
UNIVERSAL QUANTUM GATESABHINAV KUMARAbstra
t. I dis
uss the question of when the set of gates fRx(��); Ry(��); Rz(��)ggenerates a dense subset of SU(2) and is universal for quantum 
omputationon 1 qubit. I prove that any two elements of the above set are universal for all� 2 (0; 1) n f1=2g. 1. Introdu
tionIn this paper I will dis
uss some possible examples of universal �nite sets ofquantum gates. In other words, we are looking for a �nite set S � SU(N) su
h thatS generates a dense subset of SU(N). The fa
t that dense subsets lead to eÆ
ientquantum 
omputation is the fundamental Solovay-Kitaev theorem [1℄ whi
h statesthat we 
an approximate any gate to a

ura
y � using O(log
(1=�)) gates, where
 � 4.This leads us to sear
h for simple sets of gates whi
h generate dense subsets ofSU(N). One su
h set is made up of the Hadamard, phase, C-NOT, and �=8 gates.In fa
t, if we 
an perform the CNOT-gate and approximate single-qubit gates toany degree of a

ura
y, then it is possible to generate any gate in SU(N). So wewant to explore �nite small sets of gates whi
h generate SU(2). In parti
ular, thispaper fo
uses on the set fRx(��); Ry(��); Rz(��)g.In se
tion 2, I will dis
uss some 
on
epts and formulae needed from quantum
omputing and from number theory. In se
tion 3, I will dis
uss when fRx(��); Ry(��); Rz(��)gis universal for SU(2). The main result of the paper is the following:Theorem 1.1. If � is not a half-integer (i.e. 2� 62 Z), then the subgroup generatedby any two elements of S� = fRx(��); Ry(��); Rz(��)g is dense in SU(2).It will be proved in se
tion 3.2. Preliminaries2.1. Quantum Me
hani
s. Before we dis
uss the problem at hand, a few pre-liminaries: SU(2) is the set of 2 � 2 matri
es U su
h that UU y = 1. Su
h a U 
anbe written as U = � a b�ei�b� ei�a�� ; jaj2 + jbj2 = 1Any su
h matrix 
an be written in the form ei�Rn̂(�), where � 2 R is a globalphase and Rn̂(�) is rotation by � about the n̂ axis. An expression for this rotationis given by:Rn̂(�) = exp(�in̂ � �!� =2) = 
os(�=2)I � i sin(�=2)(nxX + nyY + nzZ)1



2 ABHINAV KUMARwhere X;Y; Z are the Pauli matri
es given by:X = �0 11 0� ; Y = �0 �ii 0 � ; Z = �1 00 �1�The produ
t of two rotations is now easily 
omputed, and is given by [2℄Rn̂1(�1)Rn̂2(�2) = Rn̂12(�12)where 
os(�12=2) = 
os(�1=2) 
os(�2=2)� n̂1 � n̂2 sin(�1=2) sin(�2=2)sin(�12=2)n̂12 = sin(�1=2) 
os(�2=2)n̂1 + sin(�2=2) 
os(�1=2)n̂2 + sin(�1=2) sin(�2=2)n̂1 � n̂22.2. Number Theory. We let Q be the set of rational numbers, Z be the set ofintegers, and N the set of positive integers. Q(z) is the set of polynomials withrational 
oeÆ
ients, with similar notation for Z(z).An algebrai
 number � is a 
omplex number whi
h is root of a polynomial inQ(z). An algebrai
 integer is a 
omplex number whi
h is a root of a polynomial inZ(z) with highest 
oeÆ
ient 1 (su
h a polynomial is 
alled moni
).A polynomial f(z) is 
alled irredu
ible if there is no non-trivial fa
torization. Forf(z) 2 Q(z) this means it is not possible to write f(z) = g(z)h(z) with h(z); g(z) 2Q(z) both non
onstant. For f(z) 2 Z(z) this means that if we write f(z) = g(z)h(z)with h(z); g(z) 2 Z(z) then h(z) or g(z) must equal �1.For every algebrai
 number � there is a unique moni
 polynomial with rational
oeÆ
ients f(z) su
h that f(�) = 0, and if � is a root of some polynomial g(z)with rational 
oeÆ
ients, then f(z)jg(z) (that is, f(z) divides g(z) in Q(z).) If �is an algebrai
 integer, then f(z) may be taken to have integer 
oeÆ
ients. Thepolynomial f(z) is irredu
ible and is 
alled the irredu
ible polynomial of �. It isthe polynomial of lowest degree of whi
h � is a root.Finally, there is a result of algebra 
alled Gauss' lemma, whi
h states the follow-ing:Lemma 2.1. (Gauss) If f(z) 2 Z(z) fa
tors into two polynomials with ratio-nal 
oeÆ
ients, f(z) = g(z)h(z), then there exist multipliers 
; d 2 Q su
h that
g(z) 2 Z(z) and dh(z) 2 Z(z), and 
d = 1. That is, f(z) = (
g(z)) � (dh(z)) is afa
torization into polynomials with integer 
oeÆ
ients.For details and proofs I refer the reader to [3℄.3. Generating SU(2) from rotations about the three axesNow we want the set of � for whi
h S� = fRx(��); Ry(��); Rz(��)g is universal.We have the following elementary result.Lemma 3.1. If � is irrational, then S� is dense in SU(2).Proof. Noti
e Rx(��)n = Rx(n��). Sin
e � is irrational, the set of fn�� : n 2Ng is dense in the interval [0; 2�) (modulo 2�). Sin
e Rx(2�) = (�1)I , we 
angenerate a dense subset of rotations about the x-axis. Similarly, we 
an generate adense subsets of rotations about the z-axis. These are enough to generate SU(2)densely.



