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Abstract

In this dissertation we investigate the structure and moduli spaces of some algebraic K3
surfaces with high rank. In particular, we study K3 surfacesX which have a Shioda-Inose
structure, that is, such that X has an involution which xes any regular 2-form, and the
quotient X=f1; g is birational to a Kummer surface.

We can specify the moduli spaces of K3 surfaces with Shiodarbse structures by identify-
ing them as lattice-polarized K3 surfaces for the latticeEg( 1)?, with the additional data
of an ample divisor class. Similarly, we can give the quotienKummer surface the structure
ofanEg( 1) N-lattice polarized K3 surface, with the additional data of an ample divisor
class.

One of the main results is that there is an isomorphism of the neduli spaces of these two
types of lattice-polarized K3 surfaces.

When X is an elliptic K3 surface with reducible bers of types Eg and E7, we describe
the Nikulin involution and quotient map explicitly, and ide ntify the quotient K3 surface as
a Kummer surface of a Jacobian of a curve of genus 2. Our secomdain result gives the
algebraic identi cation of the moduli spaces explicitly in this case.
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Chapter 1

Introduction

1.1 Motivation and overview

The classi cation of surfaces was carried out by Enriques, @stelnuovo, Kodaira, Zariski,
Bombieri and Mumford. Two of the important classes of surfa@s are complex tori and
K3 surfaces. The algebraic versions, abelian surfaces andgabraic K3 surfaces, have rich
algebraic as well as geometric content.

An important part of the geometry and arithmetic of a K3 surfa ce is its Neron-Severi group,
or Picard group, which can be considered as the group of lineundles on the surface up
to isomorphism, or as the group of divisors modulo linear eqivalence. This group has the
structure of a lattice, where the bilinear form comes from irtersection theory on the surface.
The Picard number or rank of the K3 surface is the rank of the Neron-Severi lattice.

In this work, we study some K3 surfaces of high rank. Precisg| we consider K3 surfaces
which have a Shioda-Inose structure: that is, an involutionwhich preserves a global 2-form,
such that the quotient is a Kummer surface. Kummer surfaces ee a special class of K3
surfaces which are quotients of abelian surfaces. The Kummesurface thus carries algebro-
geometric information about the abelian surface. It has rark at least 17, and so therefore
do the K3 surfaces with Shioda-Inose structure.

These surfaces were rst studied by Shioda and Inose [Sl], whgive a description ofsingular
K3 surfaces, i.e. those with rank 20, the maximum possible foa K3 surface over a eld of
characteristic zero. They prove that there is a natural oneto-one correspondence between
the set of singular K3 surfaces up to isomorphism and the setfaequivalence classes of pos-
itive de nite even integral binary quadratic forms. The result follows that of Shioda and
Mitani [SM] who show that the set of singular abelian surface (that is, those having Picard
number 4) is also in one-to-one correspondence with the equdlence classes of positive de -
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nite even integral binary quadratic forms. The construction of Shioda and Inose produces a
singular K3 surface by taking a double cover of a Kummer surfae associated to a singular
abelian surface and with a speci c type of elliptic bration . The resulting K3 surface has
an involution such that the quotient is the original Kummer s urface. It also turns out that
the lattice of transcendental cycles on the K3 surface (i.ethe orthogonal complement of the
Neron-Severi group in the second singular cohomology grap) is isomorphic to the lattice
of transcendental cycles on the abelian surface.

Morrison studied Shioda-Inose structures more extensivglin [M1], and gave other necessary
and su cient conditions for a K3 surface to have Shioda-Inose structure, in terms of the
Neron-Severi group of the K3 surface. In this thesis, we staly the moduli spaces of the
K3 surfaces with Shioda-Inose structure, and of the resultig quotient surfaces. It is the
aim of this and subsequent work to relate moduli spaces of K3wsfaces with Shioda-Inose
structure with moduli spaces of abelian surfaces. It is alsadesirable to show that the
relevant moduli spaces, which are quasi-projective variees, are related by a morphism or
correspondence over some number eld. Such a correspondenevould connect the non-
trivial (transcendental) part of the Galois representation on theetale cohomology of the K3
surface with Shioda-Inose structure to the non-trivial part of the Galois representation on
the abelian surface. We note that such an identi cation was nade by Shioda and Inose,
who rst noted that singular abelian surfaces are isogenougo a product of a CM elliptic
curve with itself. Therefore singular K3 surfaces also havenodels over a number eld and,
for instance, their Hasse-Weil zeta functions are related @ the Hecke L-function of the
Gressencharacter coming from the CM elliptic curve. It follows that the moduli of singular
K3 surfaces are discrete.

In the second half of this thesis, we look at specic K3 surfaes where we can attempt
to explicitly construct the Shioda-Inose structure, involution, and identify the quotient
Kummer. For instance, one may consider (as Shioda and Inoseid) elliptic K3 surfaces
with certain speci ed bad bers. If, in addition, the ellipt ic surface has a 2-torsion section,
the translation by 2-torsion de nes an involution, and the quotient elliptic surface is a
Kummer surface. We may then ask for a description of an assoaied abelian surface (in
general, there may be more than one).

We describe the construction for a family of elliptic K3 surface of rank 17 with Neron-Severi
lattice of discriminant 2. This family has bad bers of type |l Sor Eg) and Il ~or E-) in
the Neron-Kodaira notation. It turns out that we can give an alternative elliptic bration
with a 2-torsion section. The quotient elliptic surface is the Kummer of a unique principally
polarized abelian surface (generically, the Jacobian of aurve of genus 2). We relate the
invariants of genus 2 curve to the moduli of the original K3 eliptic surface, thus giving an
explicit description of the map on moduli spaces. The descgtion of the relation between
the genus 2 curve and the K3 surface is geometric. We illustta a technique used by Elkies
[E] that allows us to verify computationally the correspondence between the elliptic K3
surface and the Jacobian of the genus 2 curve by using the Grbendieck-Lefschetz trace
formula. This technique may also be used with other familiesof K3 surfaces with Shioda-
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Inose structure to conjecture the associated abelian surfa. A number theoretic application
of elliptic K3 surfaces with high rank is to produce elliptic curves overQ(t) and Q of high
rank. For instance, if the Neron-Severi group is all de ned over Q, then one tries to nd

a vector of norm 0 in the lattice that gives an elliptic brati on, such that there are no
reducible bers. By Shioda's formula, this will imply that t he resulting elliptic surface has
large Mordell-Weil rank. Elkies has used his techniques frm [E] to construct an elliptic

curve of rank 18 overQ(t) and elliptic curves of rank at least 28 overQ.

1.2 Preliminaries on lattices

De nition 1.1. A lattice will denote a finitely generated free abelian group  equipped
with a symmetric bilinear form B : I Z.

We abbreviate the data ( ;B) to sometimes, when the form is understood, and we
interchangeably write u v = hu;vi = B(u;v) and u? = hu;ui = B(u;u) for u 2 .

The signature of the lattice is the real signature of the form B, written ( r4;r—;rg) where
r., r— and rq are the number of positive, negative and zero eigenvalues &, counted with

multiplicity. We say that the lattice is non-degenerate if the form B has zero kernel, i.e.
ro = 0. In that case, the signature is abbreviated to (r+:r—). We say is even if x22 2Z

forall x 2 .

Let be a non-degenerate lattice. The discriminant of the lattice is jdet(B)j. The lattice
is said to beunimodular if its discriminant is 1.

A stronger invariant of the lattice is its discriminant form  q , which is de ned as follows.
Let be an even non-degenerate lattice. Let ~* Hom( ;Z) be the dual lattice of . The
form B on induces a form on 5land there is a natural embedding of lattices | &
The nite abelian group = is called the discriminant group A , and the form B
induces a quadratic form onA as follows. We have an induced form = ™ Z which
takes into Z and the diagonal of to 2 Z. Therefore we get an induced symmetric
formb: A A ! Q=Z and a quadratic formq: A ! Q=2Z such that forall n2 Z and
all a;b2 , we have

q(na) = n’q(a)

ga+a) q@ q@) 2baa) mod2z

This data (A ;b;g will be abbreviated to q . Note that the discriminant of the lattice
is just the size of the discriminant group. We shall letl(A) denote the minimum number
of generators of an abelian groupA. Note that I(A ) rank( 5'= rank(). For a
unimodular lattice , we have (A )=0.
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The discriminant form of a unimodular lattice is trivial, an d if M L is a primitive
embedding of non-degenerate even lattices (that isL.=M is a free abelian group), with L
unimodular, then we have

Ov> = Qwm

For a lattice and a real number , we denote by ( ) the lattice which has the same
underlying group but with the bilinear form scaled by . The lattice of rank one with a
generator of norm will be denoted h i.

By a root of a positive de nite lattice, we will mean an element x such that x2 = 2, whereas
for a negative-de nite or inde nite lattice, we will mean an elementx such that x> = 2.

We note here some theorems about the structure and embeddisgof lattices.
A root lattice is a lattice that is spanned by its roots. First, let us introd uce some familiar
root lattices, through their Dynkin diagrams. The subscript in the name of the lattice is

the dimension of the lattice, which is also the number of nods in the Dynkin diagram.

cC___Cc__cpppc__c¢c ¢ _ o
An(n 1), signature (n; 0), discriminant n + 1.

This is the positive de nite lattice with n generatorsvy;:::;v, with vi2 =2andv; vy = 1
if the vertices i and j are connected by an edge, arlgi 0 otherwise. It may be realizedsdhe
set of integral points on the hyperplanefx 2 R"*! xij =0g.

C
¢C—c¢c—¢p QL ¢ Dn(n  4), signature (n; 0), discriminant 4.

P
D, can be realized asx 2 Z" - X 0 mod2. Ithas 2n(n 1) roots.

Eg, signature (8;0), discriminant 1.

One realization of Eg is as the span ofDg and the all-halves vector (1=2;:::;1=2). It has
240 roots.

E~-, signature (7;0), discriminant 2.
Taking the orthogonal complement of any root in Eg gives usEy. It has 126 roots.

4
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Ee, signature (6;0), discriminant 3.

Taking the orthogonal complement of e; and e, in Eg, where e;; e, are roots such that
e e = 1, gives usEg. It has 72 roots.

We let the Nikulin lattice N be the lattice generated byvy;:::;vg and %(vl + 1+ vg),
with v2= 2 andv; v; =0 for i 6 j. It is isomorphic to D€ 2).

Lemma 1.2. N has 16 roots, namely v;.

P P P
Proof. Let cv; be aroot. Then ( 2g)2= 2,s0 ¢ =1. Also, the ¢ are either all
integers or all half-integers. One checks easily that the oy possibilities arec, = j; for
somej . O

Note that, in particular, N is not a root lattice.

Let U be the hyperbolic plane, i.e. the inde nite rank 2 lattice whose matrix is
01
10
Note that U( 1) = U.

Theorem 1.3. (Milnor [Mi]) Let be an indefinite unimodular lattice. If is even, then
= Eg( )™ U" forsomemandn. If isodd, then = hli™ h 1" for some m and
n.

Theorem 1.4. (Kneser [Kn], Nikulin [N3]) Let L be an even lattice with signature (s. ;s-)
and discriminant form g_ such that

1.s. >0
2.s->0

3. I(AL) rank(L) 2

Then L is the unique lattice with that signature and discriminant form, up to isometry.

Theorem 1.5. (Morrison [M1]) Let M1 and M, be even lattices with the same signature
and discriminant-form, and let L be an even lattice which is uniquely determined by its
signature and discriminant-form. If there is a primitive embedding M, ] L, then there is
a primitive embedding M, !} L.
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Proposition 1.6.  (Nikulin [N3] Theorem 1.14.4) Let M be an even lattice with invariants
(t+;t—;qgw) and let L be an even unimodular lattice of signature (s:;s—). Suppose that

1.ty <s..
2. t_<s_.

3. I(Am) rank(L) rank(M) 2.
Then there exists a unique primitive embedding of M into L, up to automorphisms of L.

In fact, a stronger statement is the following.

Proposition 1.7.  (Nikulin [N3] Theorem 1.14.4) Let M be an even lattice with invariants
(t+;t—;qgw) and let L be an even unimodular lattice of signature (s:;s—). Suppose that

1. ty <s..

2. t_<s_.

3. I(Am,) rank(L) rank(M) 2forp62.

4, |fD|(AM2) = rank(L) rank(M), then gy = u;(2) q“or gu = v;(2) g for some
q-

Then there exists a unique primitive embedding of M into L.

Here u} (2) is the discriminant form of the 2-adic lattice whose matrix is
0 2
2 0

and v; (2) is the discriminant form of the 2-adic lattice whose matrix is
4 2
2 4

Corollary 1.8. There is a unique primitive embedding of N into Eg( 1) U3, up to

automorphisms of the ambient lattice. There is a unique primitive embedding of N Eg( 1)
into Eg( 1)2 U3,

Proof. This follows from the proposition above, using the fact that the discriminant form
of N is given by (qu))® = (u3 (2))°. O
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If N, Eg( 1) U3 is any primitive embedding, then one can verify that the orthogonal
complement of N is isomorphic to U(2)3. We have a uniqueness result for the embeddings
of U(2)%into Eg( 1) U2 as well.

Proposition 1.9. (van Geemen - Sarti [vGS], Lemma 1.10)There exists a unique primitive
embedding of U(2)® into Eg( 1) U3, such that the orthogonal complement is isomorphic
to N, up to automorphisms. There exists a unique primitive embedding of U(2)® Eg( 1)
into Eg( 1)> US3, such that the orthogonal complement is isomorphic to N, up to auto-
morphisms.

Remark 1.10. It is necessary to specify that the orthogonal complement issomorphic to
N. The lattice U(2)® does not have a unique primitive embedding intoEg( 1) U2, up to
automorphisms of the ambient lattice.

An elementary result, which we shall have occasion to use ragatedly, is the following.

Lemma 1.11. Let M be a unimodular lattice. Then if M L, we have an orthogonal
decomposition L =M M -

Proof. For any vector v 2 L, we would like to de ne the projections vy and v,,» and
show they lie in M. The map M ! Z given by u 7! hu;vi is represented by some unique
vm 2 MEE M, and we letvy > = Vv vy. O



Chapter 2

K3 surfaces and Torelli theorems

2.1 K3 surfaces: Basic notions

Let X be a smooth projective surface ovelC.

De nition 2.1.  We say that X is a K3 surface if H1(X; Ox) = 0 and the canonical
bundle of X is trivial, i.e. Kx = Ox.

We recall here a few facts about K3 surfaces which we need in ¢hsequel. More extensive
references are [BHPV], [K], [M2].

K3 surfaces are simply connected. From Noether's formula

(0x)= 1K)+ @) @)

it follows that the Euler characteristic of X is 24. Herec; =0 and ¢, = (X) are the Chern
classes of (the tangent bundle) ofX . Therefore the middle cohomologyHx := H?(X; Z)
is 22-dimensional. Identifying H#(X; Z) with Z, we also know that Hx endowed with the
cup-product pairing is a unimodular lattice (that is, the associated quadratic form has
discriminant 1) because of Poincae duality. Finally, we also know that Hy is an even
lattice; this follows from Wu's formula involving Stiefel- Whitney classes. Finally, using the
index theorem

)= 3E& ) 22)

we see thatHx has signature (3 19).

Using the classi cation of Milnor, Theorem 1.3, we use thereproperties to conclude that
Hx = Eg( 1)> US3 as lattices. In the sequel, we will setlL := Eg( 1) US.

8



K3 surfaces: Basic notions

A useful and deep fact about K3 surfaces is the following the@m of Siu.
Theorem 2.2. (Siu [Siu]) Every K3 surface is Kahler.
De nition 2.3. A marking of X will denote a choice of isomorphism :Hyx ! —.

De nition 2.4.  If X is an algebraic K3 surface, a polarization of X is a choice of ample
line bundle L on X.

Now, the exact sequence of analytic sheaves
2 iz
0! z10 x 1°0 D o

gives, upon taking the long exact sequence of cohomology, anjective map (the rst Chern
class map)
HY(X; Ox) ! HA(X; 2):

Thus, an analytic line bundle is determined by its image inH?(X; Z). For an algebraic K3

surface, we can also say that an algebraic line bundle is detmined by class in H?2(X; Z).

Linear equivalence, algebraic equivalence, and numericaquivalence all agree for an al-
gebraic K3 surface. The image oH 1(X; O%) in H2(X; Z) H2(X; R) is a sublattice of

H2(X; Z), which we call the Neron-Severi group of X, and denote by NS(X) or Sx or

Pic(X). In fact, it can be shown that

NS(X)= HZ (X):
Also,
NS(X)=fz2 H3(X; Z)jhz; HZO(X)i = 0g:

Since the canonical bundle ofX is trivial, there exists a regular (2;0) form on X, and we
have h%9 = 1. It follows that the Hodge diamond of X looks like

1
0 0
1 20 1
0 0
1

The lattice NS(X) lies in HZ*(X) = H2(X; Z)\ HE'(X) = HZ(X; 2)\ HEY(X), so in fact
the data of :Hx ! L will impose uponL C a Hodge structure, i.e. a splitting

L C - LO;Z Ll;l L2;0

where we have written LP:9 = 1c(H@P).

Note that the entire Hodge structure can be characterized byspecifying the 1-dimensional
subspacel 20, becausel.%? = 20 and L5t = (L®2 L20)

9
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If I is a non-vanishing (2 0) form on X, then we haveh;! i =0 because there are no (40)
forms on X, whereash; i > 0.

We identify L  C with its dual using the scalar product on L.

De nition 2.5.  The period space is defined by
= fl 2P(L CO)jh;! i=0;H; Ti > 0g:

Then any marked K3 surface K; ) de nes a point of , namely the image of ! 2 H2%9(X)
in P(L C). The Torelli theorem says that \in some sense", X is determined by its image
under the period map. We shall give various versions of the Telli theorem.

2.2 Torelli theorems

We now state the Torelli theorem for algebraic K3 surfaces,n the form given by Piatetski-
Shapiro and Shafarevich [PS]. Recall that a compact complexariety is algebraic i it has
a Hodge metric, i.e. a Kahler metric such that the associatel (1; 1) di erential form belongs
to an integral cohomology class. For a K3 surfaceX, this means that H3(X) = Hy''\
H2(X; Z) has signature (1; k) for somek, i.e. it has a vector v such that v2 = hv;vi > 0.
We can make a choice of/ that will correspond to the class of a very ample line bundle o
X.

