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ABSTRACT. Idiscuss the question of when the set of gates { R, (ma), Ry (ma), R.(wa)}
generates a dense subset of SU(2) and is universal for quantum computation
on 1 qubit. I prove that any two elements of the above set are universal for all

a€(0,1)\{1/2}.

1. INTRODUCTION

In this paper I will discuss some possible examples of universal finite sets of
quantum gates. In other words, we are looking for a finite set S C SU(N) such that
S generates a dense subset of SU(N). The fact that dense subsets lead to efficient
quantum computation is the fundamental Solovay-Kitaev theorem [1] which states
that we can approximate any gate to accuracy e using O(log®(1/€)) gates, where
c =~ 4.

This leads us to search for simple sets of gates which generate dense subsets of
SU(N). One such set is made up of the Hadamard, phase, C-NOT, and 7/8 gates.
In fact, if we can perform the CNOT-gate and approximate single-qubit gates to
any degree of accuracy, then it is possible to generate any gate in SU(N). So we
want to explore finite small sets of gates which generate SU(2). In particular, this
paper focuses on the set {R,(ma), Ry(ra), R.(ra)}.

In section 2, I will discuss some concepts and formulae needed from quantum
computing and from number theory. In section 3, I will discuss when { R, (7a), Ry (ma), R.(ma)}
is universal for SU(2). The main result of the paper is the following:

Theorem 1.1. If « is not a half-integer (i.e. 2a € 7 ), then the subgroup generated
by any two elements of S, = {R;(ma), Ry(na), R, (na)} is dense in SU(2).

It will be proved in section 3.

2. PRELIMINARIES

2.1. Quantum Mechanics. Before we discuss the problem at hand, a few pre-
liminaries: SU(2) is the set of 2 x 2 matrices U such that UU! = 1. Such a U can
be written as
a b 2 2
U= [_ewb* ei‘i’a*} JJal” + (b7 =1
Any such matrix can be written in the form e®R;(¢), where a € R is a global

phase and R;(¢) is rotation by ¢ about the 7 axis. An expression for this rotation
is given by:

Ri(¢) = exp(—in - @ /2) = cos(¢/2)I —isin(¢/2)(n. X +n,Y +n.Z)
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where XY, Z are the Pauli matrices given by:

x=[alv=[0 2=l Y

The product of two rotations is now easily computed, and is given by [2]

Ry, (61) Riz, (¢2) = Rii, (412)

where

cos(p12/2) = cos(p1/2) cos(da/2) — niy - 1iz sin(py /2) sin(ps/2)

sin(¢12/2)n12 = sin(¢1/2) cos(¢2/2)n1 + sin(¢a/2) cos(¢r /2)1ia + sin(¢p /2) sin(pa /2)151 X 109

2.2. Number Theory. We let Q be the set of rational numbers, Z be the set of
integers, and N the set of positive integers. Q(z) is the set of polynomials with
rational coefficients, with similar notation for Z(z).

An algebraic number ( is a complex number which is root of a polynomial in
Q(z). An algebraic integer is a complex number which is a root of a polynomial in
7.(z) with highest coefficient 1 (such a polynomial is called monic).

A polynomial f(z) is called irreducible if there is no non-trivial factorization. For
f(2) € Q(z) this means it is not possible to write f(z) = g(z)h(z) with h(z),g(z) €
Q(z) both nonconstant. For f(z) € Z(z) this means that if we write f(z) = g(z)h(z)
with h(z),g(z) € Z(z) then h(z) or g(z) must equal 1.

For every algebraic number ( there is a unique monic polynomial with rational
coefficients f(z) such that f(¢) = 0, and if ( is a root of some polynomial g(z)
with rational coefficients, then f(z)|g(z) (that is, f(z) divides g(z) in Q(z).) If ¢
is an algebraic integer, then f(z) may be taken to have integer coefficients. The
polynomial f(z) is irreducible and is called the irreducible polynomial of (. It is
the polynomial of lowest degree of which ( is a root.

Finally, there is a result of algebra called Gauss’ lemma, which states the follow-
ing:

Lemma 2.1. (Gauss) If f(z) € Z(z) factors into two polynomials with ratio-
nal coefficients, f(z) = g(z)h(z), then there exist multipliers c¢,d € Q such that
cg(z) € Z(z) and dh(z) € Z(z), and cd = 1. That is, f(z) = (cg(2)) - (dh(z)) is a
factorization into polynomials with integer coefficients.

For details and proofs I refer the reader to [3].

3. GENERATING SU(2) FROM ROTATIONS ABOUT THE THREE AXES

Now we want the set of a for which S, = {R,(7a), Ry(7a), R, (wa)} is universal.
We have the following elementary result.

Lemma 3.1. If « is irrational, then S, is dense in SU(2).

