ) while
propagatioreffects,andthe otherfrom fuel corvection.
The RHS of Eq. (18) canbe simplified further noting 20, /To e < L2 |1“2| <l (22)

thatfor a certainclassof flamesr; is smallwhen S,
is large (e.g.,in a turbulentflow), andwhenthe char
acteristicsize of the flame, R, is small. Also, around
the unstableacousticfrequeng, ¢ scalesasw|¢|, and
O(Rrd3) ~ O(dy), thusthe secondandthird termsin
theRHS canbeneglected:

. b 1_ ;
i + 2Cw; n; +win =1 [/@Ru' +digl(t —75)| . (19)

The overall model of the comhustoris representedby
Egs. (19), (13), and (16) when multiple modesare
present.For easeof exposition,we restrictour discus-
sionto the casewhenonly onemodeis presenta sim-
ilar approachcanbe extendedto the multi-modecase.
Substitutingfor the coupling dynamicsin Egs. (13),
(16) and(17),andassuming = 0, we get

i+ 20w +w?p' = T+ Tan'(t —7), (20)
wherel'; = ”C “kR andTy = +4- d ¢pvu dilz)

Whenperturbationsn theflameareachangethe equiv-
alent dampingin the comlustor definedas 2{,w =
2¢w — I'1, suchthat 2¢,w < 0, the oscillatoris al-
waysunstable.In this case 'y representa “negative”
dampingaddedby the flame areafluctuations, andis

5Thenotionof “negative” and“positive” dampingis usedhereto

If |T2] > w?, thereexistsonly oneswitchto instability
atr, .

When(, ~ 0, theconditionssimplify to [18, 19]:

n+2

9 n+1<E

for 0<T <w?, < (23)

2 Ta

n = 0,2,4.., andfor T' > w?, Z= > 1 where
Te = 2m/w. A time- delaysysteminstability depends
on the distancebetweenthe sourceof ¢’, the corvec-
tive velocity, and the acousticfrequeng. The pres-
enceof “stability bands”,in termsof 7, /7,, wasused
to predictinstability conditionsin [15]-[17] causedby
equivalence-ratidfluctuations,andis a centralfeature
thatcanbe exploitedfor controldesignd19].

2.5 Fud Injector Dynamics

25.1 A Proportional Injector: The pulsating
fuel injector deliversoscillationsin the mass-flav rate
in responséo avoltageinput. Theinjectorsystemcon-
sistsof an electro-mechanicgbart and a fluidic part,

indicateheat-releasperturbationwhichis out-of-phasendin-phase
with thepressurescillation,respectiely. We have shavnin previous

work [12] thattheeffect of flame-aregerturbatiorcanbemodeledas
anegative dampingterm. Heatreleaseeanbe modulatedusingactive

forcing to producea positve dampingterm,asshawvn in [19].
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Flame surface

l"-—L,—’{
Figure 1. A schematiof atypical injector.

wherein the former, the input voltage generatesan
electro-magnetidield that causesa poppetto move
againsta spring (as seenin Fig. 1). The motion of
thepoppetcontrolstheapertureof theinjectorallowing
fluid to flow.

The electro-mechanicapart relatesthe voltage E to
the poppetposition z through the electrical, electro-
magnetic,and mechanicalcomponentswhich can be
modeledas

E = iR, + Le% +V, (24)
dx
- BJI= 2
\% ldt’ (25)
F, = B.li, (26)
d’z dz

wherei is the current, F;,, is the magneticforce, z de-
notesthe motion of thearmaturein the directionof the
magnetidorce, R, L., B., andl denotetheresistance
of thesolenoidcoil, theinductanceof thecoil, themag-
neticflux density andthelengthof thearmaturewhich
moves orthogonalto the magneticfield, respectiely.
m, b, andk representhe effective mass.damping,and
thestiffnessof thearmature/poppetystem.