Fix a vector v 2 L with v2> 0.

De nition 2.6. A marked v-polarized K3 surface is a triple (X;; ) where X is a
K3 surface, :Hx ! L isan isometry, and 2 Hyx is the class corresponding to a very
ample line bundle on X and such that ( ) = v. An isomorphism of marked v-polarized K3
surfaces (X; ; ) and (X5 Y O is an isomorphism of surfaces X ! X Usuch that f =% T

Let the moduli space of markedv-polarized K3 surfaces up to isomorphism beM ,. The
corresponding period domain will be denoted .

v="Ffl 2 jh;vi=0g:

The period point of a marked v-polarized K3 surfaceX lies in  because the cup product
H;vi2 H¥(X)=0.

Theorem 2.7. [PS](Torelli for algebraic K3) The period map :M, !  isan imbedding.

In other words, a marked v-polarized K3 surface is uniquely determined by its periods To
generalize the Torelli theorem to non-algebraic K3 surfacg, we need to replace the notion

10
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of ample divisor class by a suitable structure onHy that carries enough information about
X.

De nition 2.8.  Let X;X Phe K3 surfaces. A Hodge isometry :Hx ! Hyxois an
isometry of lattices such that ( 1C)(H>2(’°) = H)2<'8.

Note that this automatically implies 1c(H?) = HYG by taking complex conjugation,
and 1c(Hx") = Hys by taking orthogonal complements. Hence, a Hodge isometry
transports the entire Hodge structure.

Theorem 2.9. (Weak Torelli theorem) Two K3 surfaces X and X Mare isomorphic if and
only if there exists a Hodge isometry :Hyx ! Hyo.

In other words, two K3 surfaces are isomorphic if and only if here exist markings for them
such that the corresponding period points are equal.

We state a useful fact which is used in the proof of the strong ®relli theorem, and is an
easy corollary of it.

Lemma 2.10. Let f be an automorphism of a K3 surface X . If the induced map f ~bn
H2(X; Z) is the identity, then f is the identity map.

To state the strong form of the Torelli theorem, we need a few nare de nitions. For X a K3
surface, we have a complex conjugation oil 2(X; Z) C= H2%% HL1 HO2 induced from
C. Let H5Y(X; R) be the xed subspace ofH %! under complex conjugation. It can also
be described afw 2 H3(X;Z) Rjhw;!i = 0g where! is a holomorphic non-vanishing
(2;0) form on X . The signature of the intersection form onH%1(X; R) is (1;h%! 1) (this
follows from the Hodge index theorent).

Therefore the setV (X) = fx 2 HY1(X; R)jx? > 0g consists of two disjoint connected cones.
We will call the cone which contains the Kahler form ¢, the positive cone V* (X).

Denition 2.11. Let ( X) = fx 2 Hé;lsz = 29 be the set of roots. The Kahler class ¢
determines a partition ( X)= *(X)[ ~(X) into positive and negative roots, by setting
*X)=fx2 j x c>0g

An e ective cycle in Hyx is one that is the class of an e ective divisor. Thekahler cone
of X is the set of elements in the positive cone that have positivénner product with any
nonzero e ective class.

Theorem 2.12. (Burns-Rapoport [BR]) Let X and X Pbe two K3 surfaces and suppose
that there is an isomorphism =HZ2(XYZ)! H?2(X; Z) that

'Indeed, we have that the signature on the complementary subspace (H%° [CHP?) n H2(X; R) is (2;0),
because a typical element of this subspace can be written as! + ! , and then its square is 21 ! > 0.

11
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1. sends H2%(X Y C) to H2%9(X; C),
2. sends V* (XY to V*(X), and

3. sends an e [eckive cycle with square -2 to an e [eckive cycle.
Then Sis induced by a unique isomorphism X | X[

Condition (2) in the statement of the theorem can be replacedby various equivalent con-
ditions, some of which are stronger implications. In partialar, it is a weakening of the
condition that “maps *(XHto *(X).

Proposition 2.13. Let X and X Ybe algebraic K3 surfaces and let ™ H23(XYZ) !
H2(X; Z) be a Hodge isometry. Then the following are equivalent.

1. “preserves e [eckive classes;
“breserves ample classes;

“maps the Kahler cone of X Monto the Kahler cone of X ;

P LD

“haps an element of the Kahler cone of X Pto the Kahler cone of X ©

The strong Torelli theorem can also be viewed as stating thata particular period mapping
from a suitable moduli space is an imbedding.

Let M be the moduli space of marked K3 surfaces up to isomorphism. d construct the
period space, we proceed as follows. Lefbe the functor which to an analytic space S
associated the collection of the following data:

1. A holomorphically varying Hodge structure H on L C parametrized by S,

2. A continuously varying choice of one of the two connected @amponents V"V
sR

S

3. For every point s 2 S, a partition Ps: s= I

S

P
such that if 1;:::; n *and = i”=1 rii2 (r;j>0,integers), then 2 *, and
such that the data (3) satisfy the following continuity cond ition:

For every point sp 2 S and every ¢y 2 VFTSO, there exists an open neighborhooK of ¢ in
L R and an open neighborhoodJ of sy In S such that for every s 2 U we have

c=f 2 5 c>0forallc2Kg:

12



Curves on a K3 surface

Then the forgetful morphism of functors : € ! s relatively representable by anetale
morphism of analytic spaces. In particular, €is representable by a smooth 20-dimensional
complex-analytic space.

Intuitively, the ber over any point of consists of a discre te set of points, one for each
possible choice of positive cone and Kahler cone (or posiie roots). The bers are not
nite.

We have a period map :M! ©€which takes a marked K 3 surfaceX and associates to it
the period point which consists of the Hodge structure onHy along with the positive cone
and the choice of positive roots ofX .

Now we can restate the strong Torelli theorem as follows:

Theorem 2.14. The period map :M! € is an embedding.

In fact, the period map is a bijection, due to the following theorem of Todorov.

Theorem 2.15. (Todorov [To]) The period map M! € is surjective.

We collect some more de nitions for future reference.

De nition 2.16. For 2 ,lets :Hx ! Hyx begivenbys (x)= x+(x ) . Thisisan
automorphism of the lattice Hyx , called the Picard-Lefschetz re ection associated to
The Weyl group of X is the subgroup of Hy generated by the Picard-Lefschetz reflections.

2.3 Curves on a K3 surface

We state some basic theorems relating to divisors on an algehic K 3 surface. Recall the
following basic theorems.

Theorem 2.17. (Adjunction formula) If C is a non-singular curve on a surface X, then
lc=!x L¢c Oc.

Theorem 2.18. (Genus formula). Let D be an e [eckive divisor on an algebraic surface X .
Then its arithmetic genus is given by the formula

2pa 2=D (D+K):

Theorem 2.19. (Riemann-Roch) Let D be a divisor on the algebraic surface X. Then we
have

W06 L) WG LD)+ (X LD)= 2D (O K)+ (O(X)):

13



Curves on a K3 surface

Here L(D) = Ox (D). Recall that K =0 and (Ox) =2 for a K3 surface X.

Lemma 2.20. For a smooth rational curve C on a K3 surface X, we have C2= 2 and
hO(X; L(C)) = 1. That is, the only e [ective divisor linearly equivalent to C is C itself.

Proof. The adjunction formula gives C2= 2. We have the exact sequence
0'O x!L (C)!IL (C) Oc! O

The sheafL(C) O ¢ is Oc( 2) becauseC? = 2. Therefore the long exact sequence of
cohomology immediately shows thath®(X; L(C)) = h%(X; Ox) = 1.

Alternatively, we can consider the following argument. If CUis an e ective divisor linearly
equivalent to C but distinct from it, then C cannot be a component ofC(otherwise C” C
would be e ective and linearly equivalent to zero, which is asurd). Therefore, we must
have CY C 0, butalsoC” C = C? < 0, a contradiction. O

Lemma 2.21. Let D 2 NS(X) be such that D2 = 2. Then there is an e [eckive divisor
(perhaps reducible) equivalent to D or to D. If in addition the e [eckive divisor is an
irreducible curve, then it is a smooth rational curve.

Proof. The existence follows from Riemann-Roch:
1
(D) s(D)+ (K D)= ED(D K)+ (Ox)=1:

So'(D)+ ( D) 1.

Now if C is e ective with C2 = 2, then the adjunction formula gives pa(C) = 0. If C
were not smooth, then for the normalization C we would havepy(C) = pa(C) <pa(C) =0,
which is absurd. O

Theorem 2.22. [PS] Let D be an e [ective divisor on a K3 surface X such that D2 = 0
and D E 0 for any eleckive divisor E. Then the linear system “(D) defines a pencil of
elliptic curves X ! P,

Note that the terminology \pencil of elliptic curves" means \curves of genus 1", which are
elliptic curves if we consider them over an algebraically adsed eld. However, if we also
have an irreducible curveC with C D =1, then it de nes a section of the pencil, and then
we really have an elliptic surface over a eld of de nition of X;D and C.

The rough idea of the proof of the theorem is that if D were nonsingular, then by the

adjunction formula it would have genus 1. One then shows thatthe generic element of the
linear system is irreducible and smooth, using the fact thatwe are in characteristic zero.

14



Kummer surfaces

Corollary 2.23. A K3 surface X can be fibered as a pencil of elliptic curves if and only if
there exists an element x 2 NS(X):x 6 0 such that x2=0.

Proof. If we can nd such an x, we can nd an element w of the Weyl group such that
y = w(x) lies in the Kahler cone. Then y satis es the conditions of the theorem. O

2.4 Kummer surfaces

In this section we will de ne Kummer surfaces and mention sone of their properties. Proofs
and more background may be found in [N2] and [PS]. We recall tht an abelian surfaceA
over C is a complex torus C?>=L such that there is a Riemann form onL. It is an abelian
group under addition, and also a projective algebraic vari¢y of dimension 2. We build a
K3 surface from A as follows. Let be the multiplication by 1 onA. Then has 16 xed
points on A, namely the 2-torsion A[2] = %L:L. Consequently the quotient A=f1; g is an
algebraic surface with 16 singular points. Resolving the sigularities, we get a nonsingular
K3 surface with 16 special rational curves. This is called te Kummer surface ofA, or
Km(A).

We indicate why Km(A) is a K3 surface (the argument may be found in [K]). Locally

around the 2-torsion points of A, maybe written as (; ) 7! ( ; ) and the invari-
ants are 2; ; 2. The quotient A= has a corresponding ordinary double point, since
Cl % ; 2?]=Clu;v;w]=(uw Vv?3). Blowing up the 16 points of A[2], we get a surfaceAX.

Locally on a point of the blowup : A! A, the map may be written (x;y) 7! (xy;y). The

involution ~ on A takes (X;y) to (x; Yy). The quotient X = A=~is smooth and the quotient
map A ! X takes (x;y) to (x;y?). Now we may compute what happens to the regular
2-forms.

T~ d )= dxy) " dy= ydx~ dy = Sdx® dy?)

Hence the global form on A descends to give one onY. A simple computation now
shows that the Euler characteristic of X is 24, and so we get from Noether's formula that
h1(X; Ox) =0. Therefore X = Km( A) is a K3 surface.

The Neron-Severi lattice of a Kummer surface has 16 lineay independent divisor classes
coming from the sixteen rational curves above. These genera a negative de nite lattice,
and there is also a class of a polarization on Km&), since it is projective. Therefore its
signature is (L r) for some r 16. In fact, the Neron-Severi lattice always contains a
particular lattice of signature (0; 16) and discriminant 2°, called the Kummer lattice K . We
describe its structure.

The set| = A[2] = (Z=2)* = F} of 16 elements has a natural structure of an a ne space

of dimension 4 overF,. Choose a labelingl = f1;2;:::;16g and let e1;:::; e be the
classes of the rational curves corresponding to the blowupat the 2-torsion points. Let Q

15



Kummer surfaces

be the set of 32 elements consisting of 30 a ne hyperplanes @sidered as subsets of)
as well as the empty set and all ofl. This set has the structure of a vector space over
F», the addition ope,gation beingpsymmetric di erence of sets. For every M 2 Q, we have
an elementey = % imn& of Qe 2 NS(Km(A)) Q. These vectors actually lie in

216=(25)2 = 26 and it is the Kummer lattice.

We state a few results characterizing Kummer surfaces, duect Nikulin. The Kummer
surfaces mentioned below are not necessarily algebraic.

Theorem 2.24. (Nikulin [N2]) Let X be a K3 surface containing 16 nonsingular rational

above construction. In particular, X is a Kummer surface.

Theorem 2.25. (Nikulin [N2]) Let X be a K3 surface. Then X is a Kummer surface if
and only if NS(X) K as a primitive sublattice.

Recall that a primitive (or saturated) sublattice M1 of M, is a sublattice such that M,=M,
is free.

Proposition 2.26.  (Nikulin [N2]) There exists a unique primitive embedding K L up to
isomorphism.

Here L is the K3 lattice Eg( 1)> US. The proposition also follows from Theorem 1.6,
after using the fact that g = (qu(z))3, which is easily checked.

16



Chapter 3

Shioda-lnose structures

3.1 Lattice polarized K3 surfaces

We will closely follow Nikulin's paper [N1] here. As before,let L = Eg( 1)2 U3 be the
K 3 lattice. Let M L be a xed primitive sublattice.

De nition 3.1. A marked M -polarized K3 surface is a pair (X; ) such that (X; ) is
a marked K3 surface and ~1(M) NS(X). An isomorphism of two marked M -polarized
K3 surfaces is an isomorphism as marked K3 surfaces.

Let M v be the moduli space of marked M-polarized K3 surfaces up to @morphism.

Let T = fgji 2 1g be a nite collection of roots of M, i.e. vectors such thate,2 = 2 for
eachi.

De nition 3.2. A marked M -polarized K3 surface with rational curves in T is
a marked M -polarized K3 surface (X; ) such that for each i, ~!(g) is the class of a

nonsingular rational curve on X . An isomorphism of two marked M -polarized K3 surfaces
with rational curves in T is an isomorphism as marked K3 surfaces.

Let M y.v be the subset of the moduli spaceM of marked K3 surfaces consisting of
the marked M -polarized K3 surfaces with rational curves inT. The condition of having

(M) NS(X)is a closed condition, and the condition of having ~%(g) be a smooth
rational curve is an open condition on the closed subset obiaed. Thus, it is easy to see
that M y.7t is an open subset of a closed smooth complex subspacehdf.

Recall the complex analytic space€and the period map : M ! €constructed in the
previous chapter. Let €.t consist of the pointss-2 €such that

17



Lattice polarized K3 surfaces

1. M HZ and

P
2. feji2 g -, and all of the g are irreducible elements of [ ;thatis, € 6 ke o,
whereR 2,k >0and 2

s

The following is clear.

Proposition 3.3. (X; )= m2M y.7 ifand only if (m)2 €y.r.

Let €, denote the subset of€consisting of those points which just satisfy condition (1).
For €\ to be nonempty, it is necessary and su cient that one of the following hold:

1. M has signature (3 k), wherek  19.

2. The form on M has a one-dimensional kernel, and the quotient by it is negave
de nite; M has rank at most 19.

3. M is negative de nite, and of rank at most 19 (this is inclusive of the caseM = f0g).

Let €* and €~ be the two connected components of(corresponding to the choice of the
positive cone). Let ( M)= fx2 Mjx2= 2gandletP: *(M)[ ~(M)=( M)bea
partition of (M) satisfying the following property:
X
If 10000 n *and = rii2 ;ri2Zso then 2 *:
1

We set€)P = 52 e\ e);p, induces the partition P on ( M)gand also lete{*" =
e\ eﬁﬂi)P_

Proposition 3.4.  (Nikulin [N1]). Suppose that M satisfies one of the conditions above.
Then €y is a closed smooth complex subspace of € of dimension 20 rank M whose con-
nected components are €" . Furthermore, €(7"  €™P s a closed subset of €(*)°
which is a union of at most countably many closed complex subspaces of el(\,li)P. In partic-
ular, €" is connected.

Let M (" be the moduli space of markedM -polarized K3 surfaces K; ) with ( *(X))\
M= *(M) (where *(M) is the data provided by P) up to isomorphism. It is easy to
check that M {7F = ~1(e(’"). Similarly, we dene M ;3" to be the subset ofM ("
consisting of surfaces with rational curves representingtie roots of T. Then M ﬁ,li;)TP =

18



Nikulin involutions

Theorem 3.5. (Nikulin [N1]) Suppose M satisfies one of the conditions above and in
additionrank M 18incases2and 3. ThenM y M s a closed smooth complex subspace
of M. If My 6 , then the connected components of M y are M (77, where M (97

is open and everywhere dense in efvli)P, and dim M l(\,li)P is 20 rankM . Furthermore,
M &P M P s a closed subset of M (" which is a union of at most countably many
closed complex subspaces of M ,(\,li)P. In particular, M (Ti)P is connected.

3.2 Nikulin involutions

De nition 3.6. An involution on a K3 surface X is called a Nikulin involution if
[ )y=1 forevery! 2 HZ9(X) .

We rst recall a few general facts about groups of automorphsms of K3 surfaces.

As usual, we letSx = NS(X) = H3' = fx 2 HX(X; Z)jx HZ(X) = 0g be the algebraic
cycles. ThenTx = Sk HZ(X; Z) are the transcendental cycles.

There are three possibilities forSy .

1. Sx is non-degenerate and has signature (k), with 0 k 19.

2. Sx has one-dimensional kernel, and the quotient by this kernels negative de nite,
rank(Sx) 19.

3. Sx is non-degenerate and negative de nite; rankGx) 19.

The rst case is the one which corresponds to an algebraic K3weface.

Lemma 3.7. (Nikulin [N1]) Let G be a group of automorphisms of the K3 surface X, let
g2 G. Then g acts trivially on Tx if and only if it fixes | 2 HZ0%(X).

This lemma shows that we might have imposed the equivalent aadition that the Nikulin
involution xes the transcendental cycles pointwise.

Lemma 3.8. (Nikulin [N1]) Every Nikulin involution has 8 isolated fixed points. The
rational quotient of X by a Nikulin involution is a K3 surface.

