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Elliptic curves

An elliptic curve over C is the set of solutions to an equation

y2 = x3 + Ax + B

with A,B ∈ C with ∆ = −4A3 − 27B2 6= 0.

3 / 31



Elliptic curves

An elliptic curve over C is the set of solutions to an equation

y2 = x3 + Ax + B

with A,B ∈ C with ∆ = −4A3 − 27B2 6= 0.

Geometrically, it’s a complex torus C/Λ where Λ = Zω1 + Zω2 is a
lattice in C.

The periods ω1 and ω2 can be computed as elliptic integrals.
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Uniformization and moduli space

The map C/Λ → E is given by z 7→ (x , y) = (℘(z), ℘′(z)), where
℘ is the Weierstrass function (depends on Λ).
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The map C/Λ → E is given by z 7→ (x , y) = (℘(z), ℘′(z)), where
℘ is the Weierstrass function (depends on Λ).

So the set of elliptic curves/C is naturally the set of lattices in C,
up to scaling and isometries.

Parametrized by PSL2(Z)\H: write Λ = Z+ Zτ .
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Uniformization and moduli space

The map C/Λ → E is given by z 7→ (x , y) = (℘(z), ℘′(z)), where
℘ is the Weierstrass function (depends on Λ).

So the set of elliptic curves/C is naturally the set of lattices in C,
up to scaling and isometries.

Parametrized by PSL2(Z)\H: write Λ = Z+ Zτ .

Two values of τ give equivalent lattices iff related by action of
PSL2(Z):

(

a b

c d

)

· τ =
aτ + b

cτ + d
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Modular function

Let F be the usual fundamental domain for the action of PSL2(Z),
given by |z | ≥ 1 and |Re(z)| ≤ 1/2.
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After compactifying by adding the point at ∞ and identifying
edges appropriately, we get

j : PSL2(Z )\H ∼−→ P1(C)
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Modular function

Let F be the usual fundamental domain for the action of PSL2(Z),
given by |z | ≥ 1 and |Re(z)| ≤ 1/2.

After compactifying by adding the point at ∞ and identifying
edges appropriately, we get

j : PSL2(Z )\H ∼−→ P1(C)

where j is the modular function

j(z) =
1

q
+ 744 + 196884q + . . .

with q = e2πiz .
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Moduli space

So P1(C) is (the compactification of) a coarse moduli space for
elliptic curves over C, and it has a natural parameter j .
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In general, elliptic curves and their moduli spaces are important in
arithmetic (we can do a lot of this over Q).
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Moduli space

So P1(C) is (the compactification of) a coarse moduli space for
elliptic curves over C, and it has a natural parameter j .

In general, elliptic curves and their moduli spaces are important in
arithmetic (we can do a lot of this over Q).

Similarly, pairs of elliptic curves with a map (isogeny) of degree N

(with cyclic kernel) are also parametrized by a nice moduli space
Γ0(N)\H, where

Γ0(N) = {g ∈ SL2(Z) : g ≡ Id (mod N)}.
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Classical modular polynomials

The curve X0(N) = Γ0(N)\H, can be given as a plane curve by the
modular polynomial Φn(X ,Y ). These can quickly get very
complicated. For instance, for N = 2 we have

Φ2(X ,Y ) = X 3 − X 2Y 2 + 1488X 2Y − 162000X 2 + 1488XY 2

+ 40773375XY + 8748000000X + Y 3 − 162000Y 2

+ 8748000000Y − 157464000000000

Here X ,Y are the j-invariants of the two elliptic curves involved.
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Classical modular polynomials

The curve X0(N) = Γ0(N)\H, can be given as a plane curve by the
modular polynomial Φn(X ,Y ). These can quickly get very
complicated. For instance, for N = 2 we have

Φ2(X ,Y ) = X 3 − X 2Y 2 + 1488X 2Y − 162000X 2 + 1488XY 2

+ 40773375XY + 8748000000X + Y 3 − 162000Y 2

+ 8748000000Y − 157464000000000

Here X ,Y are the j-invariants of the two elliptic curves involved.
Not so easy to guess that this is a genus 0 curve!
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Better parametrization

It’s much better, for conceptual understanding, to parametrize the
curve (e.g. by a different modular function), and then write X and
Y in terms of the parameter.
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Better parametrization

It’s much better, for conceptual understanding, to parametrize the
curve (e.g. by a different modular function), and then write X and
Y in terms of the parameter.

