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Abstract

Active controlusingperiodicfuel injectionhasthepo-
tential of suppressingcombustion instability without
radicallychangingtheenginedesignor sacrificingper-
formance. In this paper, we carry out a studyof opti-
mal model-basedcontrol of combustioninstability us-
ing fuel injection. The modeldevelopedis physically
basedand includesthe acoustics,the heat-releasedy-
namics,their coupling,andthe injection dynamics.A
heat-releasemodel with fluctuationsin the flame sur-
faceareaaswell asin theequivalenceratio is derived.
We show thatareafluctuationscoupledwith theveloc-
ity fluctuationsdrive longitudinalmodesto resonance
causedby phase-lagdynamics,while equivalenceratio
fluctuationscandestabilizeboth longitudinalandbulk
modescausedby time-delaydynamics,similar to ex-
perimentalobservations.Thedynamicsof proportional
andtwo-position(on-off) fuel injectorsareincludedin
themodel.Usingtheoverall model,two differentcon-
trol designsare proposed. The first is an LQG/LTR
controller wherethe time-delayeffect is ignored,and
thesecondis aPosi-Castcontrollerwhichexplicitly ac-
countsfor the delay. Injection at (i) the burning zone
and(ii) furtherupstreamis considered.Thecharacter-
istics of fuel injectorsincluding bandwidth,authority
(pulsed-fuelflow rate),andwhetherit appliesapropor-
tionalor atwo-position(on-off) injectionarediscussed.
Weshow thatincreasingauthorityandbandwidthresult
in improvedperformance.Injectionat (ii) comparedto
(i) resultsin a trade-off betweenimprovedmixing and
increasedtime-delay. We also note that proportional
injection is moresuccessfulthanon-off injectionsince
the former canmodulateboth amplitudeandphaseof
thecontrolfuel.

1 Introduction

Active control using periodic fuel injection hasbeen
recognizedasapromisingtechnologyto abatecombus-
tion instability in practicalsystems[1]-[6]. Most cur-

rentdesignsarebasedonphase-shiftalgorithmswhich,
despitetheir success,arenot optimal in termsof fuel
consumption,settlingtime,androbustness.Phase-shift
controllers,dueto their limited dynamics,areknown to
succeedonly within a limited frequency band(around
the unstablefrequency), andover a small rangeof op-
eratingconditions. In this paper, we presentalterna-
tivecontroldesignsusingLQG/LTR andPosi-Castcon-
trol methodswhich arebasedon a physicalmodel,and
demonstratetheir advantages.

Control algorithmsmust be basedon an accuratede-
scription of the systemdynamicsto achieve optimal
performance. Much effort has gone into modeling
acoustics[1],[7]-[10]. Modeling of heat-releasedy-
namicsandits couplingwith acoustics,mixing dynam-
ics, andactuatordynamics,despitetheir crucial role in
the instability mechanism,have not beendealtwith to
thesameextent. Recognizingthatheat-releaseoscilla-
tionscanbecausedby fluctuationsof theflamesurface
areadueto velocity perturbationor theequivalencera-
tio dueto pressureperturbation,we deriveamodelthat
incorporatesbothfor thecaseof aweaklyturbulentpre-
mixedflame.Weshow how certainacousticmodescan
couplewith eitheror bothformsof heatoscillations.

The feasibility of control designis tightly correlated
with the performanceof sensorsandactuators.While
high-bandwidthdevicesof the first areavailable,e.g.,
pressuretransducersandheat-releasesensors,actuation
by meansof fuel injection is hinderedby low band-
width, limited authority, andnonlinearities(in theform
of dead-zone,saturationandon-off effects) [11]. The
impact of ideal actuatorswas studiedextensively in
[12]. The ability of the actuatorto convey the control
signalfaithfully to thecombustor, thusintroducingthe
correctforcing,is key to stableperformance.Thishow-
ever is oftennot the casedueto (i) non-idealinjection
dynamics,and (ii) injection locationswhich may im-
posea delayin thecontrolinput. To capturethecontri-
butionof theseeffectsin thecontroldesign,wedevelop�
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a modelof the injector dynamicsandincorporateit in
theoverallanalysisof thesystem.

In Sec.2,wemodeltheheatreleasedynamicsforcedby
velocityandequivalenceratiofluctuations,theacoustic
dynamics,thecouplingandmixing dynamics,their ef-
fectonstability, andagenericmodelof typicalsolenoid
injectorswhich capturesits relevant features. In Sec.
3, control is developedfor a multi-mode combustor
and injection at as well as upstreamof the burning
zone is implemented. For the former, an optimal
Linear-QuadraticGaussianwith Loop-TransferRecov-
ery (LQG/LTR) controlleris used,andfor the latter, a
novel techniqueknownasPosi-Castcontrolthataccom-
modatescombustionsystemswith delaysis developed
andimplemented.

2 Combustor Model

Physically-basedmodelinghasbeenshown to beindis-
pensablefor optimal control designfor suppressionof
combustion instability [13]. The dynamicsleadingto
combustioninstability is known to occurdueto theres-
onantcouplingbetweenacousticsandheatrelease.This
couplingmayoccurthroughflame-areafluctuations,as
shown experimentallyin [1], andby modelingin [14].
It canalsooccurthroughmixtureinhomogeneity(reac-
tants’ equivalence-ratiofluctuations),observedexperi-
mentallyin [15]-[17], andmodeledin [18, 19]. While
both mechanismscan destabilizelongitudinal modes
[4, 7, 16, 20], bulk modesare morestrongly affected
by thelatter[3, 18]. A rigorousmodelfor theresponse
of heat-releasedynamicsto theseoscillationsis shown
next. This is followed by a descriptionof acoustics,
couplingmechanisms,andfuel-injectordynamics.

