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Abstract

Lithium-ion batteries are increasingly important, both in portable electronic devices
and as grid stabilization for intermittent renewable sources. The varied applications
involve varying requirements for safety, lifetime, and energy/power density. The broad
requirement space leads to a large design space, requiring either extensive and costly
experimentation or effective models.

To be predictive enough to facilitate design, models must be based on underlying
physics. However, battery models commonly make assumptions known to be false,
such as describing phase separating materials with Fickian diffusion. In this thesis, we
build on existing battery models by modifying key parts to better capture fundamental
phenomena including transport and reactions in phase separating materials.

First, we introduce a model of lithium transport and surface reactions within
particles of graphite, which has phase separation and is the most common anode ma-
terial in lithium-ion batteries. We demonstrate key features of the model, including
a sensitivity to its electrochemical reaction kinetics as well as its ability to capture
both single particle and porous electrode experimental data. Second, we connect a
model of electrochemical kinetics that is well-established in the chemistry community
to nonequilibrium thermodynamics and apply it to materials with phase separating
electrodes. We demonstrate that, although it shares some characteristics with a com-
monly used phenomenological model, it makes distinct predictions which agree with
certain experimental results. Finally, we unify these single-particle models within a
volume-averaged model to describe battery behavior at the scale of full porous elec-
trodes. The developed model and simulation software have already been applied by
other researchers to help explain behavior of batteries with phase separating materi-
als.

Thesis Supervisor: Martin Z. Bazant
Title: E. G. Roos Professor of Chemical Engineering
Professor of Mathematics
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Chapter 1

Introduction

Batteries are critical components of modern society, largely because of their role in

portable electronic devices [227]. They are also receiving increased attention for their

role in facilitating transitions to renewable energy sources by mitigating challenges

with intermittent sources [251]. The diverse range of applications in which we use

batteries requires a similarly diverse spectrum of design space, even when constrained

to the few commercially viable chemistries. In order to design batteries (cells) effi-

ciently, models can complement more costly experimentation to predict behavior.

Models are most useful as design aids when they go beyond matching experiments

and can predict cell behavior. Predictive models must be based on underlying phys-

ical phenomena with only moderate model training on experimental data. Thus, it

is critical as we develop battery models to ensure they they are grounded in physical

models capturing the most important behaviors in the cells.

Batteries operate based on the fundamental principle of free energy minimization.

At open circuit conditions, no current can flow, and the system is in equilibrium, at a

minimum in free energy. When a finite resistance separates the electrodes, electrical

current can flow through the outer circuit, leading to a corresponding flow of ionic

current from one electrode to the other via an electrolyte solution. This process

occurs because two electrochemical half-cell reactions occur, one at the interface of

each electrode, and the net reaction is spontaneous. Thus, as a battery is discharged,

the free energy change associated with the net internal reaction can be extracted from

17



the cell via the outer circuit [253, 15]. For secondary (rechargeable) cells, the reverse

process occurs during charging.

However, in order for this (dis)charge process to occur, several kinetic processes

must occur within the cell. We will take the prototypical case of a lithium-ion bat-

tery with insertion electrodes as an example, although the concepts are general. In a

charged state, most of the lithium within the cell is within the anode active material.

As it is discharged, the lithium undergoes transport within the anode active material

particles to the surface, where the electrochemical oxidation half-cell reaction occurs.

The loss of an electron to the current collector allows the lithium to enter the elec-

trolyte at the anode surface as an ion. This ion then must be transported across

the electrolyte to reach the surface of the cathode active material particles. At the

cathode, the lithium ion recombines with an electron to enter the cathode insertion

material. Then, in order to allow more lithium to enter, it must undergo transport

away from the surface of the particle. These reverse of these processes (charging) is

depicted schematically in Figure 1-1.

Figure 1-1: Schematic of a lithium-ion battery being charged. Figure from ref. [259]

Complicating the basic physical picture of transport and reaction processes driven

by thermodynamic free energy minimization, the physical structure of batteries re-

18



quires some care when designing battery models. Batteries are typically constructed

with a layered structure consisting of two electrodes separated by region of electrolyte

called the separator. The electrochemical reactions occur at the interface between the

electrolyte and active materials in the electrodes, so batteries are built using porous

electrodes in which small pores of electrolyte percolate within the (usually solid) ma-

trix of the electrode. This porous structure provides large amounts of surface area

for the electrochemical reactions. The electrode itself is composed of active materi-

als which actually undergo the electrochemical reactions fundamental to the battery

operation, binder material to keep all the solids together, and usually a conductive

additive to facilitate electron transport within the electrode. This leads to a physical

structure with several disparate and relevant length scales to consider when developing

models. Models at the atomistic scale can capture fundamental energetic character-

istics of the active material [152, 246, 156]. Meso-scale models range from describing

transport within the small active material particles to transport on the length scale

of the much longer electrodes or even full cells or battery packs [102].

Further complicating the modeling process, the behavior of both the electrochem-

ical reactions and transport within the cells are often highly non-trivial. Rather than

following a typical diffusive behavior in which gradients within particles are reduced

over time, many battery materials tend to phase separate, meaning that a half-full

active material particle may be divided into equal regions which are nearly-full and

nearly-empty with steep, stable concentration gradients at the phase interfaces be-

tween them. Such behavior is most naturally captured using a phase field modeling

framework [42], which can consistently capture the coupling between the transport in

phase separating systems to other relevant physical phenomena including electromag-

netic state [100] and stresses [51]. With electrochemical systems, this phase behavior

must also be consistently coupled to the electrochemical reactions [17], which may

be described using phenomenological [169] or quantum-mechanically derived [155]

reaction models.

It is impractical to access the full range of relevant length and time scales within

a single simulation, so model development is restricted to physically reasonable sub-
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divisions of the system. In this thesis, we focus on a range of length scales and

phenomena, all of which are relevant to meso-scale modeling. For each focus area, we

develop a modeling approach which unifies the treatment of all kinetic processes (elec-

trochemical reaction kinetics and transport phenomena) within the general framework

of nonequilibrium thermodynamics [106, 11, 100, 17], leading to a progressive and uni-

fied multi-scale model capturing the coupling between the behavior of single active

material particles and the macroscopically relevant measured outputs of current and

voltage.

The overall structure of the thesis follows. In Chapter 2, we study transport

within the length scale of a single particle, connected to electrochemical reaction at

the surface of the particle. We focus on the case of multiphase insertion materials

with structures involving overlapping insertions sites (e.g. via a layered structure)

with particular attention to graphite, the most common anode material, which ex-

hibits staging behaviors coupled to phase separation [76]. In Chapter 3, we connect

the quantum-mechanically derived Marcus-Hush-Chidsey (MHC) model of electron

transfer kinetics [46] to the variational thermodynamic framework we employ for

transport phenomena. We apply this model to an experimental study of LiFePO4 elec-

trodes [8] to support the interpretation of the results as indicative of departures from

the more commonly used phenomenological reaction model. In Chapter 4, we connect

the single particle scales with traditional models of porous battery electrodes using

a volume-averaged approach to couple the behavior of the particles with the larger

length scales of the electrodes. We implement both the multi-layer single particle

transport model and MHC reaction kinetics within this framework and demonstrate

the importance of properly capturing the phase behavior and interfacial kinetics when

developing battery models for cell design or interpretation of experimental results.
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Chapter 2

Intercalation Kinetics in Multiphase

Layered Materials

The contents of this chapter have been submitted for publication [215] as an in-depth

description and exploration of the model we used to explain experimental results of

lithium intercalation within a single crystal of graphite [108] as well as an exten-

sion and simplification of that model used to capture behavior of a porous graphite

electrode [232].

2.1 Abstract

Many intercalation compounds possess layered structures or inter-penetrating lattices

that enable phase separation into three or more stable phases, or “stages,” driven by

competing intra-layer and inter-layer forces. While these structures are often well

characterized in equilibrium, their effects on intercalation kinetics and transport far

from equilibrium are typically neglected or approximated by empirical solid solution

models. Here, we formulate a general phase-field model with thermodynamically con-

sistent reaction kinetics and cooperative transport to capture the dynamics of interca-

lation in layered materials. As an important case for Li-ion batteries, we model single

particles of lithium intercalated graphite as having a periodic two-layer structure with

three stable phases, corresponding to zero, one, or two layers full of lithium. The elec-
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trochemical intercalation reaction is described by a generalized Butler-Volmer equa-

tion with thermodynamic factors to account for the flexible structure of the graphene

planes. The model naturally captures the “voltage staircase” discharge curves as a

result of staging dynamics with internal “checkerboard” domains, which cannot be

described by solid-solution models based on Fickian diffusion. On the other hand,

the two-layer model is computationally expensive and excludes low-density stable

phases with longer-range periodicity, so we also present a reduced model for graphite,

which captures the high-density stages while fitting the low-density voltage profile

as an effective solid solution. The two models illustrate the general tradeoff between

the explicit modeling of periodic layers or lattices and the needs for computational

efficiency and accurate fitting of experimental data.

2.2 Introduction

Staging, the phenomenon of pattern formation by intercalants or defects across a

layered structure, occurs in a wide range of materials including high temperature

superconductors [249, 164], clays and layered double hydroxides [120, 123, 186], MX-

enes [166, 247], metal borocarbides [124], layered metal oxides [239, 44], and the

prototypical case of graphite [76]. The properties of these materials can depend

strongly on the microscopic staging structure. In high temperature superconductors,

the layered segregation of oxygen can lead to regions of insulating behavior [164].

Staging phase-separation phenomena can also arise in three-dimensional materials

with interpenetrating lattices of intercalation sites, as with hydrogen trapping in

metals [68]. Another example could be lithium intercalation in anatase (TiO2) [62],

which has been suggested to have multiple types of intercalation sites [135, 208, 206]

and demonstrates staircase voltage curves [264], similar to graphite [176].

In graphite, the staging process is common for many intercalants, including lithium

which forms LiC6, the most common anode material in Li-ion batteries. The staging

of the lithium-graphite system is directly related to the observed voltage in batteries.

The dynamics of staging during (de)lithatiation of graphite is important in consid-
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eration of Li-ion battery rate capability, because graphite is (de)intercalated with Li

during (dis)charging. Li-ion batteries are ubiquitous as energy storage devices for

portable electronics, with growing use in the (hybrid) electric vehicle market. In al-

most all commercial cells, graphite is used as the negative electrode (anode) [202]. Li-

ion batteries work by shuttling Li ions back and forth between the two electrodes [227],

a process which involves transport within the solid and electrolyte phases as well as

electrochemical reaction to transfer the lithium between these phases. The rates of

these processes (and those of competing processes) fundamentally govern the power

capabilities of the batteries.

Complicating our understanding of these processes is the fact that graphite tends

to phase separate into Li-rich and Li-poor regions [54], which affects both the reaction

and the transport processes [17]. As Li is transferred into graphite, it intercalates

between graphene planes, tending to form structures with filled layers separated by a

number of empty layers. These structures are referred to by a stage number, which

refers to the number of planes of graphene between filled layers. For example, stage 1

graphite is nearly full (Figure 2-1 (c)), whereas high stage number graphite has many

empty layers between each full layer (e.g. Figure 2-1 (b) for stage 2). In the dilute

(a) (b) (c)

(d)

Figure 2-1: Graphite staging structures. Black lines represent graphene planes, and
yellow circles represent intercalated lithium. Dilute stage 1’ is represented in (a),
half-full stage 2 in (b) and full stage 1 in (c). (d) represents the domain structure
that can arise because of intra-layer phase separation of stage > 1 graphite (stage 2
shown).

limit, there is no internal structure, which is referred to as stage 1’ [76] (Figure 2-1

(a)). Upon formation of the low-stage number structures (stages 1’, 2, and 1), graphite

undergoes distinct color transformations, which allows direct visual probing of the

23



local state of charge of graphite electrodes [151, 110]. In addition, theoretical [61,

197, 128, 132] and experimental [50, 72] studies suggest intercalants within graphite

tend to phase separate within layered planes such that internal domains are formed

(Figure 2-1 (d)).

Phase separation is common in many battery electrode materials such as lithium

iron phosphate [182], spinel manganese oxides [3], and lithium titanate [175], and it

can dramatically affect the internal dynamics of both single particles [146, 226, 7, 51,

53, 267, 248] and porous electrodes [77, 48, 145, 86, 87, 178, 180]. As such, in order to

develop predictive models of the behavior of such materials with complex phase behav-

ior, it is critical that these models naturally capture the phase separating dynamics.

Some models of phase separating electrode materials approximate them as solid so-

lutions described by Fickian diffusion [93, 242, 21, 196, 218, 10]. Others approximate

the phase separation behavior using artificially imposed equilibrium interfaces, which

move via Stefan conservation conditions and use the equilibrium voltage curve to de-

termine the functional form of the chemical potential in the solid [94, 219, 10, 116].

Others have attempted to describe the volume-averaged phase behavior using nu-

cleation models [97]. However, such approaches cannot capture the formation of

interfaces by spinodal decomposition or other processes of non-equilibrium thermo-

dynamics.

Phase-field models, pioneered by Van der Waals [194] and Cahn and Hilliard [37,

35], have been widely applied to phase separating systems to describe the dynamics

of their approach to equilibrium states. This approach is based on linear irreversible

thermodynamics [106], has been extended to electrical systems [100], and has been

self-consistently connected to electrochemical reactions to describe phase transfor-

mations in chemical and electrochemical systems [17]. Here, focusing on staging of

lithiated graphite, we implement a Cahn-Hilliard style model in a multi-layer free

energy framework to capture the phase behavior of graphite systems, similar to the

work of Hawrylak and Subbaswamy [112]. We also directly relate the phase separa-

tion behavior to electrochemical kinetics via a thermodynamically consistent reaction

boundary condition [17], which has recently been validated by in operando scanning X-
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ray transmission microscopy of individual lithium iron phosphate nanoparticles [146].

A previous work [108] demonstrates good agreement of the two-layer graphite model

with an experiment visually observing the phase separation dynamics during a sin-

gle particle discharge. In a companion paper [232], we apply a one-variable reduced

model, also presented below, in porous electrode simulations to capture electrochem-

ical and optical measurements on a porous graphite battery electrode. The porous

electrode experiments and modeling suggest that the modifications of the basic frame-

work presented here are important to describe the non-equilibrium thermodynamics

of Li-ion batteries, as we will discuss in Section 2.6. In this paper, however, we focus

on the development and predictions of the general model, which could be applied to

other intercalation materials exhibiting staging associated with layered crystal struc-

tures or inter-penetrating lattices.

2.3 General Theory

Layered intercalation materials tend to exhibit stable phases with periodicity in the

transverse direction, which could be described by multiple concentration variables.

We assume the layers of the material are stacked and perfectly overlapping, i.e. they

look like those in Figure 2-1 with all layers present throughout the particle and to

the edges. Then, we describe the concentration of intercalated species within each

layer in only 2 dimensions, effectively depth averaging along the thickness within each

individual layer. This allows us to represent the 3-dimensional layered structure as

discrete, overlapping, 2-dimensional planes. Thus, we will present a 2-dimensional

model with multiple concentration variables corresponding to species in different lay-

ers. As noted above, the same model could also apply to materials with multiple

interpenetrating sub-lattices, represented by separate concentration variables.
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2.3.1 Multi-Layer Free Energy Model

Mathematically, we begin by defining the total free energy of the system, 𝐺, as an

integral of the local free energy density, 𝑔, over the system volume, 𝑉 ,

𝐺 =

∫︁
𝑉

𝑔 d𝑉. (2.1)

The choice for 𝑔 determines the physical description of the system. We will focus

on systems with two-dimensional symmetry in which multiple concentration vari-

ables correspond to species occupying different vertically stacked layers. However,

the treatment is analogous to descriptions of three-dimensional materials in which

intercalated species can occupy different types of sites, such as hydrogen trapping in

metals [68] or lithium intercalation in anatase [264, 135, 208, 206, 62].

