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Abstract

We study revenue-maximizing pricing by a service provider in a communication

network and compare revenues from simple pricing rules to the maximum revenues

that are feasible. In particular, we focus on flat entry fees as the simplest pricing rule.

We provide a lower bound for the ratio between the revenue from this pricing rule and

maximum revenue, which we refer to as the Price of Simplicity. We characterize what

types of environments lead to a low Price of Simplicity and show that in a range of

environments, the loss of revenue from using simple entry fees is small. We then study

the Price of Simplicity for a simple non-linear pricing (price discrimination) scheme

based on the Paris Metro Pricing. The service provider creates different service classes

and charges differential entry fees for these classes. We show that the gain from this

type of price discrimination is small, particularly in environments in which the simple

entry fee pricing leads to a low Price of Simplicity.

1 Introduction

With the considerable increase in the commercial use of the Internet, the issue of how

Internet services and network resources should be priced has become an important topic

of analysis both in economics and in engineering communities. The traditional model of

the media, often adopted in analysis of the Internet and other two-sided markets, presumes
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that content providers generate revenues through advertising or other sources related to

viewership (e.g., Rochet and Tirole [1]). In addition, in the present context, the platforms,

the Internet ISPs (Internet Service Providers), can be best approximated as charging fixed

prices regardless of the value of the content that is being uploaded or downloaded. This

“dumb pipe” model—with fixed pricing by carriers and no pricing by companies providing the

services regardless of the content—is changing rapidly, however, as more content providers

start charging customers for accessing their services and ISPs providing different qualities of

service to different groups of users (see, for example, Odlyzko [2, 3]). The issue of different

qualities of service (QoS) naturally raises the question of whether a scheme of non-linear

pricing can be and will be implemented in communication networks in general and in the

Internet in particular.

One drawback of differentiated pricing schemes in general is that the resulting pric-

ing schemes tend to be highly nonlinear and not resemble the prices observed in practice.

For example, in the context of an optimal auction (mechanism design) problem, Cremer

and McLean [4] show that when the values of different buyers are correlated, a revenue-

maximizing monopolist may be able to extract all of the consumer surplus. But the form of

this auction (or the corresponding differentiated prices) are much more complicated than the

pricing schemes we observe in auctions or in industries with price discrimination. Whether

simple pricing schemes can be used profitably in the context of the Internet is important,

since complicated schemes may be too costly to implement or may be prone to be manipu-

lated. Odlyzko [3], for example, argues that such differentiated pricing is typically resisted

by consumers, but also suggests that it will be eventually adopted if it is not too compli-

cated. On this basis, we may expect greater use of revenue-maximizing behavior by ISPs and

non-linear prices, which may improve the allocation of resources in communication networks,

but only to the extent that there are profitable pricing schemes that are “simple”.

In this paper, we study whether simple pricing schemes can approximate revenue-maximizing

non-linear prices in communication networks. We focus on a stylized communication net-

work in which the allocation of resources takes place in real time. In particular, at any given

point in time, a service provider has a certain amount of network resources (e.g., bandwidth)

to be allocated among a number of users. We assume that there are N user classes, each

represented by a utility function designating their utility and willingness to pay for a given

2



amount of the resource (bandwidth). Using this model, we first study the profitability of

the simplest pricing scheme, which charges a simple entry fee to all potential users and then

divides the resource equally among users who pay the entry fee. We then compare revenue

from this simple entry fee scheme to the maximum revenue that the service provider could

secure. In particular, we know that maximum revenue is upper bounded by the maximum

value of the consumer surplus (which is typically a non-tight bound, but in certain problems

such as those studied by Cremer and McLean [4], a complicated pricing scheme might reach

this bound). Therefore our strategy is to compare the profitability of the simple entry fee

pricing to the maximal value of consumer surplus. We call the ratio of these two objects

the Price of Simplicity (PoS). When the PoS is small, simple pricing schemes are unlikely to

be revenue-maximizing and thus the actual pricing in practice has to be determined by an

explicit comparison of the profitability of different pricing schemes and their costs in terms

of complication. In contrast, when PoS is close to one, a simple pricing scheme can approx-

imate revenue-maximization. In this case, we may expect actual pricing to take a relatively

simple form and emerge relatively quickly.

