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Dq D{lrpdwlf Ghyhorsphqw ri Xwlolw| Ixqfwlrqv1

� Ryhuylhz

� Lq prvw hfrqrplf prghov/ zh vwduw zlwk dq djhqw*v xwlolw| ixqfwlrq1

Wkh xwlolw| ixqfwlrq pdsv iurp exqgohv wkdw wkh djhqw pljkw frq0

vxph/ wr wkh uhdo olqh1 Wkh xwlolw| ixqfwlrq lv frqyhqlhqw= lw fdq eh

pd{lpl}hg dqg pdqlsxodwhg xvlqj vwdqgdug pdwkhpdwlfdo wrrov1

� Wkh txhvwlrq= Lv lw ydolg wr uhgxfh wr d vlpsoh/ uhdo0ydoxhg ixqfwlrq/

vrphwklqj dv frpsolfdwhg dv dq djhqw*v suhihuhqfhv ryhu d zlgh yd0

ulhw| ri exqgohvB Zkdw grhv lw uhdoo| phdq derxw wkh djhqw*v suhi0

huhqfhvB Duh zh lpsrvlqj vrph klgghq ru xqghvludeoh dvvxpswlrqv

zkhq zh wdnh wklv dssurdfkB

� Dq dssurdfk wr dq dqvzhu= dqdo|}h wkh uhodwlrqvkls ehwzhhq d{lrpv

derxw dq djhqw*v suhihuhqfhv/ dqg wkh h{lvwhqfh ri d xwlolw| ixqfwlrq

wkdw �uhsuhvhqwv� wkh djhqw*v suhihuhqfhv1

� Wkh d{lrpdwlf dssurdfk= vshfli| edvlf d{lrpv1 Vhh zkdw frqvh0

txhqfhv iroorz1

� Wkh sulplwlyhv

� Exqgoh % '
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%l lv txdqwlw| ri jrrg �� %l 5 U�

% 5 U
q lv yhfwru ri txdqwlwlhv1
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� Suhihuhqfhv=

%U+ �% lv zhdno| suhihuuhg wr +�

ru %L+ �frqvxphu lv lqgl�huhqw ehwzhhq % dqg +�

ru %S+ �frqvxphu vwulfwo| suhihuv % wr +�

Qrwh= �Xvxdo� rughu ri yhfwruv lv qrw �frpsohwh� rughu/ h{= E�c 2� dqg E2c �� duh
qrw rughuhg frpsrqhqw0zlvh1

Jrdo= Pds iurp sulplwlyhv wr xwlolw| ixqfwlrq1

� Txhvwlrqv= Jlyhq d{lrpv rq suhihuhqfhv/

� Fdq zh �qg wkh xwlolw| ixqfwlrqB

� Lv lw xqltxhB

� Zkdw surshuwlhv grhv lw vdwlvi|B

D{lrpv Derxw Suhihuhqfh Uhodwlrqv

Ohw wkh vhw ri dydlodeoh exqgohv dqg wkh frqvxphu*v suhihuhqfhv/ uhsuhvhqwhg

e| U/ eh jlyhq1

Gh�qh iroorzlqj d{lrpv=

D{lrp 4= Frpsohwh Rughu

;%c +c EE%U+� b E+U%��
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Wklv lpsolhv= U fdqqrw eh gh�qhg vr wkdw %U+ / %l � +l ;��

