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Abstract

In this dissertation we investigate the structure and moduli spaces of some algebraic K3
surfaces with high rank. In particular, we study K3 surfaces X which have a Shioda-Inose
structure, that is, such that X has an involution ¢ which fixes any regular 2-form, and the
quotient X/{1,.} is birational to a Kummer surface.

We can specify the moduli spaces of K3 surfaces with Shioda-Inose structures by identify-
ing them as lattice-polarized K3 surfaces for the lattice Eg(—1)2, with the additional data
of an ample divisor class. Similarly, we can give the quotient Kummer surface the structure
of an Eg(—1) @ N-lattice polarized K3 surface, with the additional data of an ample divisor
class.

One of the main results is that there is an isomorphism of the moduli spaces of these two
types of lattice-polarized K3 surfaces.

When X is an elliptic K3 surface with reducible fibers of types Eg and E7, we describe
the Nikulin involution and quotient map explicitly, and identify the quotient K3 surface as
a Kummer surface of a Jacobian of a curve of genus 2. Our second main result gives the
algebraic identification of the moduli spaces explicitly in this case.
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Chapter 1

Introduction

1.1 Motivation and overview

The classification of surfaces was carried out by Enriques, Castelnuovo, Kodaira, Zariski,
Bombieri and Mumford. Two of the important classes of surfaces are complex tori and
K3 surfaces. The algebraic versions, abelian surfaces and algebraic K3 surfaces, have rich
algebraic as well as geometric content.

An important part of the geometry and arithmetic of a K3 surface is its Néron-Severi group,
or Picard group, which can be considered as the group of line bundles on the surface up
to isomorphism, or as the group of divisors modulo linear equivalence. This group has the
structure of a lattice, where the bilinear form comes from intersection theory on the surface.
The Picard number or rank of the K3 surface is the rank of the Néron-Severi lattice.

In this work, we study some K3 surfaces of high rank. Precisely, we consider K3 surfaces
which have a Shioda-Inose structure: that is, an involution which preserves a global 2-form,
such that the quotient is a Kummer surface. Kummer surfaces are a special class of K3
surfaces which are quotients of abelian surfaces. The Kummer surface thus carries algebro-
geometric information about the abelian surface. It has rank at least 17, and so therefore
do the K3 surfaces with Shioda-Inose structure.

These surfaces were first studied by Shioda and Inose [SI], who give a description of singular
K3 surfaces, i.e. those with rank 20, the maximum possible for a K3 surface over a field of
characteristic zero. They prove that there is a natural one-to-one correspondence between
the set of singular K3 surfaces up to isomorphism and the set of equivalence classes of pos-
itive definite even integral binary quadratic forms. The result follows that of Shioda and
Mitani [SM] who show that the set of singular abelian surfaces (that is, those having Picard
number 4) is also in one-to-one correspondence with the equivalence classes of positive defi-
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nite even integral binary quadratic forms. The construction of Shioda and Inose produces a
singular K3 surface by taking a double cover of a Kummer surface associated to a singular
abelian surface and with a specific type of elliptic fibration. The resulting K3 surface has
an involution such that the quotient is the original Kummer surface. It also turns out that
the lattice of transcendental cycles on the K3 surface (i.e. the orthogonal complement of the
Néron-Severi group in the second singular cohomology group) is isomorphic to the lattice
of transcendental cycles on the abelian surface.

Morrison studied Shioda-Inose structures more extensively in [M1], and gave other necessary
and sufficient conditions for a K3 surface to have Shioda-Inose structure, in terms of the
Néron-Severi group of the K3 surface. In this thesis, we study the moduli spaces of the
K3 surfaces with Shioda-Inose structure, and of the resulting quotient surfaces. It is the
aim of this and subsequent work to relate moduli spaces of K3 surfaces with Shioda-Inose
structure with moduli spaces of abelian surfaces. It is also desirable to show that the
relevant moduli spaces, which are quasi-projective varieties, are related by a morphism or
correspondence over some number field. Such a correspondence would connect the non-
trivial (transcendental) part of the Galois representation on the étale cohomology of the K3
surface with Shioda-Inose structure to the non-trivial part of the Galois representation on
the abelian surface. We note that such an identification was made by Shioda and Inose,
who first noted that singular abelian surfaces are isogenous to a product of a CM elliptic
curve with itself. Therefore singular K3 surfaces also have models over a number field and,
for instance, their Hasse-Weil zeta functions are related to the Hecke L-function of the
Grossencharacter coming from the CM elliptic curve. It follows that the moduli of singular
K3 surfaces are discrete.

In the second half of this thesis, we look at specific K3 surfaces where we can attempt
to explicitly construct the Shioda-Inose structure, involution, and identify the quotient
Kummer. For instance, one may consider (as Shioda and Inose did) elliptic K3 surfaces
with certain specified bad fibers. If, in addition, the elliptic surface has a 2-torsion section,
the translation by 2-torsion defines an involution, and the quotient elliptic surface is a
Kummer surface. We may then ask for a description of an associated abelian surface (in
general, there may be more than one).

We describe the construction for a family of elliptic K3 surface of rank 17 with Néron-Severi
lattice of discriminant 2. This family has bad fibers of type I1* (or Eg) and I11* (or E;) in
the Néron-Kodaira notation. It turns out that we can give an alternative elliptic fibration
with a 2-torsion section. The quotient elliptic surface is the Kummer of a unique principally
polarized abelian surface (generically, the Jacobian of a curve of genus 2). We relate the
invariants of genus 2 curve to the moduli of the original K3 elliptic surface, thus giving an
explicit description of the map on moduli spaces. The description of the relation between
the genus 2 curve and the K3 surface is geometric. We illustrate a technique used by Elkies
[E] that allows us to verify computationally the correspondence between the elliptic K3
surface and the Jacobian of the genus 2 curve by using the Grothendieck-Lefschetz trace
formula. This technique may also be used with other families of K3 surfaces with Shioda-



PRELIMINARIES ON LATTICES

Inose structure to conjecture the associated abelian surface. A number theoretic application
of elliptic K3 surfaces with high rank is to produce elliptic curves over Q(t) and Q of high
rank. For instance, if the Néron-Severi group is all defined over QQ, then one tries to find
a vector of norm 0 in the lattice that gives an elliptic fibration, such that there are no
reducible fibers. By Shioda’s formula, this will imply that the resulting elliptic surface has
large Mordell-Weil rank. Elkies has used his techniques from [E] to construct an elliptic
curve of rank 18 over Q(¢) and elliptic curves of rank at least 28 over Q.

1.2 Preliminaries on lattices

Definition 1.1. A lattice will denote a finitely generated free abelian group A equipped
with a symmetric bilinear form B : A x A — Z.

We abbreviate the data (A, B) to A sometimes, when the form is understood, and we
interchangeably write u - v = (u,v) = B(u,v) and u? = (u,u) = B(u,u) for u € A.

The signature of the lattice is the real signature of the form B, written (r4,r_,r9) where
ry, r— and rg are the number of positive, negative and zero eigenvalues of B, counted with
multiplicity. We say that the lattice is non-degenerate if the form B has zero kernel, i.e.
ro = 0. In that case, the signature is abbreviated to (r,,r_). We say A is even if 22 € 27
for all x € A.

Let A be a non-degenerate lattice. The discriminant of the lattice is | det(B)|. The lattice
is said to be unimodular if its discriminant is 1.

A stronger invariant of the lattice is its discriminant form g, which is defined as follows.
Let A be an even non-degenerate lattice. Let A* = Hom(A,Z) be the dual lattice of A. The
form B on A induces a form on A*, and there is a natural embedding of lattices A «— A*.
The finite abelian group A*/A is called the discriminant group Aj, and the form B
induces a quadratic form on Ay as follows. We have an induced form A* x A* — Z which
takes A X A into Z and the diagonal of A x A to 2Z. Therefore we get an induced symmetric
form b: Ay x Ay — Q/Z and a quadratic form ¢ : Ay — Q/27Z such that for all n € Z and
all a,b € A, we have

¢(na) = n*q(a)
qla+d) —q(a) —q(a’) = 2b(a,a’) mod 2Z

This data (Ap,b,q) will be abbreviated to gx. Note that the discriminant of the lattice
is just the size of the discriminant group. We shall let [(A) denote the minimum number
of generators of an abelian group A. Note that I(Ax) < rank(A*) = rank(A). For a
unimodular lattice A, we have [(Ap) = 0.
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The discriminant form of a unimodular lattice is trivial, and if M C L is a primitive
embedding of non-degenerate even lattices (that is, L/M is a free abelian group), with L
unimodular, then we have

qpmt = —qMm

For a lattice A and a real number «, we denote by A(a) the lattice which has the same
underlying group but with the bilinear form scaled by «. The lattice of rank one with a
generator of norm a will be denoted («).

By a root of a positive definite lattice, we will mean an element x such that 22 = 2, whereas
for a negative-definite or indefinite lattice, we will mean an element z such that 22 = —2.

We note here some theorems about the structure and embeddings of lattices.
A root lattice is a lattice that is spanned by its roots. First, let us introduce some familiar

root lattices, through their Dynkin diagrams. The subscript in the name of the lattice is
the dimension of the lattice, which is also the number of nodes in the Dynkin diagram.

00—+ =0 Ay (n > 1), signature (n,0), discriminant n + 1.

This is the positive definite lattice with n generators v1, ..., v, with v? =2and v;-v; = —1
if the vertices ¢ and j are connected by an edge, and 0 otherwise. It may be realized as the
set of integral points on the hyperplane {z € R"*l‘ > x; = 0}.

o

O— -+ =0

° D, (n > 4), signature (n,0), discriminant 4.

n
Dy, can be realized as {z € Z"| 3" ; =0 mod 2}. It has 2n(n — 1) roots.
i=1

°© °© Eg, signature (8,0), discriminant 1.

One realization of Eg is as the span of Dg and the all-halves vector (1/2,...,1/2). It has
240 roots.

o ° Er, signature (7,0), discriminant 2.

Taking the orthogonal complement of any root in Eg gives us E7. It has 126 roots.
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°© °© FEs, signature (6,0), discriminant 3.

Taking the orthogonal complement of e; and ey in Eg, where eq, ey are roots such that
e -eo = —1, gives us Eg. It has 72 roots.

We let the Nikulin lattice N be the lattice generated by v, ...,vs and %(vl + ...+ vg),
with v = —2 and v; - v; = 0 for i # j. It is isomorphic to D§(—2).

Lemma 1.2. N has 16 roots, namely +v;.
Proof. Let " c;v; be a root. Then > (—2¢;)? = =2, 50 3. ¢? = 1. Also, the ¢; are either all

integers or all half-integers. One checks easily that the only possibilities are ¢; = +0d; ; for
some j. O

Note that, in particular, NV is not a root lattice.

Let U be the hyperbolic plane, i.e. the indefinite rank 2 lattice whose matrix is
0 1
10

Theorem 1.3. (Milnor [Mi]) Let A be an indefinite unimodular lattice. If A is even, then
A= Eg(£1)" @ U™ for some m and n. If A is odd, then A = (1)™ & (—1)" for some m and
n.

Note that U(—1) = U.

Theorem 1.4. (Kneser [Kn|, Nikulin [N3]) Let L be an even lattice with signature (sy,s_)
and discriminant form qr, such that

1. S+>0
2. s_.>0

3. I(Ar) < rank(L) — 2.

Then L is the unique lattice with that signature and discriminant form, up to isometry.

Theorem 1.5. (Morrison [M1]) Let M; and My be even lattices with the same signature
and discriminant-form, and let L be an even lattice which is uniquely determined by its
signature and discriminant-form. If there is a primitive embedding My — L, then there is
a primitive embedding My — L.
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Proposition 1.6. (Nikulin [N3] Theorem 1.14.4) Let M be an even lattice with invariants
(ty,t—,qnr) and let L be an even unimodular lattice of signature (s4,s_). Suppose that

1. t_|_ < S4.
2.t < s_.

3. l(Apr) < rank(L) — rank(M) — 2.
Then there exists a unique primitive embedding of M into L, up to automorphisms of L.
In fact, a stronger statement is the following.

Proposition 1.7. (Nikulin [N3] Theorem 1.14.4) Let M be an even lattice with invariants
(ty,t—,qrnr) and let L be an even unimodular lattice of signature (s4,s_). Suppose that

1.ty <sy.

2. 1_ <s_.

3. I(An,) < rank(L) — rank(M) — 2 for p # 2.

4. I]/‘Z(AMQ) = rank(L) — rank(M), then qu = ud (2) ® ¢ or qu = vy (2) @ ¢ for some

q.
Then there exists a unique primitive embedding of M into L.

Here ug (2) is the discriminant form of the 2-adic lattice whose matrix is

(2 4)

and vy (2) is the discriminant form of the 2-adic lattice whose matrix is

4 2
2 4
Corollary 1.8. There is a unique primitive embedding of N into Eg(—1) @ U3, up to

automorphisms of the ambient lattice. There is a unique primitive embedding of N @ Eg(—1)
into Fg(—1)? @ U3.

Proof. This follows from the proposition above, using the fact that the discriminant form
of N is given by (qu(2))* = (u3 (2))>. O
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If N < Eg(—1) @ U? is any primitive embedding, then one can verify that the orthogonal
complement of N is isomorphic to U(2)%. We have a uniqueness result for the embeddings
of U(2)? into Eg(—1) ® U3 as well.

Proposition 1.9. (van Geemen - Sarti [vGS], Lemma 1.10) There exists a unique primitive
embedding of U(2)? into Es(—1) ® U3, such that the orthogonal complement is isomorphic
to N, up to automorphisms. There exists a unique primitive embedding of U(2)3 & Eg(—1)
into Eg(—1)2 @ U3, such that the orthogonal complement is isomorphic to N, up to auto-
morphisms.

Remark 1.10. It is necessary to specify that the orthogonal complement is isomorphic to
N. The lattice U(2)? does not have a unique primitive embedding into Eg(—1) @ U3, up to
automorphisms of the ambient lattice.

An elementary result, which we shall have occasion to use repeatedly, is the following.

Lemma 1.11. Let M be a unimodular lattice. Then if M C L, we have an orthogonal
decomposition L = M & M~+.

Proof. For any vector v € L, we would like to define the projections vy; and vy, and
show they lie in M. The map M — Z given by u +— (u,v) is represented by some unique
vy € M* = M, and we let vy = v — vy O



Chapter 2

K3 surfaces and Torelli theorems

2.1 K3 surfaces: Basic notions

Let X be a smooth projective surface over C.

Definition 2.1. We say that X is a K3 surface if H'(X,0Ox) = 0 and the canonical
bundle of X is trivial, i.e. Kx = Ox.

We recall here a few facts about K3 surfaces which we need in the sequel. More extensive
references are [BHPV], [K], [M2].

K3 surfaces are simply connected. From Noether’s formula

X(0x) = 75((K?) + ) (21)
it follows that the Euler characteristic of X is 24. Here ¢; = 0 and ¢z = x(X) are the Chern
classes of (the tangent bundle) of X. Therefore the middle cohomology Hy := H?(X,7Z)
is 22-dimensional. Identifying H*(X,Z) with Z, we also know that Hx endowed with the
cup-product pairing is a unimodular lattice (that is, the associated quadratic form has
discriminant 1) because of Poincaré duality. Finally, we also know that Hx is an even
lattice; this follows from Wu’s formula involving Stiefel-Whitney classes. Finally, using the

index theorem !
7(X) = g(c% — 2¢)) (2.2)

we see that Hx has signature (3,19).

Using the classification of Milnor, Theorem 1.3, we use there properties to conclude that
Hx = Eg(—1)? @ U3 as lattices. In the sequel, we will set L := Eg(—1)? @ U?.
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A useful and deep fact about K3 surfaces is the following theorem of Siu.
Theorem 2.2. (Siu [Siu]) Every K3 surface is Kdhler.
Definition 2.3. A marking of X will denote a choice of isomorphism ¢ : Hx — L.

Definition 2.4. If X is an algebraic K3 surface, a polarization of X is a choice of ample
line bundle L on X.

Now, the exact sequence of analytic sheaves

Z,_>627rz'z
0—-2Z—-0x — Ox—0
gives, upon taking the long exact sequence of cohomology, an injective map (the first Chern
class map)
HY(X,0%) — H*(X,Z).

Thus, an analytic line bundle is determined by its image in H?(X,Z). For an algebraic K3
surface, we can also say that an algebraic line bundle is determined by class in H?(X,Z).
Linear equivalence, algebraic equivalence, and numerical equivalence all agree for an al-
gebraic K3 surface. The image of H'(X,0%) in H*(X,Z) C H?(X,R) is a sublattice of
H?(X,Z), which we call the Néron-Severi group of X, and denote by NS(X) or Sx or
Pic(X). In fact, it can be shown that

NS(X) = Hy'(X).
Also,
NS(X)={z€ H¥X,Z)| (z, H*° (X)) = 0}.

Since the canonical bundle of X is trivial, there exists a regular (2,0) form on X, and we
have h?Y = 1. It follows that the Hodge diamond of X looks like

1
0 0
1 20 1
0 0
1

The lattice NS(X) lies in Hy'(X) = H2(X,Z)N Hy' (X) = H*(X,Z) N HY(X), so in fact
the data of ¢ : Hy — L will impose upon L ® C a Hodge structure, i.e. a splitting

L&C=1%2a g 20

where we have written LP? = ¢ ® 1c(H?P).

Note that the entire Hodge structure can be characterized by specifying the 1-dimensional
subspace L*0, because L2 = [20 and LY = (L0? @ L20)+,



TORELLI THEOREMS

If w is a non-vanishing (2,0) form on X, then we have (w,w) = 0 because there are no (4, 0)
forms on X, whereas (w,w) > 0.

We identify L @ C with its dual using the scalar product on L.
Definition 2.5. The period space ) is defined by

Q={wePL®C)|(w,w)=0,(w,w) > 0}.

Then any marked K3 surface (X, ) defines a point of 2, namely the image of w € H*?(X)
in P(L ® C). The Torelli theorem says that “in some sense”, X is determined by its image
under the period map. We shall give various versions of the Torelli theorem.

2.2 Torelli theorems

We now state the Torelli theorem for algebraic K3 surfaces, in the form given by Piatetski-
Shapiro and Shafarevich [PS]. Recall that a compact complex variety is algebraic iff it has
a Hodge metric, i.e. a Kéhler metric such that the associated (1, 1) differential form belongs
to an integral cohomology class. For a K3 surface X, this means that H%’I(X ) = H;gl N
H?(X,7) has signature (1,k) for some k, i.e. it has a vector v such that v? = (v,v) > 0.
We can make a choice of v that will correspond to the class of a very ample line bundle on
X.

Fix a vector v € L with v2 > 0.

Definition 2.6. A marked v-polarized K3 surface is a triple (X, ¢,&) where X is a
K3 surface, ¢ : Hx — L is an isometry, and & € Hx is the class corresponding to a very
ample line bundle on X and such that ¢(§) = v. An isomorphism of marked v-polarized K3
surfaces (X, ¢,€) and (X', @', &) is an isomorphism of surfaces X — X' such that ¢f* = ¢'.