For a general system with 𝑛 layers or site types, each occupying some part of the

total system volume, 𝑉𝑖,

𝐺 =
𝑛∑︁

𝑖=1

(︂∫︁
𝑉𝑖

𝑔𝑖 d𝑉

)︂
. (2.2)

For an 𝑛-layer structure, in which each 2-dimensional layer has area 𝐴𝑖 and occupies

a fraction, 𝑓𝑖, of the height of the unit, 𝐻, the total free energy is

𝐺 = 𝐻

𝑛∑︁
𝑖=1

𝑓𝑖

(︂∫︁
𝐴𝑖

𝑔𝑖 d𝐴

)︂
. (2.3)

Next, we assume individual layer free energy densities are defined by some function,

𝑔ℓ,𝑖 which depends only on the configuration of layer 𝑖, as well as a series expansion

of mixing enthalpies of particle clusters interacting between layers. Thus

𝑔𝑖 = 𝑔ℓ,𝑖 + 𝑐ref̃︀𝑐𝑖∑︁
𝑗 ̸=𝑖

̃︀𝑐𝑗(︃ℎ𝑖𝑗 +
∑︁
𝑘 ̸=𝑖,𝑗

̃︀𝑐𝑘(︃ℎ𝑖𝑗𝑘 +
∑︁
𝑙 ̸=𝑖,𝑗,𝑘

̃︀𝑐𝑙(ℎ𝑖𝑗𝑘𝑙 + · · · )

)︃)︃
. (2.4)

The reference concentration, 𝑐ref , can be chosen to be some suitable scale, the local

scaled concentrations are denoted by ̃︀𝑐𝑖 = 𝑐𝑖/𝑐ref , and the ℎ parameters define the
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enthalpic interaction energies of multi-body particle clusters.

2.3.2 Intra-layer Free Energy

We first choose a model for the intra-layer free energy, 𝑔ℓ, which will not depend on the

layer, assuming that each region between adjacent planes is structurally similar. As

the simplest model that allows phase separation within layers, we consider a regular

solution, a lattice gas model [67, 138], which describes the entropic configurations of

particles and vacancies on a lattice along with an enthalpic energy of mixing between

particles and vacancies. We add a gradient penalty term to capture the effect of

interfacial energy between the intra-layer domains [37],

𝑔ℓ(̃︀𝑐) = 𝑐ref
{︀
𝑘B𝑇 [̃︀𝑐 ln(̃︀𝑐) + (1 − ̃︀𝑐) ln(1 − ̃︀𝑐)] + Ω𝑎̃︀𝑐(1 − ̃︀𝑐) + ̃︀𝑐𝜇Θ

}︀
+

1

2
𝜅(∇̃︀𝑐)2, (2.5)

where 𝑘B is Boltzmann’s constant, 𝑇 is the absolute temperature, Ω𝑎 is the regular

solution parameter for interaction of particles and vacancies within a layer, 𝜇Θ is the

reference chemical potential, and 𝜅 is the gradient energy penalty, assumed here to

be isotropic within each plane. Of note, we use the gradient, ∇, and divergence, ∇·,

operators here to indicate their evaluation only within the plane of a single layer, and

the non-dimensional concentrations are scaled such that they are filling fractions of

individual layers. When Ω𝑎 > 2𝑘B𝑇 , this model defines a free energy curve with two

minima near the extreme filling fractions, leading to a tendency for internal phase

separation to regions with high and low concentrations. The function is plotted in

Figure 2-2 using thermodynamic parameters from Section 4.5, at 𝑇 = 298 K, choosing

𝜇Θ = 0.3 𝑘B𝑇 , and neglecting contributions from the gradient penalty term.

2.3.3 Periodic Bilayer Model Applied to Graphite

The simplest example of the multilayer framework describes a periodic solid with re-

peated pairs of identical layers for intercalation, which is a natural approximation for

lithiated graphite that captures the major staging transitions. A bilayer model allows

description of stage 1, 2, and 1’ structures, neglecting higher stage number structures
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Figure 2-2: Regular solution free energy density as a function of the local filling frac-
tion, ̃︀𝑐. The dashed line represents a common tangent construction intersecting the
two energy wells at the red dots. Homogeneous systems with concentration between
the two red dots can lower their free energy by phase separating into regions with
high and low concentrations given by the red dots and average free energy density
lying on the dashed line.

in favor of model simplicity and reduced computational cost. Each modeled layer

represents a plane of Li sites between graphene planes in (de)intercalated graphite,

and the two modeled layers repeat in the direction normal to the modeled planes.

Thus, we have a discretely “stacked” two-dimensional continuum description of the

intercalant within the graphite. We do not assign any clear physical separation be-

tween layers in the vertical direction other than through energetic interactions, which

act as local approximations of the misfit strain energy in graphite [200], without ac-

counting for nonlocal coherency strain [51]. From the choice of 𝑛 = 2 structurally

similar layers, each of which occupies half the total volume of the system, the reference

concentration, 𝑐ref = 0.5𝑐max, where 𝑐max is the concentration of Li in LiC6.

For the inter-layer interactions, we propose a model incorporating 2- and 4-body

interactions,

𝑔 = 𝑔ℓ(̃︀𝑐1,∇̃︀𝑐1) + 𝑔ℓ(̃︀𝑐2,∇̃︀𝑐2) + 𝑐ref[Ω𝑏̃︀𝑐1̃︀𝑐2 + Ω𝑐̃︀𝑐1(1 − ̃︀𝑐1)̃︀𝑐2(1 − ̃︀𝑐2)], (2.6)

where subscripts 1 and 2 represent the repeated layers 1 and 2 respectively. For

graphite, the Ω𝑏 parameter is related to a repulsive interaction between cross-plane

lithium [199], and it allows for prediction of the “staircase” voltage plateau measured

in near-equilibrium (dis)charge curves for graphite electrodes [176, 87] by increasing
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the free energy of the full stage 1 state compared to that of the stage 1’ and stage 2

states (see Figure 2-3). The Ω𝑐 term can be interpreted as a particle-vacancy cross-

plane mixing enthalpy, which Ferguson and Bazant found to be necessary to push

particles toward stage 2 in the filling process rather than along the ̃︀𝑐1 = ̃︀𝑐2 direction,

although we will reexamine this in Sections 2.5.2 and 2.5.2. The primary change

of this free energy model beyond that of Ferguson and Bazant [87] is the gradient

penalty in Eq. 2.5, which allows us to predict intra-layer phase separation. The

thermodynamic treatment is similar to that in previous work describing staging in

graphite [112, 198, 129]. For a review of other theoretical work on graphite staging,

the reader is directed to the informative ref. [130].

Here, it is helpful to examine the basic thermodynamic structure of the model,

which is presented in Figures 2-2 and 2-3. Using the thermodynamic parameters

from Section 4.5 (and choosing 𝜇Θ = 0), the free energy density of the system, 𝑔, is

plotted in Figure 2-3 (a) and (b) as a function of the filling fractions in each layer,̃︀𝑐1 and ̃︀𝑐2, assuming minimal energetic contribution from concentration gradients.

Because the predicted free energy density is not a convex function, the system will

tend to phase separate. For a simpler, single-variable free energy model such as the

regular solution model applied to individual layers (Figure 2-2), the equilibrium phase

separating behavior can be described by creating a common tangent line between the

energy wells. When the concentration of a homogeneous system lies between the

two intersection points, the system can lower its free energy to the common tangent

by separating into two phases, each of which has equilibrium concentration set by

the intersection points. The overall ratio of phase amounts is set by the lever rule.

For the two-variable free energy model developed here, we instead construct common

tangent planes, pictured in green in Figure 2-3 (a). Similar to the simpler case, the

intersections of these planes with the homogeneous free energy surface, depicted as

red dots, correspond to the stable equilibrium concentrations of the phases that will

develop from overall system concentrations lying within the triangles formed by the

three red dots of a given plane. This predicts that the equilibrium concentrations of

stage 2 phases depend on whether the system is all in stage 2, in equilibrium with
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Figure 2-3: Concentration dependence of the local homogeneous free energy density,
𝑔 in (a) and (b), and the effective chemical potential, 𝜇eff in (c) assuming minimal
contribution from intra-layer concentration gradients. The plot in (b) is shaded to
correspond to the surface in (a) to more clearly show the colored paths which represent
selected filling/emptying paths which are explained in the text.

state 1’ (lower plane), or in equilibrium with stage 1 (upper plane).

In Figure 2-3 (a) and (b), three paths are plotted, which correspond to selected fill-

ing/emptying paths as the graphite is (de)intercalated. The orange curve represents

a fully homogeneous (and energetically unfavorable) filling path in which ̃︀𝑐1 = ̃︀𝑐2.
The red curve represents the minimum energy path for filling with individual layers

remaining fully homogeneous (no intra-layer phase separation). The blue curve rep-

resents an equilibrium path allowing intra-layer phase separation. Following these

paths motivates the definition of a quantity which we will refer to as an effective

30



chemical potential,

𝜇eff =
𝜕𝑔*

𝜕(𝑐1 + 𝑐2)
. (2.7)

This quantity represents the change in free energy along the given filling path, 𝑔*, to

insert a particle in either of the layers; it is dependent on the state of the system. 𝜇eff

is related to predicted equilibrium voltage curves [87], as we will see in Section 2.5.1.

Examples of its values over the three selected filling paths are presented in Figure 2-

3 (c).

Returning to the formulation of the model, we now focus on the kinetic processes.

The interstitial lithium flux, F𝑖, occurs within each modeled plane of sites and is

driven by gradients in the diffusional chemical potential [106], 𝜇𝑖, defined as the

variational derivative of the free energy with respect to the concentration within the

layer [38],

𝜇𝑖 =
1

𝑐ref

𝛿𝐺

𝛿̃︀𝑐𝑖 =
1

𝑐ref

(︂
𝜕𝑔

𝜕̃︀𝑐𝑖 −∇ · 𝜕𝑔

𝜕∇̃︀𝑐𝑖
)︂
. (2.8)

Using Eqs. 2.5 and 2.6,

𝜇𝑖 = 𝑘B𝑇 ln

(︂ ̃︀𝑐𝑖
1 − ̃︀𝑐𝑖

)︂
+ Ω𝑎(1 − 2̃︀𝑐𝑖) − 𝜅

𝑐ref
∇2̃︀𝑐𝑖 + Ω𝑏̃︀𝑐𝑗 + Ω𝑐(1 − 2̃︀𝑐𝑖)̃︀𝑐𝑗(1 − ̃︀𝑐𝑗) + 𝜇Θ,

(2.9)

where 𝑗 ̸= 𝑖.

2.3.4 Concentrated Solid Diffusion

From the assumptions of linear irreversible thermodynamics [106], the flux can be

expressed as

F𝑖 = − 𝐷𝑖

𝑘B𝑇
𝑐𝑖∇𝜇𝑖. (2.10)
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where 𝐷𝑖 is the tracer diffusivity, related to the mobility by the Einstein relation,

𝐷𝑖 = 𝑀𝑖𝑘B𝑇 . Whereas Hawrylak and Subbaswamy chose a constant flux prefactor

investigating a similar model [112], we propose a flux relationship describing diffusion

on a lattice [17]. First, we begin with tracer diffusivity given by

𝐷𝑖 = 𝐷0
𝛾𝑖
𝛾𝑑
‡,𝑖
, (2.11)

where 𝐷0 is the tracer diffusivity in the dilute limit, 𝛾𝑖 is the activity coefficient of

the diffusing species, and 𝛾𝑑
‡,𝑖 is that of the diffusing transition state. Following the

assumptions outlined in Appendix 2.9.1, we find

F𝑖 = − 𝐷0

𝑘B𝑇
(1 − ̃︀𝑐𝑖)𝑐𝑖∇𝜇𝑖. (2.12)

Here, we have assumed that the transition state only differs thermodynamically from

lithium in a stable lattice state in the entropic contribution. However, the enthalpic

terms could differ, and extra, local stresses could also affect the energetics of the

diffusing transition state via an activation volume[6, 17].

Using these flux relations, we can solve for the time and space evolution of con-

centration profiles within the layers using species conservation,

𝜕𝑐𝑖
𝜕𝑡

= −∇ · F𝑖 + 𝑅𝑖 (2.13)

where 𝑅𝑖 is a volumetric source/sink term, which could describe, e.g., inter-layer

reaction in which Li can move from layer 1 to layer 2 in the bulk via defects (Li hopping

through pristine graphene is unlikely because of large energetic barriers [158, 261]).

We will set 𝑅𝑖 = 0 here except as noted in Section 2.5.2.
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2.3.5 Thermodynamically Consistent Reaction Boundary Con-

ditions

The system is closed by specifying boundary conditions on the spatially 4th order

partial differential equation for each layer, according to the Cahn-Hilliard reaction

model for heterogenous reactions [17, 267]. The concentration at the surface of the

particle is governed by the natural boundary condition [36, 17], ̂︀n · (𝜅∇̃︀𝑐𝑖)𝑆 = 𝜕𝛾𝑆
𝜕̃︀𝑐𝑖 ,

where ̂︀n is an outward facing unit normal vector, the 𝑆 subscript indicates evaluation

at the surface, and 𝛾𝑆 is the surface energy. Although surface “wetting” has been

shown to be important in nanoparticle dynamics [53], we set ̂︀n · (𝜅∇̃︀𝑐𝑖)𝑆 = 0 here.

The remaining boundary condition is a flux specification at the surface, which is

determined by the dynamic process being examined. For example, in order to study

spinodal decomposition, no flux boundary conditions can be imposed [38]. Here,

because we are interested in examining battery operation, we specify the total current,

𝐼, into the particle as the sum of integrated current densities, 𝐽𝑖, into the perimeter

of the particle 𝑆,

𝐼 = 𝐻
2∑︁

𝑖=1

∫︁
𝑆

𝑓𝑖𝐽𝑖 d𝑆 (2.14)

where 𝐻 is the height of the particle and 𝑓1 = 𝑓2 = 0.5 are the fractions of the

surface area occupied by each layer. The current density into each layer is related to

the flux from the electrochemical reaction associated with intercalation into each of

the repeating layers,

Li+ + e- → Li. (2.15)

We describe the reaction using a thermodynamically consistent modification [17] to

the Butler-Volmer equation [13], which depends on the diffusional electrochemical

potentials of the oxidized (Li+ + e-) and reduced (Li) states as well as the activity
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coefficient of the reaction transition state,

𝐽𝑖
𝑒

= −̂︀n · (F𝑖)𝑆 =
𝑓𝑖𝑘0𝑎

1−𝛼
𝑂 𝑎𝛼𝑖

𝑒𝛾‡,𝑖
[exp(−𝛼𝑒𝜂𝑖/𝑘B𝑇 ) − exp((1 − 𝛼)𝑒𝜂𝑖/𝑘B𝑇 )], (2.16)

where 𝑖 subscripts indicate variables corresponding to layer 𝑖, 𝑘0 is the reaction rate

constant defined per unit reaction area of the particle, 𝑒 is the elementary charge, 𝑎𝑂

is the activity of the oxidized state (assumed to be unity here), 𝑎𝑖 is the activity of the

reduced state in layer 𝑖 (𝑘B𝑇 ln 𝑎𝑖 = 𝜇𝑖 − 𝜇Θ), 𝛼 is the reaction symmetry factor, 𝛾‡,𝑖

is the activity coefficient of the transition state for reaction into/out of layer 𝑖, and 𝜂𝑖

is the activation overpotential, or reaction driving force, for layer 𝑖 (𝑒𝜂𝑖 = 𝜇𝑖 − 𝜇𝑂).

𝜇𝑂 is the diffusional electrochemical potential of the oxidized state,

𝜇𝑂 = 𝜇Θ
𝑂 + 𝑒(𝜑elyte − 𝜑sld) = 𝜇Θ

𝑂 − 𝑒∆𝜑 (2.17)

where 𝜇Θ
𝑂 is the reference chemical potential in the oxidized state, 𝜑elyte is the electric

potential in the electrolyte, and 𝜑sld is the electric potential in the graphite. Thus, we

see that the total integrated current will be directly related to the applied interfacial

potential, ∆𝜑 = 𝜑sld−𝜑elyte, which will allow simulations with either specified current

or specified voltage. We note that use of the Butler-Volmer equation ignores recent

evidence of departures from its predictions, especially at large driving forces [46, 8,

134]. Here, it is convenient to group the standard potentials, 𝑒𝐸Θ = 𝜇Θ−𝜇Θ
𝑂, to be the

standard half-cell potential relative to the Li/Li+ metal standard half-cell potential.