e.g. For X0(2), we have the following parameter

j2 : X0(2)
∼−→ P1(C)

where j2(z) = (η(q)/η(q2))24, with

η(q) =
∞
∏

n=1

(1− qn)

and q = e2πiz , as usual.
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Better parametrization

It’s much better, for conceptual understanding, to parametrize the
curve (e.g. by a different modular function), and then write X and
Y in terms of the parameter.

e.g. For X0(2), we have the following parameter

j2 : X0(2)
∼−→ P1(C)

where j2(z) = (η(q)/η(q2))24, with

η(q) =
∞
∏

n=1

(1− qn)

and q = e2πiz , as usual. Then we have

X =
(j2 + 256)3

j22
, Y =

(j2 + 16)3

j2
.
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Abelian varieties, moduli spaces

The higher dimensional generalization of an elliptic curve is an
abelian variety, which is a complex torus Cg/Λ, where Λ is a lattice
of rank 2g equipped with a Riemann form.
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Abelian varieties, moduli spaces

The higher dimensional generalization of an elliptic curve is an
abelian variety, which is a complex torus Cg/Λ, where Λ is a lattice
of rank 2g equipped with a Riemann form.

The moduli space of abelian varieties is the quotient of Siegel
upper half space Hg , modulo some subgroup of the symplectic
group Sp2g (Z), depending on the polarization, level structure, etc.

For example, the moduli space Ag of principally polarized abelian
varieties of dimension g is Sp2g (Z)\Hg .
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Abelian varieties, moduli spaces

The higher dimensional generalization of an elliptic curve is an
abelian variety, which is a complex torus Cg/Λ, where Λ is a lattice
of rank 2g equipped with a Riemann form.

The moduli space of abelian varieties is the quotient of Siegel
upper half space Hg , modulo some subgroup of the symplectic
group Sp2g (Z), depending on the polarization, level structure, etc.

For example, the moduli space Ag of principally polarized abelian
varieties of dimension g is Sp2g (Z)\Hg .

Another piece of data that can be used to cut down the size of the
moduli space is the endomorphism ring.
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Moduli spaces and arithmetic

Moduli spaces of abelian varieties play an important role in
arithmetic. For example, many Shimura varieties are constructed
this way.
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Moduli spaces and arithmetic

Moduli spaces of abelian varieties play an important role in
arithmetic. For example, many Shimura varieties are constructed
this way.

◮ Useful for constructing Galois representations, and modularity
questions.

◮ Special values of L-functions

◮ Torsion points on abelian varieties

and so on.
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Real multiplication

Some of the simplest examples beyond dimension one are given by
abelian surfaces with real multiplication, i.e. a 2-dimensional
abelian variety A such that its endomorphism ring is an order of a
real quadratic field Q(

√
D).
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Real multiplication

Some of the simplest examples beyond dimension one are given by
abelian surfaces with real multiplication, i.e. a 2-dimensional
abelian variety A such that its endomorphism ring is an order of a
real quadratic field Q(

√
D).

Restricting to the simplest possible situation, we want to consider
ppas (principally polarized abelian surfaces) A with endomorphisms
by the full ring of integers OD of Q(

√
D).
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Humbert surfaces

The subvariety of A2 which is cut out by the condition of having
real multiplication by OD is called the Humbert surface HD .
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The subvariety of A2 which is cut out by the condition of having
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On the other hand, let Y−(D) be the Hilbert modular surface,
whose points correspond to (A, ι), where A is an abelian surface
and ι : OD → End(A) is a homomorphism.
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On the other hand, let Y−(D) be the Hilbert modular surface,
whose points correspond to (A, ι), where A is an abelian surface
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There is a 2 : 1 map from Y−(D) to the Humbert surface
HD ⊂ A2 (corresponding to the two choices of how

√
D acts).
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Humbert surfaces

The subvariety of A2 which is cut out by the condition of having
real multiplication by OD is called the Humbert surface HD .

On the other hand, let Y−(D) be the Hilbert modular surface,
whose points correspond to (A, ι), where A is an abelian surface
and ι : OD → End(A) is a homomorphism.

There is a 2 : 1 map from Y−(D) to the Humbert surface
HD ⊂ A2 (corresponding to the two choices of how

√
D acts).