Let the moduli space of marked v-polarized K3 surfaces up to isomorphism be M,. The
corresponding period domain will be denoted £2,,.

0y, ={w € Q{w,v) = 0}.

The period point of a marked v-polarized K3 surface X lies in 2, because the cup product
(w,v) € H¥Y(X) = 0.
Theorem 2.7. [PS](Torelli for algebraic K3) The period map T : M,, — €, is an imbedding.

In other words, a marked v-polarized K3 surface is uniquely determined by its periods. To
generalize the Torelli theorem to non-algebraic K3 surfaces, we need to replace the notion

10
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of ample divisor class by a suitable structure on Hx that carries enough information about
X.

Definition 2.8. Let X, X’ be K3 surfaces. A Hodge isometry ¢ : Hxy — Hx/ is an
isometry of lattices such that (¢ ® 1@)(H)2(’0) = Hg(,o

Note that this automatically implies ¢ ® 1C(H§(’2) = H%,z by taking complex conjugation,
and ¢ ® 1(C(H;(11) = H;<,1 by taking orthogonal complements. Hence, a Hodge isometry
transports the entire Hodge structure.

Theorem 2.9. (Weak Torelli theorem) Two K3 surfaces X and X' are isomorphic if and
only if there exists a Hodge isometry ¢ : Hx — Hxo.

In other words, two K3 surfaces are isomorphic if and only if there exist markings for them
such that the corresponding period points are equal.

We state a useful fact which is used in the proof of the strong Torelli theorem, and is an
eagy corollary of it.

Lemma 2.10. Let f be an automorphism of a K38 surface X. If the induced map f* on
H?(X,7) is the identity, then f is the identity map.

To state the strong form of the Torelli theorem, we need a few more definitions. For X a K3
surface, we have a complex conjugation on H?(X,Z)®C = H*Y® H"' @ H*2, induced from
C. Let H“'(X,R) be the fixed subspace of H! under complex conjugation. It can also
be described as {w € H?*(X,Z) ® R|{(w,w) = 0} where w is a holomorphic non-vanishing
(2,0) form on X. The signature of the intersection form on H'!(X,R) is (1, —1) (this
follows from the Hodge index theorem?).

Therefore the set V(X) = {x € HY}(X,R)|2? > 0} consists of two disjoint connected cones.
We will call the cone which contains the Kéhler form ¢, the positive cone V1 (X).

Definition 2.11. Let A(X) = {z € H%’llwz = —2} be the set of roots. The Kdhler class c
determines a partition A(X) = AT (X)UA™(X) into positive and negative roots, by setting
AF(X)={r € Al+z-c>0}.

An effective cycle in Hx is one that is the class of an effective divisor. The K&hler cone
of X is the set of elements in the positive cone that have positive inner product with any
nonzero effective class.

Theorem 2.12. (Burns-Rapoport [BR]) Let X and X' be two K3 surfaces and suppose
that there is an isomorphism ¢* : H*(X',7Z) — H?(X,Z) that

ndeed, we have that the signature on the complementary subspace (H*° @ H*?) N H*(X,R) is (2,0),
because a typical element of this subspace can be written as w + @, and then its square is 2ww > 0.

11
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1. sends H*°(X',C) to H*°(X,C),
2. sends V*(X') to VT(X), and

3. sends an effective cycle with square -2 to an effective cycle.
Then ¢* is induced by a unique isomorphism X — X'.

Condition (2) in the statement of the theorem can be replaced by various equivalent con-
ditions, some of which are stronger implications. In particular, it is a weakening of the
condition that ¢* maps AT (X’) to AT(X).

Proposition 2.13. Let X and X' be algebraic K3 surfaces and let ¢* : H*(X',Z) —
H?(X,7) be a Hodge isometry. Then the following are equivalent.

1. ¢* preserves effective classes;
2. ¢* preserves ample classes;
3. ¢* maps the Kdihler cone of X' onto the Kdhler cone of X ;

4. ¢* maps an element of the Kahler cone of X' to the Kdhler cone of X'.

The strong Torelli theorem can also be viewed as stating that a particular period mapping
from a suitable moduli space is an imbedding.

Let M be the moduli space of marked K3 surfaces up to isomorphism. To construct the
period space, we proceed as follows. Let 2 be the functor which to an analytic space S
associated the collection of the following data:

1. A holomorphically varying Hodge structure H on L ® C parametrized by .S,

2. A continuously varying choice of one of the two connected components V;t C V; C
1,1
HSR ’
3. For every point s € S, a partition P; : Ay = AT UA7J,

such that if d1,...,0, € AT and § = Y | ri0; € A (r; > 0, integers), then 6 € AT, and
such that the data (3) satisfy the following continuity condition:

For every point sy € S and every ¢y € V];; g there exists an open neighborhood K of ¢y in
L ® R and an open neighborhood U of sy in S such that for every s € U we have

A ={0eAsld-c>0forallce K}.

12
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Then the forgetful morphism of functors 7 :~S~) — () is relatively representable by an étale
morphism of analytic spaces. In particular, {2 is representable by a smooth 20-dimensional
complex-analytic space.

Intuitively, the fiber over any point of € consists of a discrete set of points, one for each
possible choice of positive cone and Ké&hler cone (or positive roots). The fibers are not
finite.

We have a period map 7: M — ) which takes a marked K3 surface X and associates to it
the period point which consists of the Hodge structure on Hx along with the positive cone
and the choice of positive roots of X.

Now we can restate the strong Torelli theorem as follows:

Theorem 2.14. The period map 7 : M — Q is an embedding.

In fact, the period map is a bijection, due to the following theorem of Todorov.

Theorem 2.15. (Todorov [To]) The period map M — Q0 is surjective.

We collect some more definitions for future reference.

Definition 2.16. For § € A, let ss : Hx — Hx be given by ss(x) = x+ (x-06)0. This is an
automorphism of the lattice Hx, called the Picard-Lefschetz reflection associated to §.
The Weyl group of X is the subgroup of Hx generated by the Picard-Lefschetz reflections.

2.3 Curves on a K3 surface

We state some basic theorems relating to divisors on an algebraic K3 surface. Recall the
following basic theorems.

Theorem 2.17. (Adjunction formula) If C' is a non-singular curve on a surface X, then
wo Zwx @ Lo® Oc.

Theorem 2.18. (Genus formula). Let D be an effective divisor on an algebraic surface X .
Then its arithmetic genus is given by the formula

%, —2=D-(D+ K).

Theorem 2.19. (Riemann-Roch) Let D be a divisor on the algebraic surface X. Then we
have

(X, £(D)) — B (X, £(D)) + h2(X, L(D)) = %D (D — K) + x(0(X)).

13
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Here L(D) = Ox(D). Recall that K =0 and x(Ox) = 2 for a K3 surface X.

Lemma 2.20. For a smooth rational curve C on a K3 surface X, we have C? = —2 and
hO(X,L(C)) = 1. That is, the only effective divisor linearly equivalent to C is C itself.

Proof. The adjunction formula gives C? = —2. We have the exact sequence
0—0x — L(C)— LIC)®Oc — 0

The sheaf £(C) ® O¢ is Oc(—2) because C? = —2. Therefore the long exact sequence of
cohomology immediately shows that h°(X, £(C)) = h%(X,0x) = 1.

Alternatively, we can consider the following argument. If C” is an effective divisor linearly
equivalent to C but distinct from it, then C' cannot be a component of C’ (otherwise C' —C
would be effective and linearly equivalent to zero, which is absurd). Therefore, we must
have C' - C > 0, but also C’ - C = C? < 0, a contradiction. d

Lemma 2.21. Let D € NS(X) be such that D> = —2. Then there is an effective divisor
(perhaps reducible) equivalent to D or to —D. If in addition the effective divisor is an
wrreducible curve, then it is a smooth rational curve.

Proof. The existence follows from Riemann-Roch:
D) — s(D) + (K — D) = %D(D CK) 4 x(0x) = 1.
So (D) + ¢(—D) > 1.
Now if C is effective with C? = —2, then the adjunction formula gives p,(C) = If C

0.
were not smooth, then for the normalization C' we would have p,(C) = p,(C) < pa(C) = 0,
which is absurd.

O

Theorem 2.22. [PS] Let D be an effective divisor on a K3 surface X such that D? = 0
and D - E > 0 for any effective divisor E. Then the linear system £(D) defines a pencil of
elliptic curves X — PL.

Note that the terminology “pencil of elliptic curves” means “curves of genus 1”7, which are
elliptic curves if we consider them over an algebraically closed field. However, if we also
have an irreducible curve C' with C'- D = 1, then it defines a section of the pencil, and then
we really have an elliptic surface over a field of definition of X, D and C.

The rough idea of the proof of the theorem is that if D were nonsingular, then by the

adjunction formula it would have genus 1. One then shows that the generic element of the
linear system is irreducible and smooth, using the fact that we are in characteristic zero.

14
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Corollary 2.23. A K3 surface X can be fibered as a pencil of elliptic curves if and only if
there exists an element x € NS(X),z # 0 such that 2% = 0.

Proof. 1f we can find such an x, we can find an element w of the Weyl group such that
y = w(x) lies in the Kéhler cone. Then y satisfies the conditions of the theorem. O

2.4 Kummer surfaces

In this section we will define Kummer surfaces and mention some of their properties. Proofs
and more background may be found in [N2] and [PS]. We recall that an abelian surface A
over C is a complex torus C2/L such that there is a Riemann form on L. It is an abelian
group under addition, and also a projective algebraic variety of dimension 2. We build a
K3 surface from A as follows. Let ¢ be the multiplication by —1 on A. Then ¢ has 16 fixed
points on A, namely the 2-torsion A[2] = 2L/L. Consequently the quotient A/{1,:} is an
algebraic surface with 16 singular points. Resolving the singularities, we get a nonsingular
K3 surface with 16 special rational curves. This is called the Kummer surface of A, or

Km(A).

We indicate why Km(A) is a K3 surface (the argument may be found in [K]). Locally
around the 2-torsion points of A, ¢ maybe written as («, 3) — (—a,—f) and the invari-
ants are o?,af3,3%. The quotient A/t has a corresponding ordinary double point, since
Clo?, af, %] = Clu, v, w]/(uw — v?). Blowing up the 16 points of A[2], we get a surface A.
Locally on a point of the blowup = : A — A, the map may be written (x,y) — (zy,y). The
involution 7 on A takes (z,y) to (z, —y). The quotient X = A/i is smooth and the quotient
map A — X takes (z,) to (z,y?). Now we may compute what happens to the regular
2-forms.

7" (da ANdB) = d(xy) A dy = ydx N dy = %dm A d(y?)

Hence the global form on A descends to give one on Y. A simple computation now
shows that the Euler characteristic of X is 24, and so we get from Noether’s formula that
h'(X,0x) = 0. Therefore X = Km(A) is a K3 surface.

The Néron-Severi lattice of a Kummer surface has 16 linearly independent divisor classes
coming from the sixteen rational curves above. These generate a negative definite lattice,
and there is also a class of a polarization on Km(A), since it is projective. Therefore its
signature is (1,7) for some r > 16. In fact, the Néron-Severi lattice always contains a
particular lattice of signature (0, 16) and discriminant 2%, called the Kummer lattice K. We
describe its structure.

The set I = A[2] = (Z/2)* = F1 of 16 elements has a natural structure of an affine space

of dimension 4 over Fy. Choose a labeling I = {1,2,...,16} and let eq,...,e16 be the
classes of the rational curves corresponding to the blowups at the 2-torsion points. Let Q

15
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be the set of 32 elements consisting of 30 affine hyperplanes (considered as subsets of I)
as well as the empty set and all of 1. This set has the structure of a vector space over
Fy, the addition operation being symmetric difference of sets. For every M € @, we have
an element ey = %ZEM e; of > Qe; € NS(Km(A)) ® Q. These vectors actually lie in
NS(Km(A)). The lattice spanned by the e;,i = 1,...,16 and the ep; has discriminant
216 /(25)2 = 26 and it is the Kummer lattice.

We state a few results characterizing Kummer surfaces, due to Nikulin. The Kummer
surfaces mentioned below are not necessarily algebraic.

Theorem 2.24. (Nikulin [N2]) Let X be a K3 surface containing 16 nonsingular rational
curves Eq, ..., Eg which do not intersect each other. Then there exists a unique (up to
isomorphism) complex torus T such that X and Ei,...,Eyg are obtained from T by the
above construction. In particular, X is a Kummer surface.

Theorem 2.25. (Nikulin [N2]) Let X be a K3 surface. Then X is a Kummer surface if
and only if NS(X) D K as a primitive sublattice.

Recall that a primitive (or saturated) sublattice M; of M; is a sublattice such that My /M;
is free.

Proposition 2.26. (Nikulin [N2]) There ezxists a unique primitive embedding K C L up to
isomorphism.

Here L is the K3 lattice Eg(—1)? @ U3. The proposition also follows from Theorem 1.6,
after using the fact that qx = (qU(2))3, which is easily checked.

16



Chapter 3

Shioda-Inose structures

3.1 Lattice polarized K3 surfaces

We will closely follow Nikulin’s paper [N1] here. As before, let L = Fg(—1)? @ U? be the
K3 lattice. Let M C L be a fixed primitive sublattice.

Definition 3.1. A marked M-polarized K3 surface is a pair (X, ¢) such that (X, ) is
a marked K3 surface and ¢~'(M) C NS(X). An isomorphism of two marked M -polarized
K3 surfaces is an isomorphism as marked K3 surfaces.

Let My be the moduli space of marked M-polarized K3 surfaces up to isomorphism.

Let T = {e;|i € I} be a finite collection of roots of M, i.e. vectors such that e? = —2 for
each 1.

Definition 3.2. A marked M-polarized K3 surface with rational curves in T is
a marked M-polarized K3 surface (X,$) such that for each i, ¢~'(e;) is the class of a
nonsingular rational curve on X. An isomorphism of two marked M -polarized K3 surfaces
with rational curves in T is an isomorphism as marked K38 surfaces.

Let My 1 be the subset of the moduli space M of marked K3 surfaces consisting of
the marked M-polarized K3 surfaces with rational curves in T. The condition of having
¢~ (M) c NS(X) is a closed condition, and the condition of having ¢~'(e;) be a smooth
rational curve is an open condition on the closed subset obtained. Thus, it is easy to see
that M, 7 is an open subset of a closed smooth complex subspace of M.

Recall the complex analytic space Q and the period map 7 : M — Q constructed in the
previous chapter. Let €2, 7 consist of the points 5 € {2 such that

17
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1. M c H' and

2. {ejliel} C A;, and all of the e; are irreducible elements of A;; that is, e; # Zf k.o,
where R > 2, k. > 0 and §, € A;f.

The following is clear.

Proposition 3.3. (X,«) =m € My 7 if and only if T(m) € QM,T.

Let f:) u denote the subset of  consisting of those points which just satisfy condition (1).
For Qs to be nonempty, it is necessary and sufficient that one of the following hold:

1. M has signature (1, k), where k < 19.

2. The form on M has a one-dimensional kernel, and the quotient by it is negative
definite; M has rank at most 19.

3. M is negative definite, and of rank at most 19 (this is inclusive of the case M = {0}).

Let QF and Q~ be the two connected components of Q (corresponding to the choice of the
positive cone). Let A(M) = {x € M|z? = —2} and let P: AT(M)UA~ (M) = A(M) be a
partition of A(M) satisfying the following property:

If6y,...,8, € AT andc?:zm&- € A,r; € Zwp, then § € AT,
1

We set ﬁg\?P = {5 € QuNQ&E), P; induces the partition P on A(M)} and also let ﬁgpi)P =
0. QEP
QrnN QM .

Proposition 3.4. (Nikulin [N1]). Suppose that M satisfies one of the conditions above.

Then Qpr is a closed smooth complex subspace of Q) of dimension 20 — rank M whose con-

(£)P P ﬁ%i)P )P

nected components are §~2M . Furthermore, ﬁgj; is a closed subset of QSSIE

)

which is a union of at most countably many closed complex subspaces of QS\? P m partic-

ular, ﬁgpi)P s connected.

Let Mg\?P be the moduli space of marked M-polarized K3 surfaces (X, ¢) with ¢(AT(X))N
M = AT (M) (where AT (M) is the data provided by P) up to isomorphism. It is easy to

check that Mg\?P = T_l(ﬁg\?P). Similarly, we define Mg\?j]j to be the subset of Mg\?P

consisting of surfaces with rational curves representing the roots of T". Then MS\?I{D =
_1,5E)P
T Q).
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Theorem 3.5. (Nikulin [N1]) Suppose M satisfies one of the conditions above and in

addition rank M < 18 in cases 2 and 3. Then My; C M is a closed smooth complex subspace
of M. If Myr # ¢, then the connected components of My are Mg\?)P, where Mg\?P

18 open and everywhere dense in ﬁg\?P, and dim Mg\?P is 20 — rank M. Furthermore,

M%}:)P - Mgﬂi)P is a closed subset of M%}:)P which is a union of at most countably many

closed complex subspaces of Ms\?)P. In particular, M%i)P s connected.

3.2 Nikulin involutions

Definition 3.6. An involution + on a K38 surface X is called a Nikulin involution if
¥ (w) = w for every w € HX0(X) .

We first recall a few general facts about groups of automorphisms of K3 surfaces.

As usual, we let Sy = NS(X) = H%’l ={z € H*(X,Z)|z - H>°(X) = 0} be the algebraic
cycles. Then Ty = Sy in H%(X,Z) are the transcendental cycles.

There are three possibilities for Sx.

1. Sx is non-degenerate and has signature (1, k), with 0 < k& < 19.

2. Sx has one-dimensional kernel, and the quotient by this kernel is negative definite,
rank(Sy) < 19.

3. Sx is non-degenerate and negative definite; rank(Sx) < 19.

The first case is the one which corresponds to an algebraic K3 surface.

Lemma 3.7. (Nikulin [N1]) Let G be a group of automorphisms of the K3 surface X, let
g € G. Then g acts trivially on Tx if and only if it fives w € H>9(X).

This lemma shows that we might have imposed the equivalent condition that the Nikulin
involution fixes the transcendental cycles pointwise.

Lemma 3.8. (Nikulin [N1]) Every Nikulin involution has 8 isolated fized points. The
rational quotient of X by a Nikulin involution is a K3 surface.

Recall the definition of the Nikulin lattice: it is an even sublattice N of rank 8 generated by
vectors cq,...,cg and % >~ ¢;, with the form induced by ¢; - ¢; = —20;;. It has discriminant
20, discriminant group (Z/2Z)° and discriminant form (q(g))*.
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Nikulin proves the following theorems regarding finite automorphism groups acting on K3
surfaces.

Definition 3.9. Let G be a finite group of automorphisms of a K3 surface X. We say that
G acts as a group of algebraic automorphisms on X if each g € G fizes H*°(X) pointwise.