The reaction transition state activity coefficient is used to describe physics of

the reaction process. For example, for Li intercalation into the rigid ion channels

of the positive electrode material FePO4 (iron phosphate), Bai et al. assumed the

reaction transition state requires (excludes) a single empty lattice site, such that

𝛾‡ = 1/(1 − ̃︀𝑐) [7]. To describe reaction at the surface single crystal of graphite,

ref. [108] used

𝛾‡,𝑖 =
1̃︀𝑐𝑖(1 − ̃︀𝑐𝑖) , (2.18)
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which is based on the assumption that a reaction event in layer 𝑖 requires both a vacant

site and a nearby filled site for the reaction to occur. This requires that an empty site

be present near the surface for intercalation. In addition, when there is no nearby filled

site, the graphene layers can collapse, making the reaction unlikely. Thus Eq. 2.18

predicts that the reaction resistance for the layer, which scales with 𝛾‡,𝑖, diverges at

empty and full filling fractions, as presented in Figure 2-4. This implicitly assumes

Figure 2-4: Reaction transition state contribution to (de)intercalation rate. The
exchange current density for a layer scales with 𝛾−1

‡,𝑖 , so the resistance scales with 𝛾‡,𝑖.

that the reaction transition state behaves like an ideal solution except for entropic

exclusion effects, unlike the diffusion transition state (Eq. 2.31), which we assume

also depends on all the enthalpic terms of the diffusional chemical potential because

it occurs in the bulk of the system rather than at the interface between one phase

and another. We use this reaction model here except where noted to demonstrate

some of its predictions. However, because of an inability to carefully experimentally

control for other kinetic limitations in ref. [108], more detailed consideration of this

reaction model would be worthwhile. For example, Thomas-Alyea et al. [232] find

when describing secondary graphite particles with a variant of this model (developed

in Section 2.6) that a reaction model dominated by film resistance enabled much

better agreement with the experimental results. Thus, we vary this model where

noted below.
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2.4 Model Implementation

The energetic parameters in the free energy are taken as those fit to thermodynamic

data in previous work [87]: Ω𝑎 = 3.4 𝑘B𝑇ref , Ω𝑏 = 1.4 𝑘B𝑇ref , and Ω𝑐 = 20 𝑘B𝑇ref

with 𝑇ref = 298 K, and the system is simulated at room temperature, 𝑇 = 𝑇ref .

Here, we have adjusted their fit value of 𝐸Θ from 0.1366 V to 0.12 V in order to

account for the fact that our particles can phase separate within the layers, which

changes the observed voltage plateau. The difference corresponds to the dimensional

length of the black dashed line in Figure 2-3 (c) as explained previously [140, 77]

and demonstrated for a different material model in the same paper [87]. With the

intra-layer phase separating particles, the value of 𝐸Θ corresponds to the voltage of

the low-filling-fraction plateau, which we find to be 0.12 V from near-open-circuit

experimental data [176]. We choose 𝑐max = 28.2 M to match the experimental and

theoretically calculated density of lithiated graphite [254, 126].

The values of 𝐷0 and 𝜅 are taken from ref. [108] in which we used this model and

found excellent agreement with optical measurements of the concentration profiles of

a single graphite crystal in time and space. From this, 𝐷0 = 1.25 × 10−12 m2/s and

𝜅 = 4×10−7 J/m, although the fit was relatively insensitive to the choice of 𝜅, and the

value of 𝐷0 agrees well with ab initio calculations [184]. The reaction symmetry factor,

𝛼, is set to 0.5, which implies a symmetric electrochemical reaction [13]. Because the

single particle electrode experiment did not allow unique determination of the reaction

rate constant, 𝑘0, we do not take the value used in ref. [108] and instead vary this

parameter here as stated.

Inspired by our previous work [108], we simulate a cylindrical particle in which

intercalation occurs around the circumference of the particle into the circular layers.

For simplicity, we assume axial symmetry about an axis normal to the simulated

plane in the center of the particle, allowing us to reduce the model to solving in time,

𝑡, and the radial coordinate, 𝑟. We use a mass-conserving variant of finite volume

discretization in space following ref. [267], ensuring that the grid spacing is less than

the scale for the interfacial width, 𝜆𝑏 ∼ (𝜅/(𝑐refΩ𝑎))
1/2 = 5.8×10−8 m. Time integra-
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tion is carried out using DAE Tools [172], which wraps the SUNDIALS integration

suite [117] with the ADOL-C automatic differentiation library [105] to facilitate the

non-linear solver involved in the implicit time stepping. Single particle simulations

took between a few minutes and a few hours on one CPU. In the following two

sections, we validate the simulation by implementing the same model in COMSOL

Multiphysics and comparing outputs, then using the COMSOL Multiphysics imple-

mentation in 2D to examine the validity of the assumption of axial symmetry in

context of the experiment simulations from ref. [108].

2.4.1 Simulation Validation

Beginning from the simulations in ref. [108], we first validate the 1D finite volume

simulation by implementing the same model in COMSOL Multiphysics, which uses the

finite element method, to verify that both methods give similar results. In each case,

we use the parameters given in ref. [108]: 𝑅 = 23.9 𝜇m, 𝑐ref = 9.3 M, 𝑘0 = 0.03 A/m2,

𝑉set = −0.38 V with respect to Li/Li+. The low value of 𝑐ref could be thought of as

adjusting the value of 𝜅, as the two compensate for each other (changing 𝑐ref, 𝑘0, and

𝜅 by the same factor leads to the same simulation outputs). Because the results in

ref. [108] were not sensitive to the value of 𝜅, we simply use their reported value of

𝜅 directly here with the value for 𝑐ref in Section 4.5 for the remainder of this work.

Using a grid spacing of 1.5× 10−8 m, both simulations reproduce the previous results

and agree with each other in Figure 2-5. We note that the model is symmetric in ̃︀𝑐1
and ̃︀𝑐2. Therefore, in both the COMSOL and finite volume simulations, ̃︀𝑐1 and ̃︀𝑐2
profiles can be flipped, and the occurrence of this flipping is random and depends on

numerical noise. Full movies are provided in the supplement.

2.4.2 Axial Symmetry Assumption

We examine the assumption of axial symmetry by relaxing it and implementing the

resulting 2D model in COMSOL Multiphysics, again using parameters from ref. [108].

We choose the simulation domain to be the largest possible 2D slice of a circular disk
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Figure 2-5: Simulations from ref. [108] performed using COMSOL Multiphysics (finite
element discretization) and finite volume discretization. Snapshots in (a) and (b) are
obtained from COMSOL Multiphysics and those in (c) and (d) are obtained from
finite volume discretization. Snapshots in (a) and (c) are taken at 𝑡 = 2070 s and
those in (b) and (d) are taken at 𝑡 = 4140 s. 𝑐 is defined in Eq. 2.19.

such that the simulation finishes within a few hours on one CPU. This periodic sim-

ulation domain is replicated as many times as necessary to give the full circular disk.

With this constraint, we use a sector with a central angle of 2−8 × 360∘ ≈ 1.41∘ and

a grid spacing of 1.43 × 10−7 m. Taking a slice imposes an extra non-physical length

scale on the simulation, related to the arc length of the simulated slice, and small

enough slices may prevent formation of phase interfaces with normal components in

the 𝜃-direction and artificially encourage axial symmetry. Our simulated arc length

of 5.9 × 10−7 m is several times the interface width for this simulation, so we expect

this not to prevent breaking of axial symmetry at least near the particle surface. We

see in Figure 2-6 that the axial symmetry assumption is broken at early times before

complete phase separation occurs, but as the concentration front propagates inward

from the particle surface, the particle regains axial symmetry and profiles become

nearly identical to that predicted by the 1D model. In Appendix 2.9.2, we consider

a more detailed comparison of the 2D concentration profiles with a simulation of the
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same system in 1D. Movies are also provided in the supplement. Overall, at early

times, the 1D and 2D cases show moderate differences, but at later times, the sim-

ulations become quite similar, so these simulations support the validity of the axial

symmetry assumption.

(a) (b)

Figure 2-6: 2D versions of simulations from ref. [108] performed using COMSOL
Multiphysics (finite element discretization). The horizontal and vertical axes in the
contour plots (a) and (b) are nondimensionlized by the particle radius 𝑅 = 23.9 𝜇m.
The plots represent ̃︀𝑐1 at (a) 𝑡 = 670 s and (b) 𝑡 = 1550 s showing axial symmetry
initially broken and recovered at later times.

2.5 Results

Because the general intercalation framework is consistently connected to electrochem-

ical reactions, we are able to investigate typical experimental procedures such as

constant current and constant voltage (dis)charge. We present here a few example

predictions made by the model to highlight some of its key features, with focus on

those which deviate strongly from models based on Fickian diffusion. Given initial

conditions and a specified current (voltage) profile, the model predicts the concentra-

tion profiles ̃︀𝑐1(𝑟, 𝑡) and ̃︀𝑐2(𝑟, 𝑡) as well as the output voltage (current) profile. Here,

we also define the local average filling fraction,

𝑐 =
̃︀𝑐1 + ̃︀𝑐2

2
, (2.19)

which we will relate to the stage number.

In the following sections, we explore a number of model predictions. In Sec-

tion 2.5.1, we focus on (near-)equilibrium properties of the model and relate them to
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the free energy model by examining the open circuit voltage of a single particle, the

equilibrium structures and concentrations, and the phase diagram predicted by the

thermodynamic model. In Section 2.5.2, we examine various predictions the model

makes about transient processes. First, in 2.5.2, we examine a constant voltage in-

tercalation process, which highlights the overall phase behavior the model predicts,

including propagating phase boundaries and diffusive profiles in the stable phases

between phase boundaries, as well as the formation of checkerboard patterns during

the filling process. In Section 2.5.2, we study the process of spinodal decomposition

of the particle from an initially homogeneous state to stable phases. This again high-

lights the checkerboard patterns that emerge because of the free energy structure of

this model which could not be captured by some other models which are commonly

applied to phase separating systems. In Section 2.5.2, we examine how the single

particle behaves under a constant current discharge with particular attention given

to the impact of the reaction rate model on the predicted system voltage. We look at

discharge voltage curves both with the reaction model presented in Eq. 2.16 and an

alternate version to highlight the importance of this component of the model in the

predictions it makes. We show that the model in Eq. 2.16 (used in ref. [108]) does

not give predictions qualitatively matching experimental graphite discharge curves,

whereas a simple alternative choice works better. We also give some discussion about

the significance of this observation in context of applying the model to battery elec-

trodes as in ref. [232]. In Section 2.5.2, we repeat the constant current discharge

but allow for bulk inter-layer exchange of lithium and note the differences. This ex-

change is not relevant for pristine graphite, but demonstrates qualitative differences

in predictions for systems in which exchange between lattices is possible, including

graphite with defects [261]. We conclude the results with Section 2.5.3, in which we

make some comparisons of this model with a model based on Fickian diffusion (solid

solution) with a voltage curve fit to the predicted open circuit voltage (OCV) of the

layered phase separating model. We choose to compare the model predictions of the

solid solution and phase separating models when exposed to a current pulse within

a two-phase plateau, where the models give particularly different predictions of both
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concentration profiles and predicted voltage.

2.5.1 Equilibrium Behavior

Open Circuit Voltage

First, we simulate a single particle with radius 𝑅 = 10 𝜇m under a constant current

discharge at a rate of C/10,000, (where 𝑛 C corresponds to the rate to (dis)charge

the particle in 1/𝑛 hours). With a rate constant of 𝑘0 = 0.1 A/m2, the characteristic

reaction time is given by

𝜏𝑅 ∼ 𝑒𝑐ref𝑅

𝑘0
= 38 h, (2.20)

and the characteristic time for species transport is

𝜏𝐷 ∼ 𝑅2

𝐷0

= 80 s. (2.21)

We note that another time scale could be formed for transport over the length of

a phase boundary, 𝜆𝑏, but that is a significantly shorter time scale. Thus, because

the imposed discharge process time scale (10,000 h) is significantly longer than any

inherent time scale in the system, we expect the system to be near equilibrium during

the entire process. Because the system remains near equilibrium, the system voltage

should be determined by a Nernstian relationship,

𝑉 eq = 𝐸Θ − 𝜇eff

𝑒
(2.22)

where 𝜇eff is defined in Eq. 2.7 and corresponds to the blue paths in Figure 2-3 in

which intra-layer phase separation is allowed. This is what we see in Figure 2-7, which

also presents experimental data of a very slow graphite electrode discharge [176]. As

the simulation proceeds, lithium initially fills either layer 1 or layer 2. Each layer

phase separates internally into high/low concentration regions, until the system is at

an overall filling fraction of 0.5 and in a stage 2 structure everywhere. This process
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corresponds to moving along the lower common tangent plane in Figure 2-3 (a).

Then, lithium proceeds to fill regions into a full, stage 1 structure, which corresponds

to moving along the upper common tangent plane in Figure 2-3 (a). Thus, in this

simulation, the system follows along common tangent planes, similar to the blue paths

in Figure 2-3, which predicts the “staircase” behavior of the voltage curve. Of note,

the initial “overshoot” until a filling fraction near 0.1 is caused by the system entering

a metastable region before falling to the stable-equilibrium plateau. A movie of the

simulated concentration profiles is included in the supplement.

The disagreement between model and data in Figure 2-7 at low filling fraction is

related to the model assumption of only having two repeating, structurally similar

layers, whereas real graphite can form high stage number structures with different

energies [54]. Thus, because each layer is treated identically for physical reasons,

the first half and second half of the equilibrium discharge voltage curve should look

translationally similar, and we are unable to capture the details of the low-filling

voltage curve with a 2-layer model. As we have only implemented the model with

two layers here, we can only conjecture that adding more layers to the model may

enable us to capture the higher stage structures and also the shape of the low-filling

open circuit voltage curve.

Equilibrium Structures

As described in Section 4.3, we can calculate equilibrium phase concentrations by

making the homogeneous free energy density function convex using common tangent

planes. Calculation of the planes was carried out numerically and provides values

for the expected results of equilibrium structure calculations. In order to compare

to results using the full model, we perform simulations to examine the simple cases

of stage 1’ - stage 2 equilibrium (Figure 2-8 (a)) and stage 1 - stage 2 equilibrium

(Figure 2-8 (b)). These equilibrium structures are calculated by initializing the system

with uniform high/low concentration in one layer and a step function for concentration

in the other and simulating with no current until stage 2 - stage 1 (1’) equilibrium

is achieved. The transients of the process involve (1) forming the correct interface
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Figure 2-7: Graphite simulated open circuit voltage of a single particle (vs. Li/Li+).
This voltage curve represents an electrochemical phase diagram and characterizes
equilibrium system behavior. The initial overshoot of the plateau at low filling fraction
is caused by the system entering the metastable region before phase separating to the
equilibrium structure. Experimental data are from [176].

shape (with width ∼ 𝜆𝑏), (2) reaching the equilibrium concentrations in the phases,

and (3) shifting the interface left/right according to the lever rule to preserve the

total average concentration. Simulated final concentrations in each phase agree with

those calculated directly from the common tangent construction, and show qualitative

agreement with experimental images of lithiated graphite phase equilibrium [217].
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Figure 2-8: Steady state graphite concentration profiles at zero current. In (a) the
concentrations at the edges closely match those of the calculated equilibrium concen-
trations from the common tangent plane construction for the lower half of the free
energy function in Figure 2-3 (a). In (b) they match those calculated from the upper
common tangent plane.
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Phase Diagram

One major advantage of models constructed from simpler thermodynamic models

like the regular solution is that they make predictions about temperature depen-

dence, unlike solid solution models in which the chemical potential as a function of

filling fraction at a particular temperature is directly fit to an open circuit voltage

at that temperature. Using the free energy presented here, we can construct phase

diagrams following a similar procedure used to add the common tangent planes in

Figure 2-3. We first find common tangent planes (if any) of the free energy surface

at a fixed temperature. These indicate the presence of inter-layer phase separation,

as demonstrated in Figure 2-3. Then, in regions outside of the planes, common tan-

gent lines are constructed along slices of the free energy at constant average filling

fraction (e.g. see the stage 2 region in Figure 2-3). The bounds of the stage 2 regions

correspond to either (a) entering regions of intra-layer phase separation (entering a

region with a common tangent plane), or (b) the largest/smallest filling fractions with

a non-convex free energy slice possessing a common tangent.
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Figure 2-9: Phase diagram of graphite system with (a) thermodynamic parameters
from Section 4.5 and (b) the same but with Ω𝑐 = 0. The regions above the wide
dashed lines in (a) represent stage 2-stage 2 equilibrium. The short dashed lines in
(a) are approximations where numerical convergence is difficult.

