
Fkrlfh Xqghu Xqfhuwdlqw|

Ohw f eh d �qlwh vhw ri exqgohv +vlpsol�hv dqdo|vlv,1 Ohw � eh wkh qxpehu
ri exqgohv1

Revhuyh= wr jhw xwlolw| uhsuhvhqwdwlrq ryhu �qlwh exqgoh zh qhhg rqo| D{lrpv

407/ zklfk zrxog doorz xv wr udqn wkh zkroh vhw1

Zh frxog kdyh % 5 Un +yhfwruv,

E2c ��

E�c 2�

ru frxog kdyh % 5 U c m

W|slfdoo| lq xwlolw| wkhru| zh zrun zlwk xwlolw| lq grooduv exw wkhuh lv qrwklqj

vshfldo derxw wkdw1

Orwwhu| lq glvfuhwh zruog= uEf� lv wkh vhw ri yhfwruv R 5 dfc �oQ c zkhuh

Rl 5 dfc �o c � ' �c ���c � / dqg
QS

l@4

Rl ' ��

H{dpsoh= Ohw wkh vhw ri exqgohv eh f ' i%4c %5>
%6j �

Wkh orwwhu| R ' E4
7
c
4

5
c
4

7
� fdq eh lqwhusuhwhg dv iroorzv=

� Exqgoh %4 zlwk suredelolw| 4

7
c dqg

� Exqgoh %5 zlwk suredelolw| 4

5
c dqg

� Exqgoh %6 zlwk suredelolw| 4

7
�

Rxu jrdo= xvh d xwlolw| ixqfwlrq gh�qhg rq jrrgv wr uhsuhvhqw xwlolw| ryhu

orwwhulhv1

4



� Zh vwloo zdqw wr eh deoh wr uhsuhvhqw lghd wkdw zh jhw %l zlwk suredelolw| �1

Qrwdwlrq=

Bl ' E���fc �c fc ���� � wk frpsrqhqw/ vr iru hyhu| jrrg/ wkhuh*v d Bl vd|lqj L

fdq jhw %l iru vxuh1 Vr doo �iru0vxuh� exqgohv fdq eh uhsuhvhqwhg lq wklv zd|1

� Rog= d{lrpv rq + ryhu jrrgv , <� G f $ U

� Qhz= D{lrpv rq + ryhu orwwhulhv, < � G u Ef�$ U

Vxssrvh + lv d uhodwlrq ryhu orwwhulhv1 H{dpsohG R '
�
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+Revhuyh= doo yhfwruv dgg wr rqh/ vr prqrwrqlflw| lv qrw d frqvlghudwlrq lq
wklv frqwh{w,1

Zh nqrz li zh frqvlghu d �qlwh vhw ri orwwhulhv/ wkhq li + lv frpsohwh/ wudqvl0
wlyh/ uh h{lyh , < � r�|� � ER� � � E^�+, R + ^�

Krz gr zh uhodwh wkhvh suhihuhqfhv ryhu exqgohvB Uhodwh wklv suhihuhqfh

uhodwlrq � wr suhihuhqfhv ryhu jrrgv/ l1h1/ � E%4� c � E%5� c � E%6� c ���

Jrdo= Vkrz < � G f $ U r�|� � ER� '
qS

l@4

Rl � � E%l�

Ilqg D{lrpv ryhu suhihuhqfhv ryhu jrrgv vxfk wkdw � kdv dq h{shfwhg xwlolw|

uhsuhvhqwdwlrq1 � lv olqhdu lq wkh suredelolwlhv/ exw qrw lq jrrgv1 Wkdw lv/

lw*v qrw vdph dv vd|lqj wkh djhqw lv ulvn qhxwudo1

H{dpsoh= f ' im�fc m2fc m�fj c

Ilqg � v1w1 � EE��c �ec ���� ' ��� E�f� n �e� E2f� n ��� E�f� �
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Qr uhvwulfwlrq |hw/ frxog eh olqhdu ru qrw1