By the above lemma, this is equivalent to fixing T'x pointwise. Let G%lg be the set of abstract
finite groups which can act on some K3 surface as a group of algebraic automorphisms. Let
G%lg’ab be the collection of abelian groups in G%lg.

A faithful action of G on X gives rise to a faithful action of G on H?(X,Z) = L, by 2.10.
Thus every automorphism of X determines a class of conjugate subgroups in the group
O(L) of isometries of L.

Theorem 3.10. (Nikulin [N1]) 4 subgroup G C O(L) gives a class of conjugate subgroups
determined by some finite algebraic automorphism group of a Kahler K8 surface if and only
if the following conditions hold:

o Sg = (L% in L is negative definite,

e Si has no elements of square -2.

We explain the necessity of these conditions. If G acts by algebraic automorphisms on X,
then let Tx ¢ = (H X)G and Sx g = T)%’G. Let Y be the minimal resolution of singularities
of X/G. Then Y is a K3 surface, and analysis of the singular points on X/G shows that
the resolution of the singular points introduces a negative definite lattice My in Hy. Then
Ny = My has signature (3,k) for some k, and we have an injective map Ny — Ty q.
Therefore Sx ¢ is negative definite. This proves the first condition. For the second, suppose
Sx,q has a root d. Then d or —d is the class of an effective divisor D on X. Then we
can take > . ¢"D which on the one hand is effective, and on the other hand lies in
Sx,c N Tx,c={0}. This contradiction proves the second necessary condition.

We say that G € G%lg has a unique action on the two-dimensional integral cohomology
of K3 surfaces, if given any 2 embeddings i : G — Aut X and 7' : G — Aut X', there
is an isomorphism v : H*(X,Z) — H?*(X',Z) which connects the 2 actions, i.e. i'(g)* =
Y -i(g)* -1, for any g € G.

Theorem 3.11. (Nikulin [N1]) Any abelian group G € G%lg’ab has a unique action on the
two-dimensional integral cohomology of K38 surfaces.

Theorem 3.12. (Nikulin [N1]) A K3 surface X admits a finite abelian group G as an
algebraic automorphism group iff G € G%lg’ab and Sg (well-defined by 3.11) is embedded in
Sx as a primitive sublattice.
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The above theorems imply the following theorem, stated in [M1].

Theorem 3.13. Let X be a K3 surface, let G = Z/27 be a subgroup of O(H*(X,Z)) and
let Sq = (H*(X,Z)%). Suppose that

e the lattice Sg is negative definite,
e no element of Sg has square length -2,

e S¢ C NS(X).

Then there is a Nikulin involution ¢ on X and an element w € W(X) such that t* = wgw™!,

where g is the generator of G.

The Weyl group shows up in the proof of Theorem 3.12 since we know that G will be
conjugate in O(L) to some group of automorphisms of X. Then we can conjugate by a
Weyl group element w to make every element of G preserve the Kéhler cone. By the Torelli
theorem, every wgw™! will then come from an actual automorphism of X.

Now we mention some consequences of existence of a Nikulin involution ¢ on a K3 surface
X. Every Nikulin involution has eight isolated fixed points. The desingularized quotient
Y = X/{1,:} is a K3 surface. The minimal primitive sublattice of H?(Y,Z) containing the
classes of the eight exceptional curves on Y is isomorphic to N. (The eight roots ¢1,...,cg
are the classes of the exceptional curves, and % S e; € NS(Y) C H?(Y,Z) because Y has a
double cover branched on the union of the exceptional curves).

The next theorem of Morrison establishes the existence of a Nikulin involution in a special
case.

Theorem 3.14. Let X be a K3 surface such that Eg(—1)? — NS(X). Then there is a
Nikulin involution v on X such that if m: X — Y is the rational quotient map, then

1. there is a primitive embedding N & Eg(—1) — NS(Y),

2. 7, induces a Hodge isometry Tx(2) — Ty .

Proof. We briefly outline Morrison’s proof here, since we will adapt it to other situations.
The idea is to define with an involution of H?(X,Z) such that Theorem 3.13 may be applied
to get an honest involution of X.

Let e1,...,eg and fi,..., fs be generators of the two copies of Eg(—1), which we may
choose to be roots, such that the Gram matrix of the {e;} is the same as that of the {f;}.
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Let ¢ : FEs(—1)> — H?*(X,Z) be the given embedding. We define an involution on the
cohomology group by

9(9(ei)) = o(fi), 9(8(fi)) = o(ei),
g(z) =z, for all z € ¢(Fg(—1)?)*.

This defines the action on all of H?(X, Z) because Eg(—1)? is unimodular, and so ¢(Eg(—1)%)®
#(Fg(—1)%)+ = H*(X,Z). We see that Sg = (H?*(X,Z)%)" is generated by {¢(e;) — &(fi)},
so Sg¢ C NS(X) and Sg = Eg(—2), ensuring that it is negative definite and has no roots.
Therefore, by Theorem 3.13 there is a Nikulin involution ¢+ on X and an element w of the

Weyl group of X such that ¢* = wgw™'.

Let ¢ = wo, then we have that 1) : Eg(—1)? «— NS(X) is a different embedding (since
the Weyl group preserves NS(X)). It follows from the definition that i* switches the 1 (e;)
and 1 (f;) and is the identity on the orthogonal complement of ¥ (Eg(—1)?). The quotient
map 7 : X — Y defines a push-forward map m, : H*(X,Z) — H?(Y,Z), as well as a
pullback 7* : H?(Y,Z) — H?(X,Z). It is an easy computation that m.(1(e;)) = m.((f;))
and (m, (V(e;)), T (1 (e5))) = (¥(es), ¥ (e;)) = (es, €5), and that the two copies of Eg(—1) are
therefore taken to one copy of Eg(—1) C NS(Y). So we get the lattice N & Eg(—1) inside
NS(Y), the lattice N as above being orthogonal to the push-forward of H?(X,Z).

Also, for any = € ¥(Es(—1)%)*, we get (mr,mx) = 2(x,x). Calculating discriminants,
we see that 7, is an isometry between ¢(FEg(—1)?)* and (N @ Eg(—1))*, both lattices
of discriminant 26. Since Tx C (Fg(—1)?)*, we get the Hodge isometry Tx(2) = Ty
induced by 7. The fact that it is a Hodge isometry follows since the pullback of a global
holomorphic (2,0) form on Y certainly gives one on X. O

Remark 3.15. The proof shows an equality of discriminant forms

NGO E(-1) = ~r. (w(Bs(-1)2)) = (@0 (2)™-

3.3 Shioda-Inose structures

Definition 3.16. We say that X admits a Shioda-Inose structure if there is a Nikulin
involution v on X with rational quotient map m: X — Y such that Y is a Kummer surface
and T, induces a Hodge isometry Tx(2) = Ty.

If X has a Shioda-Inose structure, let A be the complex torus whose Kummer surface is Y.
Then we have a diagram
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of rational maps of degree 2, and Hodge isometries Tx (2) = Ty = T'4(2), thus inducing a
Hodge isometry Tx = T4.

Theorem 3.17. (Morrison [M1]) Let X be an algebraic K3 surface. The following are
equivalent:

1. X admits a Shioda-Inose structure.
2. There exists an abelian surface A and a Hodge isometry Tx = T4.
3. There is a primitive embedding Tx — U3.

4. There is an embedding Eg(—1)* — NS(X).

Proof. Again we follow Morrison’s proof.

(1) = (2): This follows from remark above. A is an abelian surface since the Hodge
structure Ty = T’y is polarized. In other words, since Sx has signature (1,16 + ), Tx has
signature (2,3 —r) and so does Ty4. Therefore T has a vector of positive norm, which is
enough to ensure that there is an ample line bundle on A.

(2) = (3): Tx £ T — H?*(A,Z) = U3 induces a primitive embedding T — U3.

(3) = (4): We extend the given primitive embedding Tx < U3 to an embedding
dp®0:Tx — U@ Fy(—1)* =L

Since X is algebraic and p(X) > 17, we have I(Ar,) < rank(Tx) < 5 < 15 < rank(L) —
rank(7x ) —2. So there is a unique primitive embedding of T'x into L. So ¢ @0 is isomorphic
to the usual embedding which comes from Tx C H?*(X,Z) — L from a marking, and we
get by taking orthogonal complements that

Eg(—1)? — T§ = NS(X).

(4) = (1): This is the most important part of the proof for us. By Theorem 3.14, we
get a Nikulin involution on X such that the rational quotient map is 7 : X — Y, then m,
induces a Hodge isometry Tx(2) = Ty, and N @ Eg(—1) — NS(Y'). Since Y is an algebraic
K3 surface (because it is the quotient of an algebraic K3 surface by an automorphism), and
p(Y) > 17, we have by similar reasoning in the previous paragraph that NS(Y") is uniquely
determined by its signature and discriminant form. Now we have that the Kummer lattice K
has the same signature and discriminant form as N @ FEg(—1), which is imbedded primitively
in NS(Y). Therefore by Theorem 1.5 K imbeds in NS(Y) primitively, so it follows from
Theorem 2.25 that Y is a Kummer surface. U
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Chapter 4

More on Shioda-Inose structures

4.1 The double cover construction

We would like to start with an algebraic Kummer surface Y and construct a K3 surface X
with a Shioda-Inose such that Y is the quotient of X by the Nikulin involution.

Proposition 4.1. Let Y be an algebraic K3 surface. Then there is an embedding K —
NS(Y) if and only if there is an embedding N @ Eg(—1) — NS(Y).

Proof. Since Y is an algebraic K3 surface with p(Y) > 17, we have (c.f [M1]) that NS(Y)
is uniquely determined by its signature and discriminant form. To see this, we apply
Theorem 1.4 where we only have to notice that NS(Y') is indefinite and primitive inside
the even unimodular lattice H*(Y,Z), and its rank is > 17, so [(Angy)) = (Ansryyr) <
rank(NS(Y)+) <5 < 17 — 2. Now the Kummer lattice K and N @ Eg(—1) have the same
signature (0, 16) and discriminant form (qU(g))?’ . The proposition follows by using Theorem
1.5. U

Now, from Theorem 2.25 we know that a K3 surface Y is a Kummer surface if and only if
there is a primitive embedding K <— NS(Y). We get the following corollary, whose proof
is immediate.

Corollary 4.2. An algebraic surface Y is a Kummer surface if and only if it is a K3 surface
and there is an embedding N & Eg(—1) — NS(Y).

Let us fix an embedding j : N @ Eg(—1) — L. We would like to consider marked j(N @
Eg(—1)) polarized surfaces. In addition we would like, for technical convenience, to ensure
that some specific roots in j(N @ Eg(—1)) correspond to smooth rational curves on our
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marked K3 surfaces. Let us choose a system of simple roots by, ..., bs for Eg(—1), and eight
roots ¢y, ...,cg of N such that 1/2) ¢; € N. We shall let the ¢; be the simple roots for N.
One can easily check that they are indecomposable: for any ¢;, there do not exist roots z
and w of N such that z + w = ¢;.

Now we consider marked j(N @ Eg(—1))-polarized surfaces with rational curves in
T = {bl,...,bg,cl,...,68}.

Theorem 4.3. Let Y be an algebraic K3 surface containing rational curves By, ..., Bsg,
C4,...,Cg such that the classes b; of B; are the standard simple root vectors which generate
a copy of the Eg lattice, the classes ¢; of C; satisfy c;.c; = —20;;, and % Y ci € NS(X), and
such that b; - c¢; = 0 for all i,j. This data canonically gives rise to a K3 surface X with a
Shioda-Inose structure such that the quotient map under the involution is Y .

Proof. Take the double cover 7 : X’ — Y branched on the divisor | |C;. This is possible
since % >~ C; exists in the Néron-Severi group of Y. Then, on X, we have that the curves
D; = m1(C;) satisfy D? = —1, i.e. they are exceptional curves. Blowing them down, we
get the rational map X — Y, where X has a non-vanishing (2,0) form pulled back from Y.
Also, the Euler characteristic of X is 2(24 —2-8) 4+ 8 = 24. Therefore X is a K3 surface. It
inherits an involution from the involution on X’ which interchanges the two sheets of the
double cover X’ — Y. The involution on X’ fixes the (2,0) form pulled back from Y, and
therefore so does the involution on X. This provides the Nikulin involution ¢. We need
some additional information before we can show the Shioda-Inose structure on X.

Lemma 4.4. In the situation above, there is an embedding Eg(—1)% < NS(X) such that
the two copies of Es(—1) are interchanged by the Nikulin involution ¢.

Proof. For each rational curve B;, we consider its pre-image on X, D;. We have that Df =
deg(ﬂ)Bi2 = —4. Note that the intersection numbers don’t change from X’ to X, because
the B; are orthogonal to the branch locus UC;. This shows that D; can’t be irreducible, since
otherwise from the adjunction formula, the arithmetic genus g(D;) = 14+ D;(D; + Kx)/2 =
—1 and the geometric genus can only be smaller. Since X — Y is 2 to 1 away from the branch
locus, we see that D; is a union of two rational curves E; and F;, which are interchanged
by the Nikulin involution. Note that (E; + F;) - (E; + F;) = 2B, - B;. If B;- B; = 0, then we
get B - By = E; - F; = F; - Ej = F; - F; = 0 because all four terms are nonnegative (no two
of these curves coincide, by lemma 2.20). On the other hand, if B; - B; = 1 we see that we
must have either F; - F; =1 and F; - Fj = *(E;) - o*(Ej) =1lor E;- Fj =1and F;- E; = 1.
It is clear that we can make a choice of the F; so F; - F; = F; - F; = B; - B; for all 4, j. This
proves the lemma. O

We come back to the proof of the theorem. All that remains to be shown is that 7, induces
an isomorphism T'x(2) = Ty . It will be a Hodge isometry because the (2,0) form on X is
pulled back from Y. The rest of the argument is identical to [SI] - we merely reproduce it
here for convenience.
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Let I'y and I'y be the two copies of Eg(—1) constructed above. The lattice I'y @& I'y is
unimodular, so we have the orthogonal decomposition

H (X, Z)=T,®T, 3 Q.

where @ is an even unimodular lattice of signature (3, 3) (and is therefore isometric to U3,
but we shall not need this fact).

Also, let T" denote the copy of Eg(—1) C NS(Y) that we started with. Clearly, we have
Tx C Q, W*(Pl) = W*(Pg) =1TI.

Now 7, maps H?(X,Z) into the orthogonal complement N+ of N in H2(Y,Z). We have a
natural map 7* : N+ — H?(X,Z) such that

(T*y1 -7 ya) = 2(1 - y2)  (y1,42 € NT),
e =2+ e (z € HA(X,Z)).

We also have m,(Sx) C Sy and 7*(Sy N N+) C Sx (from orthogonality to the (2,0) forms),
and that *(I'y) = T'9 and *(T'y) =T'y.

Lemma 4.5. The action of .* on Q) is the identity. The map 7, induces a bijection of Q)
onto its image in H*(Y,7Z), with (m.x1 - mex2) = 2(w1 - 32) for v1,79 € Q.

Proof. The involution ¢ has 8 fixed points (namely, the curves D; blown down). Using the
Lefschetz fixed point formula, we get that

8 =140+ Tr(|H*(X,Z)) +0+ 1.

so that Tr(¢*|H?(X,Z)) = 6. Now H?(X,Z) = T1 ® Ty @ Q and *(I';) = 'y gives that
Tr(¢*|T'; @ T'2) = 0. This shows Tr(:*|Q) = 6. But ¢* has eigenvalues £1 and @ has rank 6,
so it follows that ¢* is the identity on Q. So 7*m.x = 2z for z € @, and it follows that m,|Q
is injective. Finally,

1

1
(71'*1'1 . 77*332) = 5(71'*71'*%1 . 7'('*71'*1'2) = (2%1 . 21’2) = 2(.%'1 . xg).

2
O

Now notice that we have m,(H?(X,7Z)) = m(Q@®T1 ®Ts) = m.Q @ T. To see that 7,Q and
I" are orthogonal, let y; = mex1 and yo = mexy where 1 € Q, yo € ' =,y and 22 € I'1 a
pre-image of yo. Then
1 * * 1 *
(1-92) = S(my1 - my2) = 5 (221 - (22 +1722)) = 0.
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Next, let we claim that N is primitive in H2(Y,Z). Recall that N is generated by Cj, ..., Cs
and 3 Z?:l C;. Let y = > a;C; (a; € Q) be in H?(Y,Z). Because (y-C;) € Z we must have
that a; are half-integers. We may assume they are in {0, %} Let the number of non-zero

a; be m. From the fact that y> = —m/2 is even, we see that m = 4 or 8. Since m = 8
corresponds to % 22-8:1 C; which is already in N, we need to rule out m = 4. But if m =4
we see that y? = —2, so that a divisor G with class y must have that G or —G is effective,

by Riemann-Roch. Since 2G = Zi:1(2aiu)@ is effective, we must have G effective. Now
G-C;, =y-C;, = —1, so that C;, is a component of G, i.e. 0 <z — Zu Ci, = —%Z“ Ci,,
a contradiction.

Therefore we have det(N) = det(©ZC;)/4 = 28/4 = 26 and det(N*) = 25 as well.

Now we have 7, (H?(X,Z)) C N*. But also

det 7, (H?(X,Z)) = det(m,(Q) & T)) = det(m, Q) = 26 det(Q) = 26 = det(N 7).

Therefore w, H 2(X ,Z) =N L Finally we want to show w,Tx = Ty. Since Tx C @) and m,
acts on () by scaling the product by 2, we will be done. First, we need to see m,Tx C Ty,
i.e. forx € Ty and y € Sy we have (m,x-y) = 0. This is clear if y € N since N is orthogonal
to all of m,H%(X,Z). On the other hand if y € N+ N Sy, we have that 7*y is defined and
in Sx. Therefore

1 1
(mex - y) = 5(71'*7'('*1' smhy) = 5(23: -mry) = 0.

Therefore, m,Tx is orthogonal to N and to N N Sy and since the rational span of these
two sublattices is all of Sy ® Q, we have that 7,7y C Sy = Ty.

Next, we need to see m,Tx D Ty. Let y € Ty C Nt = 1. H?(X,Z), so that y = 7,2 (since
N C Sy) and z € Sx. Then

Ty-r = mmz-r=(z+¢ Z)'$:§(Z+L 2)(z+ ¢ :13)2577 TaZ * T WX

1
= 52(71*2 cmx) = (y - max) = 0.

This shows 7n*Ty C Tx. Next, we have Ty = S# C Nt = m,H*(X,Z) = mQ & T.
But Ty L T, so that Ty C mQ. For any y € Ty, we can find x € Q wit y = m,x.
Then 7*y = 22 € Tx and since Tx is primitive in HQ(X,Z) we have x € Tx. Therefore
Ty C mTx.

This completes the proof of Theorem 4.3. O
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RELATION BETWEEN PERIODS
4.2 Relation between periods

In this section, we wish to elucidate the relation between the periods of a K3 surface X
which has a Shioda-Inose structure, and the quotient (Kummer) surface Y.