Doing this process over a range of temperatures, we obtain the diagrams in Fig-

ure 2-9, in which we present the result both for the thermodynamic model parametrized

as in Section 4.5 and also for the same model neglecting the particle-vacancy mixing

enthalpy (captured by the Ω𝑐 term), which leads to similar predictions as made by

Safran [197]. Ferguson and Bazant [87], who originally introduced the term, did not
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carefully fit this parameter, as its value had little influence on their results. Here

we can see that although the phase diagrams are similar at room temperature, this

term strongly influences the predicted equilibrium behavior as temperature increases.

Curiously, for the case in Figure 2-9 (a) near 𝑇 = 500 K, the common tangent planes

intersect the free energy only at points off the ̃︀𝑐1 = ̃︀𝑐2 line, leaving regions of stage 2

both at intermediate filling fractions and also at low and high filling fractions between

the intra-layer phase separation and the fully homogeneous region.

Comparing these diagrams to that of the near-room temperature LiC6 system [54,

88, 130], we see again that the model cannot capture the details of the low aver-

age filling (high stage number) phases. Also, neither model captures the details of

the top line of the phase diagram including the high-temperature stable stage 2 re-

gion [89, 255, 130], although the case with Ω𝑐 = 0 more closely approximates the

temperature values at which order disappears (top line of the diagram). Although

neither model accurately captures the phase diagram, the result highlights the value of

free energy based models as starting points to make predictive temperature-dependent

models to capture electrochemical behavior in non-isothermal systems [193]. Natural

modifications like inclusion of stresses or more careful representation of higher order

cluster terms in the free energy would enable a better representation of the phase di-

agram, and including more layers with longer-range interactions leads to a rich set of

phase diagram predictions [161, 160]. For consistency with Ferguson and Bazant [87],

we will use the model as presented in Section 4.5, as the focus of this work is at room

temperature where the differences between the two variants in Figure 2-9 are not

significant. Importantly, this diagram is a reduction from the complete ̃︀𝑐1, ̃︀𝑐2 space

for visual simplicity. For example, within the “stage 2” region, the system is actually

phase separated with ̃︀𝑐1 ̸= ̃︀𝑐2, and the model predicts the values of these equilibrium

concentrations, but they are not shown here.
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2.5.2 Predicted Dynamics

Constant Voltage Intercalation

Here we apply a constant voltage to a particle with radius 𝑅 = 20 𝜇m and set

𝑘0 = 0.1 A/m2. In this simulation, we choose −0.38 V with respect to lithium metal,

leading to a strong driving force for intercalation. This corresponds to the applied

voltage simulated in ref. [108]. Note that we are ignoring the competing reaction

for lithium plating which is also thermodynamically favored under these conditions.

To connect the concentration profiles to the microstructure and the associated visual

particle colors [110], we find it informative to depict the simulated concentration

profiles on a cross-sectional slice of the simulated cylindrical particle. For example,

we plot a snapshot of this simulation in Figure 2-10, demonstrating the basic features

of the model under these operating conditions.
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Figure 2-10: Simulated constant voltage discharge (filling) of a graphite particle and
example conversion between simulated concentration profiles (bottom) and associ-
ated microstructure (top). Between black graphene planes in the microstructure,
the yellow/green indicates high/low lithium content. The colors on the top of the
microstructure are assigned based on whether the graphite is in stage 1 (yellow,
𝑐 > 0.85), 2 (red, 0.3 < 𝑐 < 0.85), or 1’ (green, 𝑐 < 0.3). Results are qualitatively
insensitive to the arbitrarily chosen color cutoff values.

The concentration profiles on the bottom correspond to the layers of green/yellow
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between the black graphene planes in the particle slice above. In addition, the particle

surface (top) is colored as it would be seen experimentally, according to the internal

stage number [110]. This snapshot also demonstrates some key characteristics of the

model. First, we see the anticipated behavior of phase separation within layers caused

by the intra-layer regular solution model of Eq. 2.5. Second, in the intermediate region

(4 𝜇m < 𝑟 < 13 𝜇m), the system forms a stage 2 structure with lithium organized in

alternating full/empty layers, caused by the repulsive energetic parameters in Eq. 2.6.

Interestingly, in this stage 2 region, the simulation naturally predicts the internal

“checkerboard” domains of stage 2 structures [132, 72]. The overall concentration

profile going from full near the particle edge to empty near the center is a result of

transport limitations as the lithium is inserted from the edge of the particle. The

gradual sloping of the concentration profiles within each stage region (including the

half-full stage 2) demonstrates the diffusive profiles within the solid solution regimes

of the particle between the phase interfaces. A movie of the simulated process is

included in the supplement.

Spinodal Decomposition

Spinodal decomposition is the process of transitioning from a high energy, linearly

unstable, homogeneous system to a phase separated system. It is characterized by a

gradual process of domain coarsening in which initially small phase regions grow and

coalesce in order to minimize energetically expensive interfaces between phases [11].

By setting the rate constant to zero (𝑘0 = 0, which imposes zero current into each

layer) and beginning with a randomly perturbed filling fraction of 0.5 in each layer,

we can examine the spinodal decomposition process for this coupled, two-layer model.

At early times, both layers undergo internal spinodal decomposition, much as pre-

dicted by typical Cahn-Hilliard models [11]. However, because the layers are coupled

via the overall free energy relation in Eq. 2.6 such that it is energetically unfavor-

able for both layers to be lithium-rich at the same position and time, the layers

coordinate to form a checkerboard pattern as shown in Figure 2-11. Then, domain

coarsening occurs during which the internal domains expand in size as the most cen-
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tral domain shrinks and disappears to minimize the circumferential interface between

the domains. Throughout the process, interfaces move in concert to maintain near-

equilibrium concentrations within each domain while preserving the average filling

fraction within each layer. The final structure in Figure 2-11 (f) with a single inter-

face in each layer is stable because the layers are unable to exchange lithium, forcing

the average concentration within each layer to remain constant. Of note, the depicted

rings of stage 1 (green) and stage 1’ (yellow) in Figure 2-11 (b) - (f) are related to

the large penalty for intermediate concentrations in both layers from the Ω𝑐 term in

Eq. 2.6. Because of the strong penalty, the domains “shift” relative to each other on

the adjacent planes such that they either overlap slightly or are separated in space to

avoid both having an interface (and intermediate filling fractions) at the same location

(Figure 2-11 (b) - (f)). When Ω𝑐 is set to zero in an otherwise identical simulation,

the rings do not appear.
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Figure 2-11: Graphite spinodal decomposition at (a) 𝑡 = 0.01 s, (b) 𝑡 = 1 s, (c)
𝑡 = 15 s, (d) 𝑡 = 100 s (e) 𝑡 = 215 s, and (f) 𝑡 = 1000 s (movie in supplement).
Yellow/green regions between black graphene planes indicate high/low Li content,
and the coloring on the top refers to the local stage as described in Figure 2-10.

Constant Current Intercalation

When (dis)charging a particle at a fixed current, we can observe multiple regimes. At

low enough currents (defined by comparing system time scales), the observed voltage

is set by the effective chemical potential of the solid, as discussed in Section 2.5.1.

However, at larger currents, other losses in the system such as internal gradients
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and reaction losses contribute to the measured voltage. In particular, we find that

when the imposed time scale from the specified current density approaches that of the

reaction time scale, we enter a regime in which the behavior of the observed voltage

is dominated by the reaction losses. As an example, we present the results of a 1 C

discharge for a particle with radius 𝑅 = 10 𝜇m and 𝑘0 = 10 A/m2. The value of 𝑘0 was

semi-arbitrarily chosen such that the reaction time scale was of similar magnitude to

the imposed time scale of 1 hr. The reaction time scale for this system is 𝜏𝑅 ∼ 103 s.

In Figure 2-12, we consider two cases to compare the effect of the chosen model for

the reaction transition state. In Figure 2-12 (a), we set the value, 𝛾‡,𝑖 = 1, whereas in

Figure 2-12 (b), we retain the model originally proposed in Eq. 2.18. In the first, we

obtain a voltage curve similar to that in Figure 2-7 but shifted downward from reaction

resistance and showing features of transients from transport losses between the surface

and bulk of the particle. The mild increase in voltage over the second plateau is a

result of a growing annulus of stage 1 graphite, causing the surface concentration to

gradually approach a stable equilibrium value from a metastable value (see movies of

concentration profiles in supplement). However, in Figure 2-12 (b), we see the system

has a voltage curve that is nearly uncorrelated with the effective chemical potential

along the equilibrium path. As mentioned above, deviations from equilibrium voltage

curves can come from both transport and reaction losses. Reaction losses arise from

slow reaction kinetics leading to large overpotentials, 𝜂𝑖, which indicate the departure

of the interfacial voltage from the equilibrium value [17]. Thus, we examine the

reaction rate prefactor, called the exchange current density, which corresponds to a

reaction conductance. We find the voltage is directly related to an effective reaction

resistance, defined by taking two reaction resistances in parallel for the two layers.

Noting that each reaction resistance scales as 𝛾‡,𝑖/𝑎
𝛼
𝑖 (from Eq. 2.16), we define the

quantity

𝑅rxn =
1

𝑎𝛼1
𝛾‡,1

+
𝑎𝛼2
𝛾‡,2

, (2.23)
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which differs functionally from the actual reaction resistance only because the reac-

tion driving force, 𝜂𝑖, can be different for each layer. We compare this quantity with

the system voltage in Figure 2-12 (b) and observe that the two quantities are corre-

lated: large reaction resistance, 𝑅rxn, corresponds to lower system voltage, indicating

that this quantity (not changes in 𝜇eff at the surface) is the primary contribution to

departures of the observed voltage from the equilibrium value at the overall filling

fraction. Surprisingly, the voltage has a sharp increase near half-filling rather than a

decrease as in the equilibrium profile in Figure 2-7, something that could not be pre-

dicted by a simple diffusion-based model with imposed phase boundaries. Here, the

voltage increases near half filling because the current transitions from being split by

the two layers, both of which are enlarging internal domains, to being carried largely

by layer 2. The associated steeper internal concentration gradient near the surface

of layer 2 leads to values of 𝑐2 closer to 0.5 and smaller overall reaction resistance,

despite the fact that the current is carried by only half the surface area (see concen-

tration profiles in Figure 2-13). Throughout, the concentration at the surface is the

result of coupled transport and reaction processes, and in particular the steep voltage

drop off near complete filling is related to transport losses causing the surface filling

fraction to approach unity which also leads to diverging reaction resistance. The large

spikes in the voltage are related to surface concentration transitions from low to high

values, leading to temporary low resistance at the intermediate filling fractions. It

is worth mentioning that some of these features would be smoothed and not visible

macroscopically in an ensemble of coupled particles as in a porous electrode.

Thus, we see that the choice of the reaction model can have significant impact on

the predicted macroscopic properties. These observations underscore the importance

of careful consideration of the reaction model when attempting to relate model pre-

dictions with experimental data, as this model makes strong connections between the

microstructure and the single-particle discharge voltage profile. The single-particle

discharge curve predicted in Figure 2-12 (b) bears little resemblance to experimen-

tal discharge curves of graphite electrodes [196], which suggests that, at least for

the secondary graphite particles used in electrodes [254], Eq. 2.18 may not correctly
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Figure 2-12: Constant current voltage profiles with (a) 𝛾‡,𝑖 = 1 and (b) 𝛾‡,𝑖 =
1/(̃︀𝑐𝑖(1 − ̃︀𝑐𝑖)) as in Eq. 2.18 plotted with both voltage (solid) and reaction resistance
(dashed).

describe the particle-electrolyte interface, and a reaction model more like that used

in Figure 2-12 (a) or Eq. 2.28 may be more appropriate, as we find in ref. [232].

We also note that in a porous electrode with many particles, some of the details

of single-particle voltage curves can be masked by particle-particle interactions and

system-scale transport losses [77, 87].
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Figure 2-13: Example concentration profiles resulting from a constant current dis-
charge (filling of the particle) and corresponding to the simulation in Figure 2-12 (b).
Concentration profiles are plotted at 𝑡 = 1630 s (a) and 𝑡 = 2130 s (b), at filling
fractions near 0.45 and 0.6 respectively. See the supplement for the movies. In (a)
both layers are receiving current. The internal layer 2 domain is shifting left as the
superficial layer 1 domain expands toward the center of the particle. In (b), only
layer 2 is sustaining the current, as the internal domain is growing toward the sur-
face, causing a larger internal gradient to the surface, a more intermediate surface
concentration, and lower reaction resistance.

Because the term in the free energy involving Ω𝑐 was originally chosen for a very

different model and only more strongly penalizes states of intermediate filling in both

layers (which is already unfavorable even with Ω𝑐 = 0), we chose this as a represen-
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tative simulation to study the model without that term. In this case, the simulated

concentration profiles look qualitatively similar (see video in supplement), but the

simulation neglecting the Ω𝑐 term ran considerably faster, so it may be reasonable to

neglect this term in full spatially resolved models of graphite based on this two-layer

framework.

Inter-layer (Homogeneous) Reaction

As discussed above, various physical phenomena could enable exchange between the

two concentration fields. In the case of the graphite model, a spatially regular presence

of defects could allow internal exchange between layers of intercalated lithium [261]

to be modeled as a homogeneous reaction term. In order to properly formulate the

reaction term in the context of non-equilibrium thermodynamics, simple mass action

kinetics cannot apply, and the diffusional chemical potential must be the driving force

for the reaction. Following Bazant [17] (Eq. 7), we note that the rate of inter-layer

exchange from the first to second layer can be written as

𝑅2 = −𝑅1 =
𝑘IL
0

𝛾IL
‡

(𝑎1 − 𝑎2) (2.24)

where 𝛾IL
‡ is the activity coefficient for the inter-layer reaction transition state, and

we have made use of the fact that 𝜇Θ is identical for each layer to absorb reference

chemical potential factors into the inter-layer rate constant, 𝑘IL
0 . For asymmetric

lattices, the above should be modified to include the reference chemical potentials for

each layer, biasing the reaction relative to equal activity in both lattices. Again, we

are left a choice in the activity coefficient of the transition state. Here, we consider

a reaction in which a species hops from a site on lattice 1 to a corresponding site on

lattice 2. A natural choice for the transition state, then, is to assume that it excludes

a single site in both layers, such that it is given simply by

𝛾IL
‡ =

1

(1 − ̃︀𝑐1)(1 − ̃︀𝑐2) . (2.25)
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Other choices could include terms weighting enthalpic contributions from initial and

final states (similar to the model proposed in Eq. 2.31); however, the above seems to

be a simple reasonable model of the reaction, such that

𝑅2 = 𝑘IL
0 (1 − ̃︀𝑐1)(1 − ̃︀𝑐2)(𝑎1 − 𝑎2). (2.26)

Thus, we have a slightly modified version of the conservation equation in each layer,

such that instead of having zero homogeneous reaction term in Eq. 2.13, we have

expressions for the source term, 𝑅𝑖. In Figure 2-14, we compare the concentration

profiles predicted during constant current intercalation with 𝑘IL
0 /𝑐ref = 1 × 10−4 s−1

for the same set of conditions as presented in Figure 2-13 in which 𝑘IL
0 was set to zero.

This corresponds to a Damköhler number of

Da =
𝑘IL
0 𝑅2

𝑐ref𝐷0

≈ 10−2, (2.27)

indicating relatively slow inter-layer reactions compared to the bulk transport. Nev-

ertheless, even with this small exchange rate, we see qualitative differences in the

model predictions.

With the inter-layer reaction, because the layers can exchange species, the system

is able to fill a single layer completely before the other layer fills, thus minimizing

the number of interfaces to follow a lower energy path during the filling. Physically,

this occurs because as the lithium enters at the surface of either layer, it raises the

diffusional chemical potential (and activity) in that layer. However, as soon as layer

2 phase separates, it is able to support increasing amounts of lithium without a

significant change in its diffusional chemical potential by moving the phase boundary.

In layer 1, as the concentration increases, it can go beyond the binodal point into

the metastable region and reach a higher diffusional chemical potential than that in

layer 2 (see Figure 2-3 (c)), thus causing species from layer 1 to transfer to the lower

activity layer 2, which simply advances the position of the interface. Once layer 2 is

completely full, layer 1 fills independently, moving a phase boundary from the edge

of the particle toward the center, much like the profiles predicted in similar systems
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with only one concentration variable [267].
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Figure 2-14: Repeat of the simulation in Figure 2-13 with homogeneous inter-layer
reactions. Snapshots in (a) and (b) are taken at 𝑡 = 1630 s and 𝑡 = 2130 s as in the
previous simulations. Movies are provided in the supplement.