Ohw Rc ^ 5 u Ef� c k 5 dfc �o o ' k R n E�� k� ^c k lv vfdolqj idfwru> Rc ^

yhfwruv1

k ' �Dc R ' E��c �ec ��� c o ' E�2c �SDc ��D� c ^ ' E��c �bc f�

Zkdw duh surshuwlhv ri + +suhihuhqfh uhodwlrq ryhu orwwhulhv, r�|� wkhuh h{lvwv
dq h{shfwhg xwlolw| uhsuhvhqwdwlrqc wkdw lv/

< � G f $ Uc r�|� R+^ +,

[
R

l
� E%l� �

[
^

l
� E%l� �

Edfn wr D{lrpv111

Iluvw Frpsohwh +D4,/ Uh h{lyh +D5,/ dqg Wudqvlwlyh +D6,1

vr

� R+^ ru ^+R

� R+R

� R+^ dqg ^-o , R+o

Fdq vd| wklv derxw orwwhulhv mxvw dv rqh frxog vd| wklv derxw jrrgv1
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Qhz D{lrpv

H4 Vxevwlwxwlrq +lqghshqghqfh, D{lrp

Vxssrvh R+^1 Wkhq/ iru dq| k 5 dfc �o dqg dq| o 5 u Ef� c

k R n E�� k� o + k ^ n E�� k� o�

h{dpsoh=

R ' E�Dc �Dc f� ^ ' Efc �Dc �D�

k ' 4

5
o ' E��c ��c �e�

R+^ lpsolhv=

E�ec �ec �2� + E��Dc �ec �eD�

Wklv lv d yhu| vwurqj D{lrp$

H5 Dufklphgldq D{lrp

Frqvlghu Rc ^c o r�|� R�^�o +qhhg vwurqj suhihuhqfhv$,

Wkhq/ < kc q 5 Efc �� r�|�

k Rn E�� k� o � ^ � q R n E�� q� o

W|slfdoo| kljk k dqg orz q� Qr pdwwhu krz jrrg R lv dqg krz edg o lv/ |rx

fdq zhljk wkhp vr wkdw wklv krogv1

Ohw R ' m�fc fff iru vxuh1 L*oo wdnh wkh vpdoo fkdqfh ri o wr jhw R1

^ ' m�f�ff iru vxuh1

o ' Klw e| fdu iru vxuh1
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Gh�qlwlrq � G f $ U lv d yrqQhxpdqq0Prujhqvwhuq h{shfwhg xwlolw| uhs0

uhvhqwdwlrq E�� ��� ri suhihuhqfh uhodwlrq - +ryhu orwwhulhv u Ef�, li wkh
iroorzlqj krogv=

R+^ /

q[

l@4

Rl� E%l� �
q[

l@4

^l� E%l�

YQ0P Uhsuhvhqwdwlrq Wkhruhp Ohw f eh d �qlwh vhw1 Jlyhq d uhodwlrq

U rq uEf� li D40D6 dqg H4 dqg H5/ < dq h{shfwhg xwlolw| uhsuhvhqwdwlrq ri

U/ x= f $ U�

��e�c li � G u Ef�$ U uhsuhvhqwv +c wkhuh h{lvwv d � vxfk wkdw � ER� '
[

Rl� E%l�

Revhuyh wkdw xwlolw| ixqfwlrq � lv gh�qhg ryhu exqgohv qrw ryhu orwwhulhv/ exw

lw fdq eh xvhg wr gh�qh xwlolw| ryhu orwwhulhv1

Ryhuylhz ri surri dssurdfk=

Vkrz wkdw zh fdq �qg exqgohv Kc �5f vxfk wkdw/ ;R 5 u Ef� c

Be + R + Bz�

l1h1/ K ' �ffc � ' fc Be '�433 iru vxuh/� Bz '�3 iru vxuh1�

Vkrz wkdw iru hyhu| orwwhu| R/ zh fdq �qg dq k vxfk wkdw G

kBe n E�� k� Bz W R

Surri ri Uhsuhvhqwdwlrq Wkhruhp=

Vwhs 4= Wkhuh h{lvw wzr exqgohv/ Kc � 5 fc vxfk wkdw Be + B{+ Bz ;%5f�
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� � � Uhfdoo wkdw li suhihuhqfhv ryhu exqgohv vdwlvi| d{lrpv 406/ zh fdq