2.1 Heat-Release Dynamics
Thegoalof thissectionis to deriveananalyticalmodel
for the heat-releaserate in responseto simultaneous
perturbationsin the flow velocity, � , and the equiva-
lenceratio,

�
. Thetwo effectsweremodeledseparately

in [14] and [18]. In the latter, a similar attemptwas
made,albeit usinga lumpedparametermodelderived
from the conservation of massandenergy. Here, we
usetheflamekinematicsequation.

We make the following assumptions:(i) The flame is
a thin interfaceseparatingreactantsandproductsand
is insensitive to pressureperturbations[1]. The flame
canmodelturbulentpremixedcombustionif conditions
of high Damkohlernumberandweakto moderatetur-
bulenceintensity prevail [21]-[23]. (ii) The flame is
weaklyconvoluted,i.e., it canbedescribedby asingle-
valued function, �����	��
�� , describingthe instantaneous
locationof its surface. In this case,� andthe heatre-

lease,
 , aregivenby �� �� 
 � ����� � �� � ������� � � � � � �� ����� �"! � (1)
 � # � � �%$'&( � !)� � � �� ���*�,+ �	� (2)

where � � is
the burning velocity, # � � � �.-0/�1 � � � � � ��243%56� � � , 1 �is the densityof the unburnt mixture, and 24375 is the
heatof reaction.

Assumingnegligible velocity componentin the radial
direction,andlinearizingaroundnominalvalues� , �8� ,
and �����0� , denoting ��9 � and ��9 ��: assteadyandperturba-
tion, respectively, weget� � :� 
 � � : � � � � � :� � � � �� � + ���+ �<;;;; = � : � (3)

with boundaryconditions�� : �?>@��
�� �BADC 
E� � : �?�	� A � �FADC �	�
while 
 : ��
�� � # $'&( � : �?�	��
�� + � �G+ � � : � (4)

whereH #I�J-	/�1 �K�L�K2 3 5 �M0N7O + � �P-0/�1 �RQ �S� + 24375+ �T;;;; = � 2 3 5 + � �+ �<;;;; =6U QL$G&( � � + � U 9
It is worth noting that the flameareafluctuation, V : W ,
is given by VX:W �?
�� �Y-	/[Z &( �0:\�?�	��
�� + � . This with Eq.
(3) shows thattheflameareais affectedby both �]: and� : , andtheareain turn impacts
^: asshown in Eq. (4).
Thisalsoshowsthat

� : affectsdirectly 
 : andindirectly
throughtheareafluctuations.

Equation(3) canbemanipulatedfurtherandsolvedfor�0: in theLaplacedomainas:� : �?�	�`_a� � Q � : �\_a�_ � � �� � + � �+ �b;;;; = � : �c_a�_ Ubd ! �fe6gih & g 5`jlkmon p � (5)q
Weconsiderherea flamestabilizedover a perforatedplate, r is

theradiusof theperforation.s
It shouldbenotedthatwith theappropriatechangein coordinates

andboundaryconditions,Eq. (3) canalsorepresentflamesstabilized
behindagutter[24], or adump[22].t

Thefactor u`v�wExu`y ;; y is positiveand u{z nu`y ;; y is alsopositivewhen|^}R~
.
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where _ is theLaplaceoperator. DifferentiatingEq. (4)
with respectto time,andusingEq. (3), we get9
 : � # $ &( Q � : � � � � �0:� � � � �� � + ���+ � ;;;; = � :U + � �G+ � 9� : � (6)

which is integratedover � , as9
 : � # Q >�� : � � � � : � A ��
�� � $G&( � �� � + ���+ ��;;;; = � : + �U �0+ � 9� : 9 (7)

Taking the inverseLaplaceof Eq. (5) at � �.A , and
substitutingin Eq.(7),aftersomemanipulations,weget9
 : � # Q >�� : � �S��$��� g]���� : �?�7� + � � ��� + � $G�� g����� : �?�7� + � �G+ H � : U �G+ � 9� : � (8)

where + � � � �� 5 ;;; ( �E� n� = ;;; = , + H � � ��� A � �E� n� = ;;; = , and� W � >^����� is the characteristicpropagationdelayof
theflamesurfaceinto the reactantsflow. Note that for
theclassof flamesconsideredin thepaper, theslopeat
theflametip, which is typically conical,is zero,there-
fore the third termin theRHSof Eq. (8) canbeomit-
ted. This resultconfirmstheanalysisin [18] wherethe
starting point was a lumped model of the flame. In
the above, the flame dynamicsis capturedby a pure
time delay, � W , making the dynamicsinfinite dimen-
sional. In the lumped-flameapproach,the dynamics
is of thephase-lagtypewhich makesthemodelfinite-
dimensional.