exqgohv duh rqo| sduwldoo| rughuhg lq wklv zd|1

D{lrp 5= Uh h{lylw|

;%c E%U%�1

D{lrp 6= Wudqvlwlylw|

E%U+� a E+U5� ', %U5�

D{lrp 7= Zhdn Prqrwrqlflw|

%l � +l iru doo � , %U+ �jrrg duh jrrgv�

D{lrp 8= Orfdo Qrq0Vdwldwlrq

;% dqg doo vfdoduv B : fc <+ vxfk wkdwG

�� n+ � %n 	 B dqg

2� +S%� �qhyhu dw d eolvv srlqw/ hyhq d orfdo rqh1�

Vwurqj Suhihuhqfh$

H{huflvh +yduldwlrqv rq wudqvlwlylw|,1Vkrz +d, E5W+� a E+W%� ', 5W%(

+e, E5++� a E+�%� ', 5�%�

6



Ohppd ;%c 5c li 5l : %l ;�c wkhq 5S%�

Surri=

Iluvw/ qrwh wkdw < B : f vxfk wkdw ;+ vdwlvi|lqj n+ � %n 	 Bc 5l : +l�

Iru vrph vxfk +/ e| +D8,/ +S%1

Exw/ e| wudqvlwlylw| +D6, dqg |rxu h{huflvh/ E5++� a E+�%� ', 5�%1

Gh�qlwlrq Iru d jlyhq %/ 7. E%� ' i+ m ++%j �ehwwhu wkdq exqgohv1�

7� E%� ' i+ m %++j �zruvh wkdq exqgohv1�

D{lrp 9 �Frqwlqxlw| ri Suhihuhqfhv�

;%c 7. E%� dqg 7
� E%� duh forvhg1

+l1h1 ; i+qj r�| +q $ + dqg +q 5 7 ;?c + 5 7��

Frqvhtxhqfh= Sdwk iurp + 5 7� E%� wr 5 5 7. E%� sdvvhv wkurxjk srlqw �

r�|� �W%�

+zh zloo suryh wklv wr wkh h{whqw wkdw zh qhhg lw ehorz,

Jrdo= Vkrz h{lvwv d xwlolw| ixqfwlrq � G f $ Uc r�|�

E� E%� � � E+��/ E%++� � E��

Gh�qlwlrq Jlyhq frpprglw| vsdfhf dqg uhodwlrqU/ � G f $ U uhsuhvhqwv

U li E�� krogv1
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Qrwh 4= li � uhsuhvhqwv U/ wkhq vr grhv ��� iru dq| lqfuhdvlqj iru � G U$ U�

+Lw lv xqltxh xs wr d prqrwrqh wudqvirupdwlrq,1

Qrwh 5= Revhuyh wkdw � frqwdlqv vdph lqirupdwlrq dv suhihuhqfh uhodwlrq1
Exw/ � pdsv iurp yhfwruv lqwr uhdo olqh/ zklfk lv wrwdoo| rughuhg lq wkh xvxdo
zd|$ Wklv lv e| gh�qlwlrq d frpsohwh rughu$ Li zh glgq*w dvvxph d frpsohwh
rughu rq U/ wkhvh wzr uhsuhvhqwdwlrqv frxog qrw srvvleo| eh htxlydohqw1

Vlploduo|/ wkh rughu � rq wkh uhdo olqh lv wudqvlwlyh dqg uh h{lyh1 Vr zh vhh

zk| wkhvh d{lrpv duh uhtxluhg iru d uhsuhvhqwdwlrq wkhruhp$

H{huflvh Li � uhsuhvhqwv U/ wkhq U vdwlv�hv +zhdn, prqrwrqlflw| li dqg rqo|
li � lv qrqghfuhdvlqj1

Klqw= Zulwh gh�qlwlrq ri zhdn prqrwrqlflw|/ zulwh grzq ghi1 ri qrq0
ghfuhdvlqj1 Frqqhfw wkh wzr$

