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Lqvwuxfwlrqv1 Wkhvh sureohpv duh lqwhqghg wr jlyh |rx sudfwlfh rq wkh frpsdudwlyh vwdwlfv wkhru|
dqg dssolfdwlrqv zh glvfxvvhg lq fodvv1 Wkh pruh wkhruhwlfdo txhvwlrqv duh iru |rx wr ohduq iurp>
zkhq vwxg|lqj iru wkh h{dp/ |rx vkrxog irfxv rq wkh hfrqrplf dssolfdwlrqv/ zklfk duh lpsruwdqw1

Iru wkh hfrqrplf dssolfdwlrqv/ mxvw dsso| wkh frpsdudwlyh vwdwlfv wkhruhpv/ |rx grq*w kdyh wr
uhghulyh dq|wklqj1 Wkh srlqw lv wkdw wkh wkhruhpv pdnh doo ri wkh hfrqrplf txhvwlrqv h{wuhpho|
hdv|$ Iru h{dpsohv ri wkdw sulqflsoh/ vhh hvshfldoo| &6/ 7/ dqg 8 ehorz1 Lq hdfk/ krzhyhu/ lw lv
xvhixo wr sdxvh dqg wklqn derxw wkh uhvxowv/ zkdw wkh| phdq/ dqg zk| wkh| duh wuxh1 &9 dqg &:
duh pruh vxevwdqwlyh1

Zkhq L dvn frpsdudwlyh vwdwlfv txhvwlrqv zlwkrxw vshfl�fdoo| pdnlqj uhihuhqfh wr wkh vhw ri
rswlpl}huv/ |rx pd| vlpso| jlyh uhvxowv zklfk dsso| wr wkh kljkhvw hohphqw ri wkh vhw1

41 Wklv txhvwlrq khosv |rx xqghuvwdqg wkh lqfuhdvlqj gl�huhqfhv surshuw|1 Vxssrvh wkdw � G ? $

?�

+d, Ohw } eh qrqghfuhdvlqj1 Vkrz wkdw li s G ?2 $ ? vdwlv�hv lqfuhdvlqj gl�huhqfhv/ vr
grhv wkh frpsrvlwh ixqfwlrq � gh�qhg e| �E%c +� ' sE}E%�c +�� Lqwhusuhw wklv lq zrugv1
Lqwxlwlyho|/ zk| lv wklv d ghvludeoh surshuw| zkhq zh duh wklqnlqj derxw frpsdudwlyh
vwdwlfvB

+e, Ohw � eh wzlfh gl�huhqwldeoh1 Suryh wkdw sE%c w� ' �E%� w� kdv lqfuhdvlqj gl�huhqfhv li
dqg rqo| li � lv frqfdyh1

51 Vwulfw prqrwrqlflw| fdq eh lpsruwdqw iru vrph hfrqrplf dqdo|vhv/ lq sduwlfxodu lq lqirupdwlrq
hfrqrplfv dqg frqwudfw wkhru|1 Vxssrvh wkdw s vdwlv�hv vwulfwo| lqfuhdvlqj gl�huhqfhv1 Wkdw
lv/ vxssrvh wkdw iru doo %�� : %�c sE%��c w� � s E%�c w� lv vwulfwo| lqfuhdvlqj lq w� Ohw fWEw� '
@h}4@ 

%M^ sE%c w� n }E%� eh qrqhpsw| iru hdfk w�

+d, Vkrz wkdw iru w�� : w�c li 5 5 fWEw�� dqg + 5 fWEw���/ wkhq + � 5� ^Klqw= vwduw e| zulwlqj
grzq wkh lqhtxdolwlhv zklfk pxvw eh vdwlv�hg lq rughu iru wkh wzr fkrlfhv wr eh rswlpdo
+dqg sduwlfxodu/ eh suhihuuhg wr wkh rwkhu fkrlfh xqghu frqvlghudwlrq, dw wkh uhvshfwlyh
sdudphwhu ydoxhv1 Wu| wr frpelqh wkh lqhtxdolwlhv1`