rughu d �qlwh vhw ri exqgohv lq rughu ri zhdn suhihuhqfh1

� D vlplodu dujxphqw fdq eh xvhg wr udqn wkh �qlwh vhw ri ghjhq0

hudwh orwwhulhv/ B4c B5c ��c BQ lq rughu ri suhihuhqfh1 Wkhq/ zh fdq

�qg d ehvw dqg zruvw ghjhqhudwh orwwhu|1

Vwhs 5= vkrz wkdw ;kc q5 dfc �o c

kBe n E�� k� Bz + qBe n E�� q� Bz / k � q

� � Surri= Xvh H4 +vxevwlwxwlrq d{lrp, vhyhudo wlphv1

� Zh nqrz e| dvvxpswlrq wkdw Be+Bz1 Ohw 	o ' E�� k� Bzc 	R ' Bec dqg

	̂ ' Bz� Dsso|lqj H4 wr E	Rc 	̂c 	o� lpsolhv wkdw ;k5 dfc �o c

kBe n E�� k� Bz + kBz n E�� k� Bz

� � Qrz/ ohw R ' kBe n E�� k� Bz�

� Dsso| vxevwlwxwlrq d{lrp djdlq/ qrz gh�qh d qhz 	o vr wkdw 	o ' Rc

dqg d qhz 	R ' R� H4 dssolhg wr E	Rc 	̂c 	o� lpsolhv=

;E�� �� 5 dfc �o c �R n E�� ��R + �R n E�� �� Bz +4,

� Exw vxevwlwxwlqj/

�R n E�� �� Bz ' �kBe n E�� �k� Bz�

� Wkxv/ vlpsoli|lqj +4,/ zh kdyh vkrzq=

;kc �5 dfc �o kBe n E�� k� Bz + k�Be n E�� k�� Bz

� Vlqfh iru dq| q 5 dfc koc wkhuh h{lvwv �5 dfc �o vxfk wkdw q ' k�c zh

frqfoxgh wkdw ;kc q5 dfc �o vxfk wkdw k � qc

kBe n E�� k� Bz+qBe n E�� q� Bz�
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� � Lqwhusuhwdwlrq= Li zh fdq udqn wzr ghjhqhudwh orwwhulhv/ zh fdq udqn