Proof. Notice R,(ma)” = R,(nwa). Since « is irrational, the set of {n7ma : n €
N} is dense in the interval [0,27) (modulo 27). Since R,(27) = (—1)I, we can
generate a dense subset of rotations about the z-axis. Similarly, we can generate a
dense subsets of rotations about the z-axis. These are enough to generate SU(2)
densely. O
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Notice that we needed only R, (wa) and R, (wa) for our purposes. So we have a
strengthening of our proposition: if a is irrational, any two elements of the set S,
above suffice to generate SU(2) densely.

So now we wish to investigate the case when « is rational. There are clearly some
values for o such as the trivial @ = 0,1 for which S, isn’t universal. A nontrivial
value is & = 1/2 in which case S, turns out to consist of rotations of 7/2 about
the z,y, z axes. But the group these generate are the symmetries of a cube, which
is a finite group. So it cannot be dense in SU(2).

The surprising thing is that for all other values S, is universal. In fact, we have
the following stronger result.

Theorem 3.2. If « is not a half-integer (i.e. 2a € 7 ), then the subgroup generated
by any two elements of S, = {R;(ma), Ry(na), R, (na)} is dense in SU(2).

Proof. We have already dealt with the case of irrational a. So assume « is rational
now. Write a = % in reduced terms. Since a is not a half-integer, either 4|q or

q = 2s or ¢ = s with s odd and greater than 1.

Case 1: We assume 4|q. We can find integers a, b such that ap + bg = 1. Further-
more we can assume that b is even, (otherwise we can replace (a, b) by (a —g,b+p),
and p is odd since ged(p,q) = 1 and 4 divides ¢). Then

Ry(ma)” = Rz<aq—p7r> = Rz<1 q%) - (1)”/2Rz<§>

So we might as well take a = 1/¢q. Then R,(7a)?* = R,(r/4) is in the subgroup
generated by S,. Similarly R,(7/4) and R.(w/4) are in that subgroup too.
Counsider the following computation:

Ry (m/4)Ry(m/4) = Ra(6)

cos(f/2) = cos(n/8) cos(71r/8) — - gisin(7r/8)2
= cos(n/8)% = 1+ cos(r/4)

V2+1 i
2v2
and
sin(8/2)n = sin(7/8) cos(7/8)(& + ) + sin(n/8)*2

I claim that 6 cannot be a rational multiple of #. Once I prove this, it will
follow that R;(#) generates densely all the rotations about the n axis. After that,
we’ll consider the product R, (7w/4)R,(mw/4) = R (f) (same 6, by the above cosine

formula!) with n' given by

sin(f/2)n’ = sin(7/8) cos(x/8)(& + §) — sin(w/8)?2

We see that n' and A are along different axes and since S, densely generates
rotations about these axes, it is dense in SU(2). So now it remains to prove that 6
is not, a rational multiple of 7.

For arbitrary 6, let z = 2cos(#). Let z, = 2cos(nf). We will show that z, =
P,(z) where P, is a monic polynomial with integer coefficients and degree n. First
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2cos(08) = 2 so we can take Py(z) = 2. Similarly P;(z) = z is obvious. We will
define P, (z) inductively using the formula

cos(nd) + cos((n — 2)0) = 2cos((n — 1)) cos(d)

This implies z,, + z,—2 = 2,12 after multiplying both sides by 2. So we just define
P,(2) :== 2zP,_1(2) — P,_2(z). By induction it follows that P, is monic with integer
coefficients and degree n. The first few values are listed below.

Po(z) = 2

Pi(z) = =z

Py(z) = 22-2

Ps(z) = 2°—3z
Pi(z) = 2*—42°+2

Now, if §/2 = a/brr is a rational multiple of 7, then z = 2cos(6/2) satisfies
Py(z) = 2cos(amw) = £2, so it’s the root of a monic polynomial with integer coeffi-
cients, say G(z). But z = 2cos(6/2) for the 6 above satisfies z = 1 + cos(n/4), or
(2—1)2 =1/2, or 22—22+1/2. This is the irreducible polynomial for z = 2 cos(6/2)
over Q, so it must divide G(z). But G(z) has integer coefficients and is monic, and
it follows from Gauss’ lemma that if such a polynomial factors over Q(z), then
the same factorization gives rise to a factorization over Z(z) with monic factors.
However, z? — 2z + 1/2 does not have integer coefficients and if we try to make it
have integer coefficients by multiplying by 2, then it’s not monic any more. So we
see that 22 —2z+1/2 can’t divide G(z), and therefore 6 can’t be a rational multiple
of m. This takes care of Case 1, but the techniques we used here are also useful in
Case 2.