The fluidic part can be modeledusing the unsteady
Bernoulliequationandthe conserationof massacross
the injector assumingincompressibleflow. The un-
steadyvelocity, v, canbe obtainedfrom the formerap-
plied betweertheinlet to the valve which is connected
to a pressurizedank (wherethe flow velocity is = 0,
andp = p,), andthe outlet to the comhustor where
P = pe, andAp = p, — p, as

dv 1
pLi— + 5pv” = Ap, (28)

In casesmall perturbationsn p,. affect the velocity out
of theinjector, theunsteadyelocity out of thevalve, v,
is linearizedas

!

dv ' —Pe
uid 3, = < ) 29
Tftuid g Y by (29)

wheretsiq = Li/\/2AP/p is the fluidic time con-
stant,and L; is the distancebetweenthe tank andthe

valve’s outlet. 74444 is negligible for conditionswhere
L; << 1m, Ap is large (which is expected),andp is
small(O(1kg/m?) for mostgaseousuelsy.

Themasdlow rate,definedasrny = pvA, is perturbed,
assumingpscillationsin v (causeddy the dynamicsin
Eq. (29)) and A (causedy themotionof thepoppetz),
as

my = pAv' + pvA’, (30)

wherewe assumed’ = k,z, andk, > 0. Equations
(29) and (30) describethe fluid dynamicsdueto per
turbationsin p!, and/orz. In mostpracticalcasesAp
is largeto guaranteehokedconditionsin theinjector’s
dischage, thus, the first term in the RHS of Eq. (30)

canbeneglected.Usingw = /222 from Eq. (28), we

simplify Eq. (30) as
kopy | @x (31)
p

Equations (24)-(27) and (31) determinethe input-
output relation betweenthe fuel-injectorinput £ and
the outputm} which is expressedn the Laplacedo-
mainas:

'l (s) ko
E(s)  (7es + 1)(ms? + bs + k) + B212/R.s

, (32)

wherek, = B,lkop ZA75/1’%6.

In most solenoidsystems,the armatureelectric time

constant. = L./R., is negligible comparedo the
acousticgime constanf27]. In thesevalves,the stiff-

nessof the spring, k, is large, for a fastclosingof the
valve, whenthe voltageis turnedoff. Also, the mass,
m, of thearmaturds very smallin mary of thetypical

injectorsto minimizeinertiaforces[27]. Thedamping
term,b, containsthe overall dampingincludingstiction

andfriction, andtypically is large. Thus,the mechan-
ical systemcanbe simplified asa first-ordersystem;a

damperspringsystem[28]. The mechanicatime con-

stantusuallylimits thebandwidthof typicalinjectorsto

approximatelylOOHz. (Notethatothereffects,suchas
impactdynamicsarenotincludedhere sincewe expect
themto beof higherfrequencieshanthecomtustordy-

namics).Thus,Eqg. (32)is simplifiedas

m'f (8) vam

B() s+ 1 49

wherer,, = (b+ B%I?/R.)/k.7

61n the caseof liquid fuels, the time constanicanbe comparable
to the acousticdime constantueto large p, O(1000kg/m?).

“For more adwanced proportional injectors, internal feedback
loops exist (using for example a position transducerfor the arma-
ture)to guarante@ccuratemeteringandincreasets bandwidthe.g.,
aMoog DDV proportionalvalve hasa bandwidthof 450 Hz [29].
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ri/[' L flow from injector outlet
A

Figure 2: Block diagramof atypical two-positioninjector.

252 A Two-Postion (on-off) Fuel injector:
Somefuel injectorscurrentlyusedfor comhustioncon-
trol [6, 11, 30] operateonly betweerntwo positions,on
and off. Unlike the proportionalinjectors discussed
above, the physicalstopsplay a more prominentrole
in the dynamics. However, one can still model two-
positioninjectorsin the samemannerasabove by in-
cluding the effect of the physicalstopsas a saturation
block togethemwith Eq. (33) asshavnin Fig. 2. A two
positioninjector is seton, afterthe voltageinput over
comesa certainthresholdthuscreatinga dead-zonén
the control input (seefigure) which will be discussed
furtherwhencontrolis implementedn Sec.3.