2.5.3 Comparison to Solid Solution Particles

Although graphite phase separates upon intercalation with lithium, it is commonly

modeled in battery electrodes using various simplifications to avoid the challenges

of properly capturing phase separation dynamics. For example, it is common to

approximate the transport of lithium in the material as a solid solution [263, 242, 218,

196, 21, 10], which has the advantage of being computationally very straightforward.

By employing a concentration-dependent diffusivity, these models can even predict

steep concentration gradients similar to phase boundaries [10], but these gradients

relax to uniform concentrations under zero current, even within spinodal regions. It is

also possible to describe the intercalation as multiple processes involving solid-solution

diffusion and phase boundary motion which enables use of electroanalytical techniques

with simple expressions to determine values of transport coefficients [13, 5, 140],

particularly in the solid solution regimes [95], but doing so can lead to results in

which the chemical diffusivity remains positive even in spinodal regions [141, 139]

where uphill diffusion should occur. This can be interpreted as an “effective” transport

parameter.

Another approach involves explicitly solving for motion of a phase boundary via

a Stefan condition assuming phase equilibrium at the interface and solid-solution
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diffusion elsewhere [94, 10, 116]. However, when solving numerically, the creation,

elimination, and tracking of arbitrary numbers of phase boundaries becomes cum-

bersome. Moving boundary models also neglect physical contributions of interfacial

energy and stresses (not modeled here but naturally a part of this framework [17]),

both of which influence the location of phase interfaces [51]. They also would not cap-

ture the uphill diffusion process involved in spinodal decomposition (Section 2.5.2),

metastable concentrations reached when minimal gradients are present (e.g. the over-

shoot in Figure 2-7), or the effects of surface (de)wetting properties [267]. Using

a free energy approach like that developed here, open circuit voltages are emergent

properties of the free energy, and phase interfaces develop naturally and do not need

to be created artificially and tracked numerically. Nevertheless, for near-equilibrium

systems without significant surface (de)wetting, the moving boundary and free energy

approaches can lead to similar results.

Levi et al. compared the solid solution and moving boundary approaches in ref. [142]

and found that for many cases, the two lead to similar fit transport parameters. This

similarity in predicted electrochemical outputs could help explain the success of solid

solution models of graphite when applied to porous battery electrodes and their abil-

ity to fit macroscopic electrochemical data [242, 196, 21, 10, 232]. In each case,

transport parameters fit using the above models could be interpreted as describing

“effective” transport within the active material particles, perhaps a combination of

transport within primary particles and along grain boundaries of highly polycrys-

talline graphite secondary particle agglomerates [254].

Although a comprehensive comparison of solid solution and phase separating mod-

els is beyond the scope of this work, we develop and present a simple example which

highlights the differences in the predictions of a simple solid solution model of graphite

and the phase separating model developed here – a current pulse-relaxation process

in which the average concentration remains within the miscibility gap. We will not

present the details of solid solution models, as that has been extensively studied else-

where [169, 74, 93]. Because the structures of the models are different, some care

must be taken to obtain comparisons with few enough differences to reasonably inter-
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pret the outputs. First, we consider the reaction model. In both models, the driving

force is the thermodynamic driving force, 𝜂, which depends on the diffusional chem-

ical potential at the surface of the solid. In the solid solution models, this depends

only on the concentration at the surface, whereas the free-energy based models per-

mit dependence on additional factors such as gradients of concentration. To match

exchange current densities in the simplest way, we replace Eq. 2.16 with a form using

a constant exchange current density with arbitrarily set 𝑘0 = 10 A/m2,

𝐽𝑖
𝑒

= 𝑓𝑖𝑘0[exp(−𝛼𝑒𝜂𝑖/𝑘B𝑇 ) − exp((1 − 𝛼)𝑒𝜂𝑖/𝑘B𝑇 )] (2.28)

with 𝑓𝑖 = 0.5 for each layer in the phase separating model and unity in the solid

solution model. This could be interpreted as a particular functional form assumed

for 𝛾‡,𝑖. The solid solution diffusional chemical potential is defined entirely by the

open circuit voltage, and we use a function which matches the blue dashed 𝑉PS curve

in Figure 2-16 (b) to match the stable-equilibrium open circuit voltage of the phase

separating model.

For the transport processes, we want to compare situations with similar diffusive

behavior, at least outside of the miscibility gap. For the solid solution model, we use

a constant and uniform solid solution chemical diffusivity, 𝐷ss
chem such that the solid

solution flux is given simply by Fss = −𝐷ss
chem∇𝑐. As presented in Appendix 2.9.3,

rather than matching the flux prefactors, 𝐷0 and 𝐷ss
chem, we approximately match the

concentration dependence (but not the magnitude) of the diffusive behavior in the

solid solution regimes of the particles (far from the interfaces in the phase separating

particle). To do this we retain the flux expression in Eq. 2.12 with 𝐷0 = 1.25 ×

10−12 m2/s and use 𝐷ss
chem = 3 × 10−14 m2/s. The value of 𝐷ss

chem is insignificant to

the interpretation of the results, as described below. We simulate both particles as

cylinders of radius 10 𝜇m with a uniform mesh of 400 volumes.

In Figure 2-15, we compare simulations of the solid solution and phase separating

particles exposed to a 2 C current pulse for 300 s beginning after a low-current filling

to reach an overall filling fraction of 0.6. We immediately see differences between
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Figure 2-15: Comparison of simulated single particle concentration profiles in response
to a 300 s current pulse at 2 C followed by a zero-current relaxation. Concentration
profiles for the solid solution and phase separating models are presented in (a) and
(b) respectively at times 𝑡 = 0 s, 𝑡 = 100 s, 𝑡 = 200 s, 𝑡 = 300 s, and 𝑡 = 600 s.
The arrows and increasing line darkness indicate increasing time. The voltage profiles
in (c) differ because of transport losses which only affect the voltage for the phase
separating model.

the initial states, the lightest orange lines in Figure 2-15 (a) and (b). The solid so-

lution model begins this pulse from a uniform 0.6 filling fraction, whereas the phase

separating model begins with a stable phase interface and a high surface concentra-

tion. The concentration profiles for the solid solution and phase separating particles

(Figure 2-15 (a) and (b) respectively) are qualitatively different. The solid solution

model leads to gradually sloping concentration profiles, which relax toward a uniform

concentration again after the current pulse ends. The phase separating model fills by

propagating a phase interface in toward the center of the particle and retains a stable

interface after relaxation.

The simulated voltage profiles in Figure 2-15 (c) show that the phase separating

particle has transport losses during the current pulse because the surface diffusional

chemical potential can rise. In contrast, the solid solution particle voltage is fixed

only by the reaction losses because the equilibrium voltage is only a function of con-

centration and is within the voltage plateau over the range of filling fractions studied.

As a result, the predicted voltage profile for the solid solution model with this current

pulse is relatively insensitive to the solid solution diffusivity (as long as the surface
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concentration remains within the miscibility gap). That is, for this current pulse,

any value of 𝐷ss
chem larger than the simulated value would lead to more uniform con-

centration profiles and give an identical voltage profile. Of note, when using the

phase separating flux prefactor defined by Eq. 2.37, as we use in ref. [232], in an

otherwise similar simulation the voltage profiles are more similar because that form

leads to larger flux prefactors in the stable phases (and smaller gradients), but the

phase separating voltage profile still retains some decreasing slope. In multi-particle

porous electrode simulations with particle-particle interactions [49, 220], both mod-

els could predict similar transport losses because of non-uniform particle filling and

other losses [169, 99], but in the case of single particles, the models make qualita-

tively distinct predictions, both of the concentration profiles in the particles and their

associated voltage profiles.

Here, we should reemphasize that solid solution models of graphite have had

good success capturing macroscopic porous electrode behavior. The present model is

designed to accurately capture the single crystal dynamics, which may not strongly

affect the macroscopic current and voltage measurements of full porous electrodes

with complex secondary electrode particles. Nevertheless, consistently coupling a

phase separating single-crystal model to a hierarchy of kinetic processes including

grain boundary diffusion should more consistently predict overall electrode lithium

distribution. This would lead to more accurate surface concentration predictions,

which are important to describe accurately when developing models to predict lithium

plating risk [110] as well as a more consistent coupling to stresses [69, 200], which we

have neglected here but are often studied using solid solution models [47, 45, 103, 256].

2.6 Reduced Model for Graphite Battery Electrodes

By enforcing two-layer periodicity, our free-energy model is able to capture the ther-

modynamics of lithium intercalation at high filling fractions, but it cannot describe

the plethora of stable or metastable phases in graphite at low filling fractions (not

only for lithium), which exhibit longer-range periodicity across three or more layers.
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The complex phase behavior is reflected in the irregular rise of the “voltage staircase”

at low filling fractions, which cannot be easily described by the two-variable model

(Figure 2-7). Moreover, even with these physical limitations, the model is much more

computationally expensive than phase-field intercalation models with a single con-

centration variable, such as that studied by Zeng and Bazant [267]. More realistic

models with three or more concentration variables to capture low-density phase be-

havior or including other effects such as elastic coherency strain [51] would be even

more costly. Similar concerns would apply to the modeling of other multilayer multi-

phase materials mentioned in the Introduction. There is a trade-off between explicitly

describing the microscopic phase behavior with multiple concentration variables (for

periodically repeating layers or interpenetrating lattices) and accurately fitting the

chemical potential or voltage with a computationally efficient model.

To illustrate the construction of such a reduced model, we develop a single-variable

free-energy model for lithium intercalation in graphite, which fits the open circuit

voltage at low filling fractions as an effective solid solution, while still capturing the

two primary voltage plateaus at high filling fractions, albeit without allowing for

symmetry breaking (e.g. checkerboard patterns) or any prediction of temperature de-

pendence of the staging behavior. Because of the large energetic barrier to fill along

the fully homogeneous yellow paths in Figure 2-3, particles typically follow along

the lower energy blue path. To simplify the model, we began with a function which

follows the red free energy path to capture the energetics of the unstable phases as

a function of only an average concentration. We further made the assumption that

below a filling fraction of 1/3, the high stage numbers can be effectively treated as a

solid solution, which allowed us to modify the homogeneous free energy function (or

equivalently, the homogeneous diffusional chemical potential) to match the voltage in

this low-filling-fraction region. Doing so ignores any higher order staging and stage

transitions, but leads to a simple model which is better suited to scale up within

multi-particle simulations, e.g. for porous, phase separating battery simulation as we

explore in a companion work [232]. We also adjusted the high-filling behavior to have

a more gradual drop off, as observed in various experiments [242, 229, 56]. Finally,
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we adjusted the decreasing regions of diffusional chemical potential (increasing equi-

librium voltage) to reduce the metastability region which causes open circuit voltage

hysteresis [140, 77]. The diffusional chemical potential function we used which satis-

fies the criteria above is presented in Appendix 2.9.4 and in Figure 2-16 noting that

𝑉op,𝐻 = 𝐸Θ − 𝜇op/𝑒. The free energy permits construction of two common tangents

between filling fractions near 0.3 and 0.5 and another between filling fractions near

0.5 and 1 which leads to the two clear voltage plateaus. We emphasize that, although

this approach predicts phase separation based on an average filling fraction, it cannot

capture checkerboard microstructures or make predictions about temperature depen-

dence of the phase diagram (Section 2.5.1), which are possible with the two-variable

model above. Simulations using this free energy lead to predicted concentration pro-
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Figure 2-16: Plot of the reduced, one-parameter model of graphite which captures
the experimental open circuit voltage data (from ref. [176]) over the full range of
filling fractions. The free energy in (a) is scaled to 𝑐ref𝑘B𝑇 and presents both the
homogeneous free energy per particle (𝑔op,H) and that of a phase separating system
constructed with common tangents (𝑔op,PS). The resultant voltage of the two functions
are presented in (b) along with the voltage resulting from the equilibrium blue paths
in Figure 2-3 (𝑉PS).

files with stable average filling fractions near 0.5 and 1 in the high-filling states as in

the two-parameter model, but the low-filling state has an average filling fraction near

0.3, which is clearly demonstrated in a constant current discharge like those presented

in Figure 2-17 (compare to Figures 2-13 and 2-14). The predicted average concentra-

tion profiles look similar to those with inter-layer reaction but miss the formation of

internal rings of stage 1 (𝑐 ≈ 1) predicted by the original 2-parameter model.

We apply this model within a porous electrode simulation in ref. [232] and demon-
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Figure 2-17: Repeat of the simulation in Figure 2-13 with the simplified single-
parameter model representing only the average local filling fraction rather than that
in each of two repeating layers. (a) and (b) are taken at 𝑡 = 1630 s and 𝑡 = 2130 s as
in the previous simulations.

strate good agreement with both macroscopic voltage transients and visual indicators

of lithium distribution within a graphite electrode responding to current pulses. We

also find that using Eq. 2.12 and the reaction model described in Eqs. 2.16 and 2.18

does not provide reasonable fits to the experimental data, but we are able to fit data

using the flux expression defined in Eqs. 2.10, 2.11, and 2.37. The reaction model

we use to fit the data is a Butler-Volmer expression dominated by film resistance.

The general framework developed here is inspired by simple thermodynamic argu-

ments developed for single crystals, whereas practical graphite electrode particles are

secondary agglomerates composed of many smaller crystals joined by grain bound-

aries [254]. This suggests that these modifications to the general model are capturing

effective properties of the secondary particles and provide a better starting point to

describe graphite electrodes.

2.7 Summary and Conclusions

We have developed and studied a model for the kinetics of intercalation for layered,

phase-separating compounds that tend to form staged structures. Using the particu-

lar example of lithium in graphite, the most common lithium-ion battery anode, we

specialized the model to describe the most visually distinct low-stage number struc-

tures of lithiated graphite as well as the staircase character of its equilibrium voltage.
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Having applied the model to a single particle in ref. [108], we explored the general-

ization of the model as well as some of the unique predictions it makes which differ

from other models commonly employed to describe lithiated graphite. We found the

specifics of the choice for reaction model to be critically important in affecting practi-

cal macroscopic simulation outputs such as predicted voltage under constant current

intercalation (discharge). In particular, the reaction model used for the single-crystal

simulations and experiment studied in ref. [108] does not lead to qualitative agree-

ment with typical graphite electrode discharge curves, which supports the idea that

for secondary graphite electrode particles as we study in ref. [232], the reaction model

described in Section 2.6 is more appropriate. Simulations directly comparing the

model to more commonly employed solid solution models highlight some of the key

differences between the models, including concentration profiles of particles under cur-

rent pulses and the associated voltage profiles. In addition, we developed a simplified

model designed to accurately match observed graphite open circuit voltage profiles

while retaining the overall phase separating characteristics of the 2-layer model at a

substantially reduced computational cost. This facilitated the work in ref. [232], in

which we show that the model can reproduce electrochemical data as well as visual

indications of concentration carried out in situ during current pulses. Natural ex-

tensions of the work include more carefully capturing the temperature dependence of

the phase diagram by refining the free energy model. We have also neglected here

the effects of elastic contributions to the energetics and dynamics of the materials,

and incorporating them is a natural next step to make the model more physically

descriptive of graphite [55, 188, 189, 30, 204, 190] in a way that consistently couples

the stresses to the phase separating concentration profiles.

While much of the focus here was on lithiated graphite, the general form of the

model could be useful for other materials exhibiting staging or similar behavior,

such as some layered double hydroxides [186], or metal borocarbides [124]. MX-

enes [247, 167] have also shown behavior analogous to staging, indicating the general

framework developed here may help capture their interactions with intercalants. Be-

cause many intercalants in graphite exhibit similar behavior [76], the model could
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likely be adapted to describe other graphitic electrodes such as those intercalated

with aluminum [149] or sodium [127]. It may also be extensible to other sodium-

based layered systems with non-trivial phase behavior [258]. Beyond the layered

framework developed here, the model’s general structure of spatially overlapping lat-

tices may be useful for similar phenomena such as that of different occupational sites

available for Li in the electrode material anatase TiO2 [264, 135, 208, 206, 62] or

different interstitial sites available for hydrogen in metals [68].