2.2 Acoustics
Acousticresonanceof a combustorcanbecapturedby
analyzingthewaveequationandlinearizingtheconser-
vationequations[20]� ��� :� 
 � � � � � ��� :�]� � � ����� ! ���� : � � ��
��E� (9)

where � is the pressure,and � is the meanspeedof
sound. We considerflameslocalizedcloseto the an-
choringplane,� :c� � ��
�� � � :\�?
������ � � � W � .
Usinganexpansionin basisfunctions

� : � � ��
�� � ���� ��� �L� � � � ��� � �?
���� (10)

wherein mostcases,� � � � � � ��¡ N �\¢ � � � � � ( � , ¢ � and� � ( determinedfrom theboundaryconditions,andper-
formingaweightedspatialaveraging,themodalampli-
tudescanbeshown to follow [20]:£� � �¤-�¥a¦ � 9� � �*¦ �� � � � �� �§� ��¨ © � 9� :W � (11)

where ¨ © � � ��ª�« � � � � W �`�	¬ , ¬ � ZS­( � �� � � � + � , � is
the specificratio, ª « �F® g �® ¯ , ¥ representsthe passive
dampingratio in the combustor° , ± is its length, and¦ � � ¢ � � .
2.3 Coupling Dynamics
Perturbationsin theflameareaandtheequivalenceratio
which couplein a resonantway with theacousticfield
arecausedby velocity or pressureoscillations.Pertur-
bationsin the velocity andpressureare relatedto the
perturbationin acousticfield via the energy equation
[20] � � :� 
 � � � � �]:�]� � ���I� ! � � : � (12)

which canbe integratedover the combustor length to
obtain(usingEq. (10))� : � �� �§� � ¨ � � 9� � �X² ª�« � : � (13)

where¨ � � � �®0³E´µ �{¶ µ�{· � � W � , ª�« � ���¸� ! �`�¹� � , and ² rep-

resentsthe effect of the velocity aheadandbehindthe
flameon � : . This equationcanbeusedwith Eq. (8) to
coupletheheatreleaseto thevelocityperturbations.

Perturbationsin theequivalenceratio at thefuel source
dueto couplingwith theacousticscanbemodeledstart-
ing from the massconservation at the mixing section
which resultsin �]º� »� !)¼ ��:� � (14)

for fluctuationsin theair flow only (fuel inlet is choked)
or in thefuel flow only (air inlet is choked).Now using
themomentumequation:1 � � :� 
 � � � :�]� � A � (15)

and� : asin Eq. (10),aftersomemanipulations,we get9� º : »� ½ � �1 � �� ��� � + �
� � � �+ � � � � (16)

accordingto fluctuationsin the air flow only or in the
fuel flow only. The equivalenceratio at the burning
zoneis relatedto that at the fuel sourceby a convec-
tivedelay, � º � ± º � � , as� : � � : º ��
S�f� � �E� (17)

where� � � � º � �,¾¿«�À�Á , andthelatteris thecombustion
time delay. In mostcases� º�Â^Â � ¾¿«�À�Á , and � � » � º isÃ

Dissipationin a combustorcanbe causedby heatlossesin the
flamezoneandfriction dueto viscouseffects.
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anacceptableapproximation.We shouldalsomention
that in this analysisthe radial distribution of the local
equivalenceratio is assumedto beconstant.

It is worth notingalsothat instability canarisein com-
bustorswhereflue-gasrecirculationis usedto reduce
NO· formation, e.g. [25]. The recirculatedproducts
maycouplewith theacousticsandcauseperturbations
in the equivalenceratio which can be describedin a
similarmannerasin Eqs.(16)and(17). Also, whenin-
jection is usedasactuation,it introducesan additional
termto appearin theRHSof Eq. (17) andis discussed
in Sec.3.1.

2.4 The Overall Model
Combining the acoustics,heat-releasedynamics,and
convective-lageffects in Eqs. (11), (8) and (17), re-
spectively, we obtainthefollowing equations:£� � �¤-�¥ � ¦ � 9� � �*¦ �� � � � ¨ © �V ¾ #LÄ >�� : � � �Å$G�� g����� : �?�7� + � �S+ H � : º ��
Æ��� º �{Ç�È+ � 9� : º �?
Æ�f� º �o� (18)

where VX¾ is the cross-sectionalareaof the combustor.
Equation(18) shows that two differenttime delays,� W
and � º , can leadto instability, onearisingfrom flame
propagationeffects,andtheotherfrom fuel convection.
The RHS of Eq. (18) canbe simplified further noting
that for a certainclassof flames � W is small when �S�
is large (e.g., in a turbulent flow), andwhenthe char-
acteristicsizeof the flame, > , is small. Also, around
the unstableacousticfrequency,

9�
scalesas ¦XÉ � É , andÊ � #]+ H � » Ê � + � � , thus the secondand third termsin

theRHScanbeneglected:£� � �¤-�¥	¦ � 9� � �*¦ �� � � ¨ © �V ¾¸Ë # >�� : �'+ � �� : º ��
Æ��� º �ÍÌÎ9 (19)

The overall modelof the combustor is representedby
Eqs. (19), (13), and (16) when multiple modesare
present.For easeof exposition,we restrictour discus-
sionto thecasewhenonly onemodeis present,a sim-
ilar approachcanbe extendedto the multi-modecase.
Substitutingfor the coupling dynamicsin Eqs. (13),
(16)and(17),andassuming²Ï�DA , weget£� �'-6¥a¦ �� �Ð¦ � � : � Ñ � �� �'Ñ � � : ��
S�f� º �o� (20)

where Ñ � � ¨ Á ¨ ¾ÒLÓ # > and Ñ � � ½ ¨ ÁÒLÓ + � � ¯Ô � �{¶ h · j�{· .

Whenperturbationsin theflameareachangetheequiv-
alent dampingin the combustor, definedas -�¥ « ¦Õ�-�¥	¦ � Ñ � , such that -�¥ « ¦×Ö×A , the oscillator is al-
waysunstable.In this case,Ñ � representsa “negative”
dampingaddedby the flameareafluctuationsØ , andisÙ

Thenotionof “negative” and“positive” dampingis usedhereto

suspectedto causethe instability in [4, 26] wherethe
reactantsinlet werechokedimplying no

� : fluctuations.
This conditionariseswhentheflameis locatedin apo-
sition wherethe modalamplitudeof the pressureand
the velocity (representedby ¨ © and ¨ � ) are of the same
sign. For example, in a closed-opencombustor with
fixedequivalenceratio, a quarter-wave modeis always
stablewhereasa three-quarter-wavemodegetsdestabi-
lized whenthe flameis locatedbetweenthe nodeand
theanti-nodeof thepressuremode[20].