An additionalpoint to noteis the distinction between
the injector dynamicsduring transition from closing
and opening. Typically, the injectoris over-driven by

ahighvoltagein theopeningmodeto ensurdastopen-
ing. The openingtime constantis differentthan the
closingone. This effect canalsobeincludedin thein-

jector model, asseenin Fig. 2, by assumingthat 7,

variesbetweentwo valuesr,,, andr,,, dependingon

whetherthe injector is transitioningfrom off to on or

onto off. Notethatr,,, = 7, (asdefinedbefore)and
Tms, = b/k. We referthe readerto [31] for more de-
tails regardingthis model when validatedagainsttwo

differentinjectors: Parker models(9-130-905)and (9-

633-900)8

3 Control

In this section, we investigate model-basedcontrol
stratgjiesfor abatingcomhustioninstability usingsec-

81t shouldbe notedthat wheninertia forcesin the armatureare
important, a second-ordefuel-injector model, with high damping,
is more appropriate. The experimentalmeasurements [30] for a
GeneraNalve Series9 modelshav similar dynamics.

ondaryfuel injection. We assumehatthe pressuresig-
nalis themeasureautput,usinga pressurgransducer
Thetransducedynamicsis negglectedsinceit typically
hasa muchhigherbandwidththanthe comhustiondy-
namics. We examinethe control with an injector lo-
catedat (i) the burning zoneor (ii) further upstream.
We assumen particularthatthe comtustiondynamics
is determinecby several coupledacousticmodes[20].
We alsoassumehatinstability is primarily inducedby
fluctuationsin the flame areacoupledwith the acous-
tics. We referthereadetto [18, 19] for investigationof
instability causeddy equivalenceratio fluctuationsand
its control.

3.1 Actuated Combustor

Denoting the contribution of the fuel injector Fo the
equivalenceratio as ¢, we have that ¢/, = gﬁ /0o,
wherem, anda, arethe meanair massflow rate,and
the stoichiometricfuel to air ratio, respectiely. We as-
sumethat¢’, is uniform radially, andthatperturbations
arecarriedintactby the meanflow to theburningzone,
afteratime delayr,, wherer, = L./, L. is thedis-
tancebetweenthe injector dischage and the burning
zone,andw is the meanvelocity of thereactantsn the

comhustor

From Eqg. (19), the impactof ¢/ on the comhustion
dynamicscanbetakeninto accountas

. b; .
i+ 20w 1, +win = S5 [FR' + dide(t = 7.)] , (34)
fori =1,2,..,n, wherei denotegshe modenumber

3.2 Injection at the Burning Zone
Injection at the flame hasshavn success$n several ex-
perimentalfacilities[6, 11, 30], andin a practicalfull-
scalel70 MW gas-turbinecombustor[5]. We carry
out active control designassuminghatthe injectionis
atthe flame,usingthe modelin Eg. (34) while 7. = 0,
togetherwith the injection dynamicsdescribedby Eg.
(33). Theinput-outputmodelrelationbetweenthe in-
jector input voltage, E, andthe pressurep/, is given
by

_ kpZyp(s)
WP(S) - Rp(S) ) (35)
where W,(s) is the transfer function of a finite-
dimensionalmodel of the comtustor &,, Z,(s) and
R,(s) arethe correspondingyain, numeratorand de-
nominator respectiely.

An appropriate optimal con-
trol for the finite-dimensionalsystemasin Eq. (35)
is LQG/LTR [32]. This methodhasbeensuccessful
in suppressingomhustioninstability [13]. Its success
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lies in its ability to generatesatishctory performance
over a wide rangeof frequencies,unlike phase-shift
controllerswhich candestabilizestabledynamicg33].
Experimentalvalidation of the LQG/LTR for comhus-
tion control hasbeendemonstrateéh [31, 34, 35]. In
[34], asimilar physically-basednodelwasusedwith a
loudspeakrasanactuatorIn [31, 35], asystem-IDap-
proachbasedon subspaceand ARMAX methodg36]
was usedto suppresgressureoscillationsin a dump
and a swirl-stabilizedcomlustors,respectiely, using
pulsedinjection. In this paper we shav throughsim-
ulation studiesthat, asin [13], LQG/LTR canalsobe
usedsuccessfullpasedn aphysicalmodel,usingfuel
injectorasanactuator For detailsof the LQG/LTR con-
trol design,we referthereadetto [13, 34).

3.2.1 Simulations of the LQG/LTR Controller:

A fifth ordercomhustordynamicsmodelincludingthe
first two modes,the flame dynamics,and the injector
dynamicds consideredThecomlustorparameterand
conditionsare taken as in [13], thesecausea three-
guartermodeinstability which resonatesat 500 Hz ap-
proximately and hasunsteadypressureamplitudesof
O(100Pa).