Sursrvlwlrq Li f lv frxqwdeoh/ dqg D{lrpv 407 duh vdwlv�hg/ <�U zklfk

uhsuhvhqwv U1

H{huflvh Vkrz D{lrpv 407 lpso| wkdw <�U zklfk uhsuhvhqwv U zkhq f '

i 4c ��c 
Pj/  

l 5 Uq
c � 	4�

Klqw= Vkrz wkdw wkh hohphqwv ri f fdq eh udqnhg lq rughu ri suhihuhqfh/ dqg

wkhq dvvljq xwlolwlhv dffruglqj wr wkh udqn1

Rswlrqdo H{huflvh Vkrz D{lrpv 407 lpso| wkdw <�U zklfk uhsuhvhqwv U

zkhq f lv frxqwdeoh1

Jhqhudo Sureohp= Rughu doo srvvleoh$ Lq jhqhudo zh grq*w kdyh d frxqwdeoh

f1 Frpprglwlhv duh jhqhudoo| lqglylvleoh1
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Uhsuhvhqwdwlrq Wkhruhp Li D{lrpv 409 duh vdwlv�hg/ wkhq U fdq eh

uhsuhvhqwhg e| d frqwlqxrxv ixqfwlrq ��

Vnhwfk ri Surri

Ryhuylhz= gh�qh e ' E�c ���c �� E�rqh hdfk�� �

Vkrz ;%c < b{ r�|� b{e W%1 Ohw � E%� ' b{�

Lvvxhv=

� Vkrz iru hdfk %/ fdq sduwlwlrq olqh be lqwr �ehwwhu wkdq� ) �zruvh wkdq�

vhwv1

� Vhwv forvhg , b{ lq erwk vhwv1

Surri=

+Qrwdwlrq= % � + / %l � +l ;�( % : +/ %l : +l ;� ,

Vwhs 4 ;b : b3c be : b3e�

Ohppd lpsolhv be � b
3
e� +xvhv qrq0vdw1 +D8,/ wudqvlwlylw| +D6,,

Vwhs 5 Slfn % � Efc � � � c f� �

E| D7 +zhdn prqrwrqlflw|,/ % + Efc � � � c f� �

Ohw 6 ' 4@ i%4c � � � c %qj �

Fkrrvh b : 6�

E| Ohppd/ be� %�
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Vwhs 6 Vkrz wkdw < b{ vxfk wkdw ;b 	 b{c %+bec dqg ;b : b{c be+%�

Gh�qh � ' ib G %+bejc dqg � ' ib G be+%j�

+d, ;b3 	 b33c zh fdqqrw kdyh b3
5 � _ � dqg b

33
5 � _� dw wkh vdph wlph1

Si= b 5 � _ � lpsolhv beW%c e| gh�qlwlrq1 Exw b3
eW% dqg b

33
eW% lpsolhv

b
3
eWb

33
e e| |rxu h{huflvh rq wudqvlwlylw|1 Exw wklv ylrodwhv Vwhs 41

+e, ;b 5 dfc �oc b 5 � ru b 5 ��

Si= Iroorzv e| frpsohwhqhvv +D4,1

+f, b3
5 � dqg b33

5 � lpsolhv wkdw b3
� b

33
�

Si= Vxssrvh qrw1 Wkhq %+b3e�b33e+%c d frqwudglfwlrq ri uh h{lylw| +D5, dqg
wudqvlwlylw| +D6,1

+g, Ohw b{ ' t�Tib G b 5 �j�

E| sduwv +d,0+f,/ �?uib G b 5 �j ' t�Tib G b 5 �j�

Vwhs 7 Vkrz b{e 5 7
. E%� dqg b{e 5 7

� E%� �

Revhuyh=

be+b{e ;b : b{

b{e+be ;b 	 b{

:



Wdnh d vhtxhqfh bq % b{�

, bqe 5 7� E%� ;?�

E| frqwlqxlw| +D9,/ b{e 5 7
� E%� � Wklv lpsolhv %+b{e�

Olnhzlvh/ li bq & b{c wkhq bqe 5 7. E%� ;? , b{e 5 7
. E%�1 Wklv lpsolhv

b{e+%�

Exw %- b{e dqg b{e +%, b{e W %

Vwhs 8 Ohw � E%� ' b{

H{huflvh= Vkrz lw zrunv$ Qhhg wudqvlwlyh/ frpsohwh/ uh h{lyhB

Frqwlqxlw|= kdughu ) whglrxv1

;