As a complex variety, Y−(D) is PSL2(OD)\H+ ×H−, where H+ is
the upper half plane, and H− is the lower half plane.
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Geometric properties

The action of g ∈ SL2(OD) is by considering the two embeddings
Q(

√
D) →֒ R, and considering the action of SL2(R) acting on H+

or H−.

(

a b

c d

)

(z1, z2) =

(

σ1(a)z1 + σ1(b)

σ1(c)z1 + σ1(d)
,
σ2(a)z2 + σ2(b)

σ2(c)z2 + σ2(d)

)
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Geometric properties

The action of g ∈ SL2(OD) is by considering the two embeddings
Q(

√
D) →֒ R, and considering the action of SL2(R) acting on H+

or H−.

(

a b

c d

)

(z1, z2) =

(

σ1(a)z1 + σ1(b)

σ1(c)z1 + σ1(d)
,
σ2(a)z2 + σ2(b)

σ2(c)z2 + σ2(d)

)

Hirzebruch, Zagier and van de Ven, in the 1970s, determined many
geometrical properties of these surfaces. However, equations for
very few of these were known (only for D = 2 or 5).
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Equations for Hilbert modular surfaces

Runge gave a method, using q-expansions of modular forms, to
compute equations for Humbert surfaces over C. Also some recent
work by Gruenewald.
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Equations for Hilbert modular surfaces

Runge gave a method, using q-expansions of modular forms, to
compute equations for Humbert surfaces over C. Also some recent
work by Gruenewald.

But arithmetic models (over Q) were not known.

Main result (Elkies - Kumar): We give a method to compute
birational models for Hilbert modular surfaces over Q, along with
the map to A2. We computed equations for the first thirty
non-trivial fundamental discriminants (i.e. 1 < D < 100).
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Example: D = 17

The equation of the Hilbert modular surface Y−(17), as a double
cover of P2, is

z2 = −256h3 + (192g2 + 464g + 185)h2

− 2(2g + 1)(12g3 − 65g2 − 54g − 9)h + (g + 1)4(2g + 1)2.
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− 2(2g + 1)(12g3 − 65g2 − 54g − 9)h + (g + 1)4(2g + 1)2.

For instance, the point (5, 22) gives rise to the Jacobian of the
genus 2 cirve

y2 = 2x6 − 4x5 + 9x4 − 10x3 + 4x2 − 4x .

15 / 31



Example: D = 17

The equation of the Hilbert modular surface Y−(17), as a double
cover of P2, is

z2 = −256h3 + (192g2 + 464g + 185)h2

− 2(2g + 1)(12g3 − 65g2 − 54g − 9)h + (g + 1)4(2g + 1)2.

For instance, the point (5, 22) gives rise to the Jacobian of the
genus 2 cirve

y2 = 2x6 − 4x5 + 9x4 − 10x3 + 4x2 − 4x .

The equation h = −(6g2 + g − 1)/8 gives a non-modular curve on
the Hilbert modular surface, and there is a family of genus 2 curves
defined over it.
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Some applications

◮ Abelian surfaces with good reduction everywhere, over a real
quadratic field.
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Some applications

◮ Abelian surfaces with good reduction everywhere, over a real
quadratic field.

◮ Teichmüller curves on Hilbert modular surfaces.
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Good reduction everywhere

Fontaine and Abrashkin independently showed that there are no
abelian varieties over Z.
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Good reduction everywhere

Fontaine and Abrashkin independently showed that there are no
abelian varieties over Z. For instance, there are no elliptic curves

y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6

whose discriminant is ±1 (this was shown by Tate).
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Good reduction everywhere

Fontaine and Abrashkin independently showed that there are no
abelian varieties over Z. For instance, there are no elliptic curves

y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6

whose discriminant is ±1 (this was shown by Tate).

But there are examples of elliptic curves over quadratic fields with
good reduction everywhere.
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Tate’s example

For instance, the following example due to Tate (analyzed by
Serre). Let K = Q(

√
29) and ǫ = (5+

√
29)/2 a fundamental unit.

The elliptic curve
y2 + xy + ǫ2y = x3

has discriminant −ǫ10, and so has good reduction everywhere.
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Abelian surfaces

What about higher dimensional abelian varieties?
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of abelian surfaces over real quadratic fields Q(
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multiplication (by Q(
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Abelian surfaces

What about higher dimensional abelian varieties?

In joint work with Lassina Dembele, we produced many examples
of abelian surfaces over real quadratic fields Q(

√
E ), with real

multiplication (by Q(
√
D)) and good reduction everywhere.