On the other hand,when -6¥ « ¦ Â A , perturbationsin
theequivalenceratiomaydestabilizethecombustor. In
mostpracticalcases,we have É Ñ � ÉÅÖÚ¦ � [18]. When� º �DA , thesystemis stable.As � º increases,thesystem
becomesunstableif � gºÜÛ � º Û ��Ýº , where

�7Þº � ! � ¦ß ! � -�¥ �« ½Dà Ñ �� � ¦ ° �fá ¥ �« � ! � ¥ �« �â �oã0_ g � Q ½ à Ñ �� � ¦ ° ��á ¥ �« � ! � ¥ �« �S� -6¥ �«Ñ � � ¦ � U �(21)

while -�¥ « à ! � ¥ �« Ö É Ñ � É¦ � ÖP! 9 (22)

If É Ñ � É Â ¦ � , thereexistsonly oneswitchto instability
at � gº .

When ¥ « » A , theconditionssimplify to [18, 19]:ä�å�æ A4ÖçÑÐÖ'¦ � �^è �"!- Ö � º�,é�Ö è �'-- (23)è �êA � - ��á79§9�9 , and for Ñ Â ¦ � � � k��ë Â �� , where� é �ì-0/ � ¦ . A time-delaysysteminstability depends
on the distancebetweenthe sourceof

� : º , the convec-
tive velocity, and the acousticfrequency. The pres-
enceof “stability bands”,in termsof � º �a�¹é , wasused
to predictinstability conditionsin [15]-[17] causedby
equivalence-ratiofluctuations,and is a centralfeature
thatcanbeexploitedfor controldesigns[19].

2.5 Fuel Injector Dynamics
2.5.1 A Proportional Injector: The pulsating

fuel injector deliversoscillationsin the mass-flow rate
in responseto avoltageinput. Theinjectorsystemcon-
sistsof an electro-mechanicalpart and a fluidic part,

indicateheat-releaseperturbationwhich is out-of-phaseandin-phase
with thepressureoscillation,respectively. Wehaveshown in previous
work [12] thattheeffectof flame-areaperturbationcanbemodeledas
anegative dampingterm.Heatreleasecanbemodulatedusingactive
forcing to produceapositive dampingterm,asshown in [19].
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Figure 1: A schematicof a typical injector.

where in the former, the input voltage generatesan
electro-magneticfield that causesa poppet to move
againsta spring (as seenin Fig. 1). The motion of
thepoppetcontrolstheapertureof theinjectorallowing
fluid to flow.

The electro-mechanicalpart relatesthe voltage ¬ to
the poppetposition

�
through the electrical, electro-

magnetic,andmechanicalcomponents,which can be
modeledas ¬ � í >�î � ±)î +6í+ 
 �'ï � (24)ï � ð îEñ + �+ 
 � (25)ò À � ð î ñ í � (26)ó + � �+ 
 � � © + �+ 
 � ¢ � � ò Àô� (27)

where í is thecurrent,
ò À is themagneticforce,

�
de-

notesthemotionof thearmaturein thedirectionof the
magneticforce, >�î , ±Åî , ð î , and ñ denote,theresistance
of thesolenoidcoil, theinductanceof thecoil, themag-
neticflux density, andthelengthof thearmaturewhich
moves orthogonalto the magneticfield, respectively.ó , © , and ¢ representtheeffective mass,damping,and
thestiffnessof thearmature/poppetsystem.

The fluidic part can be modeledusing the unsteady
Bernoulliequation,andtheconservationof massacross
the injector assumingincompressibleflow. The un-
steadyvelocity, � , canbeobtainedfrom theformerap-
plied betweentheinlet to thevalve which is connected
to a pressurizedtank (wherethe flow velocity is õ 0,
and � � � « ), and the outlet to the combustor where� � � ¾ , and 2 � � � «Å� � ¾ , as1 ± � + �+ 
 � !- 1 � � � 2 � � (28)

In casesmallperturbationsin � ¾ affect thevelocity out
of theinjector, theunsteadyvelocityoutof thevalve, � ,
is linearizedas� W,ö � � � + �÷:+ 
 � � : »� � � : ¾ø - 2 � 1 � (29)

where � Wùö � � � � ± � � à - 2 � � 1 is the fluidic time con-
stant,and ± � is the distancebetweenthe tank andthe

valve’soutlet. � W,ö � � � is negligible for conditionswhere± � Ö^Öú! ó , 2 � is large (which is expected),and 1 is
small(

Ê � ! ¢Kû7� ó Hù� for mostgaseousfuels)ü .
Themassflow rate,definedas �ó W �"1 �KV , is perturbed,
assumingoscillationsin � (causedby the dynamicsin
Eq. (29))and V (causedby themotionof thepoppet

�
),

as �ó : W � 1 VX� : ��1 �÷V : � (30)

wherewe assumeV*: � ¢K« � , and ¢6« Â A . Equations
(29) and (30) describethe fluid dynamicsdue to per-
turbationsin � : ¾ and/or

�
. In mostpracticalcases,2 �is largeto guaranteechokedconditionsin theinjector’s

discharge, thus, the first term in the RHS of Eq. (30)

canbeneglected.Using � � ß ��ý ¯Ô from Eq. (28),we

simplify Eq. (30)as�ó : W »� ¢ « 1 � - 2 �1 � 9 (31)