We choosefirst a proportionalinjector, asin [5], with
a bandwidthof 300 Hz which is in the rangeof avail-
ablehigh-speednjectors[29]. Figure3 shovsthetime
responseof the pressureand the control input, ¢’/
(¢ = 0.7). Controlis appliedatt = 50ms. We note
that althoughthe bandwidthis lower than the system
dynamicsthe controlwith proportionalinjectoris still
capableof stabilizingthe systemsincethedynamicsof
theinjectoraretakeninto consideratiorin the designof
theLQG/LTR. As seenn Eg. (33), theinjectordynam-
ics arefirst order and the gain and phaseintroduced
by the injector dependon its bandwidth. For smaller
bandwidthscases the phaseincreaseswhile the con-
trol authority i.e., the gain, is dramaticallydecreased
aroundacousticfrequencies.The controller, however,
hasenoughdegreesof freedomto adjustthe phaseand
increasehe voltageamplitudeinto theinjectorto pro-
ducethe requiredcontrol authority ¢, /4, aroundthe
acousticdrequencieghusguaranteeingtability.

While alow bandwidthproportionalinjectoris capable
of maintainingthesystematvanishinglysmallpressure
perturbationsa two-positioninjectormay not be asef-
fective [11, 30, 35]. Usinga 300 Hz bandwidthinjec-
tor, the LQG/LTR is still capableof stabilizingthe sys-
tem, but the pressuras suppressetb a small but finite
amplitudelimit cycle asseenin Fig. 4. The reason
is that the injector hasa thresholdinput voltagevalue
at which it is activated. Thus, following the suppres-
sionof theinstability, theinjector stopspulsingatfrom
t ~105-138ns, asseenin thefigure. Disturbancesn

Pressure ' Pa)

[

3
o 50 70
Time t (ms)

Figure 3: Responsef the controlledcomhustorwith a pro-
portionalinjectorwith a bandwidthof ~ 300 Hz.
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Figure 4: Responsef the controlledcomhustorwith anon-
off injector setto deliver $elmez »; 0.125 and

with abandwidthas 300Hz.

thecomhustorforcethepressuréo grow, until themea-
suredvoltageby the microphonereacheghe threshold
at which the injector startsto fire again. In the case
simulated this occursatt > 138ms. This sequencés
repeatedndefinitely.

Increasingthe control fuel-flow rate,andthus ¢;|maz»
thecomhustoris stabilizedn asmallersettlingtime. As
seenin Fig. 5, wheng'.| ... /4 is doubled the settling
time diminishesby ~ 80%. Moreover, the rms of the
steady-statgressures smaller A similar effect has
beenobsenedin [11].

We alsoinvestigatethe effect of bandwidthfor a two-
positioninjector. Limiting it to 50 Hz, asseenin Fig.
6, the pressuresettlesto a higheramplitudelimit cycle,
andthe injector is incapableof trackingthe command
from the controller;theinjector staysopenall thetime.

100
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(30
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Figure 5: Responsef the controlledcomhustorwith on-of
injector setto deliver ¢elmaz (.27, andwith a

bandwidthof 300Hz.
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Figure 6: Responsef the controlled comhustor with on-
off injector with lower bandwidth~x 50 Hz (the
acousticsunstablefrequeny is 500 Hz, approxi-
mately).

This shaws that injector bandwidthis a seriousprob-
lem [11, 35]. Differentsolutionshave beenproposed
thatinclude: (i) Developingfasterinjectors[29]. (ii)
Use of multiple injectorswhich are fired alternatively
to increasehe apparenfrequeng of actuation11]. A
different approachthat has shovn promiseregardless
of high-bandwidthinjectorsis throughfuel pulsing at
low frequenciegmuchlower thanthe acoustics).This
is demonstrate@xperimentallyin [4, 37], andanalyti-
cally in [38].

3.3 Injection Upstream the Burning Zone: Delay in
the Control Input

While injectingfuel directly on the flame[5, 6, 11, 30]
canavoid actuationdelays,it introduceshot spotsatthe
flamesurfacethusincreasingemissionsin addition,if
mixing is weakat theinjection port, we run the danger
of creatinga secondanydiffusion flame which canbe
completelydecoupledfrom the main premixed flame,
andhencebecomeneffective in suppressingheinsta-
bility ©.