Basic idea: search the Hilbert modular surface Y−(D) for
Q(

√
E )-rational points.

But we need to know where to look. The search is guided by
Hilbert modular forms and the Eichler-Shimura conjecture.
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Eichler-Shimura

The classical Eichler-Shimura theorem says: given a classical
modular newform of weight 2, there is an abelian variety attached
to it (with real multiplication, and such that the L-functions match
up).
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Eichler-Shimura

The classical Eichler-Shimura theorem says: given a classical
modular newform of weight 2, there is an abelian variety attached
to it (with real multiplication, and such that the L-functions match
up).

The Eichler-Shimura conjecture for Hilbert modular forms says: the
same should hold for Hilbert modular forms for a totally real field.

The conjecture is known when the form comes from the
cohomology of a Shimura curve, by work of Zhang. In particular,
known if the degree of the totally real field is odd or if the level of
the form is exactly divisible by a prime to the first power.

But not known, for instance, if the field is real quadratic and the
level is 1 !

20 / 31



Matching Frobenius

Due to recent advances by Dembele, Donnelly, Greenberg and
Voight, we can now compute Hilbert modular forms reasonably
efficiently.

We find such newforms in many instances, and these indicate
where and how to search (match the Frobenius data).
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Matching Frobenius

Due to recent advances by Dembele, Donnelly, Greenberg and
Voight, we can now compute Hilbert modular forms reasonably
efficiently.

We find such newforms in many instances, and these indicate
where and how to search (match the Frobenius data).

For instance, there is a newform of level 1 over the real quadratic
field Q(

√
193), with coefficients in Q(

√
17).

The conjecture says this should correspond to an abelian surface
over Q(

√
193) with real multiplication by an order in Q(

√
17) and

good reduction everywhere.

21 / 31



Example

And here it is: let w = (1 +
√
193)/2, and let C be given by

y2 + Q(x)y = P(x)

with

P(x) = 2x6 + (−2w + 7)x5 + (−5w + 47)x4 + (−12w + 85)x3

+ (−13w + 97)x2 + (−8w + 56)x − 2w + 1,

Q(x) = −x − w .
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+ (−13w + 97)x2 + (−8w + 56)x − 2w + 1,

Q(x) = −x − w .

Then the discriminant ∆(C ) = −1, and therefore C and J(C )
have everywhere good reduction. Furthermore, C corresponds to
the newform we started with.
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Example

And here it is: let w = (1 +
√
193)/2, and let C be given by

y2 + Q(x)y = P(x)

with

P(x) = 2x6 + (−2w + 7)x5 + (−5w + 47)x4 + (−12w + 85)x3

+ (−13w + 97)x2 + (−8w + 56)x − 2w + 1,

Q(x) = −x − w .

Then the discriminant ∆(C ) = −1, and therefore C and J(C )
have everywhere good reduction. Furthermore, C corresponds to
the newform we started with.

We produce evidence for the Eichler-Shimura conjecture, and a
conjecture of Brumer and Kramer on paramodular forms.
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Teichmüller curves

Consider billiards on the polygon below

D

1

√
D

√
D

Every billiard path on LD is either closed or uniformly distributed
with respect to Lebesgue measure.
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Weierstrass curve

This is related to a particular property of an algebraic curve WD :
the moduli space of (X , [ω]) where X is a Riemann surface whose
Jacobian has real multiplication by OD , and ω is a holomorphic
one-form with double zero on X . Then the immersion

WD → M2

is algebraic and isometric for the Kobayashi metrics on the domain
and range. (work of McMullen)
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Weierstrass curve

This is related to a particular property of an algebraic curve WD :
the moduli space of (X , [ω]) where X is a Riemann surface whose
Jacobian has real multiplication by OD , and ω is a holomorphic
one-form with double zero on X . Then the immersion

WD → M2

is algebraic and isometric for the Kobayashi metrics on the domain
and range. (work of McMullen)

Such a curve is called a Teichmüller curve, and the ones on Hilbert
modular surfaces are called Weierstrass curves.

Many geometrical properties of WD are known by work of
McMullen, Bainbridge etc.