We consider the revenue of a monopolist supplier of communication bandwidth in a

decentralized network. For this problem, we characterize an explicit lower bound on the PoS

as a function of the number of user classes (each with different utility functions). Somewhat

surprisingly, in many cases this lower bound is quite high, indicating that using simple pricing

schemes may not be too costly for service providers in communication networks. The worst-

case (lower bound) corresponds to a situation which the utility functions are piece-wise linear

(with a steeply-increasing first portion followed by a flat portion). In this case, the PoS is

still bounded away from zero for any finite number of differentiated user classes, but as the

number of user classes tends to infinity the PoS tends to zero.

We next consider the simplest scheme of differentiated pricing, which, following Odlyzko’s

[5] work, is commonly referred to as the Paris Metro Pricing (PMP). In PMP a network is

partitioned into several service classes, with each service class having a fixed fraction of the

entire network capacity. The fractions handle traffic using the same protocols and give no

formal QoS guarantee to users. In the context of our model, this means that the resource

in each service class is distributed equally among the users that take part in that service

class. Since different service classes will allocate different amount of resources to users, the
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entry fee differs across service classes, leading to a simple form of differentiated (non-linear)

pricing scheme. According to this pricing scheme, service classes with higher prices will

naturally have higher QoS to compensate (marginal) users for the higher prices that they

are paying by offering them greater use of resources and greater utility. In the second part

of the paper, we analyze the properties of a PMP scheme and characterize the PoS for

this case. We first establish a single-crossing type result, showing that user classes with

greater valuation of bandwidth are more likely to choose high-priced service classes than

use the classes with lower valuation. Using this result, we then characterize the revenue-

maximizing PMP scheme and show that for the piece-wise linear utility function, the PMP

scheme generates a similar PoS as the simple entry fee pricing. Consequently, the gain from

this particular differentiated pricing scheme is relatively limited. This result, combined with

the relatively good performance of the simple access fee pricing for general concave utility

functions, suggests that simple pricing rules might work quite well in modern communication

networks. We view this result as encouraging for the development of efficiency-enhancing

pricing schemes in the Internet and other communication networks, since it indicates that

most service providers will not have an incentive for designing complicated pricing schemes.

Our paper is a first attempt at understanding whether simple pricing schemes can be used

by revenue-maximizing service providers in communication networks. As such, our model is

stylized and one can obtain sharper results by making more specific assumptions on utility

functions or the number of user classes. We believe that this is an interesting area for future

work.

While we are not aware of other studies investigating the price of simplicity (or other con-

cepts related to the costs of using simple pricing schemes), there is a large related literature

upon which we are building. First, as already mentioned above, there is a large literature in

economics on optimal (revenue-maximizing) auctions and mechanisms. A classic paper by

Myerson [6] characterized optimal auctions in situations where potential buyers have identi-

cally distributed private values. This corresponds to one of the simplest cases of non-linear

pricing. Non-linear pricing in general is studied in Wilson [7], while the large literature on

optimal auctions is surveyed in Krishna [8]. Particularly notable are the papers by Cremer

and McLean [4], mentioned above, which show how full surplus extraction may be possible in

certain situations. Second, the environment we analyze is closely related to that in Acemoglu
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et al. [9]. They consider entry pricing schemes in communication networks where the service

provider also determines the resource allocation rule (for example, the allocation of power

according to signal quality in wireless networks). They show that the revenue-maximizing

policy for the service provider satisfies the marginal user principle, whereby the resource

allocation rule is chosen to maximize the utility of the marginal user, that is, the user who

is just indifferent between participating and not participating in the network. In the current

context, this result is straightforward when there is no price discrimination, since we assume

equal allocation of network resources among participants (thus there is no choice of resource

allocation rule). When we turn to networks with different service classes (the PMP), we

provide a simple generalization of this result.

Third, there is now a large literature investigating game-theoretic equilibria in communi-

cation networks (see the survey by Ozdaglar and Srikant [10]). One branch of this literature

focuses on the strategic interactions among users [11, 12, 13]. This literature typically char-

acterizes worst-case efficiency losses from strategic interactions, which is referred to as the

Price of Anarchy (PoA) following the work by Papadimitriou [14]. Another branch inte-

grates the strategic interactions between users and service providers as well as among users

[15, 16, 17, 18, 19, 20, 21]. This work has not focused on price discrimination or non-linear

pricing, though our framework is considerably simpler than some of the models studied in

this literature, since it has a single service provider rather than competition among service

providers.