We will consider X as a marked Eg(—1)? 4 Zu polarized K3 surface with rational curves
in T, which is a certain set of 16 simple roots of Fg(—1)?. Here u will be the class of an
ample line bundle or polarization on X. The two copies of Eg(—1) will be switched under
the Nikulin involution, which will fix w (this avoids the conjugation by the Weyl group
element).

On the other hand, the quotient Y will be considered naturally as an N & Eg(—1) + Zv
polarized marked K3 surface. Here v will be the class of an ample line bundle on Y, and the

N naturally arises from the blowup of the eight singular points on the quotient, whereas
Eg(—1) comes from the image of the Fg(—1)% in NS(X).

It turns out that we can define the marking on the double cover X of Y unambiguously, to
make the following diagram compatible.

HX(X,Z) & [ —— Ey(—1) @ Es(—1) & U3

| |¢

HYY,Z) >— L+ Es(-1) e Na U(2)3

That is, there is an underlying map of lattices £ : L — L such that the two copies of Eg(—1)
go (via the identity) to the single copy of Eg(—1) and U? goes to U(2)? again via the map
which is the identity on the underlying abelian group (and scaled the form by 2). For any
marked lattice-polarized K3 surfaces X and Y as above, the copies of Eg(—1) on NS(X)
both go to the Eg(—1) in NS(Y) under 7, and the orthogonal complement U? goes to the
orthogonal complement of N & Eg(—1) (which is 2 U(2)3) under ..

The holomorphic 2-form on X is pulled back from that on Y. So, the period points of X

and Y considered as elements of 2 € P(L ® C) are the same. Since X and Y are naturally
lattice-polarized, the period point of X may be naturally considered as an element of

Q,={we IE"(MMl ®C) | {(w,w) =0, (w,w) > 0}
with M,, = Eg(—1)? + Zu and the orthogonal complement is taken in L, as usual.
Similarly, the period point of Y falls in

Q, ={weP(M}®C)|{w,w)=0,(w,a) >0}
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with M, = Es(—1) ® N + Zw.

The map from the period point of Y to that of its double cover X is a linear invertible map
of (open subsets of) projective spaces of the same dimension, i.e. it is induced by a linear
isomorphism of vector spaces.

4.3 Moduli space of K3 surfaces with Shioda-Inose structure

Let us choose once and for all a fixed system of simple roots ey, ... ,eg of Eg(—1) whose dot
products give the Dynkin diagram of Fg. Let p be the half the sum of the positive roots of
Eg(—1) (i.e. all the roots which are non-negative linear combinations of the simple roots).
Now, L = Eg(—1)2@U3. For convenience of notation (to distinguish between the two copies
of Eg(—1)), we will sometimes write this as L =T'1 @'y @ =, where I'y =I'y = Eg(—1) and
=E=U3

Let us choose vectors ¢;,7 = ...8 of N such that (c;,c;) = —2d;; and N is generated by

{ei}, {32 al

Recall that the Nikulin lattice N embeds uniquely in Eg(—1) © U3 (up to automorphisms
of Fg(—1) @ U?), and also that there is a unique embedding of Eg(—1) @ N into L. So let
us write Eg(—1) @ N C Eg(—1) ® Eg(—1) @ U3 = L, which is the the identity on the first
factors of both lattices, and a fixed embedding of N into Eg(—1)@®U3. We will alternatively
write L D T @ T @ O, with I' = Fg(—1),Y = N and © = U(2)3. Here we have used that
the orthogonal complement to N in Eg(—1)@® U? is isomorphic to U(2)3, and chosen a fixed
isomorphism.

Let g; be the copy of e; in I'y, and h; be the copy of e; in I's.
Let f; be the copy of e; in I" and d; be the copy of ¢; in Y.

Let u denote the following data: let u = (uq,us,u3) € L =T &'y ® E be such that

1. It is symmetric with respect to I'y and I'y and equal to negative half the sum of the
positive roots. u; = ug = —p € Eg(—1).

2. The vector uz € = is primitive.

3. It has positive norm: (u,u) > 0.

Lemma 4.6. The data p satisfies the following properties.

1. The roots g; and h;, for 1 < i < 8 are all positive with respect to the polarization
defined by w. That is, g; -u >0 and h; - u > 0.
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2. The roots g; and h;, 1 < i < 8, are all simple with respect to the polarization on
M, =11 ® 'y + Zu defined by u, i.e. there are no z1,z2 € M, such that v -z > 0
and g; = z1 + zo (similarly for h;).

Here, by saying that a root ¢ is simple with respect to the polarization defined by u, we
mean that we cannot write 6 = ;_; \;d;, where r > 2, and for all 4, A; > 0 and (52-2 > =2
with J;-u > 0. In particular, the above lemma implies that for any marked K3 surface with
which has an ample line bundle with class u, the g; and h; are actually classes of irreducible
rational curves on X.

Proof. We know that half the sum of the positive roots p satisfies p - ¢; = —1 for all the
simple roots e;. Therefore we get u-g; = uy - g; = 1 and similarly for the u - h;. This proves
the first part.

Suppose we had ¢g; = z1 + 2. Then 1 = u - z; + u - 2. But we assumed u - z; > 0 and we
also know u - z; € Z, since the lattice M), is integral. Since we cannot have two positive
integers adding to 1, we have a contradiction. Note that in fact, the proof shows that ¢
cannot decompose into positive classes in L, not just M,. O

The lemma justifies the following definition.

Definition 4.7. Let M,, be the space of marked I'y © I'a-polarized K3 surfaces with rational
curves in {gi, hi|1 <1 <8}, and such that u is the class of an ample line bundle on X (via
the marking), up to isomorphism.

Explicitly, let

M, ={(X,¢)| ¢:H*X,Z)— Lsuch that ¢ *(T'; ®T3) C NS(X)
¢! (u) is the class of an ample line bundle on X

¢ 1(gi), p~1(hs) are classes of smooth rational curves on X}/ ~

Here, an isomorphism of (X, ¢) with (X', ¢') consists of a map f : X’ — X such that
¢=¢" o f*.

Let X be a K3 surface with sixteen smooth rational curves G;, H;,1 < i < 8, on X, and
an ample line bundle £ with intersection properties as above (namely, the G; intersection
numbers are the negative of those in the Cartan matrix for Eg, similarly for the H;, and
L corresponds to a divisor D such that D -G; = 1,D - H; = 1, D?> > 0, and furthermore
D + p(G;) + p(H;) is primitive).

Let u3 be any vector in Z 2 U3 with norm D? — 2p? (recall that p? < 0 since p € Eg(—1))
and let w = (—p, —p,u3) € L. Then we can put a marking ¢ on X so that (X,¢) is an
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element of M. The proof is as follows: we map the classes of the G; to g;, the classes
of the H; to h;. The lattice H?(X,Z) decomposes as > Z[G;] ® Y. Z[H;] ® K, where

= (Y Z[G;] ® Y. Z[H;])* = U3. We have a decomposition D = Dy + Dy + D3. Now, we
need to find a map of K =2 U3 to = = U3 such that the vector D3 maps to uz. But this is
possible, because the the norm of Dj is by construction the same as the norm of ug, and
the automorphism group of U? is transitive on primitive vectors of a fixed norm. Recall
that M), is the lattice I'y @ 'y + Zu = ) Zg; ® ) Zh; + Zu. We let G}, be the subgroup of
O(L) that fixes M,, pointwise. Now, if we have any two markings ¢ and ¢’ of the given X
with the rational curves and ample line bundle, then ¢’ o ¢! is an element of G,. We see
that M, /G, is a coarse moduli space for X with the above data.

Now we would like to define an appropriate moduli spaces for the K3 surfaces Y which are
obtained from the above K3 surfaces as a quotient by a Nikulin involution. We will define
an ample line bundle on Y whose class, through the marking, will be related to the class of
the ample line bundle on X.

Thus, let v be the following data. Letting u = (u1,u2,us3) be fixed as above, such that the
norm of uis B > 8. We will let k£ > 14 be a positive integer and let v = v1+vo+v3 € 'HTPHO
be such that

1. vy =—-2kp € Eg(—l) =TI,
2. v9 = _%Zdz eT.
3. vy = k’u,3(2) S U(2)3 =~ 0.

We have a similar lemma.

Lemma 4.8. The data v satisfies the following condition.

1. It has positive norm: (v,v) > 0.

2. The roots f;,1 < i < 8, are positive for the polarization defined by v, i.e. f;-v > 0.
Similarly, the d;, 1 <1i <8, are positive.

3. The roots f; and d; are all simple with respect to the polarization on the saturation
Mzs%of M, =T &Y + Zv defined by v.

Proof. For the first part, we have

v? = (—2kp)? ——Zd + (kus(2))?
2k%(2p% 4 u3) — 4
= 2k*u® —4
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= 2%’B—-4>0

since B > 8 and k > 14.

Next, we have v - f; = (—2kp) -¢; =2k > 0 and v-d; = (—1 > d;) - d; = 1 > 0. Therefore
the roots mentioned are all positive.

The third statement is harder to show. To show that the d; are simple with respect to

the polarization defined by v, the same proof works as for Lemma 4.6, since v - d; = 1,

which cannot be a sum of two positive integers. Now assume f; is not simple. We use the

lemmas 4.20 and 4.21 of a later section, which translate to the following statements in our

context. Let M5 be the saturation of M, in L, that is, the smallest primitive lattice of L

containing M, . It equals LN (M, ® Q), and is contained in ' ® 3T & $Zu3(2) (since N*/N
2-elementary, and u3(2) is primitive in ©).

1. The root 6 is simple if and only if there is no decomposition § = 21 + 22 in M3 with
22>-26-21<0,and0<v-2 <u-é.

2. If x is any element of the signature (1,16) lattice M3%, we have (22)(v?) < (v - z)2.

Accordingly, let us assume we have f; = z1 + 29, where now we have zf > =2, fi-z21 <0
and 0 < z1 -v < f;-v = 2k. Then, since z; is in the smallest primitive sublattice of L
lattice containing I';Y and v = v; + v9 + v3, we can write z; = a + b + Mus(2), where
a€l = Eg(—1),b€ 1Y = IN, and M € 1Z. We then have

O<21-v:a-(—2kp)+b-(—%Zdi>+2kMu§<2k

Therefore

1
a-(=2kp) +b-(— > di)| > 2k|Muj — 2k

We also have

s (zm-v)? (2k)? 42 4k 2
v2 2k2(ui+2p?) —4  2k*B—16 B —2/k?

which is less than 2 since k£ > 14 and B > 10. Therefore, since the lattice L is even, we
have z% = 0 or —2. That is,

a? + %+ 2M*ui =0or —2

Therefore
la? + b%| < 2M?u3 + 2

Finally, since I' & T is negative definite, we have
2
a-(~2kp) +b- <——Zd> < |a®+0?|- ‘ 2ip)° ( Zd)
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Therefore, by the above inequalities, we get
(2k|M|u3 — 2k)? < (2M?u3 + 2)|(4K*p* + 4)|
and using p? = —620 for the Eg(—1) lattice, and u3 = —2p* + B = 1240 + B, we have
(2k|M|(1240 + B) — 2k)? < (2M?(1240 + B) + 2)(4k> - 620 + 16)

We claim that if M # 0, this inequality fails. Without loss of generality, M > 0, and we
divide both sides by (2kM (B + 1240))? to get

1 2 1 1240 8
l———] <(1+ +
M (B + 1240) M?2(B + 1240) B+1240  4k2(B + 1240)
using the inequalities k > 14, M > 1/2, B > 8, we get a contradiction.

Now we deal with the case that M = 0. Then we can write z; = a + b with the stricter
constraint ¢ € I',b € T. We have —2 < z% = a® + b%, and we also know that every non-zero
vector of I' & Eg(—1) and T = N has square at most —2. Therefore a = 0 or b = 0 is
forced. If b = 0 then we have the decomposition f; = z1 4+ 29 in I which contradicts that f;
is a simple root. If @ = 0 then z; € T and f; - z; = 0, whereas we assumed f; - z; < 0. This
contradiction completes the proof of the lemma. O

Let M, be the space of marked I' @ T-polarized K3 surfaces with condition T for the f; and
d; and such that v is the class of an ample line bundle on X, up to isomorphism. Explicitly,
we let

M, ={(Y,p) ]| H?*(X,7Z) — L such that p~{(I'® T) ¢ NS(X)

-1

p:
p~ " (v) is the class of an ample line bundle on X
p 1 (fi), p~1(d;) are classes of smooth rational curves on X}/ ~

Let Y be a K3 surface with sixteen smooth rational curves F;, D;,1 < i < 8, on Y, a line
bundle £ and an ample line bundle £ with intersection properties as above (namely, the F;
intersection numbers are the negative of those in the Cartan matrix for Fg, the D; are all
orthogonal to each other and to the F;, we have £2 22 Ox (D1 +. ..+ Dg), and £ corresponds
to a divisor D such that D - F; = 2k,D - D; = 1, D? = 2k2B —4 > 0, and furthermore,
D + 2kp(F;) + 13" D; is k times a primitive d1v1sor)

Let uz be a primitive vector in U? with norm B — 2p?, and let v = —2kp — %Z d; + kus(2)
as above. Then we claim that there exists a marking p on Y such that (Y, p) is an element
of M,,. The proof is as follows: we map the classes of the F; to f;. Now, let J = (> Z[F;]®
S Z[D;))*t 2 U(2)3. Let D3 = kD}, where D} is primitive in N.S(X) and therefore in J.
So we can choose an isomorphism J 2 U(2)? to take D} to ug(2).
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The lattice U(2)? has a unique primitive embedding in Eg(—1) @ U3, up to automorphisms
of Eg(—1) @ U3. Take an identification (3> Z[F}])* = Eg(—1) @ U3 = I'*, and modify the
embedding to make J — © 22 U(2)3 be the above isomorphism.

Now we have that the D; map to roots of T, namely the +d;. If D; maps to some —d.;),
we can change the marking by composing with a Weyl reflection in d, ;) to make D; map
to +d,(;), the images of the other D; being unchanged, and not affecting the image of any
vector in ) Z[F;] or J. Thus we may assume that the D; map to some d,(;. We see that
we have obtained an element of M,,.

If we have two markings p and p’ of the given Y with the specified rational curves and
ample line bundle, then we see that p’ o p~! fixes the f; and acts by some permutation of
the d; (because we did not specify above that D; — d; under the marking, only to some
permutation d, ;). Also, we have that p' o p~! fixes the polarization class v. Therefore we
have that p' o p~! € G which is defined as follows.

Go={9€O(L)|gx =z forx e '+ Zv,g(Y) =T}

Note that gv = v guarantees that gd; is a positive root of I'. We see that M, /Gy is a coarse
moduli space for Y with the above data.

4.4 Map between moduli spaces

The main theorem of this section describes an identification of the moduli spaces corre-
sponding to the reciprocal constructions of quotient by the Nikulin involution and taking
the double cover. The data g and v of the polarization vectors w and v are related by
a simple lattice theoretic condition, which stems from the construction of an ample line
bundle on the quotient K3 surface.

For z € U3, we denote by x(2) the same vector in U(2)3; likewise, for y € U(2)? we denote
by y(3) the same vector in U3,

Theorem 4.9. Let k > 14 be a positive integer. Let u,v be as above, i.e. such that
u = (ur,u,u3) with uy = ug = —p, and uz € U primitive such that u> = B > 10, and
v = v1 + vg + v3 with v1 = —2kp, vy = —% > d; and vs = kus(2) for some integer k > 14.
Then there is a holomorphic isomorphism of complex spaces 1, ,, : M, — M,,.

Proof. The idea of the proof is as follows: the map M, — M, is given by the double cover
construction. Injectivity will follow from the Torelli theorem, whereas surjectivity will be
proved using the Shioda-Inose structure to quotient by a Nikulin involution.

In detail, we proceed as follows.
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Step 1: Construction of the double cover and marking on it.

Suppose we are given a pair (Y, p) € M, of a K3 surface Y with a marking p : H2(Y,Z) — L
satisfying the properties above. Then we let D, ..., Dg be the smooth rational curves whose
classes are given by p~1(d;). These are unique by Lemma 2.20. Let I}, ..., Fg be the smooth
rational curves whose classes are given by p~1(f;). Theorem 4.3 shows that the existence
of X which is a K3 surface with a Shioda-Inose structure, and which is a double cover of
Y branched on UC; (with 8 exceptional curves blown down). We get from the construction
smooth rational curves G; and H;, i = 1,...,8 such that the Nikulin involution on X
interchanges G; and H;, the intersection numbers are compatible G;.G; = H;.H; = F;.F;
and such that the image of G; or H; under the quotient map is F;. We define ¢(|G;]) = g;
and similarly ¢([H;]) = h; (we are making a choice here, but we shall soon see that the two
possibilities give rise to isomorphic marked K3 surfaces). This is done to make the following
diagram commute

HY(X,Z) S [ ——=T & Ty ® E —— Eg(—1) & Es(—1) & U®

|- |

H(Y, ) L — L +——TarTe0 Es(-1) e NaU(2)?

Also, 7, defines an isomorphism of (3 Z[G;] ® > Z[H;])*(2) (the orthogonal complement
is taken inside H%(X,Z)) with (3. Z[F;] © Y. Z[D;])* (the orthogonal complement is taken
inside H2(Y,Z)). Thus, we get

OoziGled zH) 2 = O zF)e > ZD)t L e=U2)7° =

(1]

(2)-

This defines by composition the map ¢ on the orthogonal complement of > Z[G;]| &> Z[H;].
Since Y"Z[G;] ® . Z[H;] & Eg(—1)? is a unimodular lattice, it and its orthogonal comple-
ment generate all of H2(X,Z) = L, so we have defined the map ¢ on all of H?(X,Z)
unambiguously.

Step 2: Polarization

We need to show that ¢~!(u) defines a polarization of the K3 surface X .

Lemma 4.10. ¢~ '(u) is the class of an ample line bundle on X.

Proof. For this, we will use the ampleness criterion of Nakai-Moishezon, which states that
a divisor D on a surface X is ample if and only if D? > 0 and D.C > 0 for all irreducible
curves C' on X. Via the markings ¢ and p, we will identify vectors of L with vectors of
H?(X,7) or H*(Y, 7).
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First, notice that u = ﬁﬂ* (v1,0,v3) is algebraic, since it is an integral class by construction,

and NS(X) is a primitive lattice inside H?(X,Z), containing 7*(vy,0,v3). Since u? > 0 by
hypothesis, we see from the Riemann-Roch theorem that u or —u must be effective. But
—u cannot be effective, since the inner product with the divisor class of one of the G; is
negative: —u - g; = —3(m(u) - 7(g:)) = — 55 (v1,0,v3) - fi = —5%v - fi < 0. Therefore u is
an effective class.