Recall the de nition of tl'ig Nikulin lattice: it is an even sub lattice N of rank 8 generated by
vectors ¢;;:::;¢cg and % Ci, with the form induced by ¢ ¢ = 2. It has discriminant
2, discriminant group (Z=2Z)® and discriminant form (qy ).
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Nikulin involutions

Nikulin proves the following theorems regarding nite auto morphism groups acting on K3
surfaces.

De nition 3.9.  Let G be a finite group of automorphisms of a K3 surface X . We say that
G acts as a group of algebraic automorphisms on X if each g2 G fixes H29(X) pointwise.

By the above lemma, this is equivalentto xing Tx pointwise. Let G";‘('g be the set of abstract
nite groups which can act on some K3 surface as a group of aldaic automorphisms. Let

G292 pe the collection of abelian groups inG 9.

A faithful action of G on X gives rise to a faithful action of G on H2(X; Z) = L, by 2.10.
Thus every automorphism of X determines a class of conjugate subgroups in the group
O(L) of isometries ofL.

Theorem 3.10. (Nikulin [N1]) A subgroup G  O(L) gives a class of conjugate subgroups
determined by some finite algebraic automorphism group of a Kahler K3 surface if and only
if the following conditions hold:

Sc = (L®) Yih L is negative definite,

S has no elements of square -2.

We explain the necessity of these conditions. IfG acts by algebraic automorphisms onX,
then let Tx.c = ( Hx )¢ and Sx.c = TX% Let Y be the minimal resolution of singularities
of X=G. Then Y is a K3 surface, and analysis of the singular points orX=G shows that
the resolution of the singular points introduces a negativede nite lattice My in Hy. Then
Ny = M Has signature (3k) for some k, and we have an injective mapNy ! Txg .
Therefore Sx.¢ is negative de nite. This proves the rst condition. For the second, suppose
Sx: haslgl rootd. Then d or d is the class of an e ective divisorD on X. Then we
can take g@g@ which on the one hand is e ective, and on the other hand lies in
Sx.c \ Tx.c = f0g. This contradiction proves the second necessary conditian

We say that G 2 Gfﬂ% has a unique action on the two-dimensional integral cohomalgy

of K3 surfaces, if given any 2 embeddings : G ! Aut X andi”: G ! Aut XY there

is an isomorphism : H?(X; Z) ! H?(X%Z) which connects the 2 actions, i.e.i{g)~%
i(g9=— 1, forany g2 G.

Theorem 3.11. (Nikulin [N1]) Any abelian group G 2 G%3?° has a unique action on the
two-dimensional integral cohomology of K3 surfaces.

Theorem 3.12. (Nikulin [N1]) A K3 surface X admits a finite abelian group G as an
algebraic automorphism group i LG 2 G%9? and S (well-defined by 3.11) is embedded in

Sx as a primitive sublattice.
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The above theorems imply the following theorem, stated in [ML].

Theorem 3.13. Let X be a K3 surface, let G = Z=2Z be a subgroup of O(H?(X; Z)) and
let Sg = (H?(X; Z)©) “—Suppose that

the lattice Sg is negative definite,
no element of Sg has square length -2,

Ss  NS(X):

Then there is a Nikulin involution on X and an element w 2 W (X) such that =+ wgw™1,
where g is the generator of G.

The Weyl group shows up in the proof of Theorem 3.12 since we low that G will be

conjugate in O(L) to some group of automorphisms ofX. Then we can conjugate by a
Weyl group elementw to make every element ofG preserve the Kahler cone. By the Torelli

theorem, everywgw ! will then come from an actual automorphism of X .

Now we mention some consequences of existence of a Nikulinvglution on a K3 surface
X . Every Nikulin involution has eight isolated xed points. T he desingularized quotient

Y = X=:—gis-aB surface. The minimal primitive sublattice of H2(Y;Z) containing the
classes of the eight exceptional curves ol is iﬁpmorphic toN. (The eight roots c3;:::;
are the classes of the exceptional curves, an§ G 2 NS(Y) H?(Y;Z) becauseY has a
double cover branched on the union of the exceptional curvgs

The next theorem of Morrison establishes the existence of a iMulin involution in a special
case.

Theorem 3.14. Let X be a K3 surface such that Eg( 1)> ] NS(X). Then there is a
Nikulin involution on X such that if :X ! Y is the rational quotient map, then

1. there is a primitive embedding N Eg( 1)! NS(Y),

2. induces a Hodge isometry Tx (2) ! Tv.

Proof. We brie y outline Morrison's proof here, since we will adapt it to other situations.
The idea is to de ne with an involution of H?2(X; Z) such that Theorem 3.13 may be applied
to get an honest involution of X .

choose to be roots, such that the Gram matrix of thefegg is the same as that of theff;g.
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Shioda-Inose structures

Let : Eg( 1) ! H?(X;Z) be the given embedding. We de ne an involution on the
cohomology group by

o (&)= (fi); o (Fi)= (&)
g(x) = x; forall x 2 (Eg( 1)%) %

This de nes the action on all of H?(X; Z) becauseEg( 1)? is unimodular, and so (Eg( 1)?)

(Eg( 1)%) 5= H2(X; Z). We see thatSg = (H?(X; Z)©) Hid generated byf (&)  (fi)g,
so0Sg NS(X) and Sg = Eg( 2), ensuring that it is negative de nite and has no roots.
Therefore, by Theorem 3.13 there is a Nikulin involution on X and an elementw of the
Weyl group of X such that =+ wgw 2.

Let = w , then we have that : Eg( 1)> ] NS(X) is a dierent embedding (since
the Weyl group preservesNS(X)). It follows from the de nition that i ~$witches the (&)

and (f;) and is the identity on the orthogonal complement of (Eg( 1)?). The quotient

map : X ! Y denes a push-forward map — H%(X;Z) ! H?2(Y;Z), as well as a
pullback = H?(Y;Z)! H?(X; 2). Itis an easy computation that € (&)) = € (fi))

andh § (&)); & (g))i = h (&), (g)i = he,gi, and that the two copies of Eg( 1) are
therefore taken to one copy ofEg( 1) NS(Y). So we get the latticeN Eg( 1) inside
NS(Y), the lattice N as above being orthogonal to the push-forward of 2(X; Z).

Also, for any x 2 (Eg( 1)) 5 e geth x i = 2h;xi. Calculating discriminants,
we see that s an isometry between (Eg( 1)2)=dnd (N Eg( 1)) 5 -both lattices
of discriminant 28. Since Ty (Eg( 1)?) L -ve get the Hodge isometryTx (2) = Ty

induced by = The fact that it is a Hodge isometry follows since the pullback of a global
holomorphic (2;0) form on Y certainly gives one onX. O

Remark 3.15 The proof shows an equality of discriminant forms

NrEs-) = A ( (Es-12)7) = (W)™

3.3 Shioda-lnose structures

De nition 3.16.  We say that X admits a Shioda-Inose structure if there is a Nikulin
involution on X with rational quotient map : X ! Y such that Y is a Kummer surface
and —induces a Hodge isometry Tx (2) = Ty.

If X has a Shioda-Inose structure, letA be the complex torus whose Kummer surface iy .

Then we have a diagram
Ty,

Y
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of rational maps of degree 2, and Hodge isometrie$x (2) = Ty = Ta(2), thus inducing a
Hodge isometry Tx = Ta.

Theorem 3.17. (Morrison [M1]) Let X be an algebraic K3 surface. The following are
equivalent:

1. X admits a Shioda-Inose structure.
2. There exists an abelian surface A and a Hodge isometry Tx = Ta.
3. There is a primitive embedding Tx | U3.

4. There is an embedding Eg( 1) ! NS(X).

Proof. Again we follow Morrison's proof.

(1) =) (2): This follows from remark above. A is an abelian surface since the Hodge
structure Ta = Tx is polarized. In other words, sinceSx has signature (116 +r), Tx has
signature (23 r) and so doesTa. Therefore TA‘——h‘as a vector of positive norm, which is
enough to ensure that there is an ample line bundle orA.

(2) =) (3): Tx = Ta ! H?Z(A; Z) = U2 induces a primitive embeddingTyx | US3.

(3) =) (4): We extend the given primitive embedding Tx | U3 to an embedding
0:Tx | U® Eg( 1’=1L

Since X is algebraic and (X) 17, we havel(At,) rank(Tx) 5< 15 rank(L)
rank(Tx) 2. So there is a unique primitive embedding ofTx into L. So 0 is isomorphic
to the usual embedding which comes fromlx H2(X; Z) ! L from a marking, and we
get by taking orthogonal complements that

Eg( 1)*1 T} = NS(X):

(4) =) (1): This is the most important part of the proof for us. By The orem 3.14, we
get a Nikulin involution on X such that the rational quotient mapis :X ! Y, then
induces a Hodge isometryTx (2) = Ty,andN Eg( 1)!] NS(Y). SinceY is an algebraic
K 3 surface (because it is the quotient of an algebraic K3 surfae by an automorphism), and
(Y) 17, we have by similar reasoning in the previous paragraph tat NS(Y) is uniquely
determined by its signature and discriminant form. Now we have that the Kummer lattice K
has the same signature and discriminant form adN Eg( 1), which is imbedded primitively
in NS(Y). Therefore by Theorem 1.5K imbeds in NS(Y) primitively, so it follows from
Theorem 2.25 thatY is a Kummer surface. O
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Chapter 4

More on Shioda-Inose structures

4.1 The double cover construction

We would like to start with an algebraic Kummer surface Y and construct a K3 surfaceX
with a Shioda-Inose such thatY is the quotient of X by the Nikulin involution.

Proposition 4.1. Let Y be an algebraic K3 surface. Then there is an embedding K ,!
NS(Y) if and only if there is an embedding N Eg( 1) ] NS(Y).

Proof. SinceY is an algebraic K3 surface with (Y) 17, we have (c.f [M1]) that NS(Y)
is uniquely determined by its signature and discriminant fam. To see this, we apply
Theorem 1.4 where we only have to notice thatNS(Y) is inde nite and primitive inside
the even unimodular lattice H?(Y;Z), and its rank is 17, sol(Ans(y)) = I(Ans(y)?)
rank(NS(Y)5- 5 17 2. Now the Kummer lattice K and N  Eg( 1) have the same
signature (0; 16) and discriminant form (qu(z))3. The proposition follows by using Theorem
15. O

Now, from Theorem 2.25 we know that a K3 surfaceY is a Kummer surface if and only if
there is a primitive embedding K ,!' NS(Y). We get the following corollary, whose proof
is immediate.

Corollary 4.2.  An algebraic surface Y is a Kummer surface if and only if it is a K3 surface
and there is an embedding N  Eg( 1)! NS(Y).

Let us x an embeddingj : N Eg( 1)) L. We would like to consider markedj (N
Eg( 1)) polarized surfaces. In addition we would like, for techrical convenience, to ensure
that some specic roots in j(N  Eg( 1)) correspond to smooth rational curves on our
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The double cover construction

roots c;;:::;cg of N such that 1=2 ¢ 2 N. We shall let the ¢; be the simple roots forN .
One can easily check that they are indecomposable: for ang, there do not exist roots z
and w of N such that z+ w = ¢.

Now we consider markedj (N Eg( 1))-polarized surfaces with rational curves in
T="Fby;:::;bg;C1;:01;CsQ.

Theorem 4.3. Let Y be an algebraic K3 surface containing rational curves Bq;:::;Bg;
Cq;::1; Cg such that the classes Iy of B; are the standard simple root vec,;ors which generate
a copy of the Eg lattice, the classes ¢ of C; satisfy ¢i:cg = 2, and % G 2 NS(X), and
such that b ¢ =0 for all i;j . This data canonically gives rise to a K3 surface X with a
Shioda-Inose structure such that the quotient map under the involution is Y.

Proof. 'Eslke the double cover : X P! Y branched on the divisorF Ci. This is possible
since% Ci exists in the Neron-Severi group of Y. Then, on X, we have that the curves
D; = ~YC) satisfy Di2 = 1, i.e. they are exceptional curves. Blowing them down, we
get the rational map X ! Y, whereX has a non-vanishing (20) form pulled back from Y.
Also, the Euler characteristic of X is 2(24 2 8)+8 = 24. Therefore X is a K3 surface. It
inherits an involution from the involution on X Pwhich interchanges the two sheets of the
double coverX ™ Y. The involution on X 5 xes the (2,0) form pulled back from Y, and
therefore so does the involution onX . This provides the Nikulin involution . We need
some additional information before we can show the Shiodarlose structure onX.

Lemma 4.4. In the situation above, there is an embedding Eg( 1)2 ] NS(X) such that
the two copies of Eg( 1) are interchanged by the Nikulin involution

Proof. For each rational curve B;, we consider its pre-image onX, D;. We have that Di2 =
deg( )Bi2 = 4. Note that the intersection numbers don't change fromX to X, because
the B; are orthogonal to the branch locust C;. This shows that D; can't be irreducible, since
otherwise from the adjunction formula, the arithmetic genusg(D;j) =1+ D;(Dj+ Kx)=2 =
1 and the geometric genus can only be smaller. Sinéé ! Y is 2to 1 away from the branch
locus, we see thatD; is a union of two rational curves E; and F;, which are interchanged
by the Nikulin involution. Note that ( Ej + Fj) (E; + Fj) =2B; Bj. If Bj Bj =0, thenwe
getE; E;=E; Fj=F Ej =F F; =0 because all four terms are nonnegative (no two
of these curves coincide, by lemma 2.20). On the other handf B; Bj =1 we see that we
must have eitherE; E; =land F; Fj = XE;) YEj)=1or Ej Fj=1land F; E; =1,
It is clear that we can make a choice of theE; soE; E; = Fj F; = B; Bj forall i;j. This
proves the lemma. O

We come back to the proof of the theorem. All that remains to beshown is that —induces
an isomorphismTx (2) = Ty. It will be a Hodge isometry because the (20) form on X is
pulled back from Y. The rest of the argument is identical to [SI] - we merely repoduce it
here for convenience.
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The double cover construction

Let 1 and , be the two copies ofEg( 1) constructed above. The lattice ; 2 is
unimodular, so we have the orthogonal decomposition

HXX;Z2)= 1 . Q

where Q is an even unimodular lattice of signature (33) (and is therefore isometric toU?3,
but we shall not need this fact).

Also, let denote the copy of Eg( 1) NS(Y) that we started with. Clearly, we have

Tx Q h)= ha)=

Now mapsH?2(X; Z) into the orthogonal complement N =df N in H?(Y;Z). We have a
natural map =N EH H?2(X; Z) such that

(Y1 ¥2)=2(y1 v2) (yuy22NY;!

Hx=x+ % (x2H?*X; 2):

We also have {8x) Sy and Y5y\ N B Sy (from orthogonality to the (2 ;0) forms),
andthat " 1)= ,and ", = 1.

Lemma 4.5. The action of “bn Q is the identity. The map —induces a bijection of Q
onto its image in H2(Y;Z), with ( 1 ) = 2(X1 X2) for x1;x2 2 Q.

Proof. The involution has 8 xed points (hamely, the curvesD; blown down). Using the
Lefschetz xed point formula, we get that

8=1+0+Tr( SHH2(X;Z)+0+1:
so that Tr( GH2(X; Z)) = 6. Now H%(X;Z)= 1 » Qand %) = , gives that
Tr( 51  2)=0. This shows Tr( Q) =6. But has eigenvalues 1 and Q has rank 6,

so it follows that s the identity on Q. So ™ =2x for x 2 Q, and it follows that €
is injective. Finally,

1 1
(oa o)= 5( Sog Hp) = 521 2G) =2(x1 X):

O

Now notice that we have {H2(X;Z)= «Q 1 2= © .Toseethat @ and
are orthogonal, let y1 = g andy,= xp wherex12 Q; y22 = —randx;2 ;a
pre-image ofy,. Then
1 1
(Y1 Y2) = E( Yi Y= §(2X1 (x2+ Xp))=0:

26



The double cover construction

Next, Ilgt we claim that I\bls primitive in H2(Y;Z). Recall that N is generated byCy;:::;Csg
and 1 | 1 Ci. Lety= aCj (a 2 Q) bein H2(Y;Z). Because § C;) 2 Z we must have
that a, are half-integers. We may assume they are iriQ; 2g. Let the number of non-zero
a; bem. From ttlv_.p fact that y2 = m=2 is even, we see thai = 4 or 8. Sincem = 8
corresponds to2 -, Ci which is already in N, we need to rule outm = 4. Butif m=4
we see thaty? = 2 so that a g;wsor G with class y must have that G or G is e ective,

by Riemann-Roch. Since & = -1 (23 )C; is e ective, we must Ia)ave Ge ectlvs Now
G C =y Ci = 1,sothatC; isacomponentofG,ie. 0 x G = 2 G,
a contradiction.

Therefore we have det) = det( ZC;)=4 = 28=4 = 2% and det(N 5% 26 as well.

Now we have {H?(X;Z)) N EButalso

det (H?(X;Z) =det( Q) ))=det( ©@)=2%det(Q)=2%=det(N5

Therefore H?2(X; Z) = N “—Finally we want to show fx = Ty. SinceTx Q and
acts on Q by scaling the product by 2, we will be done. First, we need to ee Fx Ty,
i.e. forx 2 Tx andy 2 Sy we have ( pg y) =0. Thisis clearif y 2 N sinceN is orthogonal
to all of H?2(X; Z). On the other hand if y 2 N =Sy, we have that Y is de ned and
in Sx . Therefore

1 1
(Ii(ly):é( I ?)zé(2x l?)=03
Therefore, (T is orthogonal to N and to N ™' Sy and since the rational span of these
two sublattices is all of Sy~ Q, we have that Ty S{= Ty.

Next, we need to see (fx Ty. Lety2 Ty N2 [H?(X;2),sothaty= (z(since
N Sy)andx 2 Sx. Then

Yx = Dax=(z+ B x= 52+ D+ D=

220 =(y x)=0

NI =

This shows 5y  Tx. Next, we have Ty = S N2 H2(X;2) = Q .
But Ty ? , so that Ty Q. Foranyy 2 Ty,wecan nd x 2 Q wit y = px
Then Y'=2x 2 Tx and sinceTx is primitive in H?(X; Z) we havex 2 Tx. Therefore

Ty hx .

This completes the proof of Theorem 4.3. O

27



Relation between periods
4.2 Relation between periods

In this section, we wish to elucidate the relation between the periods of a K3 surfaceX
which has a Shioda-Inose structure, and the quotient (Kumme) surface Y.

