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e Non-linear Pricing (see Fundenberg-Tirole Ch. 7)

— Monopolist produces a good at constant marginal cost ¢, sells ¢ > 0
to consumers

— Consumer:
— Assumptions:
u(0,0) = 0 Vo
u1(q,0) > 0 VO >0
ull(q,H) < 0VO<O
u12 > 0 (supermodularity, — SCP)

us(q,0) > 0if Vg >0

— Game

* Seller (P) specifies {(¢,t)} menu
- equivalently: feasible ¢, and t(q) are specified
« Buyer accepts or rejects (IR)
Note: if £(0) = 0, no rejection
« If accepts the buyer chooses (g,t) pair to max (u(q, 8) —t(q))

« Note: as in moral hazard problem, we will reduce a game to a
constrained optimization problem.
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e Benchmark case (full info.)

— principal obersves # when customer arrives

— P offers ¢*(#) = social optimum and charges
t(q"(0)) = u(q’(6),9)
— Solving for the first-best quantity:

max [u(q,0) — c(q)]

FOC:
c(q) = cqg = wi(q,0) = c
e Private info, two types

— Setup

x 0 ¢ {QL, QH}
x pr, share of 07, in population;pg =1 — pg,
x WLOG can think about two bundles:

{(QIn tL)? (QH, tH)}

* When will correct type choose correct bundles? If the following
are satisfied:

(IRr) ulqr,0r) —tr > 0
(IRm) w(gm,tm) —tg > O
(ICL) u(qr,0r) —tr > wu(qm,0r) —tn
(ICy) uw(qu,0u) —ty > u(qr,0m) —tr

* Principal:

max  [pr(tr —cqr) + pa(ta — cqm))

qr; qutL:tH

s.t. (IRL), (IRH), ([CL), ([CH)

2



— Step 1: Consequences of SCP and us > 0
* (IRL) and ([CH) = ([RH) (Since Uo > 0)

* (ICq) binds implies that (/Cr) holds

* (ICp) binds = (ICp) satisfied (similar).

— Step 2: Optimality
x IRy should bind, I Ry does not
- Proof: Suppose

u(qL, QL) —tr >0
Then, improve profits with the following adjustment:

tp, — tL+€7

tgy — tyg+e¢

x ICyg binds



- Proof: Suppose
u(qm,0n) —ty > u(qr,0m) —tr
Then, improve profits with the following adjustment:

tg — tg + €.

x So: IRy, and ICy are binding, but no other constraints.
x I R; binds:

tr(qr) = u(qr,0r)
x I Ry binds:
u(qm,0n) —ty = u(qr, 0n) —tL
Or,

tw = u(qu,0n) — [ulqL, 0u) — ulqr,0L))
rent to t‘h,e H-type

— Principal’s problem (substituting in):

max pr(ulqr,br) — c qr) + pu(ulqn, 0n) — (wlgr, Ou) — ulqr,0L)) — ¢ qu)]
No distortion the top: gy = ¢j; (choose the social optimum)

qr : wi(qy,0m) =c
qr : pr ui(qr,0r) — pului(qr, On) — ui(qr,01)] = c pr

>0




— Results:
% qp is optimal (no distortion on the top)

* qr. < q¢* (1)

e Many-type Model

— (bo...., 0n)
Principal offers a schedule {(qo, to), ---, (¢n, tn)}
(9; > 92;1
IC : 0; chooses (q;,t;)

— Revelation Principle:

x It is the equivalent to offer {(g;,¢;)} which are IC, or to ask
agents to report ¢; and then assign (g;, ;)



* Define indirect utility:
U | 6) = ulq(6),6) — t(9)
in discrete type model:

U(0; | 0;) = u(q(b;),0:) — t(6;)
x Incentive compatibility constrants:

<U(¥; | 0;)

(ind. rationality)

e Constraint Reduction Theorem:
Assume SCP.