The rest of the paper is organized as follows. In Section 2 we study the case of a single

service class, characterize the PoS for a class of utility functions and determine a tight lower

bound. We then consider a multi-class service structure in Section 3 and show that its worst

case revenue efficiency is identical to that of the single service-class regime. Finally, we

conclude in Section 4.

2 Single Service Class

Let us consider the case where there is a single class of service, and the service provider sets a

single entry price. Let C denote the bandwidth of the link, and let p be the entry price. Let

N = {1, . . . , N} denote the set of potential users. We consider the case of ordered utilities,

5



where the utility function of user i is given by

ui(x) = αiu(x),

where α1 ≥ α2 ≥ · · · ≥ αN > 0. Such utility functions might be seen in practice when all

users are running identical applications, but their valuations of the applications are different.

This would mean that the shape of the QoS curve would be the same for all of them up to

a scaling factor. Throughout the paper we adopt the following assumption on the utility

function u(x).

Assumption 1 The utility function u : [0, ∞) → [0, ∞) is concave, nondecreasing, and

satisfies u(0) = 0.

We assume that the ISP divides C equally among the users entering the system. Thus,

if Ñ users enter the system, then each user would obtain a bandwidth of C/Ñ . Users enter

the system only if the utility they gain from the bandwidth allocation x exceeds the entry

price, i.e., ui(x) ≥ p. Under these conditions, we can characterize the revenue that would be

obtained by the ISP using the following result.

Result 1 (Marginal user principle [9]) For a given vector α = {α1, . . . , αN} with α1 ≥

α2 ≥ · · · ≥ αN , the maximum revenue that the service provider can obtain by posting a single

entry price, denoted by RMUP (α, u), is given by

RMUP (α, u) = max
i∈N

{

iαiu
(C

i

)

}

.

This result is straightforward since we assume equal allocation of network resources

among participants. It is a special case of the result in [9], where the authors were con-

cerned with the determination of the allocation rule.

However, for a given vector α, the maximum revenue that a service provider can obtain

by any selling mechanism is upper bounded by the entire consumer surplus that he can

extract under complete information i.e., as the optimal solution of the following problem.

maximizex≥0

∑

i∈N

αiu(xi) (1)

subject to
∑

i∈N

xi ≤ C.
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We denote the optimal value of the preceding problem by RS(α, u). Since the utility function

u is concave by assumption, a vector xS is an optimal solution of problem (1) if and only if

there exists a scalar µ ≥ 0 such that µ
(

∑

i∈N xS
i − C

)

= 0 and

αiu′(xS
i ) = µ, if xS

i > 0, (2)

≥ µ, if xS
i = 0. (3)

Cremer and Mclean [4] show that under some assumptions on the correlation of values of

customers, using an individual lottery for each customer can be used to extract the entire

surplus. However, in this paper we are interested in the highest loss of revenue incurred

by using the simple selling mechanism that posts a single entry price. We next define our

revenue loss metric.

Definition 1 (Price of Simplicity) Given a utility function u, we define the price of

simplicity (PoS) as the worst-case ratio of the revenue under single posted price to the

maximum revenue that the service provider can obtain under complete information; i.e.,

PoS(u) = inf
α≥0

RMUP (α, u)

RS(α, u)
. (4)

We can assume without loss of generality that the infimum in the preceding definition is

taken over all α such that α1 ≥ α2 ≥ · · · ≥ αN and α1 = 1. We have the following simple

result.

Lemma 1 Let the utility function u satisfy Assumption 1. Let αand α̃ be two nonnegative

vectors in RN such that α ≥ α̃ (i.e., αi ≥ α̃i for all i ∈ N ). Then,

RS(α, u) ≥ RS(α̃, u).

Proof. Let xS and x̃S be an optimal solution of the problem in (1) for vectors α and α̃,

respectively. Since x̃S is a feasible solution for the problem in (1) with the scaling vector α,

we have

RS(α, u) =
∑

j∈N

αju(xS
j ) ≥

∑

j∈N

αju(x̃S
j ) ≥

∑

j∈N

α̃ju(x̃S
j ) = RS(α̃, u),
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where the second inequality follows by the assumption that u is a nonnegative function [since

u is nondecreasing and u(0) = 0].