Equations (24)-(27) and (31) determine the input-
output relation betweenthe fuel-injector input ¬ and
the output �ó : W which is expressedin the Laplacedo-
mainas:�ó : W%�\_a�¬��\_a�b� ¢�þ���,îo_ �D! �o� ó _ � � © _ � ¢�� �'ð �î ñ � �	>ÿîE_ � (32)

where ¢ þ �Pð î ñ\¢ « 1 ß �`ý ¯Ô �	> î .
In most solenoidsystems,the armatureelectric time
constant,�,î � ±)îo�0>�î , is negligible comparedto the
acousticstime constant[27]. In thesevalves,the stiff-
nessof the spring, ¢ , is large, for a fastclosingof the
valve, whenthe voltageis turnedoff. Also, the mass,ó , of thearmatureis very small in many of thetypical
injectorsto minimize inertia forces[27]. Thedamping
term, © , containstheoveralldampingincludingstiction
andfriction, andtypically is large. Thus,the mechan-
ical systemcanbesimplifiedasa first-ordersystem;a
damper-springsystem[28]. Themechanicaltime con-
stantusuallylimits thebandwidthof typical injectorsto
approximately100Hz. (Notethatothereffects,suchas
impactdynamicsarenot includedhere,sinceweexpect
themto beof higherfrequenciesthanthecombustordy-
namics).Thus,Eq. (32) is simplifiedas�ó : W �\_a�¬I�\_a� � ¢ þ � À�,À�_ �"! � (33)

where�,À � � © �Gð �î ñ � �	>ÿîE����¢ . ��
In thecaseof liquid fuels, the time constantcanbecomparable

to theacousticstime constantdueto large � , ��� ~�������	�

��� t�� .�
For more advanced proportional injectors, internal feedback

loops exist (using for examplea position transducerfor the arma-
ture)to guaranteeaccuratemetering,andincreaseits bandwidth,e.g.,
aMoogDDV proportionalvalve hasabandwidthof ��� � Hz [29].
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Figure 2: Block diagramof a typical two-positioninjector.

2.5.2 A Two-Position (on-off) Fuel injector:
Somefuel injectorscurrentlyusedfor combustioncon-
trol [6, 11, 30] operateonly betweentwo positions,on
and off. Unlike the proportional injectors discussed
above, the physicalstopsplay a more prominentrole
in the dynamics. However, one can still model two-
position injectorsin the samemannerasabove by in-
cluding the effect of the physicalstopsasa saturation
block togetherwith Eq. (33)asshown in Fig. 2. A two
positioninjector is seton, after thevoltageinput over-
comesa certainthreshold,thuscreatinga dead-zonein
the control input (seefigure) which will be discussed
furtherwhencontrolis implementedin Sec.3.

An additionalpoint to note is the distinctionbetween
the injector dynamicsduring transition from closing
andopening. Typically, the injector is over-driven by
ahighvoltagein theopeningmodeto ensurefastopen-
ing. The openingtime constantis different than the
closingone. This effect canalsobe includedin the in-
jector model,asseenin Fig. 2, by assumingthat �ùÀ
variesbetweentwo values �ùÀ�� and �ùÀ ´ dependingon
whetherthe injector is transitioningfrom off to on or
on to off. Note that �ùÀ�� � �ùÀ (asdefinedbefore)and�ùÀ ´ � © �0¢ . We refer the readerto [31] for morede-
tails regardingthis model whenvalidatedagainsttwo
differentinjectors: Parker models(9-130-905)and(9-
633-900).�

3 Control

In this section, we investigatemodel-basedcontrol
strategiesfor abatingcombustioninstability usingsec-
�
It shouldbe notedthat when inertia forcesin the armatureare

important,a second-orderfuel-injector model, with high damping,
is more appropriate.The experimentalmeasurementsin [30] for a
GeneralValve Series9 modelshow similardynamics.

ondaryfuel injection. We assumethatthepressuresig-
nal is themeasuredoutput,usinga pressuretransducer.
Thetransducerdynamicsis neglectedsinceit typically
hasa muchhigherbandwidththanthecombustiondy-
namics. We examinethe control with an injector lo-
catedat (i) the burning zoneor (ii) further upstream.
We assumein particularthat thecombustiondynamics
is determinedby severalcoupledacousticmodes[20].
We alsoassumethatinstability is primarily inducedby
fluctuationsin the flameareacoupledwith the acous-
tics. Wereferthereaderto [18, 19] for investigationsof
instability causedby equivalenceratio fluctuationsand
its control.

3.1 Actuated Combustor
Denoting the contribution of the fuel injector to the

equivalenceratio as
� : ¾ , we have that

� : ¾ � À�� �À ë ��� « ,where ó é and � « arethemeanair massflow rate,and
thestoichiometricfuel to air ratio, respectively. We as-
sumethat

� : ¾ is uniform radially, andthatperturbations
arecarriedintactby themeanflow to theburningzone,
aftera time delay �,¾ , where �,¾ � ±Å¾`� � , ±)¾ is thedis-
tancebetweenthe injector discharge and the burning
zone,and � is themeanvelocity of thereactantsin the
combustor.

From Eq. (19), the impact of
� : ¾ on the combustion

dynamicscanbetakeninto accountas£� � �¤-�¥a¦ � 9� � �*¦ �� � � ¨ © �V�¾ Ë # >X� : �'+ � �� ¾ ��
Æ��� ¾ � Ì � (34)

for íÆ��! � - �,9�9§� è , whereí denotesthemodenumber.