+e, Qrz vxssrvh wkdw s lv gl�huhqwldeoh lq %/ vr wkdw Y

Y%
sE%c w� lv vwulfwo| lqfuhdvlqj lq w/ dqg

vxssrvh } lv gl�huhqwldeoh wrr1 Vkrz wkdw lq sduw +d,/ + : 5� ^Klqw= xvh wkh �uvw rughu
frqglwlrqv1` H{wud= fdq |rx gudz d slfwxuh ri sE%c w�� dqg s E%c w��� dv ixqfwlrqv ri % wkdw
vkrz krz wklv uhvxow idlov li s lv qrw gl�huhqwldeoh lq % dw 5 +iru h{dpsoh/ wkh ixqfwlrq lv
nlqnhg wkhuh,q

61 Wklv txhvwlrq dssolhv wkh uhvxowv ri wkh odvw rqh1 Vxssrvh wkdw d zrunhu*v frvw ri jrlqj wr
vfkrro lv SE%c w�c zkhuh % lv wkh dprxqw ri vfkrro dqg w lv wkh zrunhu*v delolw|2surgxfwlylw|1

+d, Vxssrvh wkdw S lv gl�huhqwldeoh dqg Y
2

Y%Yw
SE%c w� � f� Lqwhusuhw wklv frqglwlrq lq zrugv lq

wkh frqwh{w ri wkh prgho1
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+e, Qrz vxssrvh wkdw �upv fdq revhuyh hgxfdwlrq exw qrw delolw|/ dqg wkxv r�hu zdjhv �E%�
zklfk ghshqg rqo| rq hgxfdwlrq1 Wkh zrunhu*v xwlolw| lv jlyhq e| �E%� � SE%c w�� Lv
wkhuh dq| zdjh ixqfwlrq zklfk zloo lqgxfh kljkhu delolw| zrunhuv wr fkrrvh orzhu ohyhov
ri hgxfdwlrqB

+f, Qrz vxssrvh wkdw Y
2

Y%Yw
SE%c w� 	 f� Edvhg rq |rxu dqvzhuv deryh/ zkdw lv d vx!flhqw

frqglwlrq rq �E%� vxfk wkdw wzr zrunhuv ri gl�huhqw delolwlhv fkrrvh gl�huhqw ohyhov ri
hgxfdwlrqB

+g, Frqfoxgh iurp wklv wkdw hyhq li hgxfdwlrq lv xqsurgxfwlyh/ �upv pd| eh zloolqj wr sd|
kljkhu zdjhv iru kljkhu ohyhov ri hgxfdwlrq1

71 Iru wklv txhvwlrq/ |rx qhhg wr xvh wkh idfw wkdw pd{lpl}lqj ZE%c w� lv wkh vdph dv pd{lpl}lqj
*?EZE%c w��� Ohw 'ERc w� eh d grzqzdug0vorslqj ghpdqg fxuyh/ ohw w eh d sdudphwhu ri wkh
ghpdqg fxuyh/ dqg vxssrvh wkdw ' lv gl�huhqwldeoh lq R dqg vwulfwo| srvlwlyh lq wkh uhohydqw
uhjlrq ri sulfhv1

+d, Vkrz wkdw ghpdqg ehfrphv pruh lqhodvwlf zlwk w li dqg rqo| li *?E'ERc w�� kdv lqfuhdvlqj
gl�huhqfhv1

+e, Vxssrvh wkdw wkh �up vroyhv 4@ RER � S�'ERc w�� Ghulyh d vx!flhqw frqglwlrq iru R wr
lqfuhdvh +zhdno|, zlwk w dqg uhodwh |rxu dqvzhu wr +d,1

+f, Krz grhv sulfh fkdqjh zlwk frvw Sq Grhv wklv ghshqg rq dq| dvvxpswlrqv derxw wkh
ghpdqg fxuyhB