IC(ij) is satisfied Vi,j iff ¢ is nondecreasing, and DLIC (downward
local incentive compatibility)

U0, 6;)>U(6i-1]6:) (i=1,..,n)
and ULIC (upward local incentive compatibility)
U@B; 160;)>U(lix1]06:) (i=1,..,n—1)
are satisfied.
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— Note: There are n” constraints of the form IC(4, j).

Constraint reduction theorem: there are 2n constraints in (DLIC)+

(ULIC)
— Note: SCP+1C =q(0) 140

e Proof:

DLIC(1) + DLIC(2) = IC(2,0)



— SCP orders slopes of IC; IC(i,i—1) gives positions of points on IC
ULIC(0)+ULIC(1) = 1C(0,2)

— The following results from two types generalized for N-types case
« IR(0) will bind
x IR(0)+ DLIC(1) = IR(1)
IR(i) + DLIC(i + 1) = IR(i + 1)
x DLIC will bind
ULIC will be slack
* Any non-decreasing ¢ (6) can be implemented

x qy, is efficient
gi for ¢ < n is inefficiently low



e Continuous-Type Model

— FA)isacdf 0¢clf,0
— f(#) is a corresponding p.d.f
— Vo €[00, f(6) >0

— Preferences of agent:

— Preferences of principal:
v(q,0) +t
— SCP:
2
0 u > 0
0q0o0
ou
% > 0
— 1C:

e Constraint Reduction Theorem

SCP is satisfied

— (1) {q(0),t(0)} satisfies IC
— IF AND ONLY IF

— (ii) (a) ¢(0) is non-decreasing



— (i) (b)

d
d—eU(Q [ 0) = Ua(0 | 0) = ua(q(6),0)
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almost everywhere. (in particular, at all points whereU, exists, which
is a.e.)

e Proof

— (i) = (i)

— (ii)(a) holds by a SCP, indeed:
(IC) & 0= argfnaxU(/Q\ | 0) &
a(6) = arg%ax[u@@,e)_t<q@>]

A

by SCP, ¢(0) is non-decreasing

— (ii)(b) since 8 is drawn from a compact set and U(6 | §) is differen-
tiable in 6, apply envelope theorem, since (IC) =

U6 | 6) = maxU(d | 6).
0

- ()= ()

Suppose IC' fails, then

i
3040, st U(@\@)—U(e\9)>0<:>/U1(3\9)d8>o
0



since Uy (s | s) =0 a.e.,

;
/[Ul(s 10) — Uy(s | $)]ds > 0

S

0
—//U123|v Ydvds > 0
0
82

Ua(s | v) = 55-[ula(s),v) = t(g(s))] = u12(q(s),0)q'(s) > 0

But, ¢ > 0 (¢ diff. a.e., since it is monotone) and the SCP imply

that
0 s
—//U12 qddvds > 0,
N
9 9 =0

a contradiction. Thus, IC holds.

— Now, observe that by the fundamental theorem of calculus,

0

d
U@ 19) = UG+ [Uls|s)ds

— U0+

U2

10 o
Z
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— Suppose u =q -0 = us = q

U0 =000+ /q<s>ds
[}

efficiency rent

— Efficiency rent: there are externalities among types. Giving more
quantity to low types increases surplus to high types.

e Principal’s problem:

qgf)%)E [v(q(0),0) +t(q(0))]

— Social surplus:
s(q(0),0) = v(q(0),0) + u(q(0), 0)
— Prinicipal’s objective function is:

s(q(9),0)—U(0 | 0) = q(rél)i%(@)E {s(q(6),0) —U(@ | 0)} st. IR, IC

— Use constraint reduction theorem and fact 1C + IR(0) = IR(0),
that is U(8 | 8) > 0

0
IC’:U((9|9):U(Q|Q)+/U2(s|s)ds

Relax constraint that ¢ is non-decreasing and check later.

9 6
max / 5(a(6),6) — / us(g(s), s) ds) £ (6)do
9 9
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— Then, we can write:

U] 9) = / U0 | 0) £(6)d6 — / ( u2<q<s>,s>ds) 1(6)d8
[% [%
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