Case 2: ¢ = 2s or ¢ = s, with s odd, and greater than 1. Then we can compute
R, (ma)? (if ¢ = 2s) to get R, (). Now, we find integers a, b such that ap+bs = 1.
Then

R, (r2)* = R, (?w) =R, <2 — 2b87r> = (-1)'R, (%”)

s

So we can just assume p = 2. Since s is odd and greater than 1, it has an odd
prime divisor, say r. By raising R,(27/s) to s/r, we can get R, (2w /r). There-
fore, for the purposes of argument, let’s just assume s is prime. So we compute
R, (27w /s)R,(2n/s) = R;(6) with

cos(6/2) = cos(m/s)?

sin(0/2)n = sin(r/s) cos(n/s) (& + §) + sin(n/s)?2

The plan, as before, is to prove that 6 is not a rational multiple of 7. Once
we show that, the above rotation generates a dense subgroup of rotations about 7.
Then we use the opposite product R, (wa)R,(ma) which will have the same 6 but
a different axis n’ give by

sin(6/2)n! = sin(r/s) cos(n/s)(& + §) — sin(n/s)*2
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So we have dense subgroups of rotations about 7 and n' which together generate
SU(2). All that remains now is to show that 6 is an irrational multiple of 7.

Proof. We know cos(6/2) = cos(m/s)? = Hcozw So let u = 2 cos(f/2), then we
have 2u — 2 = 2 cos(2n/s). So 2u — 2 is a root of Ps(z) = 2 cos(27) = 2, or a root of
the polynomial Ps(z)—2. Also, 2u — 2 is not a root of the polynomial z — 2, because
(2u — 2) — 2 # 0 because u # 1 because cos(m/s)? # 1 because s > 1. Therefore

P.(2)-2 L1 . .
% (which is easily seen to be a monic

2u—2is a root of the polynomial G(z) = =~
polynomial of degree s — 1. Note that z — 2 divides Ps(z) — 2 because 2 is a root, of
P;(2)—2 because P;(2)—2 = Ps(2cos(0)—2 = 2cos(s-0)—2 =2—2 = 0.) I'm going
to claim that G(z) is the square of an irreducible polynomial. I use the following
theorem from number theory, which is easily proved using cyclotomic polynomials.

Theorem 3.3. [4] (D. H. Lehmer) If n > 2 and g.c.d(k,n) = 1 then 2 cos(2nk/n)
is an algebraic integer of degree ¢(n)/2.

Note: ¢(n) is the Euler phi-function, the number of positive integers less than
or equal to n that are relatively prime to n.

To use this theorem, we set k¥ = 1,n = s and see that ¢(n) = ¢(s) = s —1
since s is prime. So the theorem is saying that 2 cos(27/s) has a monic irreducible
polynomial of degree (s — 1)/2. T will show that G(2) = H(z)?, whence H(z) is
monic and of degree (s —1)/2, and 2 cos(n/2) is a root of G(z), therefore a root of
H(z). Hence H(z) is the unique irreducible polynomial of 2 cos(r/s).

So, note that Ps(2cos(f) = 2 cos(s#), therefore

Py(2cos(f) —2  sin(s6/2)*
2cos(f) —2  sin(f/2)2

has roots at § = mn/s, where m is even and ranges from 2tos — 1. Also, each of

2222 has double roots at 2 cos(mm/s)

these roots is a double root. So G(z) = —=5
at the (s — 1)/2 even values of m. This immediately shows that G(z) is a square.
We know G(z) has coefficients in Q and is monic, so the square root algorithm for
a polynomial shows that G(z) is in fact a square in Q(z). Further, since G(z) has
integer coefficients it follows that it’s square root has integer coefficients too. Thus
H(z) has integer coefficients and G(z) = H(z)?. Now we’re almost at the end of
our proof.

If 6/2 is a rational multiple of 7, say 6/2 = an/b, then u = 2 cos(§/2) satisfies
Pyy(u) = 2. But also H(2u —2) = 0, since G(2u —2) = 0. Since H(z) is irreducible
over Q(z), so is H(2z — 2) (since if H(2z — 2) = P(2)Q(z), then H(z) = P(z/2+
1)Q(z/2+1) is a factorization over Q(z).) Now, G(z) = % has constant term
1 (this is easily seen by induction: first we show that Ps(z) has no constant term
when s is odd, follows from Py = z and P,12(2) = —P,(z) + z2P,,_1z and both of
the terms on the RHS have zero constant term. Then the constant term of G(z)

is G(0) = Pg(]jf = 0=2 = 1.) So H(z) constant term £1. Therefore H(2z — 2)
must have odd constant term. On the other hand, we already know that since the
degree of H(z) is (s — 1)/2 and H(z) is monic, it follows that the coefficient of
2(5=1)/2 (the highest term) in H(2z — 2) must be 26=1/2 a power of 2. Therefore
the polynomial H(2z — 2) is primitive, that is, the g.c.d. of its coefficients is 1.
Therefore H(2z — 2) is irreducible over Z(z). But w is a root of both H(2z — 2)

and Py;(z) — 2. Therefore, it follows that H(2z — 2) divides Py, in Z(z), which is
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impossible since Pay(2) is monic and H(2z — 2) has highest coefficient 2(5=1)/2 > 1.
This contradiction proves that 6 cannot be a rational multiple of 7.
O

Notice that we have indeed proved that we only need rotations of a about two
axes, say « and y, to generate a dense subgroup of SU(2). This concludes the proof
of the main result.

O
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