3.2 Injection at the Burning Zone
Injectionat theflamehasshown successin severalex-
perimentalfacilities [6, 11, 30], andin a practicalfull-
scale170 � � gas-turbinecombustor [5]. We carry
out active controldesignassumingthat the injection is
at theflame,usingthemodelin Eq. (34) while � ¾ õ A ,togetherwith the injection dynamicsdescribedby Eq.
(33). The input-outputmodelrelationbetweenthe in-
jector input voltage, ¬ , and the pressure,� : , is given
by

� : �\_a� � � ¯ �\_a��¬I�\_a�E� � ¯ �\_a� � ¢ ¯ ! ¯ �\_a�> ¯ �c_¹� � (35)

where � ¯ �\_a� is the transfer function of a finite-
dimensionalmodel of the combustor, ¢ ¯ , ! ¯ �\_a� and> ¯ �\_a� are the correspondinggain, numeratorand de-
nominator, respectively.

An appropriate optimal con-
trol for the finite-dimensionalsystemas in Eq. (35)
is LQG/LTR [32]. This methodhasbeensuccessful
in suppressingcombustioninstability [13]. Its success
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lies in its ability to generatesatisfactory performance
over a wide rangeof frequencies,unlike phase-shift
controllerswhich candestabilizestabledynamics[33].
Experimentalvalidationof the LQG/LTR for combus-
tion control hasbeendemonstratedin [31, 34, 35]. In
[34], a similar physically-basedmodelwasusedwith a
loudspeakerasanactuator. In [31, 35], asystem-IDap-
proachbasedon subspaceandARMAX methods[36]
was usedto suppresspressureoscillationsin a dump
and a swirl-stabilizedcombustors,respectively, using
pulsedinjection. In this paper, we show throughsim-
ulation studiesthat, as in [13], LQG/LTR canalsobe
usedsuccessfullybasedonaphysicalmodel,usingfuel
injectorasanactuator. For detailsof theLQG/LTRcon-
trol design,we referthereaderto [13, 34].

3.2.1 Simulations of the LQG/LTR Controller:
A fifth ordercombustordynamicsmodelincludingthe
first two modes,the flamedynamics,and the injector
dynamicsis considered.Thecombustorparametersand
conditionsare taken as in [13], thesecausea three-
quarter-modeinstability which resonatesat 500Hz ap-
proximately, andhasunsteadypressureamplitudesofÊ � !¹A�A " ª÷� .
We choosefirst a proportionalinjector, as in [5], with
a bandwidthof 300 Hz which is in the rangeof avail-
ablehigh-speedinjectors[29]. Figure3 shows thetime
responseof the pressureand the control input,

� : ¾ � �
(
� �úA 9$# ). Control is appliedat 
 � % A ó _ . We note

that althoughthe bandwidthis lower than the system
dynamics,thecontrolwith proportionalinjector is still
capableof stabilizingthesystem,sincethedynamicsof
theinjectoraretakeninto considerationin thedesignof
theLQG/LTR. As seenin Eq. (33), theinjectordynam-
ics are first order, and the gain and phaseintroduced
by the injector dependon its bandwidth. For smaller
bandwidthscases,the phaseincreaseswhile the con-
trol authority, i.e., the gain, is dramaticallydecreased
aroundacousticfrequencies.The controller, however,
hasenoughdegreesof freedomto adjustthephase,and
increasethevoltageamplitudeinto the injector to pro-
ducethe requiredcontrol authority,

� : ¾ � � , aroundthe
acousticsfrequenciesthusguaranteeingstability.

While a low bandwidthproportionalinjectoris capable
of maintainingthesystematvanishinglysmallpressure
perturbations,a two-positioninjectormaynot beasef-
fective [11, 30, 35]. Using a 300Hz bandwidthinjec-
tor, theLQG/LTR is still capableof stabilizingthesys-
tem,but thepressureis suppressedto a smallbut finite
amplitudelimit cycle as seenin Fig. 4. The reason
is that the injector hasa thresholdinput voltagevalue
at which it is activated. Thus, following the suppres-
sionof theinstability, theinjectorstopspulsingat from
[õ 105-138ó _ , asseenin the figure. Disturbancesin
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Figure 3: Responseof thecontrolledcombustorwith a pro-
portionalinjectorwith a bandwidthof &('
)
) Hz.
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Figure 4: Responseof thecontrolledcombustorwith anon-
off injector set to deliver y Ó+* , ë.-y &/)1032�4
5 and

with a bandwidth& 300Hz.

thecombustorforcethepressureto grow, until themea-
suredvoltageby themicrophonereachesthe threshold
at which the injector startsto fire again. In the case
simulated,this occursat 
 Â ! 687 ó _ . This sequenceis
repeatedindefinitely.

Increasingthe control fuel-flow rate,andthus
� ¾ É À�é · ,thecombustoris stabilizedin asmallersettlingtime. As

seenin Fig. 5, when
� : ¾ É ÀÎé · � � is doubled,thesettling

time diminishesby » 7 A 9 . Moreover, the rms of the
steady-statepressureis smaller. A similar effect has
beenobservedin [11].

We alsoinvestigatethe effect of bandwidthfor a two-
positioninjector. Limiting it to 50 Hz, asseenin Fig.
6, thepressuresettlesto ahigher-amplitudelimit cycle,
andthe injector is incapableof trackingthe command
from thecontroller;theinjectorstaysopenall thetime.