Now, for the class u to satisfy v -w > 0 for all classes of effective divisors w on X, it is
enough to show that u lies in the Kéahler cone of X. We know that the Weyl group of X
acts on the positive cone with the closure of the Kéahler cone being a fundamental domain.
So it is enough to show that w-w > 0 for every nodal class w (that is, the class of a smooth
rational curve on X). Let u be the class of an effective divisor U on X, and let W be
the smooth rational curve whose class is w. Now let z1,..., 23 be the eight fixed points of
the Nikulin involution, and let X be the blowup of X at these points, with Z1, ..., Zg the
exceptional curves. Let U, W denote the proper transform of V and W. Let us assume W
passes through the points z;,7 € I C {1,...,8}. Note that W is a smooth rational curve,
since it is birational to W. Let us denote the map X — Y by m, by abuse of notation, and
the blowup X — X by 0. Now we can move the divisor U (i.e. replace it by a linearly
equivalent divisor, which may not be effective) so that it doesn’t contain any of the points
z; and is transverse to W. Then we compute

UWwW = o*'Udc'W
= U.(W+ Z Z;) since the multiplicity u.,(W) = 1 because W is smooth.
el
= U.W since V doesn’t intersect the Z;

1 -
= §7T(U).7T(W)

Now, 7w(W) is an irreducible rational curve on Y, since it’s the image of an irreducible
rational curve on X. Let @ be its class in NS(Y). The class of n(U) is given by v/ =
%(01,0,1}3). Then we compute u'. w0 = l(1)1,0,113).11) = %(vl,vg,vg).w — %Ug.ﬁ). The first
term is positive because v is ample on Y and w is the class of an irreducible curve on Y.
The second term equals ﬁ > d;-w. Since W is distinct from the Z;, we see that the second
term is nonnegative and therefore the intersection number U.W is indeed positive. O

The lemma shows that we have obtained an element of (X,¢) of M,. The ambiguity
alluded to above in the choice of labeling g; as the class of G; and h; as the class of H;
instead of the other way round, is inconsequential, since the other choice would give rise to
an isomorphic marked surface (X, ¢ o t*), where ¢ is the Nikulin involution. It is also clear
that if we start from two isomorphic marked surfaces (Y, p) and (Y”, p), then we shall end
up with isomorphic marked surfaces (X, ¢) and (X', ¢’'). Therefore we get a well-defined
map on moduli spaces 7, ,, : M, — M,.

Proposition 4.11. The map n,,, defined above is surjective.
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Proof. For each (X, ¢) € M,, we need to find a (Y, p) € M, which maps to it via 7, .
Step 3: Constructing the quotient with a marking.

We proceed in a similar manner as before. First, we find the Nikulin involution on X which
follows from the data of ¢. We have the marking ¢ : H?(X,Z) = L = Eg(—1)® FEg(—1)oU>.
We will identify classes of divisors on X with elements of L using this marking.

Let v : H*(X,Z) — H?*(X,Z) be the map of lattices which interchanges the two copies
of Eg(—1) and fixes U3. In other words, v(¢~1(g;)) = ¢~ 1(hi), (¢~ (h;)) = ¢~ 1(g;) and
Y|g-1(u3) is the identity. From the definition of v, it follows that v fixes v as well. Therefore
it fixes the Kéahler cone of X. Therefore, by the strong Torelli theorem,  is induced by a
unique involution ¢ : X — X. It is clear that ¢ is a Nikulin involution which interchanges
the curves G; and H;, where g; is the class of G; and h; is the class of H; (these curves are
uniquely defined by Lemma 2.20).

Now, let Y be the desingularized quotient of X by the Nikulin involution. The images of the
curves G; (or H;) give curves F; on Y, which are irreducible and therefore smooth rational
curves. It is clear that we need to define p so that p([F;]) = f;. Let Di,...,Dg be the
eight rational curves introduced as blowups of the singular points which appear when we
quotient X by a Nikulin involution. We have a map 7, : H?(X, Z) — H?(Y, Z) which takes
(X Z[G) © Y. Z[H;))* bijectively to (3)[Fi] @ Y.[D;])*. So in order to make the markings
commute with the maps on cohomology, we are forced to define the map p on that sublattice
as p(z) = ¢(m;1(2)). Finally, we need to define p : Y Z[D;] — Y so that p, defined a priori
as a map from Y_[F;] @ Y.[D:;] @ O2[Fi] @ Y2[Di])*t to T @ Y @ O, will extend to a map
H*(Y,Z) — L. Let K = (3, Z[F;] ® Y, Z[D;])*. Then we have ppartiar : .| Fi] ® K — L,
with the image being I' ® O.

The only choice remaining is for the images of the [C;]. Each D; will map to a root of the

B
lattice T =2 N. Now, N has exactly 16 roots. Let us label the corresponding members of
T by dy,...,ds,—d1,...,—ds. Now we know that Y is a K3 surface (in fact, a Kummer
surface), and so there exists a marking p’ : H?(Y,Z) — L. We have the following diagram:

H(Y,Z) Y L

[

K @ Z[E]ppartial i F @ @

Now, p’ and ppgrtia; define two primitive embeddings of K & ) [F;] = Eg(—1) & U (2)3 into
L. We know that up to automorphisms of L, there is only one primitive embedding which
has orthogonal complement isomorphic to IN. Therefore there exists an automorphism of g
which makes the above diagram commute. We modify the marking p’ and set p = go p' :
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H?(Y,7Z) — L. The new marking extends Ppartial to all of H 2(X,7).

So now we have a marking p : H2(Y,Z) — L. Since Y [D;] is the orthogonal complement of
> [F;]® K, we see that p maps ) [D;] to the orthogonal complement of I'® © in L, which is
T = N. Each [D;] maps to some d; or —d;. If it maps to —d;, we can use the automorphism

of L given by the Weyl reflection correspondlng to d; (which fixes the sublattices I and ©
pointwise, as well as fixing the other roots of T pointwise, while negating d;) to change the
marking so that D; goes to d;. Doing this for every D;, and after relabeling the D;, we can
assume that p(D;) = d;.

Step 4: Polarization

Now via the marking, let us identify L with H?(X,Z).

Lemma 4.12. The class v is the cohomology class of an ample line bundle on Y .

Proof. First, note that v = km.(u)—3 > d; = km,(u)—5 >_[D;], it is clear that v is algebraic.
We will show that for ¢ > 27, the class vg = ¢m.(u) — > [D;] is ample. Applying this to
¢ = 2k, we get that 2km,(u) — > d; and therefore v is ample. First, let us assume ¢ = mn,
with n > 3,m > 9.

A simple calculation shows that ’U(2] > 0. We will show directly that vg is an ample class. Let
o : X — X be the blow-up of X at the eight fixed points z1, ..., zg of the Nikulin involution,
and let Z1,...,Zs be the eight exceptional curves on X. Now, since u is the class of an
ample line bundle on X, we know by the theorem quoted below that nu = w is the class
of a very ample line bundle on X for every n > 3. We claim that w = mo*(w) — > [Z;] is
the class of an ample line bundle on X, for m > 9. It is easily verified that z2 > 0. It is
clear that z.[Z;] > 0 for all i. Now let C' be an irreducible curve on X distinct from the
Z’s. Letting C = o(C), we have [C] = [0*(C)] — 3 u2,(C)[Z;]. Here p,(C) > 0 is the
multiplicity of C' at the point z;. We compute

v[0] = <ma*<w>—2[ (00) = Y (0)
w.[C]) Zuzz C)

m(w[C]) 8(w.[C]) > 0.

AV

Here we have used the lemma below to note that the multiplicity of the curve C at any
point inside the projective embedding corresponding to the very ample divisor W (whose
class is w) is at most its degree W.C' = w.[C].

Therefore 2 is ample on X, and its push-forward to Y, namely vy, is ample as well. This
proves our claim for the special case when ¢ = mn as above. In general, if £ > 27, we
just write 3¢ = 3(9 + 9+ (¢ — 18)) = ¢; + {5 + ¢3. Now from the above, we have that
(3-9)m.(u) — > [D;] is ample, and so is (3- (¢ — 18))m. (u) — >_[D;]. Therefore, twice the first
plus the second, or 3¢m.(u) —3 > [D;] is also ample. Therefore, ¢, (u)—> [D;] is ample. O
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Thus we see that v is the class of an ample divisor on Y, and so the marked surface (Y, p)
lies in M,,. This concludes the proof of the proposition. O

Theorem 4.13. (Saint-Donat [SD]) Let D be an ample divisor on a K3 surface X. Then
3D is very ample.

Lemma 4.14. Let C be a curve of degree d in some P"™. Then the multiplicity of C at any
point is at most d.

Proof. Let P be a point of multiplicity m on C. Intersect C' with a hyperplane H passing
through P and not containing C. Then we have d = C.H is the sum of the points of
intersection counted with multiplicity, and P contributes at least m. Hence d > m. O

Step 5: Injectivity

We would like to show that the map 7, , of moduli spaces is finite. First of all, given
(X, ¢) € M, a marked K3 surface with a symmetric polarization, the quotient K3 surface
Y is certainly determined as an algebraic surface, because the Nikulin involution on X
is determined from the lattice theoretic data contained in pu. Therefore we only need to
consider the case (Y,p) and (Y,p') lying over (X,¢) and show they are isomorphic as
marked K3 surfaces.

Consider the map p~t o p' : H*(Y,Z) — H*(Y,Z). We claim that it is an effective Hodge
isometry. It is a Hodge isometry since the global (2,0)-form on X is induced by the form
on Y (the period points are the same in L ® C). It preserves the Kéhler cone since we
prescribed that the class of an ample divisor is fixed: namely v = (v1, vy, v3) € L. Therefore
we have an automorphism f of Y such that p’ = po f*, and the two marked surfaces (Y, p)
and (Y, p') are isomorphic.

Another quick way to put this argument is that the period map is an isomorphism from M,
to an open subset of Q,, and also an isomorphism from A, to an open subset ), whereas
the induced map on period spaces €2, — €, is a linear isomorphism.

Step 6: Holomorphicity

Lemma 4.15. The map 1,,, is a holomorphic map of complex manifolds.

Proof. We will deduce holomorphicity by using the period mapping. Let €2, be the space
of periods for the surfaces in M,,.

Q) ={wePL®C)|(w,w) =0,(w,w) >0, (w,u) =0,(w,I'1 ®T9) =0}

Similarly, we can define a space of periods €2, for the surfaces in M,,.

Q) ={wePL®C)|{ww)=0,(w,w) >0, (w,v) =0,(w, T ®YT)=0}
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The period map for a K3 surface in M, lands in €, is a holomorphic map, and is locally an
isomorphism of complex 3-manifolds. A similar assertion holds for M, and €2,,. Therefore,
to prove that the map 7, , is holomorphic, it suffices to show that the induced map on
periods is holomorphic. But that assertion is obvious, since the (2,0) form on X is pulled
pack from that on Y, and the transcendental lattices are related by . (or 7*), which has
been prescribed lattice-theoretically. So in fact the map on the period spaces is linear and
hence holomorphic. O

This concludes the proof of the theorem. O

Now, we would like to get rid of the marking. To do this, we want to identify (X, ¢) and
(X, g0 ¢) where g € O(L) is an element which fixes the sublattice (I'y @ I'y) + Zv. That is,
let

G,={9€O0)|gr =xforx € (I't ®I'2) + Zu}.

The group G, acts on M, by g- (X,¢) = (X,g 0 ¢). Note that this action doesn’t affect
the embedding of (I'y @ I'y) + Zu = M, inside L. Using arguments along the lines of [D1],
we will show that M, /G, has the structure of a quasi-projective variety. Similarly, let

G,={9€O)|ge=xforxe T ®Y)+ Zv}.
Also recall that
Go={9€O(L)|gr =z for x € T+ Zv,g(T) =T}.

Then M, /G, is also a quasi-projective variety. We will show that G, is a normal subgroup
of finite index in Gy and that M, /Gy is also a quasi-projective variety.

Theorem 4.16. The map n,,, gives rise to an isomorphism of quasi-projective varieties

M, /Gy — M, /G,,.

Proof. We start with a lemma relating the actions of the groups involved.

Lemma 4.17. There is a homomorphism ¢ : Go — G, such that for (Y,p) € M, and
(X, 0) = nuu((Y, p)) € My, we have (g) - (X, ¢) = nuu(g - (Y, p))

Proof. Let g € Gy. Then g fixes I' pointwise and T as a whole, and therefore acts on the
orthogonal complement © = U(2)3. Therefore we get an action on U3. Now just define
¥(g) to fix I'1,I's pointwise and act on the orthogonal complement = = U? by this action.
This defines ¥ (g) on all of L. It’s clear that ¢ (g) fixes u, since we have that u = uj +ug +us
is completely determined by v = v1 + v9 + v3 by w1 = ug = ﬁ?fl and uz = %’Ug(%), and we
know that the components v; are fixed by g because v is fixed, and the lattices I', T and ©
are fixed as a whole.
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Now we show compatibility with the actions on the moduli spaces. Starting from (Y, p) and
(Y, g o p) we first note that the X constructed is the same, since it is the double cover of Y’
branched on the same divisor. Now, we need to show that the markings ¢ and ¢’ on X are
related by v (g). But this is clear: the images of [G;] and [H;] are fixed to be g; and h;. So
¢ o ¢! fixes 'y @ I'y. It also fixes u, which is determined by v,I" and Y. Finally we have
that ¢/ o 1 acts on U3 as g(%) as described above, by the following picture.

U?’d)Kld)U3

l@) lm« l@)

U2’ &K, —5U2)3

Step 1: Map of spaces
It follows immediately from the above lemma that M, /Gy — M, /G, is well-defined.
Step 2: Bijection

Now, we want to show that the map is bijective. Since 7, , is already surjective, so is the
map on quotient spaces. Therefore we just have to show injectivity.

Lemma 4.18. The map ¢ : Go — G, is surjective.

Proof. Let h € G,. Then h fixes I'y @ I'y, so basically h is an automorphism of = = U 3
which fixes u3. Therefore we get an automorphism of U(2)3 = © which fixes v3. Now,
since U(2)? has a unique primitive embedding into Eg(—1) @ U? such that the orthogonal
complement is isomorphic to N, we see that there is a lift g1 of this automorphism of U(2)?
to all of L and fixing I'. Now g1 takes the roots di,...,ds of T to eight orthogonal roots
of T. Recall that T has only 16 roots, namely +di,...,+ds. Then, by using reflections in
the d;, we can assume that we have modified g; to get some g such that di,...,ds go to
some dr(1), ... ,dr() for some permutation 7 € Ss, the symmetric group on eight elements.
Then > d; — > d; under g, and so we have that g fixes each of vy, v2,v3. Hence g € Gy
and ¥(g) = h. O

Lemma 4.19. G, is a normal subgroup of finite index in Gy.

Proof. We claim that any element g € Gy takes dy,...,dg to d (), ..,dyg) for some per-

mutation 7 € Sg. This is because g must fix v and djy, ..., dg are exactly the positive roots
of T. Hence we have a homomorphism Gy — Sg, and the kernel is G,. Since Sy is finite,
we are done. O
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It follows easily that the map M, /Gy — M, /G, is injective and therefore bijective. For
if we have two (Y, p) and (Y’ p’) in M, /Gy mapping to the same (X, ¢) in M, /G, , then
we have n,,,(Y,p) = hon, (Y’ p') for some h € G,. Then let h = 1(g) for g € Go. We
have 7,,,(Y, p) = ¥(g) o, u (Y, p') = ny,u(Y', g 0 p'). Since n,,, is an isomorphism, we get

that (Y, p) and (Y’,p') are equal in M, /Gy.

Step 3: Quasi-projective varieties

To show that the moduli spaces M, /Gy and M, /G, are quasi-projective varieties, we
use the period map. We recall the necessary facts from [D1]. Let M C L be a primitive
sublattice of signature (1,t), and suppose we have chosen a polarization of M, i.e. the
following data. We fix one of the two connected components of V(M) = {z € M@R|z? > 0}
and call it V(M)T. Let A(M) = {§ € M|§? = —2}. We have a choice of the positive and
negative roots, i.e. a partition A(M) = A(M)* U A(M)~ satisfying the usual properties,
ie.

o AM)~ = {=5]5 € A(M)*Y.
o If01,...,0, € A(M)T and 6 = > n;8; with n; > 0 then § € A(M)*.

This choice defines the “ample classes in M”, namely

CIM)T ={zcV(M)"NnM|{x,§) >0 forall § € A(M)"}

Then we define an ample marked M-polarized K3 surface to be a marked M-polarized K3
surface (X, ¢) such that o=} (V(M)) € V(X)T and a Y (A(M)T) = a "} (M)NA(X)T, that
is, the polarization we chose on M comes from that on X. Note that this condition is
equivalent to saying a~}(C(M)*)NC(X) N NS(X) # ¢. In the terminology of Chapter 3,
an ample marked M-polarized K3 surface for us will be an element of M1 where P is the
specific partition chosen above. If m € M is a vector with m? > —2, then m represents an
effective class on any ample marked M-polarized K3 surface if and only if m has positive
inner product with any and all classes in C(M)*.

Now, for a marked M-polarized K3 surface (X, ¢), recall that the period point is p(H*?(X)) €
P(L¢). Since ¢p(H?*°(X)) is orthogonal to NS(X) D M, we see that we may naturally
consider the period point as an element of P(N¢) C P(Lc), where N = M is the or-
thogonal complement of M in L. Let @ be the quadric hypersurface in P(Ng) corre-
sponding to the quadratic form on N¢ defined by the lattice N. Since for w € H*%(X)
we have (w,w) = 0 and (w,w) > 0, we see that the image of the period map lies in
an open subset Dj; of the quadric Q. We can assign to H?? the positive definite 2-
plane Py C Ng = ¢((H?*°(X) @ H*?(X)) N H%(X,R)) together with an orientation de-
fined by the choice of the isotropic line ¢(H?%(X)) € Px ® C (namely, w gives the ori-
ented basis (Rw,Sw)). Thus we can identify Dj; with the symmetric homogenous space

42



MAP BETWEEN MODULI SPACES

0(2,19—1t)/SO(2) x O(19—t) of oriented positive definite planes in Nr. The space consists
of two connected components, each isomorphic to a bounded Hermitian domain of type
IVig_ (see [H]). The involution interchanging the two components is induced by complex
conjugation @ — Q.

Now, our surfaces have an ample divisor that comes from M, so that we cannot have any
roots in NS(X) which come from N (because if ¢ is such a root, then either § or —§ comes
from a (possibly reducible) rational curve, and then the ample divisor would have strictly
positive intersection with it). This basically forces the period point to lie in Dg/[, which is
defined by

DY =Du\( |J HsnDu).
SEA(N)

where for § € A(N) = {x € N|z? = —2} we define

Hs ={z € N¢|(z,0) =0}.

The period map induces a bijective map from the moduli space of ample marked M-polarized
K3 surfaces to DY;. We let O(L) be the orthogonal group of the lattice L (i.e. the isometries
of L which fix the origin), and similarly for O(N). We also let I'(M) = {g € O(L) | g(m) =
m, for all m € M}. Then I'(M) is a normal subgroup of finite index in O(N). We get
the moduli space of K3 surfaces with an ample M-polarized structure (i.e. get rid of
the marking) by considering DY, /T'(M). The group O(N) is an arithmetic subgroup of
0(2,19 — t) and so is I'(M), since it has finite index in O(NN). Therefore Dy, /T'(M) is a
quasi-projective variety. Now O(N) has only finitely many orbits in the set of primitive
vectors in N with given value of the quadratic form (this follows from Prop 1.15.1 of [N1])
and therefore I'(M), a finite index subgroup of O(N), has finitely many orbits in its action
on A(N). Therefore, DY, /T(M) is Dy /T (M) minus finitely many hypersurfaces, and is
therefore a quasi-projective algebraic variety.