In this section,we studythe effects of pulsed-fuelin-
jection upstreamthe burning zone. This hasbeenuti-
lized in [3] wheresecondarynjection wasdoneat the
primary fuel source.In [19], we presented Posi-Cast
control capableof working with an injector locatedat
anarbitrarydistanceupstreantheflame.In thatcasea
bulk modewasunstable.Here,we extendthe analysis
of the Posi-Castontrol, andshaw thatit is capableof
stabilizinglongitudinalmodesaswell.

3.3.1 Posi-Cast Control: A powerful approach
for controlling systemswith known time-delay was
originatedby Smith[40], known alsoasPosi-Casfor
“positive forecasting”of future states. The ideais to
compensatdor the delayedoutputusing input values
storedover atime window equalto the delaytime, i.e.
[t — 7, t], andestimatethe future outputusingamodel
of the comhustor Only stablesystemswere consid-

9This hasbeennoticedin experimentsat MIT andat UTRC [39].

ered. An extensionto include unstablesystemswas
proposedn [41] usingfinite-time integrals of the de-
layedinput valuestherebyavoiding unstablepole-zero
cancellationswhich may occur A frequeng-domain
pole-placementechniquédor unstablesystemsvasfirst
proposedn [42] and a similar techniquewill be pre-
sentechere.

Themodelin Eg. (35),in the presencef atime delay
7., canbere-writtenas

PO = WoEE =), Wye) = 220

Due to the nature of the comlustion system,not all

statesareaccessiblepnly thesystenminput,i.e. thevolt-

ageto the injector E(t), andthe output,p’ in our case
aremeasuredA standardpole-placementontrolleris

required(for moreinformation,seg[42, 43]). Thepres-
enceof the time-delay 7., in the control input, moti-

vatesthe useof an additionalsignalin the controlin-

put, E(t), denotedasE; (¢) whichanticipateshefuture
outputusinga modelof the system[19]. Theresulting
controllerstructureis describedas

E{t) = 16\((2)) E(t—1.)+ %p'(t) + B (t),
(37)
E(t) = ;;((Z))E(t) -~ Zi((z))E(t —7),

whereA(s) is achoserstablepolynomialof degreen —
1, d(s),n1(s) andns(s), arepolynomialsof degreen —
1 at most, and¢(s) is of degreen — 2 at most. For
stability, thesemustsatisfytherelations

e(8)Ry(s) + kpd()Zy(s) = Als)nals), (38)
ni(s) = Rp(s) — Ru(s139)

where R,,(s) is the desired characteristicequation,
which is a stablemonic polynomial of the sameorder
of R,(s).

Usingthe controllerstructurein Eq. (37) with the con-
ditionsin Egs. (38) and (39), the closed-looptransfer
functioncanbe computedas

Wcl (8) = . (40)

Thecontrolinputlaw, in Eq. (37),introducesadditional
dynamicsincluding non-minimumphasezeroshaving
the sameeigen-waluesof R,(s). Obviously, theselead
to unstablepole-zerocancellationssince the comtus-
tor modelis open-loopunstable(i.e., R, (s) hasunsta-
ble eigenvalues).Unstablepole-zerocancellationsare
known to causeproblemsconcerningobsenability and
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Figure 7: Responsef thecontrolledcomhustorwith atime-
delay of 100ms in the input signal, proportional
injector Note: only the ervelopeof theresponse
is shavn for clarity, sincethescaleof theplotdoes
not permitseeingindividual cycles.

controllability of the plant (see[27] for more details).
As aresult,a modificationin the synthesiof E; (t) in
Eq. (37)wassuggestedy [41]. To avoid unstablepole-
zerocancellations E; (t) mustbe generatedisa finite
integral of theform

0

E(t) = i( / e_)‘“’E(t+0)do),(41)
i=1 W TTe

where \;'s are the eigenvaluesof the comtustor sys-
tem,i.e. R,(s) = II,(s — A;). Takingthe Laplace
transformof Eq. (41), onecanshaow that

n

ni(s) o m(s) =~ Bi
Rp(s)_zs—)\i’R,,(s) _;s—/\-’ (42)

i=1 = 4

whereg; = a;e*". Anotherconditionfor thesuccess
ful useof thefinite integralin Eq. (41)isthatR,(s) has
no repeatedoots[42].