The choice to develop this model with a thermodynamically consistent connection

to electrochemical reaction kinetics makes it particularly suited to describe systems

with internal phase separation as well as staging and the associated implications

on battery and supercapacitor performance, but the generality of the model enables

adaptation to describe intercalation kinetics of other related behaviors. Because the

model is based on physical understanding of system microstructure, it is well suited

to parameterization by ab initio calculations and can be used to infer microscopic

physical mechanisms for transport and intercalation from experimental data. This

allows it to provide meso-scale understanding of system behavior while retaining a

clear connection to both microscopic modeling and macroscopic experiments with the

generality to be specialized and applied to a wide range of systems.
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2.9 Appendix

2.9.1 Transport coefficient for diffusion on a lattice

The activity coefficients are related to excess chemical potentials, 𝜇ex
𝑖 = 𝜇𝑖−𝑘B𝑇 lñ︀𝑐𝑖,

so using Eq. 2.9,

𝛾𝑖 = exp

(︂
𝜇ex
𝑖 − 𝜇Θ

𝑘B𝑇

)︂
(2.29)

=
1

1 − ̃︀𝑐𝑖 exp

{︂
1

𝑘B𝑇

[︂
Ω𝑎(1 − 2̃︀𝑐𝑖) − 𝜅

𝑐ref
∇2̃︀𝑐𝑖 + Ω𝑏̃︀𝑐𝑗 + Ω𝑐(1 − 2̃︀𝑐𝑖)̃︀𝑐𝑗(1 − ̃︀𝑐𝑗)]︂}︂.

(2.30)

Then, we postulate a diffusion transition state activity coefficient in which the diffus-

ing species excludes two sites and maintains the bulk enthalpic contributions to its

diffusional chemical potential [17],

𝛾𝑑
‡,𝑖 =

1

(1 − ̃︀𝑐𝑖)2 exp

{︂
1

𝑘B𝑇

[︂
Ω𝑎(1 − 2̃︀𝑐𝑖) − 𝜅

𝑐ref
∇2̃︀𝑐𝑖 + Ω𝑏̃︀𝑐𝑗 + Ω𝑐(1 − 2̃︀𝑐𝑖)̃︀𝑐𝑗(1 − ̃︀𝑐𝑗)]︂}︂,

(2.31)

which, combined with Eq. 2.11 leads to Eq. 2.12.

2.9.2 Simulation details for examining axial symmetry assump-

tion

In the interest of keeping the 2D simulation time to a few hours, we perform the

simulation up to 𝑡 = 1553 s instead of 𝑡 = 6210 s as in ref. [108]. We impose no-flux

boundary conditions on the straight edges of the sector and lithium intercalates along

the arc of the sector. In Figure 2-18, we plot ̃︀𝑐1 at 𝑡 = 669 s where axial symmetry

is broken, and at 𝑡 = 1553 s where axial symmetry is not broken. We provide plots

of ̃︀𝑐1 against 𝑟 at 𝜃 = 0∘ and 𝜃 = 0.352∘ to examine how axial symmetry is broken

or not broken. In addition, we compare these ̃︀𝑐1 plots with those obtained from a 1D

simulation in COMSOL Multiphysics using the same grid spacing of 1.43 × 10−7 m
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to examine how well the 1D model approximates the 2D model. This grid spacing is

larger than the approximate value of the interface width in these simulations (7.1 ×

10−8 m), which is a compromise on accuracy to speed up the simulations and enable a

larger central angle for the 2D sector. We retain the same grid spacing in both cases

in Figure 2-18 to focus on the comparison rather than accurate model predictions.

Full movies are provided in the supplement.

In Figure 2-18, comparing plots (a), (c) and (e) for 𝑡 = 669 s, we observe that

axial symmetry in the ̃︀𝑐1 profile is broken; for instance, at the arc of the sector, ̃︀𝑐1
increases with increasing 𝜃. On the other hand, comparing plots (b), (d) and (f) for

𝑡 = 1553 s, ̃︀𝑐1 does not vary as a function of 𝜃 and axial symmetry is not broken. More

generally, even though we initialize ̃︀𝑐1 and ̃︀𝑐2 to be 10−2 uniformly, we observe that

axial symmetry is broken immediately, turns “less broken” as 𝑡 increases, first becomes

unbroken at 𝑡 = 776 s (not shown in Figure 2-18, but can be seen in the full videos

in the supplement), and then remains unbroken till 𝑡 = 1553 s. Although we did not

perform 2D simulations up to 𝑡 = 6210 s as was done in ref. [108], we expect that

axial symmetry remains unbroken from 𝑡 = 1553 s to 𝑡 = 6210 s. Comparing plots

(c) and (e) with (g), the broken axial symmetry at 𝑡 = 669 s causes some deviations

between the ̃︀𝑐1 profiles for 𝜃 = 0∘, 𝜃 = 0.352∘ and the true 1D simulation. However,

comparing plots (d) and (f) with (h), these ̃︀𝑐1 profiles agree reasonably well with each

other when axial symmetry is not broken at 𝑡 = 1553 s; this also holds true when axial

symmetry first becomes unbroken at 𝑡 = 776 s. Crucially, the four internal domains

for ̃︀𝑐1 in the 2D simulation are also reproduced by the 1D simulation. Therefore, the

1D simulation approximates the 2D simulation reasonably well except at early times

where there are minor deviations that do not significantly affect the accuracy of the

1D simulation at later times.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 2-18: 2D and 1D simulations from ref. [108] performed using COMSOL Mul-
tiphysics (finite element discretization). (a) and (b) are a repeat of Figure 2-6 for
easy comparison. Snapshots in (a), (c), (e) and (g) are taken at 𝑡 = 669 s and those
in (b), (d), (f) and (h) are taken at 𝑡 = 1553 s. Snapshots from the 2D simulation
in (c) and (d) are taken at 𝜃 = 0∘ and those in (e) and (f) are taken at 𝜃 = 0.352∘.
Snapshots in (g) and (h) are taken from the 1D simulation.
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2.9.3 Matching diffusive behavior in solid solution and phase

separating simulations

To approximately match the transport behavior of the two models, it is helpful to

rearrange the flux expression in Eqs. 2.10 and 2.11 in terms of a chemical diffusiv-

ity, which is valid in regions where the gradient term is negligible (far from phase

interfaces),

F𝑖 ≈ − 𝐷0

𝑘B𝑇

𝑐𝑖𝛾𝑖
𝛾𝑑
‡,𝑖

𝜕𝜇𝑖

𝜕̃︀𝑐𝑖 ∇̃︀𝑐𝑖 = −𝐷chem,𝑖∇𝑐𝑖 (2.32)

where

𝐷chem,𝑖 =
𝐷0

𝑘B𝑇

̃︀𝑐𝑖𝛾𝑖
𝛾𝑑
‡,𝑖

𝜕𝜇𝑖

𝜕̃︀𝑐𝑖 (2.33)

=
𝐷0

𝑘B𝑇

̃︀𝑐𝑖𝛾𝑖
𝛾𝑑
‡,𝑖

[︂
𝑘B𝑇̃︀𝑐𝑖(1 − ̃︀𝑐𝑖) − 2Ω𝑎 − 2Ω𝑐̃︀𝑐𝑗(1 − ̃︀𝑐𝑗)]︂. (2.34)

Here, we are constrained on our choice for the ratio 𝛾𝑖/𝛾
𝑑
‡,𝑖 > 0 by the second law of

thermodynamics [106], so we cannot choose it such that we have perfectly constant

𝐷chem,𝑖. We note that the choice originally proposed in Appendix 2.9.1 and simplified

in Eq. 2.12 gives us [108]

𝐷chem,𝑖 =
𝐷0

𝑘B𝑇
(𝑘B𝑇 − 2Ω𝑎̃︀𝑐𝑖(1 − ̃︀𝑐𝑖) − 2Ω𝑐̃︀𝑐𝑖(1 − ̃︀𝑐𝑖)̃︀𝑐𝑗(1 − ̃︀𝑐𝑗)), (2.35)

≈ 𝐷0 far from phase interfaces. (2.36)

Another natural choice may be to assume constant prefactor in front of the ∇𝜇𝑖, or

̃︀𝑐𝑖𝛾𝑖
𝛾𝑑
‡,𝑖

= 1, (2.37)

leading to

𝐷chem,𝑖 =
𝐷0

𝑘B𝑇

[︂
𝑘B𝑇̃︀𝑐𝑖(1 − ̃︀𝑐𝑖) − 2Ω𝑎 − 2Ω𝑐̃︀𝑐𝑗(1 − ̃︀𝑐𝑗)]︂ (2.38)
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which has been used in a similar model [112] and has diverging chemical diffusivity

near full and empty states. We also find this model specified by Eq. 2.37 to match

porous electrode data in our companion paper in which the particle models are de-

scribing effective properties of secondary (polycrystalline) graphite particles [232].

However, to retain the most similar behavior of chemical diffusivity between the

solid solution and phase separating models, we focus here on the model proposed in

Eq. 2.12.

2.9.4 Diffusional chemical potential for single-variable model

reduction

In the reduced thermodynamic model for lithium intercalation in graphite, the func-

tion describing the diffusional chemical potential as a function of a single total filling

fraction variable is given by

𝜇op(̃︀𝑐)
𝑘B𝑇ref

= 0.18 + ̃︀𝜇𝐴(̃︀𝑐) + ̃︀𝜇𝐵(̃︀𝑐) + ̃︀𝜇𝐶(̃︀𝑐) + ̃︀𝜇𝐷(̃︀𝑐) + ̃︀𝜇𝐸(̃︀𝑐) − 𝜅

𝑐ref𝑘B𝑇ref

∇2̃︀𝑐 (2.39)

where

̃︀𝜇𝐴(̃︀𝑐) =

(︂
− 40 exp

(︂
− ̃︀𝑐

0.015

)︂
+ 0.75

(︂
tanh

(︂̃︀𝑐− 0.17

0.02

)︂
− 1

)︂
(2.40)

+

(︂
tanh

(︂̃︀𝑐− 0.22

0.04

)︂
− 1

)︂)︂
* 𝑆𝐷(̃︀𝑐, 0.35, 0.05)

̃︀𝜇𝐵(̃︀𝑐) = −0.05̃︀𝑐0.85 (2.41)

̃︀𝜇𝐶(̃︀𝑐) = 10 * 𝑆𝑈(̃︀𝑐, 1, 0.045) (2.42)

̃︀𝜇𝐷(̃︀𝑐) = 6.12
(︀
0.4 − ̃︀𝑐0.98)︀ * 𝑆𝐷(̃︀𝑐, 0.49, 0.045) * 𝑆𝑈(̃︀𝑐, 0.35, 0.05) (2.43)

̃︀𝜇𝐸(̃︀𝑐) = (1.36(0.74 − ̃︀𝑐) + 1.26) * 𝑆𝑈(̃︀𝑐, 0.5, 0.02) (2.44)
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and step up and step down functions respectively defined by

𝑆𝑈(𝑥, 𝑥𝑐, 𝛿) = 0.5

(︂
tanh

(︂
𝑥− 𝑥𝑐

𝛿

)︂
+ 1

)︂
(2.45)

𝑆𝐷(𝑥, 𝑥𝑐, 𝛿) = 0.5

(︂
− tanh

(︂
𝑥− 𝑥𝑐

𝛿

)︂
+ 1

)︂
. (2.46)

The homogeneous free energy can be computed from an integral of the homogeneous

contribution to the diffusional chemical potential.
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Chapter 3

Marcus-Hush-Chidsey electron

transfer kinetics in concentrated

solutions

The contents of this chapter will be submitted for publication [216].

3.1 Abstract

In this work, we connect microscopic models of electron transfer kinetics to variation-

ally defined thermodynamic models. Focusing on the Marcus-Hush-Chidsey (MHC)

theory of electron transfer kinetics at electrodes, we derive the rate expressions in

context of non-equilibrium thermodynamics and apply them as an example to the

phase separating battery material LiFePO4 (LFP). We demonstrate using this exam-

ple that MHC kinetics can explain recent chronoamperometry experimental results

on LFP under large driving forces whereas the commonly employed Butler-Volmer

model over-predicts the current. When modified with a film resistance, the Butler-

Volmer model can capture the slow time scales of the experiment but qualitatively

disagrees with the current transients, whereas the MHC model faithfully reproduces

them. Thus, this work establishes the use of MHC kinetics in a variationally defined

thermodynamic framework and demonstrates the importance of its application.
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3.2 Introduction

Electron transfer reactions are often successfully described using the phenomenolog-

ical Butler-Volmer (BV) equation [13]. However, microscopic Marcus-Hush (MH)

models of electron transfer [153, 154, 155, 118, 119] have gained attention for a num-

ber of reasons. First, MH models are based on microscopic physics and thus have

a clear connection to quantities which are theoretically accessible to continuum and

atomistic calculations. As a result, they can be clearly connected to known character-

istics of electrolyte and electrode surface properties, possibly leading to predictions for

system design changes to improve reaction kinetics. Second, whereas the BV model

predicts unbounded growth of the electron transfer rate with increased driving force,

MH models capture a diminishing growth of rate with increased driving force. In

many practical situations, the departure of the two models occurs at a large enough

driving force that other system characteristics such as mass transfer limitations mask

the difference between the two models.

Using a bound surface species to eliminate mass transfer limitations, Chidsey orig-

inally demonstrated this rate over-prediction by the BV model experimentally [46]

using a form of the MH model we will refer to as Marcus-Hush-Chidsey (MHC) ki-

netics [144, 46]. Substantial effort has since been applied to study the application

of the two models with particular focus on experimental methods to determine cir-

cumstances in which the two models can be meaningfully distinguished [85, 2, 43,

114, 134, 8, 147]. However, so far, the theory has been applied to systems which

can be reasonably approximated with dilute solution models for their concentration

dependence of the chemical species involved in the electron transfer reactions. This

renders the theory difficult to apply to systems with highly non-trivial thermodynamic

behavior such as intercalation electrodes which undergo phase separation processes

upon intercalation including many industrially relevant lithium-ion battery electrode

materials [250, 54, 192, 41].

In this work, we connect MHC kinetics to the non-equilibrium framework of elec-

trochemical reactions developed by Bazant [17] to provide an approach to using MHC
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kinetics in practical battery systems. We then apply the theory to the high-rate ma-

terial LiFePO4 (LFP). LFP is typically modeled using Butler-Volmer kinetics [218, 7],

although recent experiments have led to some disagreement in the literature about

whether the BV model fails in practical battery operating regimes. Bai and Bazant

used chronoamperomery with a statistical nucleation model to demonstrate departure

from BV kinetics and good agreement with MHC kinetics [8], but Heubner et al. used

current controlled impedance to suggest that departures from BV kinetics can be

attributed to other resistances in the system [115]. Here, by re-examining the time-

dependent current data collected by Bai and Bazant, we demonstrate that although

series resistances can lead to similar curvatures in the overall Tafel by changing the

effective time scale of the reaction rate with driving force, the MHC model is better

able to capture the current transients. Thus, this work supports the interpretation

of Bai and Bazant that LFP obeys MHC kinetics and helps connect to a framework

by which the theory can be applied consistently with thermodynamically complex

systems.