We will consider X as a markedEg( 1)? + Zu polarized K3 surface with rational curves
in T, which is a certain set of 16 simple roots ofEg( 1)?. Here u will be the class of an
ample line bundle or polarization on X. The two copies ofEg( 1) will be switched under
the Nikulin involution, which will x u (this avoids the conjugation by the Weyl group
element).

On the other hand, the quotient Y will be considered naturally as anN  Eg( 1)+ Zv
polarized marked K3 surface. Herev will be the class of an ample line bundle oryY, and the
N naturally arises from the blowup of the eight singular points on the quotient, whereas
Eg( 1) comes from the image of theEg( 1)% in NS(X).

It turns out that we can de ne the marking on the double cover X of Y unambiguously, to
make the following diagram compatible.

H2(X; Z) — =—=Eg( 1) Eg( 1) U3

O O
H2(Y;Z) —H 0—Eg( 1) N U2

That is, there is an underlying map of lattices :L ! L such that the two copies ofEg( 1)
go (via the identity) to the single copy of Eg( 1) and U3 goes toU(2)2 again via the map
which is the identity on the underlying abelian group (and scaled the form by 2). For any
marked lattice-polarized K3 surfacesX and Y as above, the copies oEg( 1) on NS(X)
both go to the Eg( 1) in NS(Y) under jand the orthogonal complementU3 goes to the
orthogonal complement ofN  Eg( 1) (which is = U(2)%) under

The holomorphic 2-form on X is pulled back from that on Y. So, the period points of X

and Y considered as elements of 2 P(L C) are the same. SinceX and Y are naturally

lattice-polarized, the period point of X may be naturally considered as an element of
=fl 2PM Y1 C)jh;! i=0;h; !i> 0g

with M = Eg( 1)?+ Zu and the orthogonal complement is taken inL, as usual.

Similarly, the period point of Y falls in

=fl 2PM "~ C)jh;! i =0;H; i > 0Og
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Moduli space of K3 surfaces with Shioda-lnose structure

with M = Eg( 1) N + Zv.

The map from the period point of Y to that of its double cover X is a linear invertible map
of (open subsets of) projective spaces of the same dimensjore. it is induced by a linear
isomorphism of vector spaces.

4.3 Moduli space of K3 surfaces with Shioda-Inose structure

products give the Dynkin diagram of Eg. Let p be the half the sum of the positive roots of

Eg( 1) (i.e. all the roots which are non-negative linear combindions of the simple roots).

Now, L = Eg( 1)> US3. For convenience of notation (to distinguish between the two copies

of Eg( 1)), we will sometimes write this asL = 1 > ,where ;= ,=Eg( 1) and
= Us

Let us choo]ge vectorsci;i = :::8 of N such that h;;gi = 2 and N is generated by
fagd, [f 3 co.

Recall that the Nikulin lattice N embeds uniquely inEg( 1) U2 (up to automorphisms
of Eg( 1) U?®), and also that there is a unique embedding oEg( 1) N into L. So let
us write Eg( 1) N Eg( 1) Eg( 1) US = L, which is the the identity on the rst
factors of both lattices, and a xed embedding ofN into Eg( 1) U3. We will alternatively
write L ,with = Eg( 1); = N and = U(2)3. Here we have used that
the orthogonal complement toN in Eg( 1) U2 is isomorphic to U(2)3, and chosen a xed
isomorphism.

Let g be the copy ofe in 1, and h; be the copy ofg in ».
Let f; be the copy ofg in and d; be the copy ofg in .

Let denote the following data: letu = (uq;u;uz) 2 L = 1 2 be such that

1. It is symmetric with respectto 1 and » and equal to negative half the sum of the
positive roots. u; = up = p2 Eg( 1).

2. The vector uz 2 is primitive.

3. It has positive norm: hu;ui > 0.

Lemma 4.6. The data satisfies the following properties.

1. The roots g and h;j, for 1 i 8 are all positive with respect to the polarization
defined by u. Thatis, g u> Oand h; u> 0.
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Moduli space of K3 surfaces with Shioda-lnose structure

2. The roots g and hj, 1 i 8, are all simple with respect to the polarization on
M = 4 2+ Zu defined by u, i.e. there are no z;;z, 2 M suchthatu z > 0
and g = z1 + z» (similarly for h;).

Here, by saying that a root isPsimpIe with respect to the polarization de ned by u, we
mean that we cannot write = ir:1 i i, wherer 2,andforalli, ;> 0and |2 2
with ; u> 0. In particular, the above lemma implies that for any marked K3 surface with
which has an ample line bundle with clasau, the g, and h; are actually classes ofrreducible

rational curves on X ..

Proof. We know that half the sum of the positive roots p satises p ¢ = 1 for all the
simple roots . Therefore we getu g = u; g =1 and similarly for the u h;. This proves
the rst part.

Suppose we hadyy = z; + zo. Then1l=u z;+ u z,. But we assumedu z > 0 and we
also knowu z 2 Z, since the lattice M is integral. Since we cannot have two positive
integers adding to 1, we have a contradiction. Note that in fact, the proof shows that g
cannot decompose into positive classes ih, not just M . O

The lemma justi es the following de nition.

De nition 4.7. Let M be the space of marked ;  »-polarized K3 surfaces with rational
curves in fg;hjj1 i 8g, and such that u is the class of an ample line bundle on X (via
the marking), up to isomorphism.

Explicitly, let

M = f(X; )j tH?(X;Z)! Lsuchthat % 1 2) NS(X)
~L(u) is the class of an ample line bundle orX
“L(g); ~(hj) are classes of smooth rational curves oiX g=

Here, an isomorphism of K; ) with (XY Y consists of a mapf : X~! X such that
= 0ftd

Let X be a K3 surface with sixteen smooth rational curvesG;;Hi;1 i 8, on X, and
an ample line bundleL with intersection properties as above (namely, theG; intersection
numbers are the negative of those in the Cartan matrix forEg, similarly for the H;, and
L corresponds to a divisorD suchthat D Gj =1;D H; =1, D2 > 0, and furthermore
D + p(Gj) + p(H;) is primitive).

Let uz be any vector in = U3 with norm D? 2p? (recall that p? < 0 sincep 2 Eg( 1))
and letu=( p; p;usz) 2 L. Then we can put a marking on X so that (X; ) is an
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Moduli space of K3 surfaces with Shioda-lnose structure

element of M . The proof is as follows: we map the clgsses of ﬂf:@i to g, the classes
of thePHi to hi.PThe lattice H2(X; Z) decomposes as Z[Gi] Z[Hi] K, where
K=( 2Z[Gi] Z[Hi]) == U3. We have a decompositionD = D; + D, + D3. Now, we
need to nd a map of K = U3to = U2 such that the vector D3 maps to uz. But this is
possible, because the the norm oD 3 is by construction the same as the norm ofuz, and
the automorphism group of U is trar'§itive oanrimitive vectors of a xed norm. Recall
that M is the lattice 1 2+ Zu= Zg Zh; + Zu. We let G be the subgroup of
O(L) that xes M pointwise. Now, if we have any two markings and Fof the given X
with the rational curves and ample line bundle, then © ~1is an element ofG . We see
that M =G is a coarse moduli space foX with the above data.

Now we would like to de ne an appropriate moduli spaces for the K3 surfacesY which are
obtained from the above K3 surfaces as a quotient by a Nikulininvolution. We will de ne
an ample line bundle onY whose class, through the marking, will be related to the clas of
the ample line bundle onX .

Thus, let be the following data. Letting u = (uz;u»;u3) be xed as above, such that the
normofuisB 8. Wewilllet k 14 be a positive integer and letv = vi+ vo+v3 2
be such that

l.vi= 2kp2Eg( 1)= .
P

2.v,= 3 di2.

3. v3= kU3(2)2 U(2)3= .

We have a similar lemma.

Lemma 4.8. The data satisfies the following condition.

1. It has positive norm: hv;vi > 0.

2. The roots f;;1 i 8, are positive for the polarization defined by v, i.e. f; v > 0.
Similarly, the di;1 i 8, are positive.

3. The roots f; and d; are all simple with respect to the polarization on the saturation
M Salof M = + Zv defined by v.

Proof. For the rst part, we have

2

X
VoS (R 5 ) (kus()?
2k?(2p% + u3) 4

2k%u? 4
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Moduli space of K3 surfaces with Shioda-lnose structure

= 2k’B 4>0

sinceB 8andk 14.

P
Next, we havev f; =( 2kp) =2k > 0andv dj =( % di) d =1 > 0. Therefore
the roots mentioned are all positive.

The third statement is harder to show. To show that the d; are simple with respect to
the polarization de ned by v, the same proof works as for Lemma 4.6, since d, = 1,

which cannot be a sum of two positive integers. Now assumg; is not simple. We use the
lemmas 4.20 and 4.21 of a later section, which translate to ta following statements in our
context. Let M S pe the saturation of M in L, that is, the smallest primitive lattice of L

containing M . ItequalsL\ (M  Q), and is contained in % %Zu3(2) (since N '=N

is 2-elementary, anduz(2) is primitive in ).

1. The root is simple if and only if there is no decomposition = z; + z, in M 33 with
22 2. z1<0,and0O<v z3<u

2. If x is any element of the signature (116) lattice M &, we have &2)(v2) < (v x)Z2.

Accordingly, let us assume we havd; = z; + z,, where now we havezf 2,fi z1<0
and 0<z; v<f; v=2k. Then, sincez; is in the smallest primitive sublattice of L
lattice containing ; and v = vi + vy + v3, we can write z; = a+ b+ Mu3z(2), where

a2 =Eg( 1;b23 = 3N,andM 2 3Z. We then have
1 X
0<zi v=a ( 2kp)+ b 5 +2kMu3 < 2k
Therefore
1X o,
a ( zkp)+ b ( > d) > 2kjMjus 2k
We also have

2o (@ V2 (@07 _ G K2 2

1S T2 V2 k2(WZ+2p) 4 2k2B 16 B 27K

which is less than 2 sincek 14 and B 10. Therefore, since the latticeL is even, we
havez{ =0or 2. Thatis,

a’+ bP+2M2u3=0o0r 2

Therefore
ja?+ Y 2M?2u3+2
Finally, since is negative de nite, we have
1 X 2 1 X 2
a ( 2kp)+ b > di a2+ (2kp)®+ > di
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Therefore, by the above inequalities, we get
(KM juf  2k)? < (2M %3 +2) [(4K*p® +4)
and usingp? = 620 for the Eg( 1) lattice, and u3 = 2p?+ B = 1240 + B, we have
(2kjM j(1240 + B)  2k)%2 < (2M ?(1240 + B) + 2)(4 k> 620 + 16)

We claim that if M 6 0, this inequality fails. Without loss of generality, M > 0, and we
divide both sides by (XM (B + 1240))? to get

1 2 1 1240 8
1 S < 1+ +
M (B + 1240) M2(B +1240) B +1240 4k2(B + 1240)

using the inequalitiesk 14,M 1=2;B 8, we get a contradiction.

Now we deal with the case thatM = 0. Then we can write z; = a+ b with the stricter
constraint a2 ;b2 . We have 2 z2= a?+ b, and we also know that every non-zero
vector of = Eg( 1) and = N has square at most 2. Thereforea=0or b=0is
forced. If b= 0 then we have the decompositionf; = z; + z, in which contradicts that f;
is a simple root. fa=0then z; 2 and f; z =0, whereas we assumed; z; < 0. This
contradiction completes the proof of the lemma. O

Let M Dbe the space of marked -polarized K3 surfaces with condition T for the f; and
di and such that v is the class of an ample line bundle orX, up to isomorphism. Explicitly,
we let

M = f(Y;)j ‘H2(X;Z)! Lsuchthat ~}( ) NS(X)
~1(v) is the class of an ample line bundle orX
~1(f); ~(d;) are classes of smooth rational curves oiX g=

Let Y be a K3 surface with sixteen smooth rational curvesF;;D;;1 i 8,onY, alne
bundle E and an ample line bundleL with intersection properties as above (namely, theF;

intersection numbers are the negative of those in the Cartarmatrix for Eg, the D; are all
orthogonal to each other and to theF;, we haveE? = Ox (D1 + :::+ Dg), and L corresponds
to a divisor D sych that D Fi = 2k;D Dj =1, D2 =2k?B 4> 0, and furthermore,
D +2kp(F;) + % D; is k times a primitive divisor).

Let uz be a primitive vector in U3 with norm B 2p?, and letv= 2kp %P di + kuz(2)
as above. Then we claim that there exists a marking on Y such that (Y; ) is ag element
f M . The proof is as follows: we map the classes of thg; to fi. Now, letJ =(  Z[Fi]
Z[Di]) =2 U(2)3. Let D3 = kDJ, where D'is primitive in NS(X) and therefore in J.
So we can choose an isomorphisd = U(2)3 to take D§'to u3(2).
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The lattice U(2)2 has a unique primitive Embedding inEg( 1) US3, up to automorphisms
of Eg( 1) US3. Take an identication ( Z[Fi])== Eg( 1) U®= 5-And modify the
embedding to makeJ ! = U(2)2 be the above isomorphism.

Now we have that the Dj map to roots of , namely the d;. If Dj maps to some d (),

we can change the marking by composing with a Weyl re ection n d (;) to make D; map

to +d (i),lg,he images of the otherD; being unchanged, and not a ecting the image of any
vector in  Z[Fij] or J. Thus we may assume that theD; map to somed ;). We see that
we have obtained an element oM

If we have two markings and Fof the given Y with the specied rational curves and
ample line bundle, then we see that @ ~! xes the f; and acts by some permutation of
the di (because we did not specify above thaD; 7! di under the marking, only to some
permutation d ;)). Also, we have that 0 ~1 xes the polarization class v. Therefore we
have that © ~12 Gy which is de ned as follows.

Go=fg20O(L)jgx=xforx2 + Zv;g()= g

Note that gv = v guarantees thatgd is a positive root of . We see that M =Gy is a coarse
moduli space forY with the above data.

4.4 Map between moduli spaces

The main theorem of this section describes an identi cation of the moduli spaces corre-
sponding to the reciprocal constructions of quotient by the Nikulin involution and taking
the double cover. The data and of the polarization vectors u and v are related by
a simple lattice theoretic condition, which stems from the onstruction of an ample line
bundle on the quotient K3 surface.

For x 2 U3, we denote byx(2) the same vector inU(2)3; likewise, fory 2 U(2)® we denote
by y(3) the same vector inU?.

Theorem 4.9. Let k 14 be a positive integer. Let ; be as above, i.e. such that
u = (usuzuz) with up = uz = p, and ys 2 U3 primitive such that u? = B 10, and
vV=vy+ Vvo+ vzwithvy = 2kp;vp = % di and vz = kuz(2) for some integer k  14.
Then there is a holomorphic isomorphism of complex spaces . :M I'M

Proof. The idea of the proof is as follows: the magM | M is given by the double cover
construction. Injectivity will follow from the Torelli the orem, whereas surjectivity will be
proved using the Shioda-Inose structure to quotient by a Nikulin involution.

In detail, we proceed as follows.
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Step 1: Construction of the double cover and marking on it.

Suppose we are given a pairY; ) 2M of a K3 surfaceY with amarking :H?2(Y:Z)! L

rational curves whose classes are given by 1(f;). Theorem 4.3 shows that the existence
of X which is a K3 surface with a Shioda-Inose structure, and whik is a double cover of
Y branched on[ C; (with 8 exceptional curves blown down). We get from the constuction
smooth rational curves G; and Hj, i = 1;:::;8 such that the Nikulin involution on X
interchanges G; and Hj, the intersection numbers are compatibleG;:G; = Hi:H; = F;:F;
and such that the image ofG; or H; under the quotient map is Fi. We dene ([Gi]) = g
and similarly ([Hi]) = h; (we are making a choice here, but we shall soon see that the two
possibilities give rise to isomorphic marked K3 surfaces)This is done to make the following
diagram commute

H2(X;Z2) —H —— 1 2 —=Eg( 1) Eg( 1) U3

O

J
H2(Y;z) —4 O— Es( 1) N U(@2)3

P P
Also, —de nes an isomorphisnﬁ, of ( Z[%-] Z[Hi]) %2) (the orthogonal complement
is taken inside H 2(X; Z)) with ( Z[Fi] Z[D;]) =he orthogonal complement is taken
inside H?(Y;Z)). Thus, we get

X X X X
( Z[Gi] ZHNSD) ! ( Z[Fi] zDi = UE*=() :

This ds nes by cc,\_mposition the map on the orthogonal complement ofp Z[Gi] P Z[H;i].
Since Z[Gj] Z[Hi] = Eg( 1)? is a unimodular lattice, it and its orthogonal comple-
ment generate all of H2(X; Z) = L, so we have de ned the map on all of H2(X; 2)
unambiguously.

Step 2: Polarization

We need to show that ~Y(u) de nes a polarization of the K3 surface X .

Lemma 4.10.  ~%(u) is the class of an ample line bundle on X .

Proof. For this, we will use the ampleness criterion of Nakai-Moislezon, which states that
a divisor D on a surfaceX is ample if and only if D2 > 0 and D:C > 0 for all irreducible
curves C on X. Via the markings and , we will identify vectors of L with vectors of
H2(X; Z) or H?(Y;2).
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First, notice that u = % L1 0; v3) is algebraic, since it is an integral class by construction
and NS(X) is a primitive lattice inside H?2(X; Z), containing 1;0;v3). Sinceu? > 0 by
hypothesis, we see from the Riemann-Roch theorem thati or u must be e ective. But

u cannot be e ective, since the inner product with the divisor class of one of theG; is
negative: u g = 3( M) @)= S(vi;0vs) fi= Sv fj < 0. Thereforeu is
an e ective class.