Now, we need to put in the further condition that a specific subset T' of roots of M come
from irreducible rational curves on the K3 surface. This means that we should not have the
equation

t=u+v

for any effective divisor classes v and v,, and any t € T..

Lemma 4.20. Let t be the class of a divisor T on a K3 surface X, such that t* = —2.
Let ¢ be an ample class on X. Then t is an irreducible class if and only if there is no
decomposition t = u +v in NS(X) such that u?> > -2, t-u <0, and 0 < c-u < c-t.

Proof. Suppose T is reducible. Then T' = > u,;T; with T; irreducible effective divisors.
Then we have Tf > —2 for each 4, by the genus formula. Furthermore, —2 =T - T =
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T- (> wiTy) => (T - T;). So we must have T'- T; < 0 for some Tj. Letting the ¢; denote
the class of T, we also have c-t =) p;(c-t;), a sum of (more than one) positive terms. So
we see that ¢-¢ > c¢-t; > 0 for each term. Now let u be the ¢; chosen above, then one half
of the lemma is proved.

Conversely, if t = u 4 v with u? > =2, t-u < 0, and 0 < c-u < c-t, then first we have that
u is the class of an effective divisor (by Riemann-Roch, and the fact that u-¢ > 0. Also,
u-t < —1 so that t — u also satisfies (t —u)? > —2 and ¢ (t — u) > 0. Therefore t — u is
also effective. Therefore ¢ is reducible. O

Now, let us assume that t is not reducible within M, i.e. we do not have an equation
t = u 4+ v as above with u,v € M effective. Otherwise, t can never represent a smooth
rational curve on an ample marked M-polarized surface.

If ¢ is reducible in NS(X), we assume as above that u satisfies the conditions above. In
particular, u> > —2. For every such u we can write u = ups +uy with ups and uy being the
projections of u to M ® Q and N ® Q, and uy # 0. Then it is clear that uy; € M™*, the dual
of M considered as a subspace of M ® Q) and uy € N*. Let d be the minimal positive integer
such that duy is in N and duys is in M (d certainly exists because disc(M) = [M* : M]
works). Note that duy is a primitive vector in N. To further constrain uy; and uy, we will
need the following lemma, which is a variant of the Hodge index theorem.

Lemma 4.21. Let D1, Dy be divisors on a surface X with D} > 0. Then

(D})(D3) < (D1~ Dy)?

Proof. We let m = Dy - Dy and n = —D? so that Dy - (mD; +nD3) = 0. Then the Hodge
index theorem implies (m.D; + nD2)? < 0, which gives the desired inequality. O

Let ¢ be a fixed ample class in C(M)*. Then for any ample marked M-polarized surface
X, crepresents the class of an ample divisor. Therefore we have ¢-t > 0,c-u > 0,c-v > 0,
and therefore bounds 0 < ¢-u < c¢-t. Furthermore, ¢ € M implies ¢ - (duy) = 0 and
¢ (dupr) = c¢-du = d(c-u). The lemma above implies

(dup)? < (c-dup)?/c = (c-du)?/c? < d*(c-t)?/c?
(dun)? < (c-dun)?/? =0

Since (dunr)? + (duy)? = d?>u? > —2d? is bounded below, we see that the norms of duyy
and duy are both bounded above as well as below.

Now, note that for an ample marked M-polarized K3 surface X, v € NS(X) iff du € NS(X)
(because N.S(X) is a primitive lattice) iff duny € N.S(X) since dupr € M C NS(X) already.
So in the period space Dg/[, we need to avoid w such that w' € L ® C contains such vectors
UN-
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Notice that the equation ¢ = u + v transforms under g € T'(M) to t = g(u) + g(v), and
similarly du = dups + duy transforms to dg(u) = duys + g(dun). Also, note that g(c) = c.
So if t = u+ v is a decomposition showing that ¢ is not an irreducible nodal class, then so is
t = g(u) + g(v). Therefore, avoiding duy € NS(X) necessarily entails avoiding the whole
orbit of duy under T'(M). The period space which bijects with the moduli space of ample
marked M-polarized surfaces such that elements of T' are classes of irreducible (smooth)
rational curves, is therefore the subset of Dj,; given by

DY 7= D\ (( U #snbw)J (U meDM)>

0EA(N) weN’

Here the notation w € N’ means w ranges over all primitive w = wy € N such that for
some t € T, and some u as above depending on ¢, we have v € L and for some positive
integer d we can write t = u 4+ v, du = wy; + wy. The argument above shows that the
norms of such wy are bounded above and below. As before, O(N) and therefore I'(M)
has finitely many orbits in its action on N’. Tt follows that D?M’T JT(M) is the same as
Dy; /T (M) minus finitely many hypersurfaces, and is therefore a quasi-projective algebraic
variety. We summarize the results in the proposition below.

Proposition 4.22. Let M C L be a fized saturated sublattice of signature (1,t), and choose
a polarization of M. Suppose T is a subset of M consisting of roots which are positive
and simple for the chosen polarization. Then the moduli space M$S; of ample marked
M -polarized K38 surfaces with every t € T represented by a smooth rational curve is a
quasi-projective algebraic variety.

We apply the above proposition to the space M, with the polarization given by u =
(u1,u2,ug), with M = (I'y & I'y) + Zu, and with T" = {g;, h;|]1 < i < 8}. Note that M is a
saturated lattice since ug is primitive in U?. We know from the hypothesis that the curves g;
and h; are irreducible in the lattice. This proves that M, /G, is a quasi-projective algebraic
variety. Similarly, M, /G, and M, /G are quasi-projective algebraic varieties. Note that
while [D1] and the proposition above deal with primitive sublattices, the sublattice M, is
not primitive. However, we can simply replace it by its saturation, the smallest primitive
lattice in L containing M,,.

Step 4: Morphism

Since the map on period domains is linear and hence holomorphic, we see from the definition
of the algebraic structure on the quotient varieties that the map 7, , : M, /Gy — M, /G,
is an algebraic morphism. It has a bijection, and by Zariski’s main theorem we deduce that

it is an isomorphism.

This completes the proof of the theorem. O
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Chapter 5

Explicit construction of isogenies

In this chapter, we consider a family of elliptic K3 surfaces of Picard number 17 for which
we can explicitly write down the isogeny to a Kummer surface.

5.1 Basic theory of elliptic surfaces

We recall here a few facts about elliptic surfaces needed in the sequel. References for these
are [S] and [Si2].

Definition 5.1. An elliptic surface is a smooth projective algebraic surface X with a proper
morphism m: X — C to a smooth projective algebraic curve C, such that

1. There exists a section o : C — X.
2. The generic fiber E is an elliptic curve.

3. 1s relatively minimal.

Concretely, we will be considering the case C' = P!, and then we will choose a Weierstrass
equation for the generic fiber, which is an elliptic curve over the function field C(P') = C(t),
namely

y? + a1 (t)zy + az(t)y = 2 + az(t)x? + as(t)z + ag(t)

where a; are rational functions of ¢. In fact, by multiplying « and y by suitable polynomials,
we can make a;(t) polynomials in ¢. This can be done in such a way that the degree
of the discriminant is minimal. We can read out some properties of the surface directly
from the Weierstrass equation. For instance, if p,(X) is the arithmetic genus of X, then
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BASIC THEORY OF ELLIPTIC SURFACES
pa(X)+1 = x(Ox) is the minimal n such that dega; < ni for i = 1,2,3,4,6. In particular,
for a K3 surface X, we need to have degree a; < 2i.

All but finitely many of the fibers of the elliptic surface are nonsingular and hence elliptic
curves. Tate’s algorithm [T] allows us to compute the description of the singular fibers.

Each fiber is one of the types shown in the figure below. We note that the reducible fibers
are unions of nonsingular rational curves, and they occur in configurations as shown below.
The dual graph of the components is an extended Dynkin diagram of type A, D or E. The
lattices labeled below are the ones spanned by the non-identity components of the fiber
in NS(X). The subscript in the root lattices indicated below is the rank of the lattice,
which is also the number of non-identity components. Thus, the I,, fiber has n components,
whereas the I} fiber has n + 5 components.

Iy, a nonsingular fiber (elliptic curve)

II, a cusp

I, a node

[nan > 2 (An—l)

IIT (A7)

IV (A)

W >< <0 @A

15 (D)
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I:L?’n/ >1 (DTL+4)

At

4\:: IV* (Eg)

et

ﬁ’;: III* (Ey)
S+t

) 1T (Ex)

The Néron-Severi lattice of X is generated by the classes of all the sections of 7 (i.e. the
Mordell-Weil group of X) considered as curves on the surface X, together with the class
F of a fiber, and all the non-identity components of the reducible fibers. Let R = {v €

my—1
C(C)| F, is reducible}, and for each v € R, let F, = 7~ (v) = ©v0+ >, [w,iOv,i, where

1=
©,,0 is the component which intersects the identity, and the other ©, ; are the non-identity
components. The intersection pairing satisfies:

for any section P, P? = 0% = —x,

e P.F=0-F=1,

o 2 =0,

e 0-0,;=0fori>1,

® O,;-0,,; =0for v#w.

The intersection pairing for ©,; and ©, ; is —2if ¢ = j, and 0, 1,2 if 7 # j according to the
figures above (2 occurs only for types Iy and IIT). For a general section P, the intersection
pairing with each ©,; can be computed locally. In particular, for each v exactly one of the
the intersection numbers is 1, for some ¢ such that p,; = 1, and the others vanish. The
rank of the Néron-Severi group is given by the formula

p=r+2+va—1.
v

The discriminant of the sublattice 7" spanned by the non-identity components of all the

(1)

fibers is ], mz(,l), where my, ’ is the number of multiplicity one components of F,.
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5.2 Elliptic K3 surface with Egs and E; fibers

Let X be an elliptic K3 surface with bad fibers of type Eg and F7 at oo and 0 respectively.
A generic such K3 surface has a Néron-Severi lattice NS(X) = U @ Eg(—1) ® E7(—1) by
Shioda’s explicit description of the Néron-Severi of an elliptic surface. This lattice has rank
17, signature (1, 16) and discriminant 2. The transcendental lattice T'x has rank 5, signature
(2,3) and discriminant 2. We deduce that Tx = U? @ (—2).

The transcendental lattice of a generic principally polarized abelian surface, that is, the
Jacobian J(C') for C a generic curve of genus 2, also satisfies the same property, since the
Néron-Severi of J(C') is spanned by the theta divisor, which has self-intersection 2, by the
genus formula on the abelian surface

2=29—-2=C.(C+K)=C>

Therefore the orthogonal complement in H?(J(C),Z) = U3 is exactly U? @ (—2). We ex-
pect that the elliptic K3 surface X has a Shioda-Inose structure such that the quotient by
the Nikulin involution gives the Kummer surface of a principally polarized abelian surface
Km(J(C)). Dolgachev [D2] proves that, in fact, X corresponds to a unique C' up to iso-
morphism. However, an explicit identification of the quotient as a Kummer surface was not
known. Below, we give an explicit construction of the correspondence.

We begin with the K3 surface X given by the equation
y? =23 +t3(at + ) + V2 bt + V).

In the next section we will show how to obtain this Weierstrass equation. The surface X
has an IT* or Ejg fiber at t = co and a 111" or E; fiber at t = 0. We can write it by scaling
T,y as
2 _ .3 / " /
y =2+ (a+a /t)x+ (bt + b+ /t).

Now replacing y by y/t gives the equation
y? ="t + (23 + ax + 0)t* + (d'z + V)t
and again replacing (y,t) by (y/b",t/b") gives finally
y? =13+ (2 + ax + b)t* + " (d'z + V)t
which is an elliptic surface over the z-line with an I, or D14 fiber at £ = oo and an I or A;

fiber at = —b'/a’ and a 2-torsion section (y,t) = (0,0). The translation by the 2-torsion
section is a Nikulin involution. We write down the isogenous elliptic surface Y as

y? =13 —2(2® + ax + b)t* + (2 + azx + b)* — 40" (d'z + V))t.
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This is an elliptic surface over the z-line with an I3 or Dy fiber at + = oo and Iy or A,
fibers at the roots of the sextic (z3 4+ ax + b)? — 4b"(a’z + '), and with a 2-torsion section
(t,y) = (0,0). The Néron-Severi lattice of a generic such surface has signature (1,16) and
discriminant 4 - 26/22 = 26, In fact, we will identify it with the Néron-Severi lattice of a
generic Kummer surface (which we call the (16,6) lattice) in a later section. This will lead
to the identification of the Kummer surface of J(C') as an elliptic K3 surface with bad fibers
of type I? fiber at 0o, I fibers at the roots of a sextic derived from C', and with a 2-torsion
section. First we need some preliminaries.

5.3 Parametrization

In this section, we derive the family of elliptic surfaces described in the last section, using
Tate’s algorithm [T].

We consider an elliptic surface over P! with bad fibers of type Fg at t = oo and E; at t = 0.
Its Weierstrass equation can be put in the form

v =23 +r(t)z + s(t)

with degree(r) < 8, degree(s) < 12. Now for an E7 fiber at t = 0, we need to have t°|s(t)
and t3||r(t). To figure out the reduction at ¢ = oo, we change coordinates by replacing
t=1/u,x =x/u* y =y/ub to get

y? =23 + F(u)z + 5(u)

where 7(u) = u®r(2) and 5(u) = t'2s(1). To have an Fj fiber we need u?|7*(u) and u®[|5(u).
Therefore, r has degree at most 4 and s has degree exactly 7. Combining all the information,
we get that

r(t) = t3(at + o)
s(t) ="t + bt + V)

with @’ # 0 and b” # 0. There is a further condition to ensure that there are no other
reducible fibers: we compute the discriminant

A = 1227025 +-54bb" t1 54 b3+ 270713 440313+ 54bY 12 +12a2 0/ t? +- 270t + 1200 t+4d/?),

divide by t? and compute the discriminant of A with respect to ¢, and require it to be
nonzero, which eliminates any double roots.

All the components of the Fg and E7 fibers are automatically rational, because there are
no nontrivial automorphisms of the Dynkin diagram which fix the zero section.
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CURVES OF GENUS TWO
5.4 Curves of genus two

Here we describe the basic geometry and moduli of curves of genus 2. For more background
we refer the reader to [CF], [C]], [I], [Me]. Let C' be such a curve defined over a field k of
characteristic zero. Then the canonical K¢ bundle of C' has degree 2 and h°(C, K¢) = 2.
That is, the corresponding complete linear system is a g% (and it is unique). We therefore
have a map

z:0 — P!

which is ramified at 6 points by the Riemann-Hurwitz formula, and the function field of C
is a quadratic extension of k(z). Therefore, we may write the equation of C' as

The roots of the sextic are the six ramification points as of the map C — P!. Their
pre-images on C are the six Weierstrass points. Now, the isomorphism class of C' over
k, the algebraic closure of k, is determined by the isomorphism class of the sextic f(x),
where two sextics are equivalent if there is a transformation in PGLy(k) which takes the
set of roots (considered inside P') to the roots of the other. Clebsch was the first to
determine the invariants of binary sextics. He defined invariants of I, Iy, I, I19 of weights
2,4,6,10 respectively, and Clebsch and Bolza showed that they determined the sextic up
to k-equivalence. Therefore, the point (I5(f) : Is(f) : Is(f) : I1o(f)) in weighted projective
space P? determines the isomorphism class of C. In fact, C and C’ are isomorphic over
k iff there is an r € k* such that I;(f') = r%I;(f). Igusa generalized Clebsch’s theory
to hold in all characteristics by defining choosing a different algebraic equation for the
curve C (through an embedding as a quartic in P? with one node) and defining invariants
Jo, Ju, Jg, Jg and Jig. He thus obtained a moduli space of genus two curves defined over
SpecZ. The invariants Is, ..., I1y are called the Igusa-Clebsch invariants.

However, if the Igusa-Clebsch invariants of a curve C' lie in a field k, it does not necessarily
mean that C' can be defined over k: there is usually an obstruction in Bra(k). Therefore,
C can always be defined over a quadratic extension of k.

5.5 Kummer surface of J(C)

Let C be a curve of genus 2, which we can write as
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KUMMER SURFACE OF J(C)

Let 6;,4 =1,...,6 be the roots of the of the sextic, so that

We shall concern ourselves with the embedding of the singular Kummer surface as a quartic
in P3, which comes from the complete linear system 20, twice the theta divisor which defines
the principal polarization. We shall use the formulas from [CF]|. The quartic is given by
the equation

K(z1,22,23,24) = ngi + Kizg+ Kyp=0

where
Ky = z% — 4z 23,
Ky = —420fo— 22720 f1 — 42izsfo — 2212023 f3 — 42125 fa — 22073 f5 — 423 fe,
Ko = —4zifofs+ 2T — 420z fofs — 22023 f1fs — 42125 fo fa

+423 20z fofs — 423 2oz fifa — 42123 fofs + 22125 f1 fs

—4z325 fofa+ 2123 f5 — 42125 fofs + 8212523 fo fe

—dz1 2323 f1f5 + 4212023 f1.f6 — 4212023 fofs — 22125 f fs

—A4z5 fofe — 42323 f1fo — 42323 fofe — 42223 f3fo — 425 fafe + 23 fo-

The 16 singular points define ordinary double points on the quartic, which are called nodes.
These are given explicitly by the coordinates

po = (0001)

for1 <i<j<6.

Here (y(i,7) is defined as follows. Let

4
f@) = (z = 0;)(2 — 0;)h(x) with h(z) =Y hpa™.
n=0

Then
Bo(i, ) = —ho — ha(0:6;) — ha(6:6;)%.

The singular point pg comes from the 0 point of the Jacobian, whereas the p;; come from
the 2-torsion point which is the difference of divisors [(6;,0)] —[(6;,0)] corresponding to two
distinct Weierstrass points on C. The sixteen singular points are called nodes.
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KUMMER SURFACE OF J(C)

There are also sixteen hyperplanes in P? which are tangent to the Kummer quartic. These
are called tropes. Each trope intersects the quartic in a conic with multiplicity 2, and
contains 6 nodes. Conversely, each node is contained in exactly 6 nodes. This beautiful
configuration is called the (16,6) Kummer configuration.

The explicit formulae for the tropes are as follows. Six of the tropes are given by
9221 —0izo + 23 = 0.

We call this trope T;. It contains the nodes pg and p;;. The remaining ten tropes are labeled
Tj;1 and corresponds to a partition of {1,2,3,4,5,6} into two sets of three, say {4, j,k} and
its complement {l,m,n}. Set

3
G(X) = (x = 0;)(w = 0))(@ = 0p) = ) g,

r=0

3
H(X) = (z—0)(z — ) (@ —0p) = > hya'
r=0

Then the equation of T}y, is

fe(g2ho + goha)z1 + fe(go + ho)z2 + fe(g1 + h1)z3 + 24 = 0.