0 20 40 60 80 100 120 140 160 180 200
−100

−50

0

50

100

Pr
es

su
re 

p′ 
(P

a)

Time t (ms)

0 20 40 60 80 100 120 140 160 180 200
0

0.05

0.1

0.15

0.2

0.25

0.3

φ c′/φ̄

Time t (ms)

Figure 5: Responseof thecontrolledcombustorwith on-off
injectorsetto deliver y Ó�* , ë�-y &:)10 4
; , andwith a

bandwidthof 300Hz.

p. 7



0 20 40 60 80 100 120 140 160 180 200
−100

−50

0

50

100

Pr
es

su
re 

p′ 
(P

a)

Time t (ms)

0 20 40 60 80 100 120 140 160 180 200
0

0.05

0.1

0.15

0.2

0.25

0.3

φ c′/φ̄

Time t (ms)

Figure 6: Responseof the controlledcombustor with on-
off injector with lower bandwidth &<5�) Hz (the
acousticsunstablefrequency is 500 Hz, approxi-
mately).

This shows that injector bandwidthis a seriousprob-
lem [11, 35]. Dif ferentsolutionshave beenproposed
that include: (i) Developing fasterinjectors[29]. (ii)
Useof multiple injectorswhich arefired alternatively
to increasetheapparentfrequency of actuation[11]. A
different approachthat hasshown promiseregardless
of high-bandwidthinjectorsis throughfuel pulsingat
low frequencies(muchlower thantheacoustics).This
is demonstratedexperimentallyin [4, 37], andanalyti-
cally in [38].

3.3 Injection Upstream the Burning Zone: Delay in
the Control Input
While injectingfuel directly on theflame[5, 6, 11, 30]
canavoid actuationdelays,it introduceshotspotsat the
flamesurfacethusincreasingemissions.In addition,if
mixing is weakat theinjectionport, we run thedanger
of creatinga secondarydiffusion flame which can be
completelydecoupledfrom the main premixed flame,
andhencebecomeineffective in suppressingthe insta-
bility = .
In this section,we studythe effectsof pulsed-fuelin-
jection upstreamthe burning zone. This hasbeenuti-
lized in [3] wheresecondaryinjectionwasdoneat the
primary fuel source.In [19], we presenteda Posi-Cast
control capableof working with an injector locatedat
anarbitrarydistanceupstreamtheflame.In thatcase,a
bulk modewasunstable.Here,we extendtheanalysis
of thePosi-Castcontrol,andshow that it is capableof
stabilizinglongitudinalmodesaswell.

3.3.1 Posi-Cast Control: A powerful approach
for controlling systemswith known time-delay was
originatedby Smith [40], known alsoasPosi-Castfor
“positive forecasting”of future states. The idea is to
compensatefor the delayedoutputusing input values
storedover a time window equalto thedelaytime, i.e.> 
i���,¾¹��
@? , andestimatethefutureoutputusingamodel
of the combustor. Only stablesystemswere consid-
A
Thishasbeennoticedin experimentsat MIT andat UTRC [39].

ered. An extensionto include unstablesystemswas
proposedin [41] usingfinite-time integralsof the de-
layedinput valuestherebyavoiding unstablepole-zero
cancellationswhich may occur. A frequency-domain
pole-placementtechniquefor unstablesystemswasfirst
proposedin [42] and a similar techniquewill be pre-
sentedhere.

Themodelin Eq. (35), in thepresenceof a time delay,� ¾ , canbere-writtenas� : ��
�� � � ¯ �\_a� > ¬��?
S���,¾E�B?c� � ¯ �\_a� � ¢ ¯ ! ¯ �\_a�> ¯ �c_¹� 9(36)

Due to the natureof the combustion system,not all
statesareaccessible,only thesysteminput,i.e. thevolt-
ageto the injector ¬���
�� , andtheoutput, � : in our case
aremeasured.A standardpole-placementcontrolleris
required(for moreinformation,see[42, 43]). Thepres-
enceof the time-delay, � ¾ , in the control input, moti-
vatesthe useof an additionalsignal in the control in-
put, ¬���
�� , denotedas ¬ � ��
�� whichanticipatesthefuture
outputusinga modelof thesystem[19]. Theresulting
controllerstructureis describedas¬��?
�� � �0�\_a�C �\_a� ¬���
Æ�f� ¾ � � + �c_a�C �\_a� � : ��
�� � ¬ � ��
��E�(37)¬ � �?
�� � è � �c_a�> ¯ �\_a� ¬I��
��S� è � �\_a�> ¯ �c_¹� ¬���
S�f�,¾{�E�
where

C �c_a� is achosenstablepolynomialof degreeè �! , + �c_a�E� è � �\_a� and è � �\_a� , arepolynomialsof degreeè �! at most, and �0�c_a� is of degree è � - at most. For
stability, thesemustsatisfytherelations�0�\_a��> ¯ �\_a� � ¢ ¯ + �\_a� ! ¯ �c_a� � C �\_a� è � �\_a�E� (38)è � �c_a� � > ¯ �\_a�S�Ð> À �\_a�E�(39)

where >XÀ@�\_a� is the desiredcharacteristicequation,
which is a stablemonic polynomialof the sameorder
of > ¯ �\_a� .
Usingthecontrollerstructurein Eq. (37) with thecon-
ditions in Eqs. (38) and(39), the closed-looptransfer
functioncanbecomputedas

��¾ ö �\_a� � ¢ ¯ e g º � Ó> À �\_a� 9 (40)

Thecontrolinput law, in Eq. (37), introducesadditional
dynamicsincluding non-minimumphasezeroshaving
thesameeigen-valuesof > ¯ �\_a� . Obviously, theselead
to unstablepole-zerocancellationssincethe combus-
tor modelis open-loopunstable(i.e., > ¯ �\_a� hasunsta-
ble eigenvalues).Unstablepole-zerocancellationsare
known to causeproblemsconcerningobservability and
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Figure 7: Responseof thecontrolledcombustorwith atime-
delayof 2+)
)�DFE in the input signal,proportional
injector. Note: only theenvelopeof theresponse
is shown for clarity, sincethescaleof theplot does
not permitseeingindividual cycles.