Now, for the classu to satisfy u w > 0 for all classes of e ective divisorsw on X, it is
enough to show thatu lies in the Kahler cone of X. We know that the Weyl group of X
acts on the positive cone with the closure of the Kahler conebeing a fundamental domain.
So it is enough to show thatu w > 0 for every nodal classw (that is, the class of a smooth
rational curve on X). Let u be the class of an e ective divisorU on X, and let W be

passes through the pointsz;;i 2 1 f 1;:::;8g. Note that W is a smooth rational curve,
since it is birational to W. Let us denote the mapX' ! Y by , by abuse of notation, and
the blowup X! X by . Now we can move the divisorU (i.e. replace it by a linearly
equivalent divisor, which may not be e ective) so that it doesn't contain any of the points
zi and is transverse toW. Then we compute

0 W

= UO)(W+ Z;) since the multiplicity (W) = 1 becauseW is smooth.
i1

= U:W sinceV doesn't intersect the Z;

J— 1 .
= 5 (0): (W)

U:w

Now, (W) is an irreducible rational curve on Y, since it's the image of an irreducible
rational curve on X. Let w be its class inNS(Y). The class of (U) is given by u"=
£(v1;0;v3). Then we compute utw = Z(vi;0;va):w = £(V1;Vo;Va)w  £voiw. The rst
term is positive becausev l|§; ample onY and w is the class of an irreducible curve onY.
The second term equal%lk di w. SinceW is distinct from the Z;, we see that the second
term is nonnegative and therefore the intersection numberJ:W is indeed positive. O

The lemma shows that we have obtained an element of; ) of M . The ambiguity
alluded to above in the choice of labelingg, as the class ofG; and h; as the class ofH;
instead of the other way round, is inconsequential, since th other choice would give rise to
an isomorphic marked surface X; D) where is the Nikulin involution. It is also clear
that if we start from two isomorphic marked surfaces (Y; ) and (Y% 5, then we shall end
up with isomorphic marked surfaces ¥; ) and (X5 5. Therefore we get a well-de ned
map on moduli spaces . :M I'M

Proposition 4.11. The map . defined above is surjective.
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Proof. Foreach X; )2M weneedto nda(Y; )2M which maps to it via
Step 3: Constructing the quotient with a marking.

We proceed in a similar manner as before. First, we nd the Nilulin involution on X which
follows from the data of . We have the marking :H?(X;Z) =L = Eg( 1) Eg( 1) US.
We will identify classes of divisors onX with elements of L using this marking.

Let :H2%X;Z)! H?2X;Z) be the map of lattices which interchanges the two copies
of Eg( 1) and xes U3. In other words, ( ~(g)) = ~*(h); ( ~Xh)) = ~Xg) and

] 1(us) is the identity. From the de nition of v, it follows that ~ xes v as well. Therefore
it xes the Kahler cone of X. Therefore, by the strong Torelli theorem, is induced by a
unique involution : X ! X. Itis clear that is a Nikulin involution which interchanges
the curves G; and H;, whereg; is the class ofG; and h; is the class ofH; (these curves are
uniquely de ned by Lemma 2.20).

Now, let Y be the desingularized quotient ofX by the Nikulin involution. The images of the
curves G; (or Hj) give curvesF; on Y, which are irreducible and therefore smooth rational
curves. It is clear that we need to dene so that ([Fi]) = fi. Let D1;:::;Dg be the
eight rational curves introduced as blowups of the singularpoints which appear when we

otient X By a Nikulin involution. We,have agiap 3 H 2(X;Z) ! HZ2(Y;Z) which takes
( Z[Gi] Z[Hi]) “Hijectively to ( [Fi] [Di]) %S0 in order to make the markings
commute with the maps on cohomology, we are forlged to de netek map on that sublattice
as (z2)= ( _Dlg; ). Finelgly, we nesd to de pe Z[Dij]! sothat , dened a priori
as a map from [Fi] l{,Di] ( Ei] [D;]) =t , will e>§end to a map
H2(Y;Z)! L. LetK =( Z[Fi] Z[Di]) ='Then we have patia : [Fi] K ! L,
with the image being

The only choice remaining is for the images of the@;]. Each D; will map to a root of the

lattice = N. Now, N has exactly 16 roots. Let us label the corresponding membersf
by dj;:::;dg; di;:::; dg. Now we know that Y is a K3 surface (in fact, a Kummer
surface), and so there exists a marking ™: H2(Y;Z) ! L. We have the following diagram:

Now, “and partial de ne two primitive embeddings of K P [Fil= Eg( 1) U(2)%into
L. We know that up to automorphisms of L, there is only one primitive embedding which
has orthogonal complement isomorphic toN . Therefore there exists an automorphism ofg
which makes the above diagram commute. We modify the marking "and set = g "
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H2(Y;Z)! L. The new marking extends pariai to all of H2(X; Z).

0 now we have a marking : I—,DZ(Y;Z) I L. SinceP [Dj]is the orthogonal complement of
[Fi] K,weseethat maps [Dj]tothe orthogonal complement of in L, whichis
= N. Each [D;] maps to somed; or d;. Ifitmapsto d;, we can use the automorphism

of L given by the Weyl re ection corresponding to d; (which xes the sublattices and
pointwise, as well as xing the other roots of pointwise, wh ile negating d; ) to change the
marking so that D; goes tod;. Doing this for every D;, and after relabeling the D;, we can
assume that (D;) = d;.

Step 4 : Polarization

Now via the marking, let us identify L with HZ2(X; 2).

Lemma 4.12. The class v is the cohomology class of an ample line bundle on Y.

P P

Proof. First,notethat v=k ) 3 di=k {u) 3 p[Dil, itis clear that v is algebraic.
We will show that for ° 27,Pthe classvg = ° {u) [Di] is ample. Applying this to
T =2k, we get that 2k {u) di and thereforev is ample. First, let us assume’ = mn,

withn 3m 9.

A simple calculation shows thatv3 > 0. We will show directly that vo is an ample class. Let
: X' X be the blow-up of X at the eight xed points z;;:::;zg of the Nikulin involution,

ample line bundle on X, we know by the theorem quoted below thatnu = w is the class
of a very ample line bundle onX for everyn 3. We claim that w = m ) [Zi]is
the class of an ample line bundle onX’, for m 9. It is easily veri ed that x2 > 0. It is

clear that x:[Zj] > O for all i. Now let C be an irrgducible curve onX distinct from the

Zi's. Letting C = (C), we have C] =[ NC)] z (C)[Zi]. Here ,(C) O is the
multiplicity of C at the point z;. We compute

X X
x[C] = (m W) 5 D ( <€) z (C)IZi])
= m(w:C]) 2 (C)
m(w:[C]) 8(w:[C]) > O:

Here we have used the lemma below to note that the multipliciy of the curve C at any
point inside the projective embedding corresponding to thevery ample divisor W (whose
class isw) is at most its degreeW:C = w:[C].

Therefore x is ample on X', and its push-forward to Y, namely vg, is ample as well. This
proves our claim for the special case when = mn as above. In general, if 27, we
just write 3" = 3(9+9+ (" 18) = 1+ "2+ 3. Now from the above, we have that
(3 9 fu) [Di] is ample, %ﬂd sois (3(C 18)) {w) [Di]. Thergfore, twice the rst

plus the second, or 3 {u) 3 [Dj]is also ample. Therefore, {u) [Di] is ample. O
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Thus we see thatv is the class of an ample divisor onY, and so the marked surface {; )
lies in M . This concludes the proof of the proposition. O

Theorem 4.13. (Saint-Donat [SD]) Let D be an ample divisor on a K3 surface X. Then
3D is very ample.

Lemma 4.14. Let C be a curve of degree d in some P". Then the multiplicity of C at any
point is at most d.

Proof. Let P be a point of multiplicity m on C. Intersect C with a hyperplane H passing
through P and not containing C. Then we haved = C:H is the sum of the points of
intersection counted with multiplicity, and P contributes at least m. Henced m. O

Step 5: Injectivity

We would like to show that the map . of moduli spaces is nite. First of all, given

(X; )2M amarked K3 surface with a symmetric polarization, the quotient K3 surface
Y is certainly determined as an algebraic surface, because ¢hNikulin involution on X

is determined from the lattice theoretic data contained in . Therefore we only need to
consider the case Y; ) and (Y; 9 lying over (X; ) and show they are isomorphic as
marked K3 surfaces.

Consider the map ~1 M H?(Y;Z)! H?(Y;Z). We claim that it is an e ective Hodge
isometry. It is a Hodge isometry since the global (20)-form on X is induced by the form
on Y (the period points are the same inL  C). It preserves the Kahler cone since we
prescribed that the class of an ample divisor is xed: namely = (v1;V»;Vv3) 2 L. Therefore
we have an automorphismf of Y such that = f Lland the two marked surfaces ¥; )
and (Y; Y are isomorphic.

Another quick way to put this argument is that the period map i s an isomorphism fromM

to an open subset of , and also an isomorphism fromN to an open subset , whereas
the induced map on period spaces ! is a linear isomorphism.

Step 6 : Holomorphicity

Lemma 4.15. The map . is a holomorphic map of complex manifolds.

Proof. We will deduce holomorphicity by using the period mapping. Let be the space
of periods for the surfaces inM

=fl 2P(L CO)jhi;! i=0;H; Ti > 0;RH;ui=0;H; 1 2l =0g

Similarly, we can de ne a space of periods for the surfaces inM
=fl 2P(L C)jhi;! i =0;H; i > O;H;vi =0;h; i =0g
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The period map for a K3 surface inM landsin , is a holomorphic map, and is locally an
isomorphism of complex 3-manifolds. A similar assertion hlols for M and . Therefore,
to prove that the map . is holomorphic, it suces to show that the induced map on
periods is holomorphic. But that assertion is obvious, sine the (2,0) form on X is pulled
pack from that on Y, and the transcendental lattices are related by —or 5! which has
been prescribed lattice-theoretically. So in fact the map o the period spaces is linear and
hence holomorphic. O

This concludes the proof of the theorem. O

Now, we would like to get rid of the marking. To do this, we want to identify ( X; ) and
(X;g ) whereg2 O(L) is an element which xes the sublattice ( 2)+ Zv. That is,
let

G =fg20(L)jgx=xforx2 ( 1 2) + Zug:

The group G actsonM by g (X; )=(X;g ). Note that this action doesn't a ect
the embedding of ( 2)+ Zu= M inside L. Using arguments along the lines of [D1],
we will show that M =G has the structure of a quasi-projective variety. Similarly, let

G =fg20O(L)jgx=xforx 2 ( )+ Zvg:
Also recall that
Gop=fg20O(L)jgx=xforx2 + Zv;g()= o

Then M =G is also a quasi-projective variety. We will show thatG is a normal subgroup
of nite index in Gg and that M =Gg is also a quasi-projective variety.

Theorem 4.16. The map . gives rise to an isomorphism of quasi-projective varieties
M =Gy!'M =G .

Proof. We start with a lemma relating the actions of the groups involved.

Lemma 4.17. There is a homomorphism : Gg! G such that for (Y; ) 2 M and
X5 )= ((Y;)2M ,wehave (9) (X; )= ; (g (Y;))

Proof. Let g2 Go. Then g xes pointwise and as a whole, and therefore acts on the
orthogonal complement = U(2)3. Therefore we get an action onU3. Now just de ne

(g to x 1; » pointwise and act on the orthogonal complement = U2 by this action.
Thisdenes (g)onallof L. It's clearthat (g) xes u, since we have thatu = u;+ us+ us
is completely determined byv = vy + Vo + vz by up = Up = vy and uz = £va(3), and we
know that the componentsv; are xed by g becausev is xed, and the lattices ; and
are xed as a whole.
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Now we show compatibility with the actions on the moduli spaces. Starting from (Y; ) and
(Y;g ) we rstnote that the X constructed is the same, since it is the double cover of
branched on the same divisor. Now, we need to show that the m&ings and “on X are
related by (g). But this is clear: the images of [G;] and [Hi] are xed to be g and h;. So

O 1 xes 2. It also xes u, which is determined by v; and . Finally we have
that © ~lacts onU3 asg(3) as described above, by the following picture.

usL i K1 {3
@ ‘ @
[ R O ]
U3 LK, Y (2)3
O
Step 1: Map of spaces
It follows immediately from the above lemmathat M =Gg!M =G is well-de ned.
Step 2: Bijection
Now, we want to show that the map is bijective. Since . is already surjective, so is the
map on quotient spaces. Therefore we just have to show injeitity.
Lemma 4.18. Themap :Gg! G s surjective.
Proof. Let h2 G . Then h xes 1 », S0 basicallyh is an automorphism of = U3
which xes us. Therefore we get an automorphism ofU(2)%3 = which xes vz. Now,

sinceU(2)2 has a unique primitive embedding into Eg( 1) U?® such that the orthogonal
complement is isomorphic toN , we see that there is a liftg; of this automorphism of U(2)3

to all of L and xing . Now g takes the rootsd,;:::;dg of to eight orthogonal roots

of . Recall that has only 16 roots, nhamely di;:::; dg. Then, by using re ections in
the d;, we can assume that we have modiedg; to get someg such that dq;:::;dg go to
some(},(l) il ;I_d @ for some permutation 2 Sg, the symmetric group on eight elements.
Then d; 7! di under g, and so we have thatg xes each of vi;vo;v3. Henceg 2 Gg
and (g) = h. O

Lemma 4.19. G is a normal subgroup of finite index in Gg.

Proof. We claim that any element g 2 Gg takes d;;:::;dg to d (1);":;d ®) for some per-
mutation 2 Sg. This is becauseg must x v and dy;:::;ds are exactly the positive roots
of . Hence we have a homomorphismGg 7! Sg, and the kernel isG . Since Sg is nite,

we are done. O
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It follows easily that the map M =Gy ! M =G is injective and therefore bijective. For
if we have two (Y; ) and (Y& §in M =Gy mapping to the same(X; )in M =G , then
we have . (Y;)=h . (YY Yforsomeh2 G . Thenleth= (g) for g2 Go. We
have . (Y;)= (g9 . (YY 5= . (YYg Y. Since . is anisomorphism, we get

that (Y; ) and (YY 9§ are equal inM =Gq.

Step 3: Quasi-projective varieties

To show that the moduli spacesM =Gy and M =G are quasi-projective varieties, we
use the period map. We recall the necessary facts from [D1]. dt M L be a primitive

sublattice of signature (1 t), and suppose we have chosen a polarization a¥1, i.e. the

following data. We x one of the two connected components oV (M) = fx 2 M Rjx2> 0Og

and call it V(M)*. Let ( M)=f 2 Mj?= 2g. We have a choice of the positive and
negative roots, i.e. a partiton ( M) = ( M)*t ( M)~ satisfying the usual properties,
ie.

(M)™=f j 2 (M)g
P
If ;2 (M) and = njjwithn Othen 2 ( M)*.

This choice de nes the \ample classes inM ", namely

C(M)* =fx2V(M)"\ Mjhx i>0foral 2 ( M)*g

Then we de ne an ample markedM -polarized K3 surface to be a markedM -polarized K3
surface (X; ) suchthat ~H(V(M)) V(X)) and ~I(( M)")= ~Y{M)\ ( X)*, that

is, the polarization we chose onM comes from that on X. Note that this condition is

equivalent to saying ~1(C(M)*)\ C(X)\ NS(X) 6 . In the terminology of Chapter 3,

an ample markedM -polarized K3 surface for us will be an element oM ;7 , whereP is the
speci ¢ partition chosen above. Ifm 2 M is a vector with m? 2, then m represents an
e ective class on any ample markedM -polarized K3 surface if and only if m has positive
inner product with any and all classes inC(M)™.

Now, for a markedM -polarized K3 surface K; ), recall that the period pointis (H?%°(X)) 2
P(Lc). Since (H29(X)) is orthogonal to NS(X) M, we see that we may naturally
consider the period point as an element ofP(N¢) P(Lc), where N = M & the or-
thogonal complement of M in L. Let Q be the quadric hypersurface inP(N¢) corre-
sponding to the quadratic form on N¢ de ned by the lattice N. Since for! 2 H2Z9(X)
we haveh;! i = 0 and H; i > 0, we see that the image of the period map lies in
an open subsetDy, of the quadric Q. We can assign toH?%? the positive de nite 2-
plane Px Ngr = ((HZ°%(X) H®%2(X))\ H?(X; R)) together with an orientation de-
ned by the choice of the isotropic line (H2%%(X)) Px C (namely, ! gives the ori-
ented basis !; =!)). Thus we can identify Dy, with the symmetric homogenous space
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0(2;19 t)=S0O(2) 0O(19 1) of oriented positive de nite planes in Ngr. The space consists
of two connected components, each isomorphic to a bounded Ifeitian domain of type
IV19—¢ (see [H]). The involution interchanging the two componentsis induced by complex
conjugation Q! Q.

Now, our surfaces have an ample divisor that comes fronM , so that we cannot have any
roots in NS(X) which come fromN (because if is such a root, then either or comes
from a (possibly reducible) rational curve, and then the amge divisor would have strictly
positive intersection with it). This basically forces the period point to lie in DY , which is
de ned by

0 [
DM =Dmn H\ Dy :
CCON)
where for 2 ( N)= fx 2 Njx2= 2gwe de ne

H =fz2 Nc¢j(z; )=0g¢:

The period map induces a bijective map from the moduli spacefotample markedM -polarized
K3 surfaces toD,(\’,| . We let O(L) be the orthogonal group of the lattice L (i.e. the isometries
of L which x the origin), and similarly for O(N). We also let (M) = fg2 O(L)jg(m) =
m; forall m 2 Mg. Then ( M) is a normal subgroup of nite index in O(N). We get
the moduli space of K3 surfaces with an ampleM -polarized structure (i.e. get rid of
the marking) by considering Dﬁ,l =( M). The group O(N) is an arithmetic subgroup of
0(2;19 t)andsois (M), since it has nite index in O(N). Therefore Dy=( M) is a
guasi-projective variety. Now O(N) has only nitely many orbits in the set of primitive
vectors in N with given value of the quadratic form (this follows from Prop 1.15.1 of [N1])
and therefore (M), a nite index subgroup of O(N), has nitely many orbits in its action
on ( N). Therefore, D|9/| =( M) is Dy =( M) minus nitely many hypersurfaces, and is
therefore a quasi-projective algebraic variety.

Now, we need to put in the further condition that a specic subset T of roots of M come
from irreducible rational curves on the K3 surface. This meas that we should not have the
equation

t=u+v

for any e ective divisor classesu andv,, and anyt 2 T.

Lemma 4.20. Let t be the class of a divisor T on a K3 surface X, such that t2 = 2.
Let ¢ be an ample class on X. Then t is an irreducible class if and only if there is no
decomposition t = u+ v in NS(X) such that u? 2,t u<0,and0<c u<c t.