Using the preceding monotonicity result, we can show that at the optimal solution of the

problem defined in (4), all terms in the numerator of the objective function are equalized.

Proposition 1 Let the utility function u satisfy Assumption 1. There exists an optimal

solution [1, α∗
2, . . . , α∗

N ] of the problem defined in (4) such that

u(C) = iα∗
i u
(C

i

)

, i = 2, . . . , N. (5)

Proof. Let [1, α∗
2, . . . , α∗

N ] be an optimal solution of the problem defined in (4). Assume

that the relation given in (5) does not hold for all i. Let j be the smallest integer such that

jα∗
j u
(C

j

)

6= u(C).

There are two cases to consider:

Case 1: Assume that jα∗
j u
(

C
j

)

> u(C). Let

K =
jα∗

ju
(

C
j

)

u(C)
.

Then, by Lemma 1, it follows that the vector [K, . . . , Kα∗
j−1, α∗

j , . . . , α∗
N ] is an optimal solu-

tion of the problem in (4), at which we have jα∗
ju
(

C
j

)

= u(C).

Case 2: Assume that jα∗
ju
(

C
j

)

< u(C). In view of the concavity of the utility function u,

for all i = 1, . . . , N , we have

iu
(C

i

)

≥ (i − 1)u
( C

i − 1

)

. (6)

To see this, consider the linear function l(x) = (i−1)u
(

C
i−1

)

x. Since u is concave and u(0) =

0 by Assumption 1, l(x) underestimates the function Cu(x) in the interval x ∈
[

0, C
i−1

]

, and

the result follows. Let

K =
(j − 1)α∗

j−1u
(

C
j−1

)

jα∗
ju
(

C
j

) .

By (6), we have Kα∗
j ≤ α∗

j−1. Together with Lemma 1, this implies that the vector

[1, . . . , α∗
j−1, Kα∗

j , α∗
j+1 . . . , α∗

N ]
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is an optimal solution of the problem in (4), at which we have jα∗
ju
(

C
j

)

= u(C).

Repeating the preceding arguments recursively and normalizing at the end such that

α∗
1 = 1, we construct an optimal solution of the problem in (4) with the desired characteristic,

which completes the proof.

The following corollary follows naturally from the above characterization of the worst

case vector α.

Corollary 1 Let the utility function u satisfy Assumption 1. We can express the PoS (cf.

Definition 1) as

PoS(u) =
u(C)

∑

i∈N
u(C)

iu(C/i)u(xS
i )

, (7)

where xS is an optimal solution of the problem in (1) for αi = u(C)
iu(C/i) .

We next investigate the PoS for different kinds of utility functions. Our goal is to provide a

tight lower bound on the PoS.

Worst-case utility function

We provided an explicit characterization of the loss of revenue when using a single entry price

above. We next provide a lower bound on the revenue loss. We first provide a few examples

using standard utility functions and then go on to lower bound. We assume without loss of

generality that C = 1. Example 1: Consider the utility function

u(x) = log(1 + x)

We can find an explicit expression for the PoS in this case using simple Lagrange multiplier

techniques. Here the multiplying coefficients of the different classes (again assuming without

loss of generality that C = 1), are of form log(2)
i log(1+ 1

i )
. It is obvious that given these multiplying

coefficients, the allocation maximizing the sum utility would be such that the slopes of the

different classes are identical at the optimal allocation. Using this fact, we numerically find

that the number of classes obtaining a nonzero allocation is 14. We then write out the

expression for the PoS to be

log(2)

∑14
i=1

log(2)
i log(1+ 1

i )
log

(

15 i log(1+ 1
i )P14

j=1
log(2)

j log(1+ 1
j )

) .
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Evaluating this expression yields the value for the PoS to be 87.8012%.

Example 2: Consider the utility function

u(x) = 1 − e−x

Using the same method as above, we evaluate the number of classes which get a nonzero

allocation as 12. Again, we may write out a closed form expression, which we evaluate as

84.4756%.

The above utility functions can be said to represent so called “elastic-traffic” (such as data

transfers), in which user utility is strictly concave-increasing in the allocated bandwidth.

Many of the currently used data transfer protocols such as TCP, can be modeled using such

utility functions. The examples seem that the to suggest that the PoS may not be too high.