The controllerdescribedn Egs. (37) and (41) is suf-
ficient to stabilizethe comhustor provided that an ac-
curatedescriptionof the plant and the time delay are
available. This controller hasbeenshawn to provide
robustnesso uncertaintiesin the plant including the
time delay[41]. Adaptive versionsof the samecon-
troller have beeninvestigated44, 45|, andhave shovn
to extendthe robustnesof the controllerto parameter
uncertainties.

3.3.2 Simulations of the Posi-Cast Controller:
Thecontrollerin Egs.(37) and(41) is implementedor
injection at a distanceof ~ 3¢m upstreanthe burning
zone. 7. is estimatedo be 100ms, which is about50
timesthetime constanbf theunstabldrequeng.

The closed-loopsimulationis illustratedin Fig. 7. Al-
thoughcontrolis switchedonatt = 50ms, thepressure
keepsincreasingfor an additionalt = 7, = 100ms
(from ¢ = 50 — 150ms), thenstallsfor anotherl00ms
(from ¢t = 150 — 250ms) beforedecaying.Thereason
for the formerdelayis physicalandis dueto thetime

o S
Time t (ms)

Figure 8: Responsef thecontrolledcomhustorwith atime-
delayof 100ms in theinputsignal,on-of injector.
Note: only the ervelopeof the responsés shavn
for clarity, sincethe scaleof the plot doesnot per
mit seeingndividual cycles.

takenfor the pulsed-fueto reachtheburningzone.The
latter is dueto a computationatelayin the controllet
Specifically the finite integral in Eq. (41) outputsin-
correctvaluesfor a period of 7.. This is becausehe
computatiorof thefinite integral relieson a storedwin-
dow of the pastvaluesof the controlinput of thesizeof
T.. Whencontrolis switchedon, the window consists
of controlinputs proportionalto p’ which hasnot yet
“felt” the effect of control dueto the physicaldelay .
(the valuesof p’ arestill thoseof the open-loopcom-
bustor). It requiresthereforet = 27, to startforming
awindow of integrationwith controlinput correspond-
ing to closed-loopvalues. This confirmsobsenations
in [41].

In Fig. 8, atwo-positioninjector is used. The control
designis basedon the linearmodel,andits parameters
arefine-tunedo handlethenonlinearities As discussed
earlier the controlis switchedon at 50ms, and stabi-
lizes the system. The injector stayson aslong asthe
voltagesignalinto theinjectoris greaterthana thresh-
old, asdiscussedbeforein Sec.2.5.2.

It shouldbe notedthat whencomhustioninstability is

causedby ¢, fluctuations,asdiscussedn Sec. 2, the
characteristiequationwill look differentthanin Egs.
(35)and(36). R, (s) will havetermswhicharedelayed,
dueto the corvective delay 75, carriedby ¢’.. Hence,
R,(s) becomesinfinite dimensional. To circumwent
this,a Pade approximatiorf46] is usedto getafinite di-

mensionabescriptiorof R, (s), andthustheLQG/LTR

andPosi-Castontrollersasdescribedn Secs.3.2and
3.3, respectiely, cansimilarly be usedfor this case.

4 Summary

In this paper a completemodelof the comhustiondy-
namicsleadingto instability is developed. A model
encompassinghe acousticsthe heatreleasethe cou-
pling, mixing andinjector dynamicsis presented.The
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heat releaseis derived using flame kinematics for

flameswith highDamkohlernumbersandmoderatdur-

bulence,and the effect of forcing in the velocity and
the equialenceratio is illustrated,this latter beingin-

troducedfor the first time in a kinematicstudy of the
flame. Differentstability criteria are discussedor the
differentdynamicsresultingfrom the couplingof these
with the acoustics.While velocity perturbationsause
instability of a phase-laghature,equivalence-raticos-
cillations introducea time-delayinstability. Injection

at andupstreamnthe burning zoneis implemented.An

LQGI/LTR controlis usedfor the former while a Posi-
Castcontrolis developedandusedfor thelatter Both

proportionalandtwo-position(on-off) pulsedinjection

is examined. Proportionalinjectorsshav superiorper

formanceto two-positionones. Performances shovn

to be plaguedby limited injector authority and band-
width. Someof the short-termfixes proposedor this

problemincludethe useof multiple injectors[11] and
low frequeng pulsing[4, 37, 38]. A long-termsolution
is clearly the designof a high-speedhigh-authorityin-

jector
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