P
Proof. SupposeT is reducible. ThenT = iT; with T; irreducible e ective divisors.
Then we have Ti2 2 for eachi, by the genus formula. Furthermore, 2 =T T =
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T (P iTi) = P i(T T). So wesmust haveT T; < O for someT;. Letting the t; denote

the class ofTj, we also havec t = i(c tj), a sum of (more than one) positive terms. So
we see thatc t>c t; > 0 for each term. Now letu be the t; chosen above, then one half
of the lemma is proved.

Conversely, ift = u+ v with u? 2,t u<0,and 0<c u<c t,then rstwe have that
u is the class of an e ective divisor (by Riemann-Roch, and thefact that u ¢ > 0. Also,
ut 1sothatt u also satises  u)? 2andc (t wu)> 0. Thereforet wuis
also e ective. Thereforet is reducible. O

Now, let us assume thatt is not reducible within M, i.e. we do not have an equation
t = u+ v as above withu;v 2 M e ective. Otherwise, t can never represent a smooth
rational curve on an ample markedM -polarized surface.

If tis reducible in NS(X), we assume as above thau satis es the conditions above. In
particular, u? 2. For every suchu we can writeu = uy + uy with uy and uy being the
projections ofuto M QandN Q, anduy 6 0. Thenitis clear that uy 2 M 5the dual
of M considered as a subspace  Q anduy 2 N “'Let d be the minimal positive integer
such that duy is in N and duy is in M (d certainly exists becausedisc(M) = [M = M]
works). Note that duy is a primitive vector in N. To further constrain uy and uy, we will
need the following lemma, which is a variant of the Hodge inde theorem.

Lemma 4.21. Let D1, D5 be divisors on a surface X with Df > 0. Then

(D$)(D3) (D1 Dy)?

Proof. We let m= D; Do andn = D% so that D1 (mDj;+ nD5y) =0. Then the Hodge
index theorem implies (mD1 + nD,)2 0, which gives the desired inequality. O

Let c be a xed ample class inC(M)*. Then for any ample marked M -polarized surface
X, crepresents the class of an ample divisor. Therefore we hawet> 0;c u> 0;c v> 0,
and therefore bounds O< ¢ u < c¢ t. Furthermore, c 2 M implies ¢ (duy) = 0 and
¢ (dum)= c du= d(c u). The lemma above implies

(duy )? (c duy)?=c =(c du)®=c <d?(c t)?°=c
(duy )? (c duy)?==0

Since duy )? + (duy)? = d?u? 202 is bounded below, we see that the norms ofluy
and duy are both bounded above as well as below.

Now, note that for an ample marked M -polarized K3 surfaceX,u 2 NS(X)i du2 NS(X)

(becauseN S(X) is a primitive lattice) i duy 2 NS(X) sinceduy 2 M NS(X) already.

So in the period spaceD{, , we need to avoid! suchthat! =2'L C contains such vectors
U .
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Notice that the equation t = u + v transforms underg 2 (M) to t = g(u) + g(v), and
similarly du = duy + duy transforms to dg(u) = duy + g(duy ). Also, note that g(c) = c.
Soift = u+ vis a decomposition showing thatt is not an irreducible nodal class, then so is
t = g(u) + g(v). Therefore, avoiding duy 2 NS(X) necessarily entails avoiding the whole
orbit of duy under ( M). The period space which bijects with the moduli space of amfe
marked M -polarized surfaces such that elements of are classes of irreducible (smooth)
rational curves, is therefore the subset oDy, given by

) [ [
DM;T =Dmn H \ Dy Hw\ Dpm
CIN) w [NP

Here the notation w 2 N “meansw ranges over all primitive w = wy 2 N such that for

somet 2 T, and someu as above depending ort, we havev 2 L and for some positive
integer d we can writet = u+ v, du = wy + wy. The argument above shows that the
norms of suchwy are bounded above and below. As beforeQ(N) and therefore (M)

has nitely many orbits in its action on N It follows that D&.T =( M) is the same as
Dwm=( M) minus nitely many hypersurfaces, and is therefore a duasiprojective algebraic
variety. We summarize the results in the proposition below.

Proposition 4.22. LetM L be a fixed saturated sublattice of signature (1;t), and choose
a polarization of M. Suppose T is a subset of M consisting of roots which are positive
and simple for the chosen polarization. Then the moduli space M ;. of ample marked
M -polarized K3 surfaces with every t 2 T represented by a smooth rational curve is a
quasi-projective algebraic variety.

We apply the above proposition to the spaceM with the polarization given by u =

(ug;up;uz), with M =( 4 2)+ Zu,and with T = fg;hjj1 i 8g. Note that M is a
saturated lattice sinceus is primitive in U3. We know from the hypothesis that the curvesg;

and h; are irreducible in the lattice. This proves that M =G is a quasi-projective algebraic
variety. Similarlyy, M =G and M =Gy are quasi-projective algebraic varieties. Note that
while [D1] and the proposition above deal with primitive sublattices, the sublattice M is
not primitive. However, we can simply replace it by its saturation, the smallest primitive

lattice in L containing M .

Step 4: Morphism

Since the map on period domains is linear and hence holomorjpt) we see from the de nition
of the algebraic structure on the quotient varieties thatthemap . :M =Gy !'M =G
is an algebraic morphism. It has a bijection, and by Zariskis main theorem we deduce that

it is an isomorphism.

This completes the proof of the theorem. O
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Chapter 5

Explicit construction of isogenies

In this chapter, we consider a family of elliptic K3 surfacesof Picard number 17 for which
we can explicitly write down the isogeny to a Kummer surface.

5.1 Basic theory of elliptic surfaces

We recall here a few facts about elliptic surfaces needed irhe sequel. References for these
are [S] and [SiZ2].

De nition 5.1.  An elliptic surface is a smooth projective algebraic surface X with a proper
morphism : X ! C to a smooth projective algebraic curve C, such that

1. There exists a section :C! X.
2. The generic fiber E is an elliptic curve.

3. is relatively minimal.

Concretely, we will be considering the caseC = P!, and then we will choose a Weierstrass
equation for the generic ber, which is an elliptic curve over the function eld C(PY) = C(t),
namely

yZ+ ag(t)xy + ag(t)y = x° + az(t)x® + as(t)x + as(t)
whereag; are rational functions of t. In fact, by multiplying x andy by suitable polynomials,
we can makea;(t) polynomials in t. This can be done in such a way that the degree

of the discriminant is minimal. We can read out some propertes of the surface directly
from the Weierstrass equation. For instance, ifpa(X) is the arithmetic genus of X, then
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pa(X)+1= (Ox)isthe minimal n such that dega; ni fori =1;2;3;4;6. In particular,
for a K3 surface X, we need to have degree; 2i.

All but nitely many of the bers of the elliptic surface are n onsingular and hence elliptic
curves. Tate's algorithm [T] allows us to compute the desciption of the singular bers.

Each ber is one of the types shown in the gure below. We note hat the reducible bers
are unions of nonsingular rational curves, and they occur ircon gurations as shown below.
The dual graph of the components is an extended Dynkin diagren of type A, D or E. The
lattices labeled below are the ones spanned by the non-ideity components of the ber
in NS(X). The subscript in the root lattices indicated below is the rank of the lattice,
which is also the number of non-identity components. Thus, hel, ber has n components,
whereas thel [Hber has n +5 components.

/

RN lo, @ nonsingular ber (elliptic curve)
< Il , acusp

>< 1, a node
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The Neron-Severi lattice of X is generated by the classes of all the sections of (i.e. the

Mordell-Weil group of X) considered as curves on the surfacX , together with the class

F of a ber, and all the non-identity components of the reducible bers. Let R = fv 2
mp—1

C(C)jF, is reducibleg, and for eachv 2 R, let F, = ~X(v) = o+ vi vi, Where
i=1

v:0 IS the component which intersects the identity, and the othe . are the non-identity
components. The intersection pairing satis es:

for any sectionP, P2= 02= |
PF=0F=1,

F2=0,

O yi=0fori 1,

The intersection pairing for ;j and ;j is 2ifi=j,and 01,2 ifi 6 j according to the
gures above (2 occurs only for typesl, and 11l ). For a general sectionP, the intersection
pairing with each ;; can be computed locally. In particular, for eachv exactly one of the
the intersection numbers is 1, for some such that ;; = 1, and the others vanish. The
rank of the Neron-Severi group is given by the formula

X
=r+2+ my 1
\Y

The disc&'minant of the sublattice T spanned by the non-identity components of all the

bersis m\(,l), where m\(,l) is the number of multiplicity one components of F,,.
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5.2 Elliptic K3 surface with Es and E; bers

Let X be an elliptic K3 surface with bad bers of type Eg and E; at 1 and O respectively.
A generic such K3 surface has a Neron-Severi latticeNS(X) = U Eg( 1) E7( 1) by
Shioda's explicit description of the Neron-Severi of an eliptic surface. This lattice has rank
17, signature (1, 16) and discriminant 2. The transcendental lattice Tx has rank 5, signature
(2;3) and discriminant 2. We deduce thatTx = U%? h 2i.

The transcendental lattice of a generic principally polarized abelian surface, that is, the
Jacobian J(C) for C a generic curve of genus 2, also satis es the same propertyinse the
Neron-Severi of J(C) is spanned by the theta divisor, which has self-intersecthn 2, by the
genus formula on the abelian surface

2=2g 2=C(C+K)=C*%

Therefore the orthogonal complement inH?(J(C);Z) = U3 is exactly U2 h 2i. We ex-
pect that the elliptic K3 surface X has a Shioda-Inose structure such that the quotient by
the Nikulin involution gives the Kummer surface of a principally polarized abelian surface
Km(J(C)). Dolgachev [D2] proves that, in fact, X corresponds to a uniqueC up to iso-
morphism. However, an explicit identi cation of the quotie nt as a Kummer surface was not
known. Below, we give an explicit construction of the correpondence.

We begin with the K3 surface X given by the equation
y2 = x3+ t3(at + a'x + t>(b™? + bt+ bY:

In the next section we will show how to obtain this Weierstrass equation. The surfaceX
has anll “6r Eg berat t=1 andalll “br E; berat t =0. We can write it by scaling
X;y as

y2 = x3+ (a+ aZt)x + (BT + b+ b=t):

Now replacing y by y=t gives the equation
y2 = b2+ (x3+ ax + bt? + (a% + Mt
and again replacing §/;t) by (y=bB%t=bT gives nally
y? = 3+ (x3+ ax + Dt? + fa% + Ot
which is an elliptic surface over thex-line with an Il%'or Dis berat x=1 andanl,or A;

berat x = bZaand a 2-torsion section §;t) = (0;0). The translation by the 2-torsion
section is a Nikulin involution. We write down the isogenouselliptic surface Y as

y2=t3 23+ ax+ bt? +((x3+ ax+ b? 4bax + b))t
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Parametrization

This is an elliptic surface over the x-line with an ISEbr Dg berat x =1 and I, or A;
bers at the roots of the sextic (x3+ ax + b2 4bTfa + bY, and with a 2-torsion section
(t;y) = (0;0). The Neron-Severi lattice of a generic such surface hasignature (1;16) and
discriminant 4 26=22 = 26 |n fact, we will identify it with the Neron-Severi lattice of a
generic Kummer surface (which we call the (166) lattice) in a later section. This will lead
to the identi cation of the Kummer surface of J(C) as an elliptic K3 surface with bad bers
of type I:-berat 1,1, bers at the roots of a sextic derived from C, and with a 2-torsion
section. First we need some preliminaries.

5.3 Parametrization

In this section, we derive the family of elliptic surfaces dacribed in the last section, using
Tate's algorithm [T].

We consider an elliptic surface overP! with bad bers of type Egatt= 1 andE; att=0.
Its Weierstrass equation can be put in the form

y2 = x3+ r(t)x + s(t)

with degree() 8, degree§) 12. Now for anE; ber at t = 0, we need to havet®js(t)
and t3jjr(t). To gure out the reduction at t = 1 , we change coordinates by replacing
t=1=u;x = x=u*;y = y=uP to get

y? = x3+ £(u)x + s(u)
wherer{u) = u®r(1) and s(u) = t*?s(1). To have an Eg ber we need u*jr{(u) and uSjjs(u).

Therefore, r has degree at most 4 and has degree exactly 7. Combining all the information,
we get that

r(t) = t3(at + a
s(t) = t3(b? + bt+ b)

with a”6 0 and b™6 0. There is a further condition to ensure that there are no other
reducible bers: we compute the discriminant

= 92702 t5+54bb*+54b B3+ 27 P13 +4 aBt3+54bBt? +12a%at?+27b?%t +12aa?t +4 a%);

divide by t° and compute the discriminant of with respect to t, and require it to be
nonzero, which eliminates any double roots.

All the components of the Eg and E; bers are automatically rational, because there are
no nontrivial automorphisms of the Dynkin diagram which x t he zero section.
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Curves of genus two
5.4 Curves of genus two

Here we describe the basic geometry and moduli of curves of ges 2. For more background
we refer the reader to [CF], [CI], [I], [Me]. Let C be such a curve de ned over a eldk of
characteristic zero. Then the canonicalK ¢ bundle of C has degree 2 anch®(C;K¢) = 2.

That is, the corresponding complete linear system is a3 (and it is unique). We therefore
have a map

x:C! pt

which is rami ed at 6 points by the Riemann-Hurwitz formula, and the function eld of C
is a quadratic extension ofk(x). Therefore, we may write the equation of C as

X6 .
y2=f(x)=  fix\:
i=0

The roots of the sextic are the six rami cation points as of the map C ! PY. Their
pre-images onC are the six Weierstrass points. Now, the isomorphism classfoC over
k, the algebraic closure ofk, is determined by the isomorphism class of the sextid (x),
where two sextics are equivalent if there is a transformatio in P GL>(k) which takes the
set of roots (considered insideP!) to the roots of the other. Clebsch was the rst to
determine the invariants of binary sextics. He de ned invariants of 1,;14;1¢; 110 Of weights
2;4;6; 10 respectively, and Clebsch and Bolza showed that they detmined the sextic up
to k-equivalence. Therefore, the point (o(f ) : 14(f) : 1s(f) : I10(f)) in weighted projective
spaceP? determines the isomorphism class of. In fact, C and CHare isomorphic over
ki there is an r 2 kSbsuch that 14(fY = rd4(f). Igusa generalized Clebsch's theory
to hold in all characteristics by de ning choosing a di erent algebraic equation for the
curve C (through an embedding as a quartic inP? with one node) and de ning invariants
J2;J4;J6;Jg and J1g. He thus obtained a moduli space of genus two curves de ned av

However, if the Igusa-Clebsch invariants of a curveC lie in a eld k, it does not necessarily
mean that C can be de ned overk: there is usually an obstruction in Br (k). Therefore,
C can always be de ned over a quadratic extension ok.

5.5 Kummer surface of J(C)

Let C be a curve of genus 2, which we can write as

X6 .
y=100=" fix
i=0
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Kummer surface of J(C)

Let ;i =1;:::;6 be the roots of the of the sextic, so that

Ve
fx)=1fs (x )
i=1

We shall concern ourselves with the embedding of the singuta&Kummer surface as a quartic
in P3, which comes from the complete linear system 2 , twice the theta divisor which de nes
the principal polarization. We shall use the formulas from [CF]. The quatrtic is given by
the equation

K (21;22;23;24) = Kpz§ + K124+ Ko =0

where
Ky = 725 4z1z3;
Ki = 4zfg 22220f1 4z%z3f, 2z12023f3 4z173F, 22p73Fs5  4z3fe;
Ko =  4zffofo+ 21f2  4zZ3zofof 3 22323f1f 3 422251 of 4

+4 ZfZngf of 5 4ZfZngf 1fa 4ZJZ_Z§f ofe+2 Z%Z%f 1fs
A7273f of 4+ 222312 4z923f of 5 + 821 7525F of 6
4Z;|_Z§23f 1f s+4 Z]_ZgZ%f 1f 6 421222§f 2f 5 Zlegf 3f 5
Az3fof o Az3z3f1fe  4z325F.f¢ 4z023fsfe  Az5fafe+ Z3f 2

The 16 singular points de ne ordinary double points on the quartic, which are called nodes.
These are given explicitly by the coordinates

(0:0:0:1)
(@ i+ 5050 ofij))

Po
Pij

forl i<j 6.

Here o(i;j ) is de ned as follows. Let
X4
f(x)=(x )(x j)h(x)with h(x)= hax":
n=0
Then
o(ii)= ho ha(ij) ha(i )=

The singular point pp comes from the 0 point of the Jacobian, whereas th@; come from
the 2-torsion point which is the di erence of divisors [( i;0)] [( j;0)] corresponding to two
distinct Weierstrass points on C. The sixteen singular points are callednodes.
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Kummer surface of J(C)

There are also sixteen hyperplanes ifP® which are tangent to the Kummer quartic. These
are called tropes . Each trope intersects the quartic in a conic with multiplicity 2, and
contains 6 nodes. Conversely, each node is contained in exc6 nodes. This beautiful
con guration is called the (16;6) Kummer con guration.

The explicit formulae for the tropes are as follows. Six of tle tropes are given by
2z izp+ 23=0:

We call this trope T;. It contains the nodespo and pjj . The remaining ten tropes are labeled
Tijk and corresponds to a partition off 1; 2; 3; 4, 5; 6g into two sets of three, sayfi;j;k g and
its complement fl; m;ng. Set

x3
G(X)=(x Dx P W= gx;

r=0

x3
HX)=(x (X  m)(x n)= hx"

Then the equation of Tjy is

fe(g2ho + Qoh2)z1 + fe(go + ho)zo + fe(01 + h1)zz+ 24 = O:

The Neron-Severi lattice of the nonsingular Kummer contains classes of rational curveg
and Ej; coming from the nodes, andC; and Cjx coming from the tropes. We will denote
the lattice generated by these as (16:6). It has signature (1;16) and discriminant 2% and
is the Neron-Severi lattice of the Kummer surface of a genec principally polarized abelian
surface.

Let L be the class of a hyperplane section, so that we have the folldng intersection numbers
and relations in the Neron-Severi lattice.