3.3 Theory

We consider a general electrochemical reaction with initial and final states, 𝑆1 and

𝑆2, of the form

𝑆1 =
∑︁
𝑖

𝑠𝑖,𝑂𝑂
𝑧𝑖,𝑂
𝑖 + 𝑛e− 


∑︁
𝑗

𝑠𝑗,𝑅𝑅
𝑧𝑗,𝑅
𝑗 = 𝑆2, (3.1)

where 𝑂 and 𝑅 represent oxidized and reduced species respectively with stoichiometric

coefficients, 𝑠 and valence number 𝑧. The species are generally described in a system

by a free energy functional,

𝐺 =

∫︁
𝑉

𝑔 d𝑉 +

∫︁
𝑆

𝛾𝑆 d𝑆, (3.2)

with integrals over the system volume, 𝑉 and surface area 𝐴. The free energy density,

𝑔, may depend on concentration, gradients or higher spatial derivatives of concentra-
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tion, stress state, etc., and 𝛾𝑆 is a surface free energy [100, 17]. The individual species

can then be described locally in terms of their variationally defined chemical poten-

tial, 𝜇𝑖, which we write relative to a reference state, Θ, as a function of the potential

of mean force, 𝜑, and species activity, 𝑎𝑖

𝜇𝑖 =
𝛿𝐺

𝛿𝑐𝑖
= 𝑘B𝑇 ln 𝑎𝑖 + 𝑧𝑖𝑒𝜑 + 𝜇Θ

𝑖 = 𝜇ex
𝑖 + 𝑘B𝑇 lñ︀𝑐𝑖, (3.3)

where 𝑘B is the Boltzmann constant, 𝑇 is the absolute temperature, 𝑒 is the ele-

mentary charge, and ̃︀𝑐𝑖 = 𝑐𝑖/𝑐
Θ
𝑖 . The final expression defines the excess chemical

potential, 𝜇ex
𝑖 . The electrons can be described using the Fermi distribution (an ideal

solution of electrons interacting from different energy levels),

𝜇e = 𝐸𝑓 = 𝑘B𝑇 ln

(︂
𝑛e

1 − 𝑛e

)︂
+ 𝜖− 𝑒𝜑e = 𝑘B𝑇 ln

(︂
𝑛e

1 − 𝑛e

)︂
+ 𝜀. (3.4)

where 𝐸𝑓 is the Fermi energy, 𝑛𝑒 is the fractional occupation of electrons at energy

level 𝜖, 𝜑e is the electrostatic potential in the electron-conducting phase, and 𝜀 =

𝜖− 𝑒𝜑e. The reaction rate is governed by the thermodynamic driving force,

𝑒𝜂 = ∆𝜇rxn = 𝜇2 − 𝜇1 = 𝜇𝑅 − (𝜇𝑂 + 𝑛𝜇e) (3.5)

where 𝜇1 = 𝜇𝑂 + 𝑛𝜇e =
∑︀

𝑖 𝑠𝑖,𝑂𝜇𝑖,𝑂 + 𝑛𝜇e and 𝜇2 = 𝜇𝑅 =
∑︀

𝑗 𝑠𝑗,𝑅𝜇𝑗,𝑅. The rate of

reduction, 𝑖red, and oxidation, 𝑖ox, of an electron transfer reaction at an electrode can

be expressed in terms of an integral over the energy levels of electronic states [133, 84],

𝑖red = 𝑛𝑒𝑘0̃︀𝑐𝑂 ∫︁ 𝜌(𝜀)𝑛e(𝜀)𝑊red(𝜀, 𝜇e) d𝜀 (3.6)

𝑖ox = 𝑛𝑒𝑘0̃︀𝑐𝑅 ∫︁ 𝜌(𝜀)(1 − 𝑛e(𝜀))𝑊ox(𝜀, 𝜇e) d𝜀 (3.7)

with ̃︀𝑐𝑂 =
∏︀

𝑖

(︀
𝑐𝑖,𝑂/𝑐

Θ
𝑖,𝑂

)︀𝑠𝑖,𝑂 and ̃︀𝑐𝑅 =
∏︀

𝑖

(︀
𝑐𝑗,𝑅/𝑐

Θ
𝑗,𝑅

)︀𝑠𝑗,𝑅 and density of states 𝜌(𝜀).

The transition probabilities of the reactions can be expressed in terms of the excess
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chemical potentials of the initial and final states [17],

𝑊red = 𝑘red exp
(︀
−
(︀
𝜇ex
‡ − 𝜇*

1

)︀
/𝑘B𝑇

)︀
(3.8)

𝑊ox = 𝑘ox exp
(︀
−
(︀
𝜇ex
‡ − 𝜇*

2

)︀
/𝑘B𝑇

)︀
(3.9)

where 𝜇ex
‡ is the excess chemical potential at the electron transfer transition state,

𝜇*
1 = 𝜇ex

𝑂 + 𝑛𝜀𝑖, and 𝜇*
2 = 𝜇ex

2 = 𝜇𝑅 − 𝑘B𝑇 lñ︀𝑐𝑅. By writing the rates in this form, we

depart slightly from the framework developed by Bazant [17] by treating the electrons

differently from the chemical species: the reduction barrier is defined relative to the

total excess chemical potential of the chemical species and the enthalpic contributions

to the electron energy. This approach allows straightforward recovery of the standard

Marcus-Hush-Chidsey reaction expressions

We model the configuration at which electron transfer occurs following Marcus

as a parabolic expansion of the initial and final states, 𝜇*
𝑂 and 𝜇ex

𝑅 , with identical

curvatures in each state, leading to [222, 155]

𝜇ex
‡ = 𝜇*

1 +
𝜆

4

(︂
1 +

𝜇*
2 − 𝜇*

1

𝜆

)︂2

(3.10)

= 𝜇*
2 +

𝜆

4

(︂
1 − 𝜇*

2 − 𝜇*
1

𝜆

)︂2

. (3.11)

with reorganization energy 𝜆 corresponding to the energy required to perturb along

the generalized reaction coordinate from the initial to the final state without allowing

electron transfer (See Figure 3-1). We have assume symmetric (equal force constants)

for the initial and final state here, although asymmetric variants of the theory have

also been developed and applied [109, 134, 223, 224]. Using Eq. 3.5, we can write

𝜇*
2 − 𝜇*

1 = 𝜇ex
𝑅 − 𝜇ex

𝑂 − 𝑛(𝜖− 𝑒𝜑e) (3.12)

= 𝑒𝜂𝑓 + 𝑛𝑥 (3.13)

where 𝑥 = 𝜇e − 𝜀 and 𝜂𝑓 = 𝜂 + 𝑘B𝑇
𝑒

ln
(︁̃︀𝑐𝑂̃︀𝑐𝑅

)︁
is the departure of the electrode potential
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Reaction Coordinate

Figure 3-1: Reaction schematic demonstrating the parabolic expansion around local
minima for reaction at a single electronic energy level.

from the formal potential. Thus

𝑊red = 𝑘red exp

(︃
−(𝜆 + 𝑒𝜂𝑓 + 𝑛𝑥)2

4𝜆𝑘B𝑇

)︃
(3.14)

𝑊ox = 𝑘ox exp

(︃
−(𝜆− 𝑒𝜂𝑓 − 𝑛𝑥)2

4𝜆𝑘B𝑇

)︃
. (3.15)

The prefactors, 𝑘red and 𝑘ox, are related to the matrix of overlap integrals for the wave

functions of the electrode and acceptor, 𝑇MA, and the donor and electrode, 𝑇DM,

𝑘red =

√︂
𝜋

𝜆𝑘B𝑇ℎ2
𝑇 2
MA exp

(︂
− 𝑤𝑂

𝑘B𝑇

)︂
(3.16)

𝑘ox =

√︂
𝜋

𝜆𝑘B𝑇ℎ2
𝑇 2
DM exp

(︂
− 𝑤𝑅

𝑘B𝑇

)︂
, (3.17)

where ℎ is Planck’s constant,

The exponential terms with 𝑤red/ox represent the probability of the system reaching

the state described by the parabolic minima of the Marcus theory, and they are

directly related to the total reaction exchange current density, 𝑖0, which is the rate of

forward and reverse reaction at equilibrium. In concentrated solutions, the probability

of arriving at the Marcus transition state minima can depend on concentration beyond

the linear prefactors in Eqs. 3.6 and 3.7, and the remaining contributions are related

to the chemical component of the excess chemical potential of the states involved in
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the minima, i.e.

𝑤𝑅/𝑂 = 𝜇ex
𝑅/𝑂 − 𝑧𝑖𝑒𝜑 (3.18)

exp

(︂
−
𝑤𝑅/𝑂

𝑘B𝑇

)︂
∝ 1

𝛾𝑅/𝑂

, (3.19)

where 𝛾𝑖 = 𝑎𝑖/̃︀𝑐𝑖. Although other factors including dependence on the electronic

energy levels may also appear, we neglect those here and describe the reactions in

terms of the activity coefficients of the minima. In particular, we consider the simplest

case with reaction symmetry in approaching the Marcus parabolas, such that 𝑤𝑂 =

𝑤𝑅 = 𝑤. Thus,

𝑖red =
𝑛𝑒𝑘0̃︀𝑐𝑂

𝛾

√︂
𝜋

𝜆𝑘B𝑇ℎ2
𝑇 2
MA

∫︁ ∞

−∞
𝜌(𝑥)

exp

(︂
−(𝜆+𝑒𝜂𝑓−𝑛𝑥)

2

4𝜆𝑘B𝑇

)︂
1 + exp

(︁
𝑥

𝑘B𝑇

)︁ d𝑥 (3.20)

𝑖ox =
𝑛𝑒𝑘0̃︀𝑐𝑅

𝛾

√︂
𝜋

𝜆𝑘B𝑇ℎ2
𝑇 2
DM

∫︁ ∞

−∞
𝜌(𝑥)

exp

(︂
−(𝜆−𝑒𝜂𝑓−𝑛𝑥)

2

4𝜆𝑘B𝑇

)︂
1 + exp

(︁
𝑥

𝑘B𝑇

)︁ d𝑥. (3.21)

where 𝑘0 is a rate prefactor with lumped constants. If the density of states can be

approximated as independent of the electron energy level relative to the Fermi level

and 𝑛 = 1 as expected for elementary reactions [17], we can use various techniques

to quickly and easily approximate the improper integral [177, 159, 23, 268]. Finally,

although the derivation presented here recovers the well known MHC expression, we

note that other choices consistent with the theory of Bazant [17] could be made for

the assumed minimum, 𝜇*
𝑂, about which we perform the parabolic expansion. Other

assumptions lead to expressions which also uphold the De Donder relation of chemical

kinetics [203, 17] but are more cumbersome and do not have the same theoretical and

experimental foundation as the MHC formalism.
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3.4 Results

To connect to the experiments by Bai and Bazant [8], we simulate their experimental

system using porous electrode theory, pioneered by John Newman [171], originally

implemented by Doyle at al. [74], and recently modified to describe phase separating

materials coupled with concentrated electrolytes [86, 214]. Because the theory has

been developed extensively elsewhere, we discuss only the application here, carried

out using the MPET software [213]. We model the electrolyte with Stefan-Maxwell

concentrated solution theory using parameters for similar electrolytes [238, 21]. The

cell has a Li foil counter electrode and an LFP counter electrode with length approx-

imately 4 𝜇m and porosity 0.45. We assume a unit porosity separator with length

3 𝜇m. We model the electrode particles as 1 𝜇m primary particle with a simplified

homogeneous particle model identical to that used in Ferguson and Bazant [87]. This

model approximately captures the behavior or the full phase separating model, espe-

cially at the high driving forces studied here at which the internal phase separation is

suppressed [7, 146]. We limit our study to the discharge (filling) of the LFP electrode.

In order to describe the kinetics at the LFP electrode, the exchange current density

of the reaction model must accurately capture the theoretically predicted [7] and

experimentally observed [146] exchange current density, 𝑖0, the rate of forward and

reverse reaction at equilibrium. Following Bai et al. [7], we choose

𝑖0 ∝
√
𝑎Li+𝑎Li

(︂
1 − 𝑐Li

𝑐Li,max

)︂
, (3.22)

where Li+ and Li represent Li ions in the electrolyte and Li in the solid, and 𝑐Li,max is

the maximum concentration of the lithium within LFP. This form describes an asym-

metrical exchange current density directly related to stability of phase interfaces [18].

Because the exchange current density of the MHC model scales approximately with

the square root of concentrations [214], this implies a simple form for 𝛾,

𝛾−1 =
√
𝛾Li+𝛾Li

(︂
1 − 𝑐Li

𝑐Li,max

)︂
. (3.23)
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The curvature in the Tafel plot of the MHC model is governed by the reorganization

energy, 𝜆. We use the value determined by the Born energy calculated by Bai and

Bazant here without adjustment, 𝜆 = 8.3𝑘B𝑇 , and adjust only the constant reaction

rate prefactor, 𝑘0 = 1.5×10−3 A/m2, which suggests slow reactions, in agreement with

other experiments [271]. To approximate the improper integral in the rate expression,

we use the simple expression developed by Zeng et al. [268].

We compare MHC kinetics with BV kinetics by simulating the experimental con-

ditions with both and analyzing the simulation output the same way Bai and Bazant

interpreted their experimental data. In addition, because BV reaction kinetics are

often simulated with a film resistance [75, 230] which can lead to similar curvature to

a Tafel plot at moderate reaction driving forces [214], we also compare simulations us-

ing Butler-Volmer kinetics with matching exchange current density, with and without

a film resistance. Although we use a film resistance, here, the results are qualitatively

similar if we impose a series resistance to the cell instead. For both Butler-Volmer

models we use a rate prefactor 𝑘0 = 2× 10−3 A/m2, and to get sufficient curvature in

the resultant Tafel plot, we required a very large 𝑅film = 7 Ω m2, although this could

be effectively accounting for other resistances.

For each experimental voltage step, we simulate the porous electrode model with

a voltage step beginning from a nearly-empty LFP electrode in equilibrium. Then, to

convert the simulated current transients to a Tafel plot, we follow the approach used

by Bai and Bazant for their experimental data based on a population balance model

with transformation time scales determining the characteristic rates of nucleation

and transformation for individual particles [8]. We present a representative current

response with fit functions for the current responses in Figure 3-2 (a).

All the models behave similarly at small voltage steps, but the difference becomes

significant at the large driving force shown (293 mV). The Butler-Volmer model has

extremely fast current decay and electrode filling because of the large rate predicted

by the unadjusted model. Thus, the resistance from the electrolyte transport alone

cannot fully explain the relatively slow observed particle filling for the large current

steps. When modified with a film resistance (or similarly with series resistance), the
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Figure 3-2: Comparison of reaction models in chronoamperometry experiments and
simulations. Experimental data are from ref. [8]. Transient simulated/experimental
(points) current responses as in (a) are fit to a population balance model (lines) and
converted to the points on the Tafel plot in (b) following refs. [9, 8]. The lines in
(b) correspond to theory curves for the associated reaction models, e.g. the red line
comes from Eqs. 3.20 and 3.21 at fixed concentrations. The representative current
response in (a) is at −293 mV driving force. Despite similar time scale behavior for
the Butler-Volmer model with a film (series) resistance leading to the blue points in
(b), the current transients in (a) clearly distinguish the two models.

overall time scale of the particle filling is similar to that of the experiment. However,

because the total cell resistance becomes dominated by the large, constant resistance,

the current is closer to constant for the duration of the electrode filling, in clear

disagreement with the experimental trend. When modeled using MHC kinetics with

the concentrated solution prefactor given in Eq. 3.23, however, the simulated current

profile is more similar to that observed experimentally over the range of experimental

voltage steps.

Curiously, despite the very different transient responses at large driving forces,

when analyzed using the population dynamics model which approximately relates

the time scale for current decay to the reaction rate, the MHC model and BV model
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modified with film resistance can give very similar Tafel plots, shown by the points in

Figure 3-2 (b). This highlights the difficulty in deconvolving long time scales related

to resistance from those related to fundamental reaction kinetics. However, the better

agreement of the MHC model to the experimental current transients supports that

series resistance alone cannot easily explain the Tafel data of Bai and Bazant.

3.5 Discussion

The results presented here support and facilitate the use of Marcus-Hush electron

transfer kinetics coupled with transport models based on non-equilibrium thermody-

namics in electrochemical systems [106, 100, 17]. Although we found it difficult to

explain the results of Bai and Bazant [8] using Butler-Volmer kinetics with a film (se-

ries) resistance, a more thorough analysis could include other variants based on simple

BV kinetics. For example, some authors have used a mass transport coefficient [13] to

describe a boundary layer of transport to the surface of active particles in porous elec-

trodes [236, 245, 231], which also introduces a limiting current, qualitatively similar

to the behavior of MHC kinetics. Further, we have neglected here Frumkin correc-

tions [92], which adjust the concentrations in the rate expressions from those in the

bulk solution based on the presence of double layers [131, 19, 221, 25, 148]. Such

theories could also help explain the curving Tafel extracted from the data of Bai and

Bazant [8], although the minor polarization of the relatively concentrated electrolyte

predicted in the simulations suggests that the contribution from the very thin double

layers may be mild.

Temperature dependence also remains as a way to help distinguish the various

reaction limiting mechanisms [8]. When describing models with other resistances,

those resistances directly connect to the curvature of Tafel plots and are generally

temperature dependent based on some activated process or temperature-dependent

transport coefficients. In MHC kinetics, the reorganization energy is independent of

temperature, such that careful studies using temperature should help isolate causes

of departure from Butler-Volmer kinetics.
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3.6 Conclusions

In this work we have connected MHC kinetics to theories of non-equilibrium chemical

kinetics to facilitate use and application of MHC kinetics to systems with complicated

thermodynamics including phase separation behavior. Extensions of this theory for

asymmetric MHC kinetics [109, 134, 223, 224] would be straightforward, and applica-

tion would again be facilitated by work of Zeng et al. [266]. By using a rate prefactor

to match the theoretically predicted and experimentally observed exchange current

density, we have applied the theory to the electrode material LiFePO4 and demon-

strated that, whereas BV kinetics with resistance cannot explain an experimental

data set for coin cells, MHC kinetics can. This supports the suggested departures

from BV kinetics in a practical battery electrode and encourages future interpretation

of electrochemical engineering applications in terms of MHC kinetics. Doing so not

only helps advance fundamental understanding of interfacial kinetic processes which

can substantially limit devices, but also directly connects to microscopic theories,

enabling predictive models to be used in interface engineering for device design.
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Chapter 4

Multiphase Porous Electrode Theory

The contents of this chapter will be submitted for publication [214].