frqyh{ frpelqdwlrqv ri wkhvh wzr orwwhulhv dffruglqj wr wkh sured0

elolw| zhljkw rq wkh ehwwhu ghjhqhudwh orwwhu|/ xvlqj wkh vxevwlwxwlrq

d{lrp1 Lq sduwlfxodu/ pruh zhljkw rq wkh ehwwhu orwwhu| lv suhihuuhg1

Wklv lv krz zh zloo frqvwuxfw rxu lqgh{1

Vwhs 6= Be + R + Bz ;R5u Ef� �

� � Rswlrqdo h{huflvh= vkrz wklv lv wuxh1

� Klqw= Surfhhg vlplodu wr Vwhs 5/ dsso|lqj H4 uhshdwhgo|/ nhhslqj 	R

�{hg dw Be dqg pl{lqj lq dv 	o rqh ghjhqhudwh orwwhu| diwhu dqrwkhu

xqwlo zh duulyh dw R1

Vwhs 7= Vkrz wkdw ;R5u Ef� c <�5 dfc �o vxfk wkdw

RW�Be n E�� �� Bz� +5,

� Surri= Zh nqrz Be + R + Bz;R5u Ef� e| Vwhs 61

� li BeWRc ohw � ' �

� li BzWRc ohw � ' f

� Wdnh fdvh zkhuh Be � R � Bz

� Dsso| H05 +Dufklphgldq D{lrp,/ vr wkdw <kc q5 Efc �� vxfk wkdw

kBe n E�� k� Bz � R � qBe n E�� q� Bz

� Zh nqrz k : qc vr ohw*v wu| dqg vtxhh}h wkhp wrjhwkhu wr duulyh dw

��

� � Ohw b3 ' Ek n q�*2�

� Li iru vrph bqc R W bqBe n E�� bq� Bzc zh duh grqh1

:



� Li qrw/ ohw bq '
�
q�4.�q�4

5
�

� Li bqBe n E�� bq� Bz � Rc ohw kq ' bqc qq ' q
q�4�

� li R � bqBe n E�� bq� Bzc ohw qq ' bqc kq ' kq�4�

� Ohw �
�
' *�4q$4 kq ' *�4q$4 q

q
� Wklv olplw h{lvwv1

Qrz/ frqvlghu vhyhudo fdvhv1

� � Iluvw fdvh= li +5, krogv iru � ' �
�/ zh*uh grqh1

� Vhfrqg fdvh= vxssrvh

�
�Be n E�� �

�� Bz � R E�Bz� �

� � E| Dufklphgldq d{lrp +H5,/ <#5 Efc �� vxfk wkdw

#�
�

Be n E�� #��� Bz � R�

� Vlqfh #�� 	 ��c zh frxog �qg vrph ? elj hqrxjk vxfk wkdw

#�� 	 q
q
	 �

�

, R � q
q
Be n E�� q

q
� Bz�

� Wklv frqwudglfwv prqrwrqlflw| +Vwhs 5,1

� Wklug fdvh= dqdorjrxv1

Zk| lv +H5, fdoohg wkh frqwlqxlw| d{lrpB

� � Li kq gursv doo wkh zd| wr �� dqg wkh exqgoh lv vwloo vwulfwo| suhihuuhg

wr R/ Dufklphgldq d{lrp vd|v wkdw li zh gurs k d wlq| elw ixuwkhu/

vwulfw suhihuhqfh zloo vwloo krog1

� Exw wklv frqwudglfwv wkh idfw wkdw doo q*v duh zruvh$

;



Vwhs 8= iru hyhu| %5fc �qg �
{
vxfk wkdw

B{ W �
{
Be n E�� �

{
� Bz�

� � Wklv surylghv dq lqgh{ iru hdfk exqgoh/ skudvhg lq whupv ri wkh

h{wuhph ghjhqhudwh orwwhulhv/ vlplodu wr rxu fkrlfh xqghu xqfhuwdlqw|

lqgh{1

� Ohw � E%� ' �
{
1

Vwhs 9= Vxssrvh RW^1 Wkhq/ iru dq| k 5 dfc �o dqg dq| o 5 u Ef� c

k Rn E�� k� o W k ^ n E�� k� o�

Vlpso| dsso| H4 +vxevwlwxwlrq, lq erwk gluhfwlrqv1

Vwhs := R W d
S

Rl� E%l�o Be n d�
S

Rl� E%l�o Bz

� � Surri= R '
S

RlBlc vlqfh

ER4c ���c Rq� ' Rl E�c ���c f� n R5 Efc �c fc ���� n ���

Ixuwkhu/ Bl W � E%l� Be n E�� � E%l�� Bz e| ghiq1

� Dsso| Vwhs 9> wdnlqj pl{wxuhv pdlqwdlqv lqgl�huhqfh1

Vwhs ;= R + ^ /
S

Rl� E%l� �
S

^l� E%l�

� Surri= iroorzv iurp Vwhs 5 dqg Vwhs :1

<