L2 = 4;
E3 = 2
EF = 2
Eo Ej = 0;
Eiji Ew = 0:fi;jg8 fklg;
Ci = (L Eo Eij)=2

 gi
Cik = (L Ej Ekx Ek Em Emn En)=2

We consider the following construction outlined in [Na]. Projection to a hyperplane from
Po de nes a 2 to 1 map of the Kummer to P?, and thus identi es the Kummer as a double
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The elliptic fibration on the Kummer

cover of P2, rami ed along the union of six lines, which are the projections of the conicsC;
(or the tropes T;). The exchange of sheets gives an involution of the sheets,hich acts by

Eq 7! 2L 3E0;
Eij 7' Ej;
L 7' 3L A4Eg:

We can explicitly write down the projection to P? as (X1;X2:X3;X4) 7! (X1;X2;X3). The
involution which is the exchange of sheets isX1;X2; X3;X4) 7! (X1;X2;X3; Xa4). Let Qo; G
be the projections of the po; pjj -

5.6 The elliptic bration on the Kummer

We would like to identify the Kummer quartic as an elliptic su rface with bad bers of type
ISDat 1 andsixl, bers, with a 2-torsion section. We rst identify the Neron -Severi lattices
involved (namely (16:6) @and (Dg A% U)™). Next, we use the identi cation to nd out
the rational functions x;y;t on the Kummer which make satisfy the Weierstrass equation
for an ellptic surface with the requisite bad bers and 2-torsion section. The details are
given in section 5.7.

We nd that the Kummer surface is

2 _

y2=x3 23+ at+ bx?+((t3+ at+ b? 4bTat + bY)x
with
a = 14=12,
a¥ = 1
b = (lals 3lg)=108
b = 1,224
b™ = 11074;

wherel,;14;16;110 are the Igusa-Clebsch invariants of degrees;2; 6; 10 respectively of the
genus 2 curveC : y2 = f (x). This elliptic bration has a |&berat t=1 andl, bers at
the roots of the sextic 3+ at + b)? 4bXa't + bY.

Theorem 5.2. Let C be a curve of genus two, and Y = Km( J(C)) the Kummer surface
of its Jacobian. Let I5;14;14;110 be the lgusa-Clebsch invariants of Y. Then there is an
elliptic fibration on Y for which the Weierstrass equation may be written

243 o8 lag lola 36 o 3 la lals e 2+| Cole
y= 12 108 12 108 ot o X
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Finding the isogeny via the Neron-Severi group

There is an elliptic K3 surface X given by

I I [ 5l 3l I
— 3 3 4 + + 5 10,2 + 214 6 + 2
X t —12t 1 x+1t 7 t ~ 108 t 24

with fibers of type Eg and Ey att = 1 and t = 0 respectively, and a Nikulin involution on
X, such that the quotient K3 surface is Y.

Remark 5.3. The Nikulin involution on X may be written as follows:

16X (X + 1,t2=24)2 64y ( x+ 1,t2=24)% 4( x+ |,t2=24)
. . | . .
(X'y’t) 7 I 2 +8 ! [ 3 t12 I t3
10 10 10

Remark 5.4. Notice that in addition to the correspondence of elliptic K3 surfaces having
Eg and E; bad bers with Kummer surfaces of principally polarized abelian surfaces, we
get a correspondence of curves of genus 2 betwe€nand W, the curve given by

2
I 5l 3l I

2 _ .
B 12 108 24

5.7 Finding the isogeny via the Neron-Severi group

In this section, we give the details of how to put an elliptic bration on the Kummer surface
of a Jacobian of a curve of genus 2, with a 2-torsion section, Bs‘jber and six |, bers.
We use the construction of [Na], which gives an embedding ofie lattice N Eg( 1) inside

(16;6) -

First, we start with the Neron-Severi lattice of the K3 surf ace X which has Eg and E~-
bers. The roots of the NS(X ) which correspond to the smooth rational curves onX are
drawn below (we use the notation from [D2]).
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Finding the isogeny via the Neron-Severi group

e eN7
A

eRl eNg

eR2 eNsg

e Re R Re Ry Re 3 M M2 Nz

EPO eNg

There is an elliptic bration on X which hasRg+2R7+3Rg+4R5+5R4+6R34R2+2R1+3 Ry
as anll “or Eg ber, N7+2Ng+3N5+4N4+ N3+2No+ N1+2Ng as alll “ér E; ber, and
S as the zero section. This is the bration over P{. The bration over P} has thel lor D14
ber given by Ro+ R2+2(R3+ R4+ Rs+ Rg+ R7+ Rg+ S+ N1+ No+ N3+ N4)+ Ng+ Ns,
anl, or A1 ber A+ N7, a 2-torsion section (sayR1) and a zero sectionNg.

The Nikulin involution  is translation by the 2-torsion section. It re ects the above picture
about its vertical axis of symmetry. There are two obvious cqies of Eg( 1) switched by

, namely the sublattices of NS(X) spanned by the rootsfS;N1;N2; N3;N4;Ng; Ns; Ngg
and fR7; Rg; Rs; R4; R3; Ro; R2; R10. Next, we write down some roots onNS(Y), where 'Y
is the quotient K3 surface of X by the involution. As we have described,Y has six|, or

Qe+ Q7+ Qg) + Qg+ Q10, a 2-torsion sectionT = Q12 and its zero section isO = Q3.
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Finding the isogeny via the Neron-Severi group

eQ1 Qioe eQi2=T

Qs U Qs Qe %7 Qse

197
197

Qi3'e Qis'e Qi7e Qide Qoi'e Qoale

197

Q)
>

0]

eQ2 Qo

Qu=0

It is easily checked that the rational components of theEg describe above map afNg 7! O
(recall that Ng is the zero section of theD14 bration, on which the quotient map is an
isogeny of elliptic surfaces),Ns 7! Qg;N4 7! Qg;Ng 7! Q10;N3 7! Q7;N2 7! Qg; Ny 7!
Qs;S 7! Q4. Hence, we see a natural copy oEg within the Neron-Severi of Y. On the
other hand, we can also see eight roots orthogonal to all theenerators ofEg as well as to

each other, namelyQ14; Q16; Q18; Q20; Q22; Q24; Q1 and Q>.
Now, we use the construction of Naruki [Na] which gives an exjicit embedding of N
Eg( 1) inside the Neron-Severi lattice of a Kummer surface of a @neric principally polarized

abelian surface, or (16:). We extend this construction to get an identi cation of (166
with NS(Y), i.e. the lattice generated by the roots in the diagram aboe.

The identi cation is as follows:
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Finding the isogeny via the Neron-Severi group

eCo3 Eise %521—
Q
A@Qq
A @°Q
A @ Qg
e e e et efe e Ke
eEz3 Celz Eeze %16 %16 Coe
fgle file fole file fule fsle
@ A
@ A
@ A
@ A
e (C23) E14e C14= o)
Here (Cy3)= Coz3+ L 2E,.

The class of the ber is

F

5L E

0 3E

Coz+ (Co3)+2(Eoz+ Cio+ Eze+ Cig+ E16+ Co)+ Eis+ Ena
2(E13+ Ea6 + Ese)

(E2a+ Eo5+ E36+ Eus)

(E2a+ Eo5+ E3s+ Eus+ Esg)
(E2s4+ Eos+ E3a+ Eze+ Eus)

(E24+ Eo5+ Ezg+ Eus+ Eue)
(E2a+ Ep5+ Eza+ E3s+ Eus)

e = (L Eo) (Ei2+ Ege)

€ 2(L Ep) (E12+ Ei13+ Ep4+ Ese+ Esp)

& = 3(L Eo) 2E12 (Eiz+ Exs+ Eze+ Ess+ Ess+ Esp)
e = 4(L Eo) 2(Ei2+ Eiz+ Ege)

e&s = 5(L Eo) 3E12 2(E13+ Ege+ Esp)

€6 = Egss

(fi = F g foralli)

fs = (L Eo) (Ew2+ Ese)

fz = 2(L Eo) (Ew2+ Eiz3+ Ezs+ Ess+ Ese)

fo = 3(L Eo) 2E12 (Eiz+ Eos+ Eze+ Egs+ Ege+ Esp)
fi = 4L Eo) 2(Eiz+ Eiz+ Esp)

fe = 5(L Eo) 3E12 2(Eiz+ Ese+ Ese)

fs = Eaz

Notice that under the switch of indices 4 $ 5 we have the permutation of bers
(14)(23)(56) and in fact & 7! f ;), fi 7! e ().
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Finding the isogeny via the Neron-Severi group

Next, we describe how one may use all this information from tle Neron-Severi group to
construct x, y and t in the Weierstrass equation forY = Km( J(C))

y? = x3+ a(t)x? + bt)x
Consider the class of the berF 2 NS(Km(J(C))).
F=5(L Eo) 3Ei2 2(Eiz+ Ess+ Esg) (E2sa+ Eos+ Ezp+ Eus):

We can write down the parameter on the base by computing exptitly the sections of
HO(Y;Oy (F)). This linear system consists of (the pullback of) quintics passing through
the points o and g; which pass throughaps; tbos; 0ze; tus, having a double point at g13; Que; Os6
and a triple point at gi2. This linear system is 2-dimensional, and taking the ratio d two
linearly independent sections gives us the parametet on the base, P, for the elliptic
bration. Now, t is only determined up to the action of PGL 5, but the rst restriction we
make is to put the I'ber at t = 1 , which xes t up to a ne linear transformations. Any
elliptic K3 surface with a 2-torsion section can be written in the form

y?=x3  2q(t)x? + p(t)x

with p(t) of degree at most 8 andq(t) of degree at most 4. The 2-torsion section isx;y) =
(0;0). The discriminant of this elliptic surface is a multiple of p?(¢? p). In fact, we see
that p must have degree e@ctly 6, and the positions;;:::;tg of the I, bers are the roots
of the polynomial p(t) = po ?:l (x tj). Now t is determined up to transformations of the
form t 7! at + b. To have exactly ali-ber at 1 , we must havep(t) = q(t)? + r(t) where
g(t) is a monic cubic polynomial andr(t) is a linear polynomial in t. We can further Xx
t up to scalingst 7! at by translating t so that the quadratic term of g(t) vanishes. We
notice that the top coe cient pg of p(t) is a square, and so by scaling; x;y appropriately,

we may assumepg = 1, i.e. that p(t) and g(t) are monic.

Now we describe how to obtainx. It is a Weil function, so that the horizontal component

of its divisor equals Z 20, and the vertical component is uniguely determined by that
fact that (x) is linearly (and hence numerically) equivalently to zero. So we deduce that
the divisor of x is 2T 20+ Q10 Qo+ Qua+ Q16+ Q18+ Q20+ Q22+ Q24 3Fp, where

Fo= Q1+ Q2+2(Q3+ Qs+ Qs+ Qs+ Q7+ Qg)+ Qg+ Quo

is the Dg ber.

and O. There is a quintic s; which cuts out O = Cy4. Now, notice that the Dg ber contains
C12; C16 and Cqy. Therefore s; is divisible by To; Tg and T1. We write

s1= qul1T2Ts

with a quadratic g;. Next, we know that T4 cuts out C14 = O and Ts cuts out Ci5 = T.
To nd, for instance, the function which cuts out e, we nd the quadratic (unique up
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Finding the isogeny via the Neron-Severi group

to constants) which passes throughth2; tis; Gba; ths, Gss. Call this function e;, by abuse of

of x, which gives a zero alongT, also gives a zero alongs = Ess owing to the fact that
T = Cy5 intersects E35 (recall that we are working with the singular Kummer, on which
the image of the curveE3s is just a single point).

Putting everything together, we can write x up to scaling as a quotient of two homogeneous
polynomials of degree 16 as follows:
_ 162838465 Ts _ €162838465T5
ST, (T1ToTen)3Ts

Finally, we have to scalex and t so that x3+ a(t)x? + b(t)x becomes a square of a function
y on the Kummer.

We note that in the equation of the Kummer
Koz2+ Kizg4+ Kg=0
we can complete the square for, to obtain
(Kozg+ K1=2)? = K224 KoK = 4T ToT3T4TsTe
We let y be a constant multiple of

€162636465(K 224 + K1=2)
TG
a quotient of two homogenous polynomials of degree 18, and s that this makes the

Weierstrass equation hold. The computation is carried out h a Maxima program which is
listed in the appendix and available at

http://math.harvard.edu/~abhinav/k3maxima.txt

We noted earlier that the permutation (45) on the A; bers by = (14)(23)(56), and

takesg to f (j). Thatis, it switches the components intersecting the idenity and 2-torsion

sections as well. In addition, it switches the zero sectionCi4 and the 2-torsion section
Ci5, and on the Dg bers it switches the two near leaves E15 and E14, namely, again
the components intersectingT and O. On the other hand, consider the action onNS(Y)

induced by the translation by T. Under this map, T and O get swapped, the 2-torsion
and identity components of the Dg and A; bers all get switched, and the far leaves of the
Dg ber also get switched (this can be seen, for instance, fromhe fact that the group of
simple components of the speciaDg ber is Z=4Z). There is no permutation of the A;

bers themselves. Therefore the e ect of the permutation 45is the same as translation by
2-torsion composed with a pure involution (14)(23)(56) of the A1 bers and a switch of the

far leaves of theDg ber. Since the far leaves of theDg ber are switched by the Galois

involution that multiplies the square root of b™= [,0=4 by 1, this tells us that we have
the correct twist, since | ¢ is within a square factor of the discriminant of the sextic.
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The correspondence of sextics
5.8 The correspondence of sextics

The construction above gave us a correspondence of sextics

X Y
f(x)= fix'=  (x x)
and ,
| i, 3l |
_ o3 lagylela 3le 7 2
gx)= X=X 108 10 X 52

Therefore, over an algebraically closed eld, we get a birabnal map from the moduli space
of 6 points in P! (i.e. the quotient of (P1)® under the action of PGL, and Sg) with the
space of roots up to scaling of

(x3+ ax + b2+ (a% + b

asa; b; d&/b-vary (we suppresseddTsince it just scalesa“and bfj. This latter space is cut out

inside P> = f(X1:X5:X3:X4:Xs5:Xg)g by the hyperplane 1(X)= X1+ 11+ Xg=0

and by the quartic hypersurface »(X)2 = 4 4(X), where , and 4 are the second and
fourth elementary symmetric functions of the X;. Thus, we get a model as a quartic
threefold in P#, which is known as the Igusa quartic.

There is no simple one-one correspondence between the roaigf (x) and g(x), since the
two actions of Sg acting by the permuation representation on the six roots off (x) on the
six roots of g(x) are related by an outer automorphism. To see this, we recalfrom the last
section that the permutation (45) on the roots of f (x) (the Weierstrass points) acts on the
roots of g(x) (which are the locations of the A; bers) by the permutation (14)(23)(56). By
symmetry, all the transpositions of Sg act by a product of three transpositions on the roots
of g(x). Thus we get a homomorphismSg(f ) ! Sg(g) which is an outer automorphism.

5.9 Verifying the isogeny via the Grothendieck-Lefschetz
trace formula

We describe a method suggested by Elkies which provides a nessary criterion for two
surfaces to be related by a rational isogeny. This method carbe used as a check that the
correspondence between the original K3 surfac¥ with Eg and E; bers and the Kummer
surface Y obtained as a quotient by a Nikulin involution is de ned over Q. Recall that
Y =Km( J(C)), where C is the genus 2 curve whose equation is given by

X6 .
y2=f(x)=  fix"
i=0
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Verifying the isogeny via the Grothendieck-Lefschetz
trace formula

Here f (x) is a sextic polynomial whose Igusa-Clebsch invariants ards;l4;16;110. On the
other hand, the K3 surfaceX with Eg and E; bersat 1 and O is given by

1 1

2 — 3 3 5 2 .
= —t°(l4t + 12)x + ——t°(54l 109t“ + 2( 1 5l 3le)t +915):
y X 12 (4 )X 216 ( 10 ( 214 6) 2)

that the sextic f (x) has distinct roots, and the K3 surface X mod p has no other reducible
bers, and no worse reduction thanEg and E; att = 1 and 0. Then, by the Grothendieck-
Lefschetz trace formula for X, we have

X4

#Xp(Fp) =# Yp(Fp) = Tr(Frpi' (Yp; Q)
i=0

where | 6 p is some prime. Now, recall that sinceY, is a Kummer and therefore a K3
surface, hl(Yp;Q|) =0 and h3(Yp;Q|) = 0 by standard comparison theorems. Therefore
only H%;H?;H* contribute to the trace. In addition, we already know that th e trace
of Frobenius on H? is 1 and that on H* is p? by standard yoga of weights. The only
term remaining to examine is H 2(Yp;Q|). Recall that for the K3 surface Y, H?(Y;Q) =

H2(Y;Z) Q decomposes asNS(Y) Q) (Ty Q). Within the rst subspace lies

the span of the sixteen rational curves on the Kummer formed l the desingularizing the
image of the sixteen 2-torsion points onA. The action of Fr, on that subspace contributes
16p to the trace, and the trace on the complementary subspace isxactly equal to the

trace of Fry on the six-dimensional spaceH 2J (C)p; Qi). That trace may be computed as
follows: H l(Cp; Q)= HQJ (C)p; Qi) by de nition. Now suppose the eiq@nvalues ofFrp on

H 1(Cp;Q|) are 1;:::; 4. Then the trace of Fry on H2(J (C)p; Qi) is i i j-On the
other hand, we have
X X
Cp(Fp)=1+ p+ i and Cp(Fp2) =1+ p*+ 2
| |
P P, P _.,,P , P
Therefore we mayreadout ; jand , { andtherefore i 0= 5(( i)e ( )

by counting the number of F, and F.-valued points of C.

On the other hand, because the irreducible components of th&g and E; bers of X are
de ned rationally, we have that

X
X(Fp) = ©@Op+1)+(@p+1)+ # Xpit
tLE—{0}
X X R(xt)
= 17p+2+ p+1+
ey X0 P
= p? 1+17p+2+ R();'t)

t [Eg—{O}x [y
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Verifying the isogeny via the Grothendieck-Lefschetz
trace formula

where
R(x;t) = x3 it3(| t+12)x + it5(54| ot?+2(l2l4  3lg)t+91y)
' 12 V4 216 ! 4

is the expression on the right hand side of the equation of thek3 surface X. We would
want the above point count to equal

1+ p?+16p+Tr( FpiH2(J(C)p; Q)

We can use a computer program to calculate both sides and chkd¢hat they are equal. This
provides experimental veri cation of an isogeny between tlese surfaces. In the speci c case
above, the point counts are indeed always equal.
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Chapter 6

Appendix

In this appendix we give the Maxima code which veri es the assrtions of Section 5.7. We
may assume, without loss of generality, that the curveC is given by

yP = x(x D(x 2)(x  ta)(x ts)(X te)

since we may move three of the Weierstrass points to;d; 2 by an element of PGL,. The
choice of Q1;2 instead of Q1;1 is made to be able to use the formulas of [CF], which
assumes that the Weierstrass points are nite.