4.1 Abstract

Porous electrode theory, pioneered by John Newman and collaborators, provides a

useful macroscopic description of battery cycling behavior, rooted in microscopic

physical models rather than empirical circuit approximations. The theory relies on

a separation of length scales to describe transport in the electrode coupled to inter-

calation within small active material particles. Typically, the active materials are

described as solid solution particles with transport and surface reactions driven by

concentration fields, and the thermodynamics are incorporated through fitting of the

open circuit potential. This approach has fundamental limitations, however, and does

not apply to phase-separating materials, for which the voltage is an emergent property

of inhomogeneous concentration profiles, even in equilibrium. Here, we present a gen-

eral theoretical framework for “multiphase porous electrode theory” implemented in

an open-source software package called “MPET”, based on electrochemical nonequilib-

rium thermodynamics. Cahn-Hilliard-type phase field models are used to describe the

solid active materials with suitably generalized models of interfacial reaction kinetics.

Classical concentrated solution theory is implemented for the electrolyte phase, and

Newman’s porous electrode theory is recovered in the limit of solid-solution active
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materials with Butler-Volmer kinetics. More general, quantum-mechanical models

of Faradaic reactions are also included, such as Marcus-Hush-Chidsey kinetics for

electron transfer at metal electrodes, extended for concentrated solutions. The full

equations and numerical algorithms are described, and a variety of example calcula-

tions are presented to illustrate the novel features of the software compared to existing

battery models.

4.2 Introduction

Lithium-based batteries have growing importance in global society [202] as a result

of increased prevalence of portable electronic devices [227], and their enabling role in

the transition toward renewable energy sources [251]. For example, lithium batteries

can help mitigate intermittency of renewable energy sources such as solar power, and

lithium battery powered electric vehicles are facilitating movement away from liquid

fossil fuels for transportation. Each of these growing areas demands high performance

batteries, with requirements specific to the particular needs of the application driving

specialized battery design for sub-markets. Thus, it is critical that battery models

be based on the underlying physics, enabling them to greatly facilitate cell design to

take best advantage of the existing battery technologies.

Lithium-ion batteries are generally constructed using two porous electrodes and a

porous separator between them. The porous electrodes consist of various interpene-

trating phases including electrolyte, active material, binder, and conductive additive.

A schematic is shown in Figure 4-1. In a charged state, most of the lithium in the cell

is contained in the active material within the negative electrode. During discharge,

the lithium undergoes transport to the surface of the active material, electrochemical

reaction to move from the active material to the electrolyte, transport through the

electrolyte to the positive electrode, and reaction and transport to move into the ac-

tive material of the positive electrode [253, 169]. Physical models must capture each

of these behaviors accurately.

Complicating the situation further, the microstructure of the interpenetrating
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Figure 4-1: Schematic of a simulation of a battery with porous electrodes. The
electrode is divided into finite volumes, and in each volume, a number of particles of
active material interact with common electrolyte.

porous media within the electrodes can have a strong effect on the cell behavior [212]

as a result of inhomogeneities over a length scale smaller than the electrode but many

times the size of a primary active particle [99, 125, 174, 81, 111]. The active materials

themselves also often have highly non-trivial behavior including poor connectivity

with each other and the conductive matrix [220, 96, 179, 73] as well as complex

material properties leading to deformations and accompanying stresses [6, 47, 225,

45, 30, 70, 256, 204, 189, 51, 237, 40] and phase separation [250, 192, 182, 41, 3, 175,

54, 209] during the intercalation process. Coupling these behaviors in multi-particle

electrode environments leads to further complexities [47, 77, 57, 145, 270, 86, 58, 9,

143, 87, 181, 178].

Because capturing all the relevant physical processes from the atomistic length

scale to the cell pack level within a single simulation is computationally intractable,

various approaches have been developed to simulate aspects of battery behavior [104,

162]. In particular, porous electrode theory, pioneered by John Newman and co-

workers over the past fifty years, has proven highly successful in describing the prac-

tical scale of individual cells [170, 171, 74, 93, 75, 60, 4, 219, 47, 63, 242, 269, 64, 65,

10, 21, 97, 136]. This approach is based on volume averaging over a region of the

porous electrode large enough to treat it as overlapping, homogeneous, continuous

phases to describe the behavior of the electrons in the conductive matrix and the

ions in the electrolyte. The behavior of the active material is treated by defining
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representative particles and placing them within the simulation domain as volumetric

source/sink terms for ions and electrons according to the actual volume fraction of

active material in the electrode. In this way, details on the length scale of transport

within small active material particles can be consistently coupled to volume averaged

transport over much larger length scales. Ref. [228] provides an excellent overview of

the fundamentals of the theory.

As a result of volume averaging, heterogeneities over intermediate length scales

are lost, causing inaccuracies in predictions. Efforts to capture these heterogeneities

in simulations have had success in characterizing the consequences of the volume av-

eraging procedure and providing more accurate alternatives, including refinements to

microstructural parameters such as tortuosity in the volume averaged approach [99,

98, 22, 81, 137]. Nevertheless, simulations including complete microstructure infor-

mation are much more computationally expensive than volume averaged approaches,

so the simpler approach retains value in situations requiring faster model calculation

or development.

Porous electrode theory has been developed and tested for decades for a variety

of battery materials, but strictly speaking, it can only describe solid-solution active

materials, whose thermodynamics are uniquely defined by fitting the open circuit

voltage versus state of charge, or average composition. Active materials with more

complex thermodynamics, resulting in multiple stable phases of different equilibrium

concentrations, cannot be described, except by certain empirical modifications. Phase

separating materials, such as lithium iron phosphate and graphite, can be accommo-

dated by introducing artificial phase boundaries, such as shrinking cores [219] or

shrinking annuli [116], respectively, but this approach masks the true thermodynamic

behavior.

Instead, the open circuit voltage of a battery is an emergent property of multi-

phase materials, which reflects phase separation in single particles [7, 51, 53, 62] and

porous electrodes [136, 86, 87]. It can only be predicted by modeling the free energy

functional, rather than the voltage directly, and consistently defining electrochemical

activities, overpotentials, and reaction rates using variational nonequilibrium ther-
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modynamics [17, 18]. This is the approach of “multiphase porous electrode theory”

presented below. In principle, such models are required to predict multiphase battery

performance over a wide range of temperatures and currents [86, 87, 215, 18], as well

as degradation related to mechanical stresses [51, 53] and side reactions that depend

on the local surface concentration profile [232].

Regardless of the thermodynamic model, volume averaged simulations using porous

electrode theory are carried out in a number of ways. Newman’s dualfoil code uses

a finite difference method via the BAND subroutine, and it is freely available [168]

and commonly used. It has been developed and tested for decades, but it requires

analytical derivative information about model equations to form the Jacobian, which

makes modifications to the code less straightforward. The free energy approach we

take here naturally describes both phase separating and solid solution materials using

the same mathematical framework in a more user-friendly implementation. Popular

commercial software packages such as COMSOL [121] have also been used to imple-

ment versions of porous electrode theory [220, 21, 65, 39], usually using the finite

element method. This has the advantage of being quick to set up, but it can involve

costly software licenses. More importantly, the closed source means that detailed

inspection of the software is impossible for the purpose of verifying, modifying, and

improving the numerical methods for the particular problems investigated. A number

of authors have also written custom version of porous electrode software [86, 57, 234],

for example using a manually implemented finite volume method and some general

DAE solver for time advancement. This approach provides significant flexibility, but

it is not common to share the code to facilitate use and inspection by a broader

community, although Torchio et al. recently published their Matlab implementation

using the finite volume method with a variable time stepper [234]. We take a similar

approach in this work. More comprehensive reviews of commonly used simulation

approaches can be found in refs. [29, 191].

Here, we present the equations and algorithms for a finite-volume based simulation

software package, which implements multiphase porous electrode theory (“MPET”).

The code is freely available [213], and it is developed in a modular way to facilitate
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modification and re-use. It is based only on open-source software and is written in

Python, a modern, high-level language commonly used in the scientific computing

community. Computationally expensive aspects of the code are all done using stan-

dard and freely available, open source numerical libraries. This takes advantage of

Python’s ease of use for the model definitions while retaining the fast and vetted

computation of libraries written in lower level languages like C/FORTRAN.

The paper is organized as follows. In Section 4.3, we begin by presenting the full

mathematical framework of MPET, based on the original formulation of Ferguson and

Bazant [86], with several modifications. First, we incorporate the standard description

of transport in concentrated electrolytes based on Stefan-Maxwell coupled fluxes and

chemical diffusivities [169, 238]. Second, we capture the continued development by

our group of phase field models for the active solid materials [17, 210, 33, 7, 51, 53, 87,

215, 62], which have increasingly been validated by direct experimental observations

of phase separation dynamics [87, 145, 146, 18, 108, 232, 62]. Third, we provide

alternatives to the empirical Butler-Volmer model of Faradaic reaction kinetics [13,

169, 78, 115], based on the quantum mechanical theory of electron transfer pioneered

by Marcus [153, 155, 154, 46] and extended here for concentrated solutions [216],

motivated by recent battery experiments [8]. Fourth, the porous electrode model is

modified to allow for different network connections between active particles, as well

as half-cells with Li-foil counter electrodes and full two-electrode cells. In Section 4.4,

the equations are made dimensionless, and numerical methods to solve them are

presented in Section 4.5, along with the overall software structure. In Section 4.6, a

variety of example simulation are presented to highlight the novel features of MPET

compared to previous models, and the paper concludes with an outlook for future

developments in Section 4.7.

4.3 Model

As discussed above, the basic structure of the model involves volume averaging over

a region larger than the particles of active material. Because the details of dynamics
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within the active material particles can strongly affect model predictions, they are

simulated at their small length scale and treated as a source term for equations defined

over the larger, electrode length scales. Thus, the model can be broken down into

a number of scales. For the overall cell, we specify either the cell current density or

voltage input profiles along with any series resistance. The unspecified of current or

voltage is an output of the simulation. At the electrode scale, we solve electrolyte

transport equations, potential losses in the electron-conducting matrix, and potential

drop between particles. At the particle scale, we simulate how they react with the

electrolyte and the internal concentration dynamics. We will assume uniform (though

not necessarily constant) temperature in the model derivation. The software currently

only supports uniform and constant room temperature simulations, but we retain

temperature factors here for generality. We will use the convention in referring to

electrodes that the electrode which is negative/positive at open circuit and charged

conditions is referred to as the anode/cathode.

4.3.1 Electrode Scale Equations

Electrolyte Model

The general form of the electrolyte model equations arises from statements of con-

servation of species and conservation of charge within the electrolyte phase of a

quasi-neutral porous medium [171, 63]. We consider electrolytes of salts defined by∑︀
𝑖 𝜈𝑖𝑀

𝑧𝑖
𝑖 , with species 𝑀𝑖 having valence 𝑧𝑖, and 𝜈𝑖 the number of ions 𝑀𝑖 in solution

from dissolving one molecule of the neutral salt. For example, for CuCl2, 𝜈+ = 1,

𝑀+ = Cu, 𝑧+ = 2, 𝜈− = 2, 𝑀− = Cl, and 𝑧− = −1. With electrolyte species flux,

Fℓ,𝑖 defined per area of porous medium, conservation of species requires

𝜕(𝜖𝑐ℓ,𝑖)

𝜕𝑡
= −∇ · Fℓ,𝑖 + 𝑅𝑉,𝑖 (4.1)

where 𝑐ℓ,𝑖 is the concentration of species 𝑖 in the electrolyte, 𝜖 is the electrolyte volume

fraction (porosity), and 𝑅𝑉,𝑖 describes a volume-averaged reaction rate which is the

result of interfacial electrochemical reactions with the active materials in which ions
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are added to or removed from the electrolyte.

In general electrolyte transport models for porous media, the macroscopic charge

density may be nonzero and varies in response to current imbalances. Diffuse elec-

trolyte charge exists to screen internal charged surfaces of porous membrane materi-

als [80, 79, 201, 262] or conducting porous electrodes [25, 163] and provides additional

pathways for ion transport by electromigration (“surface conduction”) and electro-

osmotic flows. In addition to Faradaic reactions, porous electrodes can also undergo

capacitive charging by purely electrostatic forces, as in electric double layer capacitors

and capacitive deionization systems [25], or hybrid pseudo-capacitors [24]. In batter-

ies, however, such effects are usually neglected [170, 231, 169], since the focus is on

electrochemical, rather than electrostatic, energy storage, using highly concentrated

electrolytes.

In these electrolyte models, we will assume they satisfy quasi-neutrality, i.e. there

is no net charge in the electrolyte over the simulated length scales [71]. Charge

conservation and quasi-neutrality together require

𝜕(𝜖𝜌𝑒)

𝜕𝑡
≈ 0 = −∇ · iℓ +

∑︁
𝑖

𝑧𝑖𝑒𝑅𝑉,𝑖, (4.2)

where 𝑒 is the elementary charge, the charge density 𝜌𝑒 =
∑︀

𝑖 𝑧𝑖𝑒𝑐ℓ,𝑖, and iℓ is the

current density in the electrolyte, related to a sum of ionic fluxes,

iℓ =
∑︁
𝑖

𝑧𝑖𝑒Fℓ,𝑖. (4.3)

We will relate fluxes to both concentrations and elecrostatic potentials in the elec-

trolyte, so with constitutive flux relationships, eqs. 4.1 and 4.2 fully specify the system

for both the set of concentrations and the electrostatic potential field. However, it is

convenient to use quasi-neutrality to eliminate one of the species conservation equa-

tions using (with arbitrary 𝑛)

𝑧𝑛𝑐ℓ,𝑛 = −
∑︁
𝑖 ̸=𝑛

𝑧𝑖𝑐ℓ,𝑖, (4.4)
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which allows us to neglect eq. 4.1 for one species and post-calculate the missing

concentration profile. For example, for the case of a binary electrolyte of cations, +,

and anions, −, we define the neutral salt concentration, 𝑐ℓ =
𝑐ℓ,+
𝜈+

=
𝑐ℓ,−
𝜈−

and instead

simulate one of

𝜕(𝜖𝑐ℓ)

𝜕𝑡
=

1

𝜈𝑖

(︁
−∇ · Fℓ,𝑖 + 𝑅𝑉,𝑖

)︁
. (4.5)

and

0 = −∇ · iℓ + (𝑧+𝑒𝑅𝑉,+ + 𝑧−𝑒𝑅𝑉,−). (4.6)

In the case of Li-ion batteries for which we will assume a binary electrolyte in which

only the Li+ ions react, 𝑅𝑉,− = 0, so it is particularly convenient to simulate the

anion species conservation equation.

The boundary conditions for a porous electrode simulation relate the fluxes of

the simulated species and current at the anode and cathode current collectors and

depend on the simulation. At the current collectors of porous electrodes, ̂︀n · Fℓ,𝑖 = 0

and ̂︀n · iℓ = 0. However, if a foil (e.g. Li metal electrode) is used for one electrode, the

boundary condition at that side is replaced by ̂︀n·iℓ = 𝑖cell, where 𝑖cell is the macroscopic

current density of the cell, eq. 4.60. The species flux boundary conditions depend on

which species is being eliminated in the set of species conservation equations, but for

the case of anion conservation in a Li-ion battery, ̂︀n ·Fℓ,− = 0 at all current collectors

(neglecting side reactions).

The transport in the electrolyte can be simulated using either simple dilute Nernst-

Planck equations or a concentrated solution model based on Stefan-Maxwell coupled

fluxes. In both cases, we will neglect convection and assume binary electrolytes. Both

formulations relate a species’ flux, Fℓ,𝑖 to gradients in electrochemical potentials, 𝜇ℓ,𝑖.

The electrochemical potential of a given ion generally has both chemical and electro-

static contributions, and these can be separated a number