UNIVERSAL QUANTUM GATES 3Noti
e that we needed only Rx(��) and Ry(��) for our purposes. So we have astrengthening of our proposition: if � is irrational, any two elements of the set S�above suÆ
e to generate SU(2) densely.So now we wish to investigate the 
ase when � is rational. There are 
learly somevalues for � su
h as the trivial � = 0; 1 for whi
h S� isn't universal. A nontrivialvalue is � = 1=2 in whi
h 
ase S� turns out to 
onsist of rotations of �=2 aboutthe x; y; z axes. But the group these generate are the symmetries of a 
ube, whi
his a �nite group. So it 
annot be dense in SU(2).The surprising thing is that for all other values S� is universal. In fa
t, we havethe following stronger result.Theorem 3.2. If � is not a half-integer (i.e. 2� 62 Z), then the subgroup generatedby any two elements of S� = fRx(��); Ry(��); Rz(��)g is dense in SU(2).Proof. We have already dealt with the 
ase of irrational �. So assume � is rationalnow. Write � = pq in redu
ed terms. Sin
e � is not a half-integer, either 4jq orq = 2s or q = s with s odd and greater than 1.Case 1: We assume 4jq. We 
an �nd integers a; b su
h that ap+ bq = 1. Further-more we 
an assume that b is even, (otherwise we 
an repla
e (a; b) by (a�q; b+p),and p is odd sin
e g
d(p; q) = 1 and 4 divides q). ThenRx(��)a = Rx�apq �� = Rx�1� bqq �� = (�1)b=2Rx��q�So we might as well take � = 1=q. Then Rx(��)q=4 = Rx(�=4) is in the subgroupgenerated by S�. Similarly Ry(�=4) and Rz(�=4) are in that subgroup too.Consider the following 
omputation:Rx(�=4)Ry(�=4) = Rn̂(�)
os(�=2) = 
os(�=8) 
os(�=8)� x̂ � ŷ sin(�=8)2= 
os(�=8)2 = 1 + 
os(�=4)2= p2 + 12p2and sin(�=2)n̂ = sin(�=8) 
os(�=8)(x̂+ ŷ) + sin(�=8)2ẑI 
laim that � 
annot be a rational multiple of �. On
e I prove this, it willfollow that Rn̂(�) generates densely all the rotations about the n̂ axis. After that,we'll 
onsider the produ
t Ry(�=4)Rx(�=4) = Rn̂0(�) (same �, by the above 
osineformula!) with n̂0 given bysin(�=2)n̂0 = sin(�=8) 
os(�=8)(x̂+ ŷ)� sin(�=8)2ẑWe see that n̂0 and n̂ are along di�erent axes and sin
e S� densely generatesrotations about these axes, it is dense in SU(2). So now it remains to prove that �is not a rational multiple of �.For arbitrary �, let z = 2 
os(�). Let zn = 2 
os(n�). We will show that zn =Pn(z) where Pn is a moni
 polynomial with integer 
oeÆ
ients and degree n. First