£:[0,1,2,t4,15,16];

F.expand(product(x-t[i],i,1,6));
f0:coeff(F,x,0);
f1:coeff(F,x,1);
f2:coeff(F,x,2);
f3:coeff(F,x,3);
f4:coeff(F,x,4);
f5:coeff(F,x,5);
f6:coeff(F,x,6);

K2:z2272-4*71*z3;

K1:-4*z11"3*f0-2*z1/2*22*f1-4*21"2*23*f2-2*21*22*2 3* f3-4*71*z23"2*f4-2*72*
z23"\2*f5-4*23"3*f6;

KO:-4*z1"4*f0*f2+z1"N4*f1"2-4*21"3*22*f0*f3-2*21"3*z 3*f1*f3-4*z1"2*22"2
*f0*f4+4*2172*22*23*f0*f5-4*21"2*22*23*1*f4-4*21"2 *z3"2*0*f6+2*21"2*23"
2*f1*f5-4*z1"2* 23" 2*f2*f4+71"2*23"2*{3"2-4*21*22"3* fO*f5+8*z1*2272*23*f0
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*f6-4*21*22/2*23*f1*{5+4*21*22*23"2*f1*{6-4*21*22*z
f5-4*22"4*f0*f6-4*22"3*23*f1*f6-4*22"2*23"2*f2*{6-4
f4*f6+23"4*f5"2;

K:K2*z472 + K1*z4 + KO;
/* Kummer surface is K2*z4"2 + K1*z4 + KO = 0 */

p0:[z1=0,z2=0,23=0,z4=1];

pl2:[z1=1, z2=1, z3=0, z4=-2*t6*t5*t4];

pl3:[z1=1, z2=2, z3=0, z4=-16*t5*t4];

pl4:[z1=1, z2=t4, z3=0, z4=-2*t6*t5];

pl15:[z1=1, z2=t5, z3=0, z4=-2*t6*t4];

pl6:[z1=1, z2=t6, z3=0, z4=-2*t5*t4];

p23:[z1=1, z2=3, z3=2, z4=(-2*t5-2*t6)*t4+(-2*t6*t5-4)
p24:[z1=1, z2=t4 + 1, z3=t4, z4=-t4"2+((-t6-2)*t5-2*t6)*
p25:[z1=1, z2=t5 + 1, z3=t5, z4=(-t6-2)*t5*t4+(-t5"2-2*t
p26:[z1=1, z2=t6 + 1, z3=t6, z4=(-t6*t5-2*16)*t4+(-2*t6*
p34:[z1=1, z2=t4 + 2, z3=2*t4, z4=-4*t4"2+((-2*16-2)*t5-
p35:[z1=1, z2=t5 + 2, z3=2*t5, z4=(-2*t6-2)*t5*t4+(-4*t5
p36:[z1=1, z2=t6 + 2, z3=2*t6, z4=(-2*t6*t5-2*t6)*t4+(-2
p45:[z1=1, z2=t4 + t5, z3=t5*t4, z4=-t5"2*t4"2+(-3*t6-2)
p46:[z1=1, z2=t4 + t6, z3=t6*t4, z4=-t6"2*t4"2+(-3*t6*t5
p56:[z1=1, z2=t5 + t6, z3=t6*t5, z4=-3*t6*t5*t4+(-t6"2*t

+ + + 4+ + + + + o+

[* some tropes */

T1:t[1]"2*z1 -t[1]*z2 + z3;
T2:1[2]"2*z1 -t[2]*z2 + z3;
T3:t[3]"2*z1 -t[3]*z2 + z3;
T4:t[4]"2*z1 -t[4]*z2 + z3;
T5:t[5]"2*z1 -t[5]*z2 + z3;
T6:1[6]"2*z1 -t[6]*z2 + Z3;

~

/* pencil of quintics *

G:.c1*z3"6+c2*22*23M+Cc7*21*23"N4+c3*22"2*23"3+c8*z1*
+Cc4*z2"3*23"2+C9*21*22"2*23"2+c13*21"2*22*23"2+Cc16*
+c10*z1*2273*23+c14*z172*22"2*23+c17*21"3*22*23+c19
cl1*z1*z2"4+¢15*z1"2*22"3+¢c18*z1"3*22"2+c20*z21"4*z2

G1: diff(G,z1);

G2: diff(G,z2);
G3: diff(G,z3);
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3N2*f2*f5-2*21*23"3*f3*
*z22*z23"3*f3*f6-4*23"4*

t4];

6*t5)];
t5-t6/2)];
2t6)*t4];
A2-2%t6*t5)];
“H*5-4*t62)];
“t5%4];
-2*t6)*t4];
5A2-2*t6*t5)];

22*z23"3+c12*z1"2*23"3
z173*23"2+c5*22"4*23
*71"4*723+c6*22"5+
+c21*z1M5;



Appendix

G11: diff(G1,z1);
Gl2: diff(G1,z2);
G13: diff(G1,z3);
G22: diff(G2,z2);
G23: diff(G2,z3);
G33: diff(G3,z3);

v: solve([ev(G,p24)=0,ev(G,p25)=0,ev(G,p36)=0,ev(G,p 45)=0,
ev(G1,p13)=0,ev(G2,p13)=0,ev(G3,p13)=0,
ev(G1,p46)=0,ev(G2,p46)=0,ev(G3,p46)=0,ev(G1,p56)=0 ,ev(G2,p56)=0,
ev(G3,p56)=0,ev(G11,p12)=0,ev(G12,p12)=0,ev(G13,p12 )=0,ev(G22,p12)=0,
ev(G23,p12)=0,ev(G33,p12)=0],[c1,c2,c3,c4,c5,c6,c7, c8,c9,
cl10,c11,c12,c13,c14,c15,¢c16,c17,c18,c19,c20,c21));

sl.ev(G,ev(v, %rl1=1,%r2=0));
sl:num(rat(sl));
sl: factor(sl);

s2:ev(G,ev(v, %rl1=0,%r2=1));
s2:num(rat(s2));

/* will modify s2 later */
[* computing e4 */

G: cl1*z3M+c2*22*23"3+c6*21*23"3+c3*22"2*23"2+Cc7*z1* 2z2*23"2+c10*z1"2*23"2+
C4*z22"3*z23+c8*z1*z22"2*23+c11*z1"2*22*23+c13*z21"3*z3 +c5*z22"4+c9*z1*22"3+
cl2*z172*z2"2+c14*z1"3*z2+c15*z1"\4;

G1l: diff(G,z1);
G2: diff(G,z2);
G3: diff(G,z3);

v: solve([ev(G,p24)=0,ev(G,p25)=0,ev(G,p36)=0,ev(G,p 45)=0,ev(G,p56)=0,
ev(G1,p13)=0,ev(G2,p13)=0,ev(G3,p13)=0,
ev(G1,p46)=0,ev(G2,p46)=0,ev(G3,p46)=0,
ev(G1,p12)=0,ev(G2,p12)=0,ev(G3,p12)=0],
[c1,c2,c3,c4,c5,¢6,c7,c8,c9,c10,c11,c12,c13,c14,c15 ;

ed: ev(G,ev(v, %r3=1));
e4d. num(rat(e4));

[* computing e3 */
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G: c1*z3"3+c2*22*23"2+c5*%21*23"2+c3*22"2*23+c6*z21*22 *z3+c8*z1"2*z23+c4*z22"3+
C7*21*22"2+c9*z1"2*22+c10*z1"3;

G1l: diff(G,z1);

G2: diff(G,z2);

G3: diff(G,z3);

v: solve([ev(G,p13)=0,ev(G,p24)=0,ev(G,p46)=0,ev(G,p 36)=0,ev(G,p45)=0,
ev(G,p56)=0,ev(G1,p12)=0,ev(G2,p12)=0,ev(G3,p12)=0] ,
[c1,c2,c3,c4,c5,¢6,c7,c8,c9,c10]);

e3: ev(G,ev(v, %r4=1));
e3: num(rat(e3));

[* computing e2 */
G: cl1*z3"2+c2*z22*23+c4*z1*23+c3*z22"2+c5*z1*z2+c6*z1™ 2;

v: solve([ev(G,p13)=0,ev(G,p24)=0,ev(G,p46)=0,ev(G,p 12)=0,ev(G,p56)=0],
[c1,c2,c3,c4,c5,c6]);

e2: ev(G,ev(v, %r5=1));
e2: num(rat(e2));

/* computing el */
G: z3*cl + z2*c2 + z1*c3;

v: solve([ev(G,p46)=0,ev(G,pl12)=0],
[c1,c2,c3));

el: ev(G,ev(v, %r6=1));
el: -num(rat(el));

[* computing e5 */

G: ¢c1*z23"5+c2*22*23M+Cc7*21*23"N4+¢c3*22"2*23"3+¢c8*z1* z2*23"3+¢c12*21"2*23"3+
Cc4*z2"3*z23"2+c9*21*2272*23"N2+c13*21"2*22*23"2+c16*z 173*23"2+Cc5*z22"4*73+
c10*z1*z2"3*z23+¢c14*21"2*22"2*23+¢c17*21"3*22*23+c19* 21"4*23+c6*22"\5+
c11*z1*z2"4+¢c15*z2172*22"3+¢c18*z173*22"2+c20*z1M4*z2 +c21*z1"5;

G1: diff(G,z1);

G2: diff(G,z2);
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G3: diff(G,z3);

G11: diff(G1,z1);
G12: diff(G1,z2);
G13: diff(G1,z3);
G22: diff(G2,z2);
G23: diff(G2,z3);
G33: diff(G3,z3);

v: solve([ev(G,p24)=0,ev(G,p25)=0,ev(G,p36)=0,ev(G,p 45)=0,ev(G,p34)=0,
ev(G1,p13)=0,ev(G2,p13)=0,ev(G3,p13)=0,ev(G1,p46)=0 ,ev(G2,p46)=0,
ev(G3,p46)=0,ev(G1,p56)=0,ev(G2,p56)=0,ev(G3,p56)=0 ,ev(G11,p12)=0,ev
(G12,p12)=0,ev(G13,p12)=0,ev(G22,p12)=0,ev(G23,p12) =0,ev(G33,p12)=0],
[c1,c2,c3,c4,c5,¢6,c7,c8,c9,c10,c11,c12,c13,c14,c15 ,c16,¢c17,c18,¢19,c20,c21));

e5: ev(G,ev(v, %r7=1));
e5: num(rat(eb));

/* computing d1 */

G: cl1*z3M+c2*22*23"3+c6*21*23"3+¢c3*22"2*23"2+Cc7*z1* 2z2*23"2+c10*z1"2*23"2+
Cc4*z22"3*z23+c8*z1*z22"2*23+c11*z1"2*22*23+c13*21"3*z3 +c5*z2"4+c9*z1*z22"3+
cl2*z1n2*z2"2+c14*z1"3*z2+c15*z1"\4;

G1l: diff(G,z1);
G2: diff(G,z2);
G3: diff(G,z3);

v: solve([ev(G,p24)=0,ev(G,p25)=0,ev(G,p36)=0,ev(G,p 45)=0,ev(G,p46)=0,
ev(G1,p13)=0,ev(G2,p13)=0,ev(G3,p13)=0,
ev(G1,p56)=0,ev(G2,p56)=0,ev(G3,p56)=0,
ev(G1,p12)=0,ev(G2,p12)=0,ev(G3,p12)=0],
[c1,c2,c3,c4,c5,¢c6,c7,c8,c9,c10,c11,c12,¢c13,c14,c15 D;

dl: ev(G,ev(v, %r8=1));
d1: -num(rat(dl));

[* computing d2 */

G: c1*z3"3+c2*z22*23"2+c5*21*23"2+c3*22"2*23+c6*z1*22 *z3+c8*z1"2*23+c4*z2"3
+C7*21*22"2+c9*z1"2*22+¢c10*z1"3;

G1l: diff(G,z1);

G2: diff(G,z2);
G3: diff(G,z3);
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v: solve([ev(G,p13)=0,ev(G,p25)=0,ev(G,p46)=0,ev(G,p 36)=0,
ev(G,p45)=0,ev(G,p56)=0,ev(G1,p12)=0,ev(G2,p12)=0,e  Vv(G3,p12)=0],
[c1,c2,c3,c4,c5,¢6,c7,c8,c9,c10)]);

d2: ev(G,ev(v, %r9=1));
d2: -num(rat(d2));

/* computing d3 */
G: cl1*z3"2+c2*z22*23+c4*z1*23+c3*z22"2+c5*z1*z2+c6*z1™ 2;

v: solve([ev(G,p13)=0,ev(G,p25)=0,ev(G,p46)=0,ev(G,p 12)=0,ev(G,p56)=0],
[c1,c2,c3,c4,c5,c6]);

d3: ev(G,ev(v, %rl10=1));
d3: -num(rat(d3));

[* computing d4 */
G: z3*cl + z2*c2 + z1*c3;

v: solve([ev(G,p56)=0,ev(G,p12)=0],
[c1,c2,c3));

d4: ev(G,ev(v, %rll=1));
d4: num(rat(d4));

/* computing d6 */

G: c1*z3"5+¢2*z2*z23"N4+Cc7*21*23"N4+c3*22"2*23"3+c8*z1* 2z2*z3"3+¢c12*z1"2*z3"3
+C4*22"3*23"2+C9*721*2272*23"2+Cc13*21"2*22*23"2+c16* 21"3*23"2+Cc5*z2"4*73+
c10*z1*z2"3*23+c14*z1"2*22"2*23+¢c17*21"3*22*23+¢c19* z1"4*23+c6*22"5+
cl1*z1*z2"4+c15*z1"2*22"3+¢c18*z1"3*z2"2+c20*z1"4*z2 +c21*z1"5;

G1: diff(G,z1);
G2: diff(G,z2);
G3: diff(G,z3);
G11: diff(G1,z1);
Gl2: diff(G1,z2);
G13: diff(G1,z3);
G22: diff(G2,z2);
G23: diff(G2,z3);
G33: diff(G3,z3);
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v: solve([ev(G,p24)=0,ev(G,p25)=0,ev(G,p36)=0,ev(G,p 45)=0,ev(G,p35)=0,
ev(G1,p13)=0,ev(G2,p13)=0,ev(G3,p13)=0,ev(G1,p46)=0 ,ev(G2,p46)=0,
ev(G3,p46)=0,ev(G1,p56)=0,ev(G2,p56)=0,ev(G3,p56)=0 ,ev(G11,p12)=0,
ev(G12,p12)=0,ev(G13,p12)=0,ev(G22,p12)=0,ev(G23,p1 2)=0,ev(G33,p12)=0],
[c1,c2,c3,c4,c5,¢6,c7,c8,c9,c10,c11,c12,c13,c14,c15 ,c16,¢17,c18,¢19,c20,c21));

d6: ev(G,ev(v, %rl12=1));
d6: num(rat(d6));

ul: (s2-dl*el)/sl;
u2: (s2-d2*e2)/s1;
u3: (s2-d3*e3)/sl;
u4: (s2-d4*ed)/si,
u5: (s2-e5)/si;
u6: (s2-d6)/si;

u0: (ul+u2+u3+ud+u5+ub)/6;
ul: ul-u0;

u2: u2-u0;

u3: u3-uo;

u4: u4-u0;

us: usS-uo;

u6: u6-u0;

s2: s2-u0*sl;
ul+u2+u3+u4+u5+u6;
rat((s2-s1*u6)/(d6));
rat((s2-s1*ub)/(ebh));
rat((s2-s1*ud)/(d4*ed));
rat((s2-s1*u3)/(d3*e3));
rat((s2-s1*u2)/(d2*e2));
rat((s2-s1*ul)/(d1*el));

gl: s1/(T1*T2*T6);
M:factor(-K2*K+(K2*z4+K1/2)"2);
M/(4*T1*T2*T3*T4*T5*T6),

/*
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y: el*e2*e3*ed*e5*(
t4*t5*(t5-t4)*t6*(16-t4)*(t6-t5))*(c2*z4+c1/2)/(T1N 5*T2/3*T4N2*T6/4*q1"2);
x: el*e2*e3*e4*e5*T5/((T1*T2*T6*ql)"3*d5);

u:s2/si;
*/

p: (u-ul)*(u-u2)*(u-u3)*(u-ud)*(u-us)*(u-ue);
coeff(p,5,0);
w: u"3 + coeff(p,u,4)/2*u + coeff(p,u,3)/2;

q: p-w"2;

/* write down numerators and denominators of everything in s ight */
wnum: s2°3 + coeff(p,u,4)/2*s2*s1"2 + coeff(p,u,3)/2*s1" 3;

wden: s1”3;

pnum: (s2-ul*sl)*(s2-u2*sl)*(s2-u3*sl)*(s2-ud*sl)*(s 2-u5*sl)*(s2-u6*sl);
Note that

pnum = (el*e2*e3*e4*d1*d2*d3*d4*e5*d6);
pden: s1”6;

xnum: el*e2*e3*e4*e5*T5;
xden: ((T1*T2*T6*ql)"*3*d5);

The equation of the surface is

yh2 = xX*(x"2 -2*w*x + p)

The identity boils down to checking the following:

A% (t4*15* (15-14) *t6* (16-t4)*(t6-15)) N 2* T2 4* T 3*T6/°2 *q175

(el*e2*e3*e4*e5*T5"2) - 2*wnum*T4*T5 + T4/2*d1*d2*d3*d4 *d6
*/

((el*e2*e3*e4*e5*T52) - 2*wnum*T4*T5 + T4r2*d1*d2*d3*d 4*d6)/(
A*(t4H5*(15-t4) *6*(16-14)*(16-15) ) 2* T2/ 4* T3*T6/2 *q175);

It remains to check that the Igusa-Clebsch invariants of the sextic
y>=x(x  1(x 2)(x ta(x ts)(x te)
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are related to the the coe cients of the polynomials w and g, as asserted. But this is easily
veri ed.
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