+g, Lw lv riwhq dvvxphg wkdw wkh ghpdqg fxuyh lv frqfdyh lq R/ lq rughu wr ydolgdwh wkh
dssurdfk edvhg rq �uvw rughu frqglwlrqv1 Vkrz wkdw frqfdyh ghpdqg lv vx!flhqw wr
jxdudqwhh wkdw wkh sur�w ixqfwlrq lv frqfdyh1 Fdq |rx jlyh dq hfrqrplf mxvwl�fdwlrq iru
frqfdyh ghpdqgB Lv wklv qhfhvvdu| iru wkh frpsdudwlyh vwdwlfv suhglfwlrqB

81 Vxssrvh wkdw wkhuh duh wzr lqsxwv wr surgxfwlrq/ whfkqrorj| dqg wkh vnloo ohyho ri d vlqjoh
zrunhu zkr xvhv wkh whfkqrorj|1 Wkhuh duh wzr whfkqrorjlhv dydlodeoh iru surgxfwlrq/ rqh
zklfk xvhv frpsxwhuv dqg wkh rwkhu zklfk xvhv rog0idvklrqhg whfkqrorj|1 Li wkh �up fkrrvhv
wkh frpsxwhu0gulyhq whfkqrorj|/ lwv surgxfwlrq ixqfwlrq lv CEr�c zkloh wkh surgxfwlrq ixqfwlrq
lv MEr� li lw fkrrvhv wkh rog whfkqrorj|1 Wkh wrwdo frvw ri vnloo r lv SEr� rq wkh pdunhw1

+d, Zkdw duh vx!flhqw frqglwlrqv rq C dqgM wr jxdudqwhh wkdw sur�w0pd{lpl}lqj �upv zkr
xvh wkh frpsxwhu0gulyhq whfkqrorj| ex| pruh vnloo wkdq �upv zkr xvh wkh rog0idvklrqhg
whfkqrorj|B Li zh zlvk wkh uhvxow wr krog zlwkrxw dq| vwuxfwxuh rq SEr�c lv wkhuh d
zhdnhu frqglwlrq zklfk zloo grB ^Klqw= Gh�qh d ixqfwlrq sErc w�c zkhuh sErc wM� ' CEr�
dqg sErc wu� ' MEr��`

+e, Vxssrvh wkdw wkh frvw ri wkh frpsxwhu0gulyhq whfkqrorj| idoov vprrwko| ryhu wlph/ vwduw0
lqj dw d yhu| kljk ohyho dqg hyhqwxdoo| uhdfklqj }hur/ dqg wkdw �upv fkrrvh wkhlu ohyho ri
whfkqrorj| dqg vnloo dw wkh vdph wlph1 Dvvxph zkdwhyhu frqglwlrqv |rx ghulyhg lq sduw
+d,1 Gr zh h{shfw wkh vnloo ohyho vhohfwhg e| wkh �upv wr fkdqjh vprrwko|B ^\rxu dqvzhu
khuh pd| eh lqirupdo> zh zloo zrun rq irupdo uhvxowv derxw wzr lqsxwv qh{w zhhn1`

91 Ohw 8 E&c ,( w� eh d surgxfwlrq ixqfwlrq/ zkhuh w lv d sdudphwhu ghvfulelqj wkh surgxfwlrq
ixqfwlrq1 Vxssrvh wkdw wkh �up sxufkdvhv lqsxwv rq shuihfwo| frpshwlwlyh lqsxw pdunhwv dqg
plqlpl}hv frvw vxemhfw wr dq rxwsxw frqvwudlqw/ ^�
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+d, Vxssrvh wkdw wkh surgxfwlrq ixqfwlrq lv gl�huhqwldeoh1 Krz pxvw wkh sdudphwhu fkdqjh
wkh surgxfwlrq ixqfwlrq lq rughu wr jxdudqwhh wkdw wkh frvw0plqlpl}lqj fkrlfh ri fdslwdo
lqfuhdvhv zlwk wq Surylgh dq lqwhusuhwdwlrq1 +Klqw= gh�qh wkh lvrtxdqw ixqfwlrq uE&( ^c w�
dqg xvh wkh lpsolflw ixqfwlrq wkhruhp wr ghwhuplqh lwv surshuwlhv1,