4 ABHINAV KUMAR2 
os(0�) = 2 so we 
an take P0(z) = 2. Similarly P1(z) = z is obvious. We willde�ne Pn(z) indu
tively using the formula
os(n�) + 
os((n� 2)�) = 2 
os((n� 1)�) 
os(�)This implies zn+ zn�2 = zn�1z after multiplying both sides by 2. So we just de�nePn(z) := zPn�1(z)�Pn�2(z). By indu
tion it follows that Pn is moni
 with integer
oeÆ
ients and degree n. The �rst few values are listed below.P0(z) = 2P1(z) = zP2(z) = z2 � 2P3(z) = z3 � 3zP4(z) = z4 � 4z2 + 2Now, if �=2 = a=b� is a rational multiple of �, then z = 2 
os(�=2) satis�esPb(z) = 2 
os(a�) = �2, so it's the root of a moni
 polynomial with integer 
oeÆ-
ients, say G(z). But z = 2 
os(�=2) for the � above satis�es z = 1 + 
os(�=4), or(z�1)2 = 1=2 , or z2�2z+1=2. This is the irredu
ible polynomial for z = 2 
os(�=2)over Q, so it must divide G(z). But G(z) has integer 
oeÆ
ients and is moni
, andit follows from Gauss' lemma that if su
h a polynomial fa
tors over Q(z), thenthe same fa
torization gives rise to a fa
torization over Z(z) with moni
 fa
tors.However, z2 � 2z + 1=2 does not have integer 
oeÆ
ients and if we try to make ithave integer 
oeÆ
ients by multiplying by 2, then it's not moni
 any more. So wesee that z2�2z+1=2 
an't divide G(z), and therefore � 
an't be a rational multipleof �. This takes 
are of Case 1, but the te
hniques we used here are also useful inCase 2.Case 2: q = 2s or q = s, with s odd, and greater than 1. Then we 
an 
omputeRx(��)2 (if q = 2s) to get Rx(p�s ). Now, we �nd integers a; b su
h that ap+bs = 1.Then Rx(�ps )2a = Rx�2aps �� = Rx�2� 2bss �� = (�1)bRx�2�s �So we 
an just assume p = 2. Sin
e s is odd and greater than 1, it has an oddprime divisor, say r. By raising Rx(2�=s) to s=r, we 
an get Rx(2�=r). There-fore, for the purposes of argument, let's just assume s is prime. So we 
omputeRx(2�=s)Ry(2�=s) = Rn̂(�) with
os(�=2) = 
os(�=s)2sin(�=2)n̂ = sin(�=s) 
os(�=s)(x̂ + ŷ) + sin(�=s)2ẑThe plan, as before, is to prove that � is not a rational multiple of �. On
ewe show that, the above rotation generates a dense subgroup of rotations about n̂.Then we use the opposite produ
t Ry(��)Rx(��) whi
h will have the same � buta di�erent axis n̂0 give bysin(�=2)n̂0 = sin(�=s) 
os(�=s)(x̂ + ŷ)� sin(�=s)2ẑ