The Néron-Severi lattice of the nonsingular Kummer contains classes of rational curves Ejy
and FE;; coming from the nodes, and C; and Cjj;, coming from the tropes. We will denote
the lattice generated by these as A(16). It has signature (1,16) and discriminant 2° and
is the Néron-Severi lattice of the Kummer surface of a generic principally polarized abelian
surface.

Let L be the class of a hyperplane section, so that we have the following intersection numbers
and relations in the Néron-Severi lattice.

L? = 4,
E2 = -2
E} = -2,
Eo-E;; = 0,
Ez'j ' Ekl = 07{27]} 7£ {k7l}7
Ci = (L—FEo—> Ey)/2,
J#i
Cijp = (L—Ey—Ej,— Ey, — Epy — Epy — Epp) /2.

We consider the following construction outlined in [Na]. Projection to a hyperplane from
po defines a 2 to 1 map of the Kummer to P?, and thus identifies the Kummer as a double
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cover of P2, ramified along the union of six lines, which are the projections of the conics C;
(or the tropes T;). The exchange of sheets gives an involution of the sheets, which acts by

Ey — 2L — 3Ky,
Eij — Ei,
L — 3L —4E,.

We can explicitly write down the projection to P? as (z1, 29,3, 24) — (z1,22,73). The
involution which is the exchange of sheets is (x1, x2, x3,24) — (21, 22,23, —24). Let qo, q;;
be the projections of the pg, p;;.

5.6 The elliptic fibration on the Kummer

We would like to identify the Kummer quartic as an elliptic surface with bad fibers of type
I7 at oo and six I fibers, with a 2-torsion section. We first identify the Néron-Severi lattices
involved (namely A(166) and (Dg & AY @ U)™). Next, we use the identification to find out
the rational functions x,y,t on the Kummer which make satisfy the Weierstrass equation
for an ellptic surface with the requisite bad fibers and 2-torsion section. The details are
given in section 5.7.

We find that the Kummer surface is

y? = 2% — 20t +at +b)x® + ((t* +at + )2 — 4" ('t + V)

with
a = —14/12,
ad = -1,
b = (l214 — 316)/108,
V = I/24,
V' = ILo/4,

where Io, 14, I, I19 are the Igusa-Clebsch invariants of degrees 2,4, 6, 10 respectively of the
genus 2 curve C : y? = f(x). This elliptic fibration has a I} fiber at ¢ = co and I fibers at
the roots of the sextic (t3 + at + b)? — 4" (a’t + V).

Theorem 5.2. Let C' be a curve of genus two, and Y = Km(J(C)) the Kummer surface
of its Jacobian. Let Io, 14, I, 110 be the Igusa-Clebsch invariants of Y. Then there is an
elliptic fibration on'Y for which the Weierstrass equation may be written

Iy Ipdy—3I Iy Iy —3I\? I

2 3 3 4 244 6 2 3 4 244 6 2
=t - S 20 )2y — 2 0 et — 2 ) e
Y <t 12’ 108 > <<t 12’ 108 > 10 (t 24>>
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There is an elliptic K3 surface X given by

L 1 I Iy — 3] I
2 _ .3 _ ,3(14 5( 110 2 244 6 12
Yy ==x t<12t+1>a:+t <—4t +7108 t+24>

with fibers of type Eg and E7 att = oo and t = 0 respectively, and a Nikulin involution on
X, such that the quotient K38 surface is Y .

Remark 5.3. The Nikulin involution on X may be written as follows:

(@1) = 16z (—x + t?/24)? 64y (—x + Lt?2/24)% 4 (—z + Iot?/24)
e IZ, 18 ’ I3, 12 ’ Iip t3

Remark 5.4. Notice that in addition to the correspondence of elliptic K3 surfaces having
Es and E7 bad fibers with Kummer surfaces of principally polarized abelian surfaces, we
get a correspondence of curves of genus 2 between C' and W, the curve given by

I Il — 316\ 2 I
2 3 4 214 6 2
— x4+ == ) 4T - — .
Y <$ 12" 108 ) 10<$ 24>

5.7 Finding the isogeny via the Néron-Severi group

In this section, we give the details of how to put an elliptic fibration on the Kummer surface
of a Jacobian of a curve of genus 2, with a 2-torsion section, a I fiber and six I fibers.
We use the construction of [Na], which gives an embedding of the lattice N @ Eg(—1) inside

A16,6)-

First, we start with the Néron-Severi lattice of the K3 surface X which has Fg and Ey
fibers. The roots of the NS(X) which correspond to the smooth rational curves on X are
drawn below (we use the notation from [D2]).
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@ @) N 7
A
R, Ne
Ry N5
R Ry Ry R Ry S N No Ny N,
R3
OR, oo

There is an elliptic fibration on X which has Rg+2R7+3Rg+4R5+5R4+6R34Ro+2R1+ 3Ry
as an II* or Eg fiber, N7 4+2Ng+3N5+4N4+ N3+2No+ N1+2Ngy as a I11* or E7 fiber, and
S as the zero section. This is the fibration over P}. The fibration over P has the I3, or D14
fiber given by Rg+ Ro+2(R3+ R4+ R5+ R+ R7+ Rs+ S+ N1+ No+ N3+ Ny) + No + N5,
an I or A; fiber A+ N7, a 2-torsion section (say R;) and a zero section Ng.

The Nikulin involution ¢ is translation by the 2-torsion section. It reflects the above picture
about its vertical axis of symmetry. There are two obvious copies of Eg(—1) switched by
o, namely the sublattices of NS(X) spanned by the roots {S, N1, No, N3, N4, No, N5, Ng}
and {R7, R¢, R5, R4, R3, Ro, R2, R1}. Next, we write down some roots on NS(Y'), where Y
is the quotient K3 surface of X by the involution. As we have described, Y has six I or
Aq fibers Q13 + Q14, ..., Q23 + Q24, a Ig or Dy fiber, namely Q1 + Q2 + 2(@3 4+ Q4+ Q5 +
Qs + Q7 + Qs) + Qo + Q10, a 2-torsion section T' = @12 and its zero section is O = Q1.
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oQ1 Q100 Q=T

Quiy Qiey Qigy Q20n Q22 Q2a-

Q3 Qu Qs Qs Q7 Qs

QQ2 QQ(, Qll =0

It is easily checked that the rational components of the Fg describe above map as Ng — O
(recall that Ng is the zero section of the Dy4 fibration, on which the quotient map is an
isogeny of elliptic surfaces), N5 — Qg, Ny — Qs, No — Q10, N3 — Q7, Ny — Qg, N1 —
Q5,5 — (4. Hence, we see a natural copy of Eg within the Néron-Severi of Y. On the
other hand, we can also see eight roots orthogonal to all the generators of Fg as well as to
each other, namely Q14,Q16, Q18, @20, Q22, @24, Q1 and Q2.

Now, we use the construction of Naruki [Na] which gives an explicit embedding of N @
Eg(—1) inside the Néron-Severi lattice of a Kummer surface of a generic principally polarized
abelian surface, or A16,6). We extend this construction to get an identification of A6 )

with NS(Y), i.e. the lattice generated by the roots in the diagram above.

The identification is as follows:
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0023 Eis50 Ci5 =T

€6 €1 €9 €3 €4 €5

Eoys  Cho Eos Cie Eig Co

O(Ca3) Erad Cia=0

Here 04(023) =Cos+ L —2E).
The class of the fiber is

F = Cy+ a(Css)+ 2(Es + Cia + Exs + Ci6 + E16 + Co) + E15 + E1a
= 5(L — Ep) —3E12 — 2(E13 + Es6 + Es6) — (E24 + Eos + Es6 + Eus)

and the eq,...,eq, f1,..., f¢ are given by
e1 = (L —Ep)— (Ei2+ Esg)
es = 2(L— Ey) — (B2 + Ei3 + Eay + Eye + Es6)
e3 = 3(L— Ey) —2E12 — (E13 + Eog + E36 + Eys + Ey6 + Es6)
eq = (L Eo) — 2(E12 + B3 + Eyp) — (E2q + Eas + Esg + Eys + Esg)
es = 5(L — Ey) —3E12 —2(E13 + By + Esg) — (Ezq + Eos + E34 + E3 + Eys)
e = FEss

(fi = F —e; foralli)

fi = (L—Eo)— (B2 + Esg)

f3 = 2(L—Ey) — (B2 + E13 + Ezs + Ey + Esg)

fo = 3(L —Ey) —2E12 — (E13 + Eas5 + E36 + Ey5 + Eye + Ese)

fi = (L Eo) = 2(E12 + B3 + Esg) — (Egq + Eos + Esg + Eys + Eye)

fo = B(L—Ey) —3E12 —2(E13 + By + Es6) — (Eaq + Eas + E3y + E36 + Eys)
fs = B3

Notice that under the switch of indices 4 < 5 we have the permutation of fibers 7 =
(14)(23)(56) and in fact e; — frq), fi = e
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Next, we describe how one may use all this information from the Néron-Severi group to
construct x, y and ¢ in the Weierstrass equation for Y = Km(J(C))

y? =23 +at)x? +b(t)z
Consider the class of the fiber F' € NS(Km(J(C))).
F = 5(L — E()) —3F19 — 2(E13 + Ey6 + E56) — (E24 + Fos + Es3g + E45).

We can write down the parameter on the base by computing explicitly the sections of
HO(Y,Oy(F)). This linear system consists of (the pullback of) quintics passing through
the points go and g;; which pass through go4, 25, ¢36, q45, having a double point at ¢13, g6, ¢56
and a triple point at gis. This linear system is 2-dimensional, and taking the ratio of two
linearly independent sections gives us the parameter t on the base, P!, for the elliptic
fibration. Now, ¢ is only determined up to the action of PG Lo, but the first restriction we
make is to put the I3 fiber at ¢ = oo, which fixes ¢ up to affine linear transformations. Any
elliptic K3 surface with a 2-torsion section can be written in the form

y? = 2% — 2¢(t)2* + p(t)z

with p(t) of degree at most 8 and ¢(t) of degree at most 4. The 2-torsion section is (z,y) =
(0,0). The discriminant of this elliptic surface is a multiple of p?(¢> — p). In fact, we see
that p must have degree exactly 6, and the positions t1,...,tg of the I3 fibers are the roots
of the polynomial p(t) = po [[°_, (z — t;). Now t is determined up to transformations of the
form t + at +b. To have exactly a I fiber at oo, we must have p(t) = q(t)? + 7(t) where
q(t) is a monic cubic polynomial and r(t) is a linear polynomial in t. We can further fix
t up to scalings t — at by translating ¢ so that the quadratic term of ¢(¢) vanishes. We
notice that the top coefficient py of p(t) is a square, and so by scaling ¢, z, y appropriately,
we may assume po = 1, i.e. that p(¢) and ¢(¢) are monic.

Now we describe how to obtain z. It is a Weil function, so that the horizontal component
of its divisor equals 27" — 20, and the vertical component is uniquely determined by that
fact that (x) is linearly (and hence numerically) equivalently to zero. So we deduce that
the divisor of z is 27" — 20 + Q10 — Q9 + Q14 + Q16 + Q18 + Q20 + Q22 + Q24 — 3Fp, where

Fo=Q1+Q2+2(Q3+ Qs+ Qs+ Qs + Q7 + Q) + Qo + Q1o
is the Dg fiber.

To convert this to formulas, we figure out the functions which cut out Qis, ..., Qa4, Fo, T
and O. There is a quintic s; which cuts out O = C14. Now, notice that the Dy fiber contains
C12,C16 and Cy. Therefore s is divisible by 75, Ts and T7. We write

s1=q11T>Ts

with a quadratic ¢;. Next, we know that T, cuts out C4 = O and T5 cuts out Ci5 = T.
To find, for instance, the function which cuts out ey, we find the quadratic (unique up
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to constants) which passes through qi2, ¢13, q24, q46, g56- Call this function e;, by abuse of
notation. Similarly, we find eo, ..., e5. We also note that the factor of T5 in the numerator
of x, which gives a zero along T, also gives a zero along eg = E35 owing to the fact that
T = Cy5 intersects Fs5 (recall that we are working with the singular Kummer, on which
the image of the curve E3s is just a single point).

Putting everything together, we can write x up to scaling as a quotient of two homogeneous
polynomials of degree 16 as follows:

eresezesesTs er1esezeqesTs

s3Ty (T T2T6q1)3Ts

Finally, we have to scale x and ¢ so that 2® + a(t)x? + b(t)z becomes a square of a function
y on the Kummer.

We note that in the equation of the Kummer
Koz2 4+ K124 + Ko =0
we can complete the square for z4 to obtain
(Koza + K1/2)* = K{/4 — KoKy = AT\ Ty T3 Ty T5 T

We let y be a constant multiple of

eregeseses(Kozy + K1 /2)

TOTE

a quotient of two homogenous polynomials of degree 18, and verify that this makes the

Weierstrass equation hold. The computation is carried out in a Maxima program which is
listed in the appendix and available at

http://math.harvard.edu/~abhinav/k3maxima.txt

We noted earlier that the permutation (45) on the A; fibers by 7 = (14)(23)(56), and
takes e; to fr(;). That is, it switches the components intersecting the identity and 2-torsion
sections as well. In addition, it switches the zero section C14 and the 2-torsion section
(15, and on the Dg fibers it switches the two near leaves Ei5 and FE74, namely, again
the components intersecting 7" and O. On the other hand, consider the action on NS(Y)
induced by the translation by 7. Under this map, T and O get swapped, the 2-torsion
and identity components of the Dg and A; fibers all get switched, and the far leaves of the
Dy fiber also get switched (this can be seen, for instance, from the fact that the group of
simple components of the special Dg fiber is Z/47). There is no permutation of the A;
fibers themselves. Therefore the effect of the permutation 45 is the same as translation by
2-torsion composed with a pure involution (14)(23)(56) of the A; fibers and a switch of the
far leaves of the Dg fiber. Since the far leaves of the Dy fiber are switched by the Galois
involution that multiplies the square root of b = I19/4 by —1, this tells us that we have
the correct twist, since I is within a square factor of the discriminant of the sextic.
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5.8 The correspondence of sextics

The construction above gave us a correspondence of sextics

fla) =) fie" = [[(@ — ;)

Iy Il —3I\? I
3 4 244 6 2
— (28 By A6 (= 22,
9(@) (m 12" 108 > 10<$ 24)

Therefore, over an algebraically closed field, we get a birational map from the moduli space
of 6 points in P! (i.e. the quotient of (P!)® under the action of PGLy and Sg) with the
space of roots up to scaling of

and

(2® + ax + b)* + (dz + V)

as a,b,a’, b’ vary (we suppressed b” since it just scales a’ and b’). This latter space is cut out
inside P5 = {(X7 : X2 : X3: X4 : X5: Xg)} by the hyperplane o1(X) = X1+ ...+ Xg =0
and by the quartic hypersurface o2(X)? = 404(X), where oy and o4 are the second and
fourth elementary symmetric functions of the X;. Thus, we get a model as a quartic
threefold in P4, which is known as the Igusa quartic.

There is no simple one-one correspondence between the roots of f(x) and g(x), since the
two actions of Sg acting by the permuation representation on the six roots of f(x) on the
six roots of g(x) are related by an outer automorphism. To see this, we recall from the last
section that the permutation (45) on the roots of f(z) (the Weierstrass points) acts on the
roots of g(x) (which are the locations of the A; fibers) by the permutation (14)(23)(56). By
symmetry, all the transpositions of Sg act by a product of three transpositions on the roots
of g(x). Thus we get a homomorphism Sg(f) — Sg(g) which is an outer automorphism.

5.9 Verifying the isogeny via the Grothendieck-Lefschetz
trace formula

We describe a method suggested by Elkies which provides a necessary criterion for two
surfaces to be related by a rational isogeny. This method can be used as a check that the
correspondence between the original K3 surface X with Eg and Fr fibers and the Kummer
surface Y obtained as a quotient by a Nikulin involution is defined over Q. Recall that
Y = Km(J(C)), where C is the genus 2 curve whose equation is given by
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TRACE FORMULA

Here f(x) is a sextic polynomial whose Igusa-Clebsch invariants are I, Iy, I, [19. On the
other hand, the K3 surface X with Fg and FE- fibers at co and 0 is given by

1 1
y2 = 33‘3 — Et3(14t + 12)$ + mt5(54110t2 + 2(]2[4 — 316)t + 9]2)

Now, suppose fo, ..., fe € Z. We would like to count the number of points on X modulo
p for some prime p > 3. We assume the reduction of fy,..., fg modulo p are generic, so
that the sextic f(z) has distinct roots, and the K3 surface X mod p has no other reducible
fibers, and no worse reduction than Eg and E7 at t = oo and 0. Then, by the Grothendieck-
Lefschetz trace formula for X, we have

4

#Xp(Fp) = #Y,(Fp) = Z’H(FTEHZ‘(va@l))
=0

where | # p is some prime. Now, recall that since Y}, is a Kummer and therefore a K3
surface, h'(Y,,Q;) = 0 and h3(Y,,Q;) = 0 by standard comparison theorems. Therefore
only HY H? H* contribute to the trace. In addition, we already know that the trace
of Frobenius on H? is 1 and that on H* is p? by standard yoga of weights. The only
term remaining to examine is H 2(}/}),(@1). Recall that for the K3 surface Y, H*(Y,Q) =
H*(Y,Z) ® Q decomposes as (NS(Y) ® Q) & (Ty ® Q). Within the first subspace lies
the span of the sixteen rational curves on the Kummer formed by the desingularizing the
image of the sixteen 2-torsion points on A. The action of F'r, on that subspace contributes
16p to the trace, and the trace on the complementary subspace is exactly equal to the
trace of Fr, on the six-dimensional space H?(.J(C),,Q;). That trace may be computed as
follows: H'(C,, Q;) = H'(J(C),, Q) by definition. Now suppose the eigenvalues of Fr, on
HY(Cp, Q) are ay,...,aq. Then the trace of Fr, on H?(J(C),, Q) is Y, ; a;aj. On the
other hand, we have

1<j
Cp(Fp) =1+p+ Zai and Cp(Fp2) = 1+p* + Za?
i i

Therefore we may read out >, «; and Y, a? and therefore Dicj QiCyy = (X @)= (X ad)
by counting the number of F), and FF,2-valued points of C'.