+e, Krz grhv |rxu dqvzhu fkdqjh li wkh lvrtxdqwv duh qrw frqyh{/ ru li fdslwdo pxvw eh
sxufkdvhg lq glvfuhwh xqlwvB

:1 Vxssrvh wkdw d �up xvhv oderu dv dq lqsxw/ exw wkdw wkh �up kdv pdunhw srzhu lq wkh oderu
pdunhw1 Wkxv/ wkh zdjh udwh ghshqgv rq wkh txdqwlw| ri oderu xvhg dffruglqj wr ` E,�c zklfk
lv vwulfwo| lqfuhdvlqj� Wkh �up pd{lpl}hv sur�wv= 4@ , 8 E,��` E,� � ,/ zkhuh 8 lv lqfuhdvlqj1
\rx pd| dvvxph lw lv frqfdyh dv zhoo li |rx olnh/ wkrxjk wkdw lv qrw qhfhvvdu| iru wkh dqdo|vlv1

+d, Sorw wkh �oderu ghpdqg fxuyh/� 8,E,�c dv d ixqfwlrq ri ,� Wkhq sorw wkh �oderu vxsso|
fxuyh/� zklfk vkrzv zdjhv dv d ixqfwlrq ri wkh txdqwlw| ri oderu sxufkdvhg1 Rq wkh
vdph slfwxuh/ sorw wkh �pdujlqdo oderu frvw� fxuyh/ zklfk vkrzv _

_,
d` E,� � ,o� Krz gr wkh

wzr fxuyhv frpsduh dw dq| fkrlfh ri ,q Lqwhusuhw wklv1 ^Qrwh= li |rx uhphpehu dqdo|}lqj
prqrsro| sureohpv/ wklv lv olnh d pdujlqdo uhyhqxh fxuyh1`

+e, Xvh wkh �uvw0rughu frqglwlrqv wr vkrz wkdw wkh rswlpdo fkrlfh ri oderu htxdwhv �oderu
ghpdqg� dqg �pdujlqdo oderu frvw/� dqg looxvwudwh wkdw rq |rxu gldjudp1 Krz grhv
wkh txdqwlw| ri oderu ghpdqghg frpsduh wr wkh �frpshwlwlyh� rxwfrph/ zkhuh 8,E,

�� '
` E,��q ^Qrwh= wklv lv djdlq olnh d prqrsro| sureohp1`

+f, Vxssrvh wkdw wkh jryhuqphqw lpsrvhv d plqlpxp zdjh/ �4�?� Vkrz krz wklv fkdqjhv
wkh �oderu vxsso| fxuyh� dqg wkh �pdujlqdo oderu frvw� fxuyh1 Eh fduhixo khuh$ Fdq wkh
qhz �pdujlqdo oderu frvw� fxuyh furvv wkh rog rqhB

+g, Xvh wkh lqfuhdvlqj gl�huhqfhv frpsdudwlyh vwdwlfv wkhruhp wr hydoxdwh wkh vwdwhphqw
�zkhq d plqlpxp zdjh lv lpsrvhg/ �upv dozd|v xvh ohvv oderu/ dw ohdvw zhdno|1� Wr
gr wklv/ gh�qh dq dx{loldu| ixqfwlrq/ �E,( w�� Ohw �E,( w�� ' 4�?E` E,�c �4�?� � ,c dqg ohw
�E,( w��� ' ` E,� � ,� Xvlqj |rxu dqvzhu wr +f, wr khos |rx/ fdq |rx vd| zkhwkhu � kdv
lqfuhdvlqj gl�huhqfhvB Xvh d judsk wr looxvwudwh |rxu uhvxow derxw wkh srvvleoh h�hfwv ri
wkh plqlpxp zdjh rq wkh rswlpdo fkrlfh ri oderu1
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