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Mihail’'s Conductance and Convergence of Markov Chains — A Combinatorial Treatment of Ezxpanders
[Mih89] describes purely combinatorially why expanders are rapidly mixing. The following will basically be
a rewriting of Section 2 of the paper in my words. I have also used the notes in [Bol] as reference.

Let G be a d-regular directed graph with n vertices. That is, for every vertex, both the in-degree and
the out-degree are exactly equal to d. We will denote by I'(u) the set {v|(u,v) € E(G)}. A random walk on
G is defined by the transition matrix P where:

ifi=j
if i £ 4 and (i,5) € E(G) (1)
otherwise

Pij=

OE‘HI\JM—-

The above definition of P makes sure that the stationary distribution of the walk is the uniform distribution.
This is so since 7 - % +7m-d- ﬁ = 7. As a side remark, if we only required that the in-degree and the
out-degree of any vertex in G be at most d (instead of exactly equal to d), then P would be defined as:

L)

1- B ifi=
Pij=9 % if i # j and (4,7) € E(G) (2)
0 otherwise

in order to maintain the property that the stationary distribution has uniform weight on all vertices. This
definition is used by Goldreich and Ron in their paper on testing bipartiteness on bounded-degree graphs.
However, in the following, I will continue to assume for convenience that G is exactly d-regular.

Our goal is to show that if G has a certain combinatorial property, namely no small cuts, then the random
walk rapidly approaches the stationary distribution. Formally, suppose 7 is the distribution that has all its
weight on a single vertex, and m; = m;_1 P for t > 0. So, 7 is the distribution of the random walk on the
vertices at time ¢. Let uw be the uniform distribution on the vertices. Finally, let e; = m — u be the error
vector. Note that ). e/(i) = 0 and that e, = m —u = (m—1 — u)P = e;—1P. We want to show that e,
approaches the zero vector and the rapidity of the approach is related to the lack of small cuts in G.

To characterize e;’s distance from 0, we are going to look at the L3 norm of e;. Let us see how |le;]3
evolves with ¢:
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Since the last expression is always positive, the L3-norm of e; continually decreases. Moreover, the decrease
is greater if there are many neighbors ¢ and j such that e;(i) and e;(j) are very different.

Next, we want to show that if G has no small cuts, then there are a lot of such neighbors. Specifically,
we define the notion of conductance:
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where e(A, A) is the set of edges {(i,7) € E(G)|i € A,j € A}. A small ag implies that there is a small cut
of G. ag is, thus, sort of like the minimal ratio between the surface area and the volume of a subgraph of G.
Our goal is to show that the 37, ;) W
the only fact we know about e, is that ), e;(i) = 0.

For convenience, let us label the vertices such that e;(1) > e;(2) > -+ > e;(n). Also, define a new vector
fi to be fi(i) = e,(i) — e, (m) for all i € V(G), where m is set to [n/2]. It is clear that 3 ; e p(q)(fi(i) —
f:())? = iper)ei) — e (4))%. For technical reasons that will become apparent momentarily, we will
work with the translated vector f; instead of e;. Note that fi(i) > 0 for i <m, fi(m) =0, and f;(:) <0 for
i > m. We can now intuitively understand why >_; i< p(q) (fe(d) = fe(j ))? should increase with ag. Suppose
that for some k < m, fi(k) — fi(k + 1) is relatively large. If we let Ay be the set of vertices {1,2,...,k}, by
definition of ag and by the fact that k < n/2, we know that there are at least dagk edges in e(A, Ay). That
is, there are at least dagk edges (i, j) such that ¢ < k and j > k. And because of the way we have ordered
the vertices, for each such edge (i,7), ft(i) — f:(4) is at least fi(k) — fi(k + 1); so, there are a substantial
number of edges with relatively large difference in f; between their endpoints. This observation translates

to a lower bound for 3 ; ;e p(q)(fi (i) — ()2
We implement this intuition in the following way. Define the vector u; as follows:

of equation (4) is positively correlated with aq, where

iy ={ O H1sism g
and v; as:
. 0 if1<i<m

So, fi = u¢ +v. Now note that for any edge (4, 5), (fi(i) — f:(5))? = (w (i) — (]
u(5))% + (ve(i) — v¢(4))2. Our plan will be to lower-bound 2 (e (@) — we(5))
in terms of a, using the above intuition as our guide.
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Let us start with > -, - (ue (i) — we(J /))2. Observe that by the Cauchy-Schwarz inequality:
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The rest roughly follows our plan.
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where the last line follows by d-regularity of G. Using the fact that u;(i) = 0 for ¢ > m, (10) implies that
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So, by the inequality (9), we have that }=; - c g (we (i) —ue (4))? > daZ|jug]|3. Similarly, it is also true that
- ve(i) — ve(5))2 > da||ve]|3. Adding the two inequalities, we get that:
(1,5)€E(G) G 2

Yo (i) = w(i))? + (0(i) = ve(4))? = da(fudll3 + l[ve]13) = dad |l fol13 (12)
(4,4)€E(G)

But for any edge (i, j), (fi(i) = fo(j))? = (ue(i) = e (5) +0: () =02 (5))* = (we(i) —ue(4))* + (ve (i) —ve(5))?. So,
in fact, 3 Hem(q)(fe) — f:(4))? > daZ| f:||3. Finally, to relate back to e, we note that for any edge (i, 5),



(fe(d) = fe(4))? = (ex(i) —ex(5))? and that [|fe[|3 = 3=, (e:(i) — er(m))?® = [lec]|3 — 2e1(m) 32, e4(i) +ne(m)? =
llet]|3 4+ nec(m)? > |le:||3 since Y-, e+(i) = 0. So, we have that Y pen (et(d) — et(4))? > dale)3.
Therefore, going back to equation (4):

a2
fecsalf < (1- 28 ) e (13)

In particular, since ||eo||3 < 2,

2 t
Jeelg <2 (1- 28 (1)

2 t/2
Also, since |e]1 < v/nlet]|2, we have that |et|1 < v2n (1 - %’) . So, if we want the L, difference between
the random walk distribution and the uniform distribution to be smaller than e, the random walk needs to
run for only O(%(log % + % log 2n)) steps. So, if G is an expander, meaning that ag is a constant bounded
away from 0, the random walk on G rapidly mixes. (The technical definition of rapid mixing is that the
mixing time is polylog(n)log.) Of course, expansion in the sense defined here coincides with the linear
algebra definition of expansion.
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