24 / 31



Equations for Teichmuller curves

In joint work with Ronen Mukamel, we produce equations cutting
out WD on the Hilbert modular surface Y−(D). Previously, some
small discriminants were known by ad-hoc methods (work of
Bouw, Moller and Zagier).
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Equations for Teichmuller curves

In joint work with Ronen Mukamel, we produce equations cutting
out WD on the Hilbert modular surface Y−(D). Previously, some
small discriminants were known by ad-hoc methods (work of
Bouw, Moller and Zagier).

For instance, the smallest D for which WD has genus 1 is D = 44.

Theorem

The Weierstrass curve W44 is birational to the curve

y2 = x3 + x2 + 160x + 3188.

(conductor 880, MW group over Q is cyclic, generated by
(26, 160)).
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Equation for W44

Idea: find enough numerical approximations, using “analytic
Jacobians” in Magma, to find the equation cutting out W44 inside
the Hilbert modular surface.
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Equation for W44

Idea: find enough numerical approximations, using “analytic
Jacobians” in Magma, to find the equation cutting out W44 inside
the Hilbert modular surface.

To actually prove that we have the right answer, one can produce
bounds on the degree (using an appropriate modular form) of the
curve, and exhibit sufficiently many exact points on the curve (by
using correspondences to exhibit the extra endomorphisms: real
multiplication).
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Actual equation for W44

In the [EK] coordinates on Y−(44), the Weierstrass curve is cut
out by the equation fW (r , s) = 0, where

fW (r , s) = 196r5 − 604r6 + 637r7 − 282r8 + 45r9 + 9604r4s

− 16928r5s + 11379r6s − 3510r7s + 426r8s − 35476r3s2

+ 37908r4s2 − 17004r5s2 + 3752r6s2 − 140r7s2

+ 46844r2s3 − 22616r3s3 + 348r4s3 + 40r5s3

+ 1000r6s3 − 26656rs4 + 2240r2s4 + 4640r3s4 + 5488s5.
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Method to produce equations for HMS

Step 1:

First, we attempt to compute the Humbert surface HD . It turns
out to be birational to a moduli space of elliptic K3 surfaces, whose
Neron-Severi lattice has signature (1, 17) and discriminant −D.
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we can reverse engineer Tate’s algorithm.
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Method to produce equations for HMS

Step 1:

First, we attempt to compute the Humbert surface HD . It turns
out to be birational to a moduli space of elliptic K3 surfaces, whose
Neron-Severi lattice has signature (1, 17) and discriminant −D.

Point: the elliptic K3 surfaces are easier to parametrize, because
we can reverse engineer Tate’s algorithm.

For all the discriminants 1 < D < 30, the Humbert surface is
birational to P2 (which makes life a little easier).

Say r , s are the two parameters on the surface HD ∼ P2.
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Method contd.

Step 2:

On each of the K3 surfaces (as a family over P2
r ,s), find an

alternate elliptic fibration which has reducible fibers of type E8 and
E7 at t = ∞ and 0 respectively.

That is, the new Weierstrass equation looks like

y2 = x3 + t3(at + a′)x + t5(b′′t2 + bt + b′).
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Step 2:

On each of the K3 surfaces (as a family over P2
r ,s), find an

alternate elliptic fibration which has reducible fibers of type E8 and
E7 at t = ∞ and 0 respectively.

That is, the new Weierstrass equation looks like

y2 = x3 + t3(at + a′)x + t5(b′′t2 + bt + b′).

Step 3:

Use [K, 2006] to write the map to M2 or A2 in terms of the
coeffients a, a′, b, b′, b′′.
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Method contd.

Step 4:

Figure out the branch locus of the 2:1 map Y−(D) → HD

geometrically by computing where the rank of the K3 surface
jumps from 18 to 19, while its discriminant becomes 2D or D/2 (it
acquires quaternionic multiplication).
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Step 5:

Figure out the correct arithmetic twist by counting points on genus
2 curves, and using the Grothendieck-Lefschetz trace formula for
Frobenius to figure out its characteristic polynomial.

30 / 31
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Step 4:

Figure out the branch locus of the 2:1 map Y−(D) → HD

geometrically by computing where the rank of the K3 surface
jumps from 18 to 19, while its discriminant becomes 2D or D/2 (it
acquires quaternionic multiplication).

Step 5:

Figure out the correct arithmetic twist by counting points on genus
2 curves, and using the Grothendieck-Lefschetz trace formula for
Frobenius to figure out its characteristic polynomial.

Step 6: Write the equation of the Hilbert modular surface in the
form

z2 = f (r , s).

Rejoice.
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Thank you!

31 / 31