On the other hand, because the irreducible components of the Eg and F; fibers of X are
defined rationally, we have that

X(Fp) = @p+1)+@p+1)+ > #Xp

teF, {0}
R(z,t
- 1pt2+ Y <p—|—1—|—z< (@ )>>
telp—{0} r€Fp b

2 141Tp42+ Z <R(x,t)>

teF,—{0},z€F,
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where

1 1
R(z,t) = 2% — E1t3([4t +12)z + %t5(54110t2 +2(Iy14 — 316)t + 915)

is the expression on the right hand side of the equation of the K3 surface X. We would
want the above point count to equal

1+ p? + 16p + Te(Ey | H(J(C)p Q1))

We can use a computer program to calculate both sides and check that they are equal. This
provides experimental verification of an isogeny between these surfaces. In the specific case
above, the point counts are indeed always equal.
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Chapter 6

Appendix

In this appendix we give the Maxima code which verifies the assertions of Section 5.7. We
may assume, without loss of generality, that the curve C is given by

y? =z(x—1)(z —2)(x — tg)(x — t5)(x — tg)

since we may move three of the Weierstrass points to 0,1,2 by an element of PGLy. The
choice of 0,1,2 instead of 0,1,00 is made to be able to use the formulas of [CF], which
assumes that the Weierstrass points are finite.

t:[0,1,2,t4,t5,t6];

F:expand(product (x-t[i],i,1,6));
f0:coeff (F,x,0);
fl:coeff(F,x,1);
f2:coeff (F,x,2);
£3:coeff (F,x,3);
f4:coeff (F,x,4);
f5:coeff (F,x,5);
f6:coeff (F,x,6);

K2:2272-4%z1%z3;

K1:-4%z1"3%£0-2%z1"2%z2*%f1-4%z1"2*%z3*£2-2%z1*z2%z3*%£3-4*z1%z3" 2*f4-2%z2x%
z3"2x£5-4%z3"3*f6;

KO:-4xz1"4*f0*£2+2174*£172-4%2z1 " 3%z2*xf0*£3-2%z1 " 3*z3*f1*x£3-4%z1"2%z2"2

*f0xf4+4%z1 7 2%z2%z3%f£0*%£5-4*z1 " 2%z2%z3* £ 1%xf4-4*z1"2%z3" 2*%£0*£6+2%z1"2*z3"
2xf1%f5-4%z21"2%z3 " 2% £2%£4+2172%23" 2% £372-4*z1%z2" 3*x£0*£5+8*z1%z272%z3*f0
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*£6-4*xz1%z27 2%xz3*f 1% £5+4%z1%z2%23 " 2% 1% f6-4*z1*z2%z3 " 2% £ 2% £ 5-2%z1 %23 3*x£3*
£5-4xz274xf0*x£6-4%z2" 3*z3*£1%x£6-4*z27 2%z3 " 2*%£ 2% £ 6-4*2z2%z3 " 3*£3*x£6-4*z3"4x*
f4x£6+2z374x£572;

K:K2xz4"2 + Ki1*z4 + KO;
/* Kummer surface is K2%z4"2 + Klxz4 + KO = 0 %/

p0: [z1=0,22=0,23=0,z4=1];

pl2:[z1=1, z2=1, z3=0, z4=-2xt6*tb*t4];

pl3:[z1=1, z2=2, z3=0, z4=-t6*t5*t4];

plé: [z1=1, z2=t4, z3=0, z4=-2*t6%t5];

pl5:[z1=1, z2=t5, z3=0, z4=-2%t6%*t4];

pl6: [z1=1, z2=t6, z3=0, z4=-2*xtbxt4];

p23:[z1=1, 2z2=3, z3=2, z4=(-2%t5-2%t6)*t4+(-2%t6%t5-4)];
p24:[z1=1, z2=t4 + 1, z3=t4, z4=-t4"2+((-t6-2)*t5-2*t6) *t4];
p25:[z1=1, z2=t5 + 1, z3=t5, z4=(-t6-2)*t5*t4+(-t5"2-2%t6xt5)];
p26:[z1=1, z2=t6 + 1, z3=t6, z4=(-t6*t5-2%t6)*t4+(-2*%t6*t5-t672)];
p34:[z1=1, z2=t4 + 2, z3=2%t4, z4=-4xt4"2+((-2*%t6-2)*t5-2*t6)*t4];
p35:[z1=1, z2=t5 + 2, z3=2%t5, z4=(-2%t6-2)*t5*t4+(-4*t5°2-2*%t6*t5)];
p36:[z1=1, z2=t6 + 2, z3=2%t6, z4=(-2%t6%t5-2%t6)*t4+(-2*t6+t5-4*t672)];
p45: [z1=1, z2=t4 + t5, z3=tb*t4d, z4=-t5"2%t4"2+(-3*t6-2)*t5xt4];

p46: [z1=1, z2=t4 + t6, z3=t6%*t4d, z4=—t6"2*%t4"2+(-3*t6*t5-2%t6) *t4];

p56: [z1=1, z2=t5 + t6, z3=t6*t5, z4=-3*t6*t5*xt4+(-t672%xt572-2%t6*t5)];

/* some tropes */

Ti:t[1]"2%z1 -t[1]*z2 + z3;
T2:t[2] "2*%z1 -t[2]*z2 + z3;
T3:t[3]"2xz1 -t[3]*z2 + z3;
T4:t[4]"2*xz1 -t[4]*z2 + z3;
T5:t[5]"2*xz1 -t[5]*z2 + z3;
T6:t[6]"2*z1 -t[6]*z2 + z3;

/* pencil of quintics */

G:cl1*z375+c2*z2%z374+cT*z1%z374+c3*%z272*%z373+c8*z1*z2%z3"3+c12*%z1"2%xz3"3
+cd*xz273%z372+c9%z1%z272%z372+c13%z1 " 2%z2%2372+Cc16%*z1 " 3*%z3"2+cb*z2"4%z3
+c10%z1%z27 3%z3+c14%*z1"2%z2" 2%z3+Cc17*z1" 3%z2*%z3+c19%z1"4*z3+c6*z2 5+
cll*xz1*xz274+c15%xz1"2%z273+c18%z1"3*%xz272+c20*z1"4*xz2+c21*z1"5;

Gl: diff(G,z1);

G2: diff(G,z2);
G3: diff(G,z3);
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G11: diff(G1,z1);
G12: diff(G1,z2);
G13: diff(G1,z3);
G22: diff(G2,z2);
G23: diff(G2,z3);
G33: diff(G3,z3);

v: solve([ev(G,p24)=0,ev(G,p25)=0,ev(G,p36)=0,ev(G,p45)=0,
ev(G1,p13)=0,ev(G2,p13)=0,ev(G3,p13)=0,
ev(G1,p46)=0,ev(G2,p46)=0,ev(G3,p46)=0,ev(G1,p56)=0,ev(G2,p56)=0,
ev(G3,p56)=0,ev(G11,p12)=0,ev(G12,p12)=0,ev(G13,p12)=0,ev(G22,p12)=0,
ev(G23,p12)=0,ev(G33,p12)=0], [c1,c2,c3,c4,c5,c6,c7,c8,c9,
c10,c11,c12,c13,c14,c15,c16,c17,c18,¢c19,c20,c21]);

sl:ev(G,ev(v, %ri1=1,%r2=0));
sl:num(rat(s1));
sl: factor(sl);

s2:ev(G,ev(v, %r1=0,%r2=1));
s2:num(rat(s2));

/* will modify s2 later */
/* computing e4 */

G: c1%z374+c2%z2*%xz373+c6*z1*2373+c3*%z272%xz372+Cc7*z1%2z2%2z3"2+c10%z1 " 2%z3" 2+
Chxz2"3%z3+c8*z1*z272%z3+c11*xz1 " 2%z2%2z3+c13%z1"3*z3+cb*xz274+c9*z1%z2" 3+
cl2%z172%z2"2+c14*z1"3%xz2+c15*%z174,;

Gl: diff(G,z1);
G2: diff(G,z2);
G3: diff(G,z3);

v: solve([ev(G,p24)=0,ev(G,p25)=0,ev(G,p36)=0,ev(G,p45)=0,ev(G,p56)=0,
ev(G1,p13)=0,ev(G2,p13)=0,ev(G3,p13)=0,
ev(G1,p46)=0,ev(G2,p46)=0,ev(G3,p46)=0,
ev(G1l,p12)=0,ev(G2,p12)=0,ev(G3,p12)=0],
[c1,c2,c3,cd4,c5,c6,c7,¢c8,c9,c10,c11,c12,c13,c14,c15]);

ed: ev(G,ev(v, %r3=1));
e4: num(rat(ed));

/* computing e3 */
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G: c1%z373+c2*z2*%xz372+cb*z1*2372+c3*%z272*%z3+c6*xz1*xz2*xz3+c8*z1 " 2%z3+cd*xz2" 3+
CT*z1%z272+c9%*z1"2%z2+c10%*z1"3;

Gl: diff(G,z1);

G2: diff(G,z2);

G3: diff(G,z3);

v: solve([ev(G,p13)=0,ev(G,p24)=0,ev(G,p46)=0,ev(G,p36)=0,ev(G,p45)=0,
ev(G,p56)=0,ev(G1,p12)=0,ev(G2,p12)=0,ev(G3,p12)=0],
[c1,c2,c3,c4,c5,c6,c7,c8,c9,c10]);

e3: ev(G,ev(v, %rd=1));
e3: num(rat(el3));

/* computing e2 */
G: cl1%z372+c2*xz2*%xz3+cl*xz1*z3+c3%z2 " 2+cb*z1*z2+c6%*z172;

v: solve([ev(G,p13)=0,ev(G,p24)=0,ev(G,p46)=0,ev(G,p12)=0,ev(G,p56)=0],
[c1,c2,c3,c4,c5,c6]);

e2: ev(G,ev(v, %r5=1));
e2: num(rat(e2));

/* computing el */
G: z3*cl + z2%c2 + zl1*c3;

v: solve([ev(G,p46)=0,ev(G,pl12)=0],
[cl,c2,c3]);

el: ev(G,ev(v, %r6=1));
el: -num(rat(el));

/* computing e5 */

G: cl1%z375+c2%z2*%xz374+cT*z1*2374+c3*%z2272%x2z373+c8*z1%z2%z3"3+c12%z1"2%z3" 3+
C4x*z273%z372+cO*z1*x22"2%2372+c13*%z1"2*%z2%23"2+c16*z1 " 3*z3"2+c5*xz2"4*z3+
cl0*z1*%xz273%z3+c14%z1"2*%z2"2%xz3+c17*z1 " 3*%z2*%xz3+c19%z1 " 4*z3+c6*z2" 5+
cll*xz1*%xz274+c1b*xz1"2%z2"3+c18%z1"3%xz272+c20*%z1"4*xz2+c21*z1"5;

Gl: diff(G,z1);
G2: diff(G,z2);
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G3: diff(G,z3);

G11: diff(G1,z1);
G12: diff(G1,z2);
G13: diff(G1,z3);
G22: diff(G2,z2);
G23: diff(G2,z3);
G33: diff(G3,z3);

v: solve([ev(G,p24)=0,ev(G,p25)=0,ev(G,p36)=0,ev(G,p45)=0,ev(G,p34)=0,
ev(G1,p13)=0,ev(G2,p13)=0,ev(G3,p13)=0,ev(G1,pd6)=0,ev(G2,pd6)=0,
ev(G3,p46)=0,ev(Gl,p56)=0,ev(G2,p56)=0,ev(G3,p56)=0,ev(G11,p12)=0,ev
(G12,p12)=0,ev(G13,p12)=0,ev(G22,p12)=0,ev(G23,p12)=0,ev(G33,p12)=0],
[c1,c2,c3,c4,c5,c6,c7,c8,c9,c10,c11,c12,¢c13,c14,c15,c16,c17,c18,c19,c20,c21]);

e5: ev(G,ev(v, %r7=1));
e5: num(rat(eb));

/* computing di */

G: cl1%z374+c2%z2*%xz373+c6*z1*2373+c3*%z272%xz372+Cc7*z1%2z2%23"2+c10%z1 " 2%z3" 2+
C4x*xz273%z3+c8*z1*z2272%z3+c11*z1"2%z2%xz3+c13%z1 " 3*%z3+c5*z274+cO*z1*z2" 3+
cl12%z172%z2"2+c14*z1"3%xz2+c15*z174;

Gl: diff(G,z1);
G2: diff(G,z2);
G3: diff(G,z3);

v: solve([ev(G,p24)=0,ev(G,p25)=0,ev(G,p36)=0,ev(G,p45)=0,ev(G,p46)=0,
ev(G1,p13)=0,ev(G2,p13)=0,ev(G3,p13)=0,
ev(G1,p56)=0,ev(G2,p56)=0,ev(G3,p56)=0,
ev(G1l,p12)=0,ev(G2,p12)=0,ev(G3,p12)=0],
[c1,c2,c3,cd4,c5,c6,c7,¢8,c9,c10,c11,c12,c13,c14,c15]);

dl: ev(G,ev(v, %r8=1));
dil: -num(rat(dil));

/* computing d2 */

G: cl1*xz373+c2*%xz2%z372+cb*z1%xz372+c3*%2272*%z3+CcO6*z1*xz2%23+c8*z1"2%z3+c4*z2"3
+CcT*xz1*xz2"2+c9%*z1"2%z2+c10%*xz1"3;

Gl: diff(G,z1);

G2: diff(G,z2);
G3: diff(G,z3);
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v: solve([ev(G,p13)=0,ev(G,p25)=0,ev(G,p46)=0,ev(G,p36)=0,
ev(G,p45)=0,ev(G,p56)=0,ev(Gl,p12)=0,ev(G2,p12)=0,ev(G3,p12)=0],
[c1,c2,c3,c4,c5,c6,c7,c8,c9,c10]);

d2: ev(G,ev(v, %r9=1));
d2: -num(rat(d2));

/* computing d3 */
G: cl1%z372+c2*z2*%xz3+cl*xz1*z3+c3%z2 " 2+cb*z1*z2+c6%z172;

v: solve([ev(G,p13)=0,ev(G,p25)=0,ev(G,p46)=0,ev(G,pl12)=0,ev(G,p56)=0],
[c1,c2,c3,c4,c5,c6]);

d3: ev(G,ev(v, %r10=1));
d3: -num(rat(d3));

/* computing d4 */
G: z3*cl + z2%c2 + zl1*c3;

v: solve([ev(G,p56)=0,ev(G,pl12)=0],
[c1,c2,c3]);

d4: ev(G,ev(v, %ri1=1));
d4: num(rat(d4));

/* computing d6 */

G: cl*z375+c2%z2%z374+cT*z1%z374+c3%2272%z3" 3+c8*z1*z2%z3"3+c12%z1"2%z3"3
+cd*z2"3%z372+cO*z1%z272*%z372+Cc13%z1 " 2%z2%23"2+c16*%z1 " 3*%z3 " 2+cb*z2"4*z3+
cl0*z1%z273%z3+c14*z1"2%z272%z3+c17*z1 " 3%z2%z3+c19%z1 " 4*z3+c6*z2" 5+
cll*xz1*%xz274+c1b*xz1"2%z2"3+c18%z1"3%xz272+c20*%z1"4*xz2+c21*z1"5;

Gl: diff(G,z1);
G2: diff(G,z2);
G3: diff(G,z3);
G11: diff(G1,z1);
G12: diff(G1,z2);
G13: diff(G1,z3);
G22: diff(G2,z2);
G23: diff(G2,z3);
G33: diff(G3,z3);
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v: solve([ev(G,p24)=0,ev(G,p25)=0,ev(G,p36)=0,ev(G,p45)=0,ev(G,p35)=0,
ev(G1,p13)=0,ev(G2,p13)=0,ev(G3,p13)=0,ev(Gl,p46)=0,ev(G2,p46)=0,
ev(G3,p46)=0,ev(G1l,p56)=0,ev(G2,p56)=0,ev(G3,p56)=0,ev(G11,p12)=0,
ev(G12,p12)=0,ev(G13,p12)=0,ev(G22,p12)=0,ev(G23,p12)=0,ev(G33,p12)=0],
[c1,c2,c3,cd4,c5,c6,c7,¢8,c9,c10,c11,c12,c13,c14,c15,c16,c17,c18,c19,c20,c21]);

dé: ev(G,ev(v, %ri2=1));
d6: num(rat(de6));

ul: (s2-dixel)/si;
u2: (s2-d2*e2)/si;
u3: (s2-d3*e3)/si;
ud: (s2-ddxed)/si;
ub: (s2-e5)/si;
u6: (s2-d6)/si;

ul0: (ul+u2+u3+ud+ub+ub)/6;
ul: ul-u0;

u2: u2-ul;

u3: u3-uol;

u4: ud-ul;

ub: ub-u0l;

u6: u6-uol;

s2: s2-ulx*sl;
ul+u2+u3+ud+ub+ub;
rat((s2-s1*u6)/(d6));
rat((s2-s1*ub)/(eb));

rat ((s2-s1%ud)/(d4x*ed));
rat ((s2-s1*u3)/(d3*e3));
rat ((s2-s1*u2)/(d2*e2));
rat((s2-s1*ul)/(dixel));
ql: s1/(T1%xT2xT6);
M:factor (-K2*K+(K2%z4+K1/2) "2) ;
M/ (4xT1*xT2*xT3*xT4*xT5*T6) ;

/*
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y: el*e2*e3*xed*eb*(
t4*t5x (t5-t4) *t6* (t6-t4) * (t6-t5) ) * (c2*z4+c1/2) / (T1"5+T2"3*T4"2+T6"4xql1"2) ;
x: elxe2*e3*xedxeb*T5/ ((T1*T2*xT6*ql) “3*d5) ;

u:s2/s1;
x/

p: (u-ul)*(u-u2)*(u-u3)* (u-ud) * (u-ub) * (u-ub) ;
coeff(p,5,0);

w: u"3 + coeff(p,u,4)/2xu + coeff(p,u,3)/2;

q: p~w'2;

/* write down numerators and denominators of everything in sight */
wnum: s2°3 + coeff(p,u,4)/2*%s2xs1°2 + coeff(p,u,3)/2*s1"3;

wden: s173;

pnum: (s2-ul*sl)*(s2-u2*sl)*(s2-u3*sl)*(s2-ud*sl)*(s2-ub*sl)*(s2-ub*sl);

Note that
pnum = (elxe2xe3*ed*dlxd2*d3*d4*ebxd6) ;

pden: s176;

xnum: el*e2*e3*ed*xebxThH;
xden: ((T1*T2xT6%ql) "3*d5) ;

The equation of the surface is
y°2 = x*(x"2 -2%uxx + p)
The identity boils down to checking the following:

4% (t4xt5* (t5-t4) *t6* (t6-t4) * (£t6-t5) ) "2*T2"4*T3*T6"2*ql1"5

(elxe2%e3*ed*eb*T572) - 2*xwnum*T4*T5 + T4~ 2xd1%d2*d3*d4+*d6
*/

((el1xe2*xe3*ed*eb*T572) - 2xwnum*T4*xT5 + T4~ 2*xd1*xd2*xd3*d4*d6) /(

4% (t4*th5* (£5-t4) *t6* (£t6-t4) *(t6-t5)) "2*xT2"4*T3*T6°2%ql1"5) ;

It remains to check that the Igusa-Clebsch invariants of the sextic
y* = a(z —1)(z - 2)(z — ts)(z — t5)(z — to)
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are related to the the coefficients of the polynomials w and ¢, as asserted. But this is easily
verified.
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