controllability of the plant (see[27] for moredetails).
As a result,a modificationin thesynthesisof ¬ � ��
�� in
Eq. (37)wassuggestedby [41]. To avoid unstablepole-
zerocancellations,¬ � �?
�� mustbe generatedasa finite
integralof theform¬ � ��
�� � �� �§� � � $ (g]� Ó e gHG µJI ¬I��
 �LK � +8K�� � (41)

where M
�
’s are the eigenvaluesof the combustorsys-

tem, i.e. > ¯ �\_a� � N �
��� � �c_^�OM � � . Taking the Laplace

transformof Eq. (41),onecanshow thatè � �c_¹�> ¯ �\_a� � �� ��� � �
�_l�PM � �]è � �\_a�> ¯ �c_¹� � �� �§� � Q

�_��(M � � (42)

where
Q
� � � � e G µ � Ó . Anotherconditionfor thesuccess-

ful useof thefinite integral in Eq. (41) is that > ¯ �\_a� has
no repeatedroots[42].

The controllerdescribedin Eqs. (37) and(41) is suf-
ficient to stabilizethe combustorprovided that an ac-
curatedescriptionof the plant and the time delay are
available. This controller hasbeenshown to provide
robustnessto uncertaintiesin the plant including the
time delay [41]. Adaptive versionsof the samecon-
troller havebeeninvestigated[44, 45], andhaveshown
to extendthe robustnessof the controllerto parameter
uncertainties.

3.3.2 Simulations of the Posi-Cast Controller:
Thecontrollerin Eqs.(37)and(41) is implementedfor
injectionat a distanceof » 6 � ó upstreamtheburning
zone. �,¾ is estimatedto be 100ó _ , which is about50
timesthetimeconstantof theunstablefrequency.

Theclosed-loopsimulationis illustratedin Fig. 7. Al-
thoughcontrolis switchedonat 
 � % A ó _ , thepressure
keepsincreasingfor an additional 
 � �,¾ � !¹A�A ó _(from 
 � % A � ! % A ó _ ), thenstallsfor another100 ó _
(from 
 � ! % A � - % A ó _ ) beforedecaying.Thereason
for the former delayis physicalandis dueto the time
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Figure 8: Responseof thecontrolledcombustorwith atime-
delayof 2�)�)�DFE in theinputsignal,on-off injector.
Note: only theenvelopeof theresponseis shown
for clarity, sincethescaleof theplot doesnotper-
mit seeingindividual cycles.

takenfor thepulsed-fuelto reachtheburningzone.The
latter is dueto a computationaldelayin thecontroller.
Specifically, the finite integral in Eq. (41) outputsin-
correctvaluesfor a periodof �,¾ . This is becausethe
computationof thefinite integralreliesonastoredwin-
dow of thepastvaluesof thecontrolinputof thesizeof� ¾ . Whencontrol is switchedon, the window consists
of control inputsproportionalto � : which hasnot yet
“felt” theeffect of controldueto thephysicaldelay � ¾
(the valuesof � : arestill thoseof the open-loopcom-
bustor). It requirestherefore
 � - � ¾ to start forming
a window of integrationwith control input correspond-
ing to closed-loopvalues. This confirmsobservations
in [41].

In Fig. 8, a two-positioninjector is used. The control
designis basedon thelinearmodel,andits parameters
arefine-tunedto handlethenonlinearities.As discussed
earlier, the control is switchedon at

% A ó _ , andstabi-
lizes the system. The injector stayson aslong as the
voltagesignalinto the injector is greaterthana thresh-
old, asdiscussedbeforein Sec.2.5.2.

It shouldbe notedthat whencombustioninstability is
causedby

� : º fluctuations,asdiscussedin Sec. 2, the
characteristicequationwill look differentthanin Eqs.
(35)and(36). > ¯ �\_a� will havetermswhicharedelayed,
dueto the convective delay, � º , carriedby

� : º . Hence,> ¯ �\_a� becomesinfinite dimensional. To circumvent
this,aPad́eapproximation[46] is usedto getafinite di-
mensionaldescriptionof > ¯ �c_a� , andthustheLQG/LTR
andPosi-Castcontrollersasdescribedin Secs.3.2and
3.3,respectively, cansimilarly beusedfor this case.

4 Summary

In this paper, a completemodelof the combustiondy-
namicsleading to instability is developed. A model
encompassingthe acoustics,the heatrelease,the cou-
pling, mixing andinjectordynamicsis presented.The
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heat releaseis derived using flame kinematics for
flameswith highDamkohlernumbersandmoderatetur-
bulence,and the effect of forcing in the velocity and
the equivalenceratio is illustrated,this latter beingin-
troducedfor the first time in a kinematicstudyof the
flame. Differentstability criteria arediscussedfor the
differentdynamicsresultingfrom thecouplingof these
with the acoustics.While velocity perturbationscause
instability of a phase-lagnature,equivalence-ratioos-
cillations introducea time-delayinstability. Injection
at andupstreamthe burningzoneis implemented.An
LQG/LTR control is usedfor the former while a Posi-
Castcontrol is developedandusedfor the latter. Both
proportionalandtwo-position(on-off) pulsedinjection
is examined.Proportionalinjectorsshow superiorper-
formanceto two-positionones.Performanceis shown
to be plaguedby limited injector authority and band-
width. Someof the short-termfixesproposedfor this
problemincludethe useof multiple injectors[11] and
low frequency pulsing[4, 37, 38]. A long-termsolution
is clearlythedesignof a high-speed,high-authorityin-
jector.
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