We provide a lower bound on the price of simplicity, which shows that for large N , the PoS

can actually be arbitrarily bad.

Proposition 2 Let the utility function u satisfy Assumption 1. Then for any N , we have

PoS(u) ≥
1

∑N
i=1

1
i

,

and the bound is tight (satisfied with equality) for the piece-wise linear utility function

upwl(x, N) ,

{

Nx if 0 ≤ x ≤ 1
N

1 if x ≥ 1
N .

(8)

Proof. We first show the following relation.

u(xS
i )

u(1/i)
≤ 1 ∀ i ∈ N , (9)

where xS is an optimal solution of the problem in (1) for αi = u(C)
iu(C/i) . To see this, we show

that xS
i ≤ 1

i . Assume to arrive at a contradiction that xS
i > 1

i . Since αi ≥ αj for all j ≤ i

[cf. Eq. (6], this implies by the structure of problem (1) that xS
j > 1

i for all j ≤ i. Therefore,

we have xS
1 + · · · + xS

i > 1 contradicting the fact that C = 1. Hence, we have xS
i ≤ 1

i . In

view of the assumption that u is a nondecreasing function, this implies the relation in (9).

Using relation (9) in Corollary 1, we have that the denominator in (7) is upper bounded as

Ñ
∑

i=1

1

iu(1/i)
u(xS

i ) ≤
Ñ
∑

i=1

1

i
≤

N
∑

i=1

1

i
, (10)
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establishing the relation

PoS(u) ≥
1

1 + 1
2 + · · · + 1

N
. (11)

To establish tightness, consider the piece-wise utility function upwl(x, N) defined in (8).

We see from Corollary 1 that the vector α = [1, 1
2 , · · · , 1

N ] is associated with the lowest

revenue efficiency of upwl(x, N). It is then obvious that for upwl(x, N), the maximum value

of the denominator in (7) occurs when we allocate 1/N to each of the N users. Thus, we

can write out the expression for the PoS as

PoS(upwl) =
1

1 + 1
2 + · · · + 1

N
, (12)

which is identical to the lower bound (11) calculated above. The utility function upwl(x, N)

would be representative of real-time traffic, wherein the user utility increases with increasing

bandwidth up to a point, after which excess bandwidth is irrelevant. Thus, the single-class

scheme is not efficient for real-time traffic.

3 Generalized Metro Pricing

We next consider an extension of the pricing scheme described in the previous section and

assume that the ISP divides the available bandwidth (or rate) into M parts or classes and

charges a separate price pj for each class. We refer to this pricing scheme as generalized

metro pricing since it is reminiscent of Odlyzko’s Paris Metro Pricing scheme [5]. Our goal

in this section is twofold. First, we provide a model for generalized metro pricing when prices

are set by a single revenue-maximizing provider. We provide an explicit characterization for

revenue-maximizing prices and show that the optimal prices satisfy a generalized marginal

user principle. Second, we investigate the worst-case loss of revenue for the case of ordered

utility functions that satisfy Assumption 1 with the objective of understanding the effect of

charging multiple prices on the revenue of the service provider.

Our model is as follows. The service provider divides the available bandwidth C into M

classes with class set M = {1, . . . , M} and assigns price pj to class j. We assume without

loss of generality that C = 1. There are N potential users with user set N = {1, . . . , N}.
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Given the price vector set by the service provider p = [pj]j∈M, we assume that the payoff

function of user i that is assigned to class j is given by

πi(x) = αiu(x) − pj,

where u(x) is a utility function that satisfies Assumption 1, and α1 ≥ α2 ≥ · · · ≥ αN > 0.

For each class j, the service provider chooses a price pj, the amount of bandwidth that

would be available per user xj, and the number of users to include nj to maximize his

revenue. As in Paris Metro Pricing, we assume that for k ≥ j, xk ≤ xj. Given the price

vector p = [pj]j∈M, the allocation vector x = [xj]j∈M, and the vector of number of users

admitted in each class n = [nj]j∈M, the revenue of service provider is given by

Π(p, x, n) =
M
∑

j=1

pjnj.

The service provider should set the prices, the allocation vector, and the number of users

admitted in each class such that for user i designated for class j, the individual rationality

constraints given by

αiu(xj) − pj ≥ 0,

and the incentive compatibility constraints given by

αiu(xj) − pj ≥ αiu(xk) − pk for all k 6= j,

are satisfied.