UNIVERSAL QUANTUM GATES 5So we have dense subgroups of rotations about n̂ and n̂0 whi
h together generateSU(2). All that remains now is to show that � is an irrational multiple of �.Proof. We know 
os(�=2) = 
os(�=s)2 = 1+
os(2�=s)2 . So let u = 2 
os(�=2), then wehave 2u� 2 = 2 
os(2�=s). So 2u� 2 is a root of Ps(z) = 2 
os(2�) = 2, or a root ofthe polynomial Ps(z)�2. Also, 2u�2 is not a root of the polynomial z�2, be
ause(2u � 2) � 2 6= 0 be
ause u 6= 1 be
ause 
os(�=s)2 6= 1 be
ause s > 1. Therefore2u�2 is a root of the polynomial G(z) = Ps(z)�2z�2 (whi
h is easily seen to be a moni
polynomial of degree s� 1. Note that z� 2 divides Ps(z)� 2 be
ause 2 is a root ofPs(z)�2 be
ause Ps(2)�2 = Ps(2 
os(0)�2 = 2 
os(s�0)�2 = 2�2 = 0.) I'm goingto 
laim that G(z) is the square of an irredu
ible polynomial. I use the followingtheorem from number theory, whi
h is easily proved using 
y
lotomi
 polynomials.Theorem 3.3. [4℄ (D. H. Lehmer) If n > 2 and g:
:d(k; n) = 1 then 2 
os(2�k=n)is an algebrai
 integer of degree �(n)=2.Note: �(n) is the Euler phi-fun
tion, the number of positive integers less thanor equal to n that are relatively prime to n.To use this theorem, we set k = 1; n = s and see that �(n) = �(s) = s � 1sin
e s is prime. So the theorem is saying that 2 
os(2�=s) has a moni
 irredu
iblepolynomial of degree (s � 1)=2. I will show that G(z) = H(z)2, when
e H(z) ismoni
 and of degree (s� 1)=2, and 2 
os(�=2) is a root of G(z), therefore a root ofH(z). Hen
e H(z) is the unique irredu
ible polynomial of 2 
os(�=s).So, note that Ps(2 
os(�) = 2 
os(s�), thereforePs(2 
os(�)� 22 
os(�)� 2 = sin(s�=2)2sin(�=2)2has roots at � = m�=s, where m is even and ranges from 2tos � 1. Also, ea
h ofthese roots is a double root. So G(z) = Pn(z)�2z�2 has double roots at 2 
os(m�=s)at the (s � 1)=2 even values of m. This immediately shows that G(z) is a square.We know G(z) has 
oeÆ
ients in Q and is moni
, so the square root algorithm fora polynomial shows that G(z) is in fa
t a square in Q(z). Further, sin
e G(z) hasinteger 
oeÆ
ients it follows that it's square root has integer 
oeÆ
ients too. ThusH(z) has integer 
oeÆ
ients and G(z) = H(z)2. Now we're almost at the end ofour proof.If �=2 is a rational multiple of �, say �=2 = a�=b, then u = 2 
os(�=2) satis�esP2b(u) = 2. But also H(2u� 2) = 0, sin
e G(2u� 2) = 0. Sin
e H(z) is irredu
ibleover Q(z), so is H(2z � 2) (sin
e if H(2z � 2) = P (z)Q(z), then H(z) = P (z=2 +1)Q(z=2+1) is a fa
torization over Q(z).) Now, G(z) = Ps(z)�2z�2 has 
onstant term1 (this is easily seen by indu
tion: �rst we show that Ps(z) has no 
onstant termwhen s is odd, follows from P1 = z and Pn+2(z) = �Pn(z) + zPn�1z and both ofthe terms on the RHS have zero 
onstant term. Then the 
onstant term of G(z)is G(0) = P (0)�20�2 = 0�20�2 = 1.) So H(z) 
onstant term �1. Therefore H(2z � 2)must have odd 
onstant term. On the other hand, we already know that sin
e thedegree of H(z) is (s � 1)=2 and H(z) is moni
, it follows that the 
oeÆ
ient ofz(s�1)=2 (the highest term) in H(2z � 2) must be 2(s�1)=2, a power of 2. Thereforethe polynomial H(2z � 2) is primitive, that is, the g.
.d. of its 
oeÆ
ients is 1.Therefore H(2z � 2) is irredu
ible over Z(z). But u is a root of both H(2z � 2)and P2b(z) � 2. Therefore, it follows that H(2z � 2) divides P2b in Z(z), whi
h is



6 ABHINAV KUMARimpossible sin
e P2b(z) is moni
 and H(2z� 2) has highest 
oeÆ
ient 2(s�1)=2 > 1.This 
ontradi
tion proves that � 
annot be a rational multiple of �.Noti
e that we have indeed proved that we only need rotations of � about twoaxes, say x and y, to generate a dense subgroup of SU(2). This 
on
ludes the proofof the main result. 4. A
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