The following arguments use the ordered utility assumption and allow us to write down

the incentive compatibility constraints in a compact form.

Lemma 2 Let j and j̄ be two classes such that j ≤ j̄ (i.e., xj ≥ xj̄) with pj ≥ pj̄. Let i and

ī be two users such that αi ≥ αī. Then we have the following results on when the users have

no incentive to change their service classes.

Satisfaction with better QoS: If αīu(xj) − pj ≥ αīu(xj̄) − pj̄ ⇒ αiu(xj) − pj ≥ αiu(xj̄) − pj̄,

i.e., users i and ī would prefer better QoS class j to worse QoS class j̄.

Satisfaction with worse QoS: If αiu(xj̄) − pj̄ ≥ αiu(xj) − pj ⇒ αīu(xj̄) − pj̄ ≥ αīu(xj) − pj,

i.e., users i and ī would prefer worse QoS class j̄ to better QoS class j.
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Proof. Suppose that αīu(xj) − pj ≥ αīu(xj̄) − pj̄ ⇒ αī(u(xj) − u(xj̄)) ≥ pj − pj̄. Since

xj ≥ xj̄ and pj ≥ pj̄ by assumption, both sides of the inequality are non-negative. Then the

first part of the lemma follows since αi ≥ αī. The second part can be proved in an identical

fashion.

Suppose that users Nj ⊂ N are assigned to class j ∈ M, with user i ∈ N being associated

with αi. Define imax(j) = arg maxi αi, i ∈ Nj and imin(j) = arg mini αi i ∈ Nj. Suppose

that the set of users N ′
j = {i : imin(j) ≤ i ≤ imax(j)} were assigned to class j. Lemma 2

implies that if user imax(j) has no incentive to move to a better QoS class, and user imin(j)

has no incentive to move to a worse QoS class for all classes j, then if Nj = N ′
j for all j, none

of the users assigned to any class would have an incentive to leave. On the other hand, if

Nj 6= N ′
j for some j, then some user in some class would have an incentive to change. Thus,

given the vector of number of users in each class n = [nj]j∈M, the previous lemma implies

that the following allocation of users to classes is a necessary condition for equilibrium.

Condition 1

Users 1, . . . , n1 → class 1,

Users n1 + 1, . . . , n1 + n2 → class 2,
...

Users n1 + n2 + · · · + nM−1 + 1, . . . , n1 + n2 + · · · + nM → class M.

This motivates us to define the following notation. For any user i ∈ N , let ji denote the

class that user i is assigned to, i.e., ji is an integer in M that satisfies n1 + · · · + nji−1 + 1 ≤

i ≤ n1 + · · · + nji . Note that jn1+...+nj = j. Also note that by the preceding discussion for

any user with index i ≤ q, we must have ji ≤ jq. We then have the following lemma.

Lemma 3 (Single Crossing Property) If the assignment of users to classes satisfies

Condition 1 and

αiu(xji) − pji ≥ αiu(xji+1) − pji+1 ∀ i ∈ N , ji < M with equality for i = n1 + ... + nj,

then no user has an incentive to deviate from his assigned class to any other class.
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Proof. Case 1: The condition for user i to not switch to a worse QoS level is αiu(xji)−pji ≥

αiu(xk) − pk for all k ≥ ji, which can be re-written as

αi(u(xji) − u(xk)) ≥ pji − pk ∀ k ≥ ji

Now, since we know that by Condition 1 that for any user i ≤ q we have αi ≥ αq and class

of service ji ≤ jq. Also, xji ≥ xk for any k ≥ ji. Thus,

αi(u(xji) − u(xk)) = αi

k−1
∑

l=ji

u(xl) − u(xl+1)

≥ αi(u(xji) − u(xji+1)) +
k−1
∑

l=ji+1

αql(u(xl) − u(xl+1)), where ql ∈ Nl

≥
k−1
∑

l=ji

pl − pl+1 = pji − pk,

which is the desired condition.

Case 2: For any user i the condition for not switching to a better QoS is αiu(xji) − pji ≥

aiu(xk) − pk for all k ≤ ji, which can be re-written as

αi(u(xk) − u(xji)) ≤ pk − pji ∀ k ≤ ji

We follow a similar argument as before:

αi(u(xk) − u(xji)) = αi

ji
∑

l=k+1

(u(xl−1) − u(xl))

≤

ji−1
∑

l=k+1

αq(u(xl−1) − u(xl)) + αi(u(xji−1) − u(xji)), where ql ∈ Nl

≤

ji
∑

l=k+1

αn1+..+nl−1(u(xl−1) − u(xl))

=

ji
∑

l=k+1

pl−1 − pl = pk − pji

as desired. Note that we made use of the fact that αn1+...+nj u(xj) − pj = αn1+...+nj u(xj+1) −

pj+1 for all j.

The next proposition provides an explicit characterization of the price of each class.
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Proposition 3 If the assignment of users to classes satisfies Condition 1 and

pj =
M
∑

k=j

αn1+...+nk (u(xk) − u(xk+1)) ∀ j ≤ M,

where nj is as defined in Condition 1, and by definition, u(xM+1) = 0, pM+1 = 0, then no

user has an incentive to deviate from his assigned class to any other class.

Proof. The proof follows directly from Lemma 3 as follows. We have for any user i

pji =
M
∑

k=ji

pk − pk+1

=
M
∑

k=ji

αn1+...+nk (u(xk) − u(xk+1)) ,

where the above follows from the equality condition of Lemma 3. Also, we can verify that

pji above also satisfies the inequality condition of Lemma 3, which yields the proof.

Note that the proposition automatically requires that pk ≥ pl for all service classes k ≤ l.

Coupled with our requirement that xk ≥ xl for all service classes k ≤ l, this means that

the condition is that a better QoS corresponds to a higher price, which is what we would

intuitively expect. We can then write the revenue-maximization problem as

Result 2 (Generalized Marginal User Principle) For a given vector α = {α1, . . . , αN}

with α1 ≥ α2 ≥ · · · ≥ αN , and the number of service classes M ≤ N the maximum revenue

that the service provider can obtain by generalized metro pricing, denoted by RGMP (α, u),

satisfies

maximizex,n

M
∑

j=1

pjnj

subject to pj =
M
∑

k=j

αn1+...+nk (u(xk) − u(xk+1)) ∀ j ≤ M.

with xM+1 = 0
M
∑

j=1

nj ≤ N,
M
∑

j=1

xjnj ≤ 1,

We refer to the above as the generalized marginal user principle since the price vector p

depends only on the users n1, n1 + n2, n1 + n2 + n3, .., n1 + n2 + ... + nM , i.e., on the users

who lie at the boundary of each service class.
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Worst Case Utility Function

In the preceding discussion, we characterized the maximum revenue that could be obtained

using GMP. Let us define a revenue efficiency metric

ηGMP (α, u, M) =
RGMP (α, u, M)

RS(α, u)
, (13)

where RS(α, u) is as defined in Problem 1 and by definition infα>0 ηGMP (α, u, 1) = PoS(u).

We would like to know whether there is an increase in revenue efficiency due to the extra

degrees of freedom that GMP provides.

We first consider a few examples of the revenue efficiency associated with the utility

functions considered earlier. For simplicity, for a given utility function u, let us assume that

the vector α satisfies (5), M = 2 and the capacity C = 1 is divided equally among the two

service classes. Under these circumstances, we can show numerically that for

u(x) = log(1 + x), ηGMP (α, log(1 + x), 2) = 95.2%

u(x) = 1 − e−x, ηGMP (α, 1 − e−x, 2) = 94.8%,

which are both higher than the PoS values calculated for these utility functions in Examples

1 and 2. This suggests that perhaps GMP might be able to extract a greater surplus than

a single service class for all utility functions.

We next consider the revenue obtained by charging multiple prices with the piece-wise

linear utility function upwl(x, N) defined in (8). We will show that in fact, the GMP scheme

is identical to a single class scheme as far as revenue is concerned regardless of the number

of service classes, and the maximum revenue is obtained by assigning all the capacity to the

first service class. We have the following proposition.

Proposition 4 Suppose that there are N potential users and u(x) is piece-wise linear as

defined in (8), with α = [1, 1
2 , ..., 1

N ] (satisfies (5)). The revenue efficiency obtained using

GMP with any number of service classes M ≤ N is

ηGMP (α, upwl, M) ≤
1

1 + 1
2 + · · · + 1

N
,

with equality for M = 1.
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Proof. The total revenue obtained using GMP may be determined from Result 2 to be

RGMP (α, upwl) = n∗
1αn∗

1
(u(x∗

1) − u(x∗
2))

+(n∗
1 + n∗

2)αn∗
1+n∗

2
(u(x∗

2) − u(x∗
3))

+...

+(n∗
1 + n∗

2 + ... + n∗
M−1)(αn∗

1+n∗
2+...+n∗

M−1
)(u(x∗

M−1) − u(x∗
M))

+(n∗
1 + n∗

2 + ... + n∗
M)(αn∗

1+n∗
2+...+n∗

M
)(u(x∗

M) − 0)

Here the ∗ refers to the maximizing solution. Note that x∗
k = 0 ⇒ x∗

l = 0 for all l ≥ k (by

assumption) and n∗
k = 0 ⇒ n∗

l = 0 for all l ≥ k. Since αi = 1
i for i ≤ N , we obtain

RGMP (α∗, upwl, M) = u(x∗
1)

Using the fact that x∗
1 ≤ 1, and (following the same argument as Proposition 2) RS(α, upwl) =

1 + 1
2 + · · · + 1

N we obtain the proof.

We conclude that in the worst case situation studied, GMP has no effect on the revenue

obtained, and an ISP would have little incentive to implement such a scheme if user utilities

resemble the piece-wise linear functions that we constructed.

4 Conclusions

In this paper we presented results on price-based discrimination for bandwidth allocation

in wire-line communication networks. In general, the problem of mechanism design for

resource allocation is very complex, and our focus was on studying simple mechanisms that

show promise of widespread adoption in the arena of Internet pricing. Our objective was

to study the revenue efficiency of single and multi-class pricing schemes as compared to the

maximum possible revenue, and to the best of our knowledge, our work is the first attempt to

provide a rigorous analysis of such pricing. Our assumption was that all the potential users

would be running the same application, with each user valuing the application differently.

This causes all the user utilities to have the same shape up to a scaling factor, i.e., the

utility functions are of the form ui(x) = αiu(x), where α1 ≥ α2 ≥ · · · ≥ αN > 0. We further

assumed that the utility functions are concave and increasing in the amount of bandwidth
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allocated. Finally, we assumed that users are individually rational, and would not join the

system unless they had non-negative payoffs.

We first studied the case of a single service class with a fixed entrance fee. We showed

that the worst-case ratio of revenues occurs when the set {αi} is such that the ISP obtains the

same revenue, regardless of the number of users who enter the system. The relation converts

the determination of the worst case from a functional optimization to a that of a parameter

optimization. We showed that for some typical utility functions representing elastic traffic

(such as data transfers), the revenue efficiency is of the order of 85 − 90%. Hence, the

current simple flat-rate pricing adopted by many ISPs is quite efficient in extracting revenue

for elastic traffic. We also determined a tight lower-bound on the efficiency, which depends

only on the number of served users. We showed that the utility function for which our lower

bound is tight, is piece-wise linear with an initial increasing phase followed by a horizontal

phase, and could result in an arbitrarily low revenue efficiency. Such a utility function would

be representative of real-time traffic such as video streaming.

Motivated by the example of public transportation systems where two or more service

classes are common, we studied the case of a multi-class pricing and service scheme. Here,

the available bandwidth would be divided into chunks, and the entry fee for each chunk

would be determined in advance. We showed how the incentive compatibility constraints of

the users results in a generalized marginal user principle, in which only the marginal user

in each class is instrumental in setting the price. Using this characterization of prices, we

showed that even the simple artifice of dividing the available capacity into two parts results

in an increased revenue for elastic traffic. However, we also proved the surprising result

that regardless of the number of service classes, the revenue efficiency when the users have

piece-wise linear utility functions is identical to that of a single class scheme.

In the future we would like to extend our work in several directions. We would like

to know for what class of utility functions the PoS is bounded. This would give us an

insight into what the worst case would be for particular applications. Secondly, our focus

in this paper was on all users running the same application. We would like to study the

case of users running different applications, which would result in multiple classes of users

with utility functions of different shapes. We would like to answer the question of whether

such multiple classes of utility functions should correspond to multiple classes of service for
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efficient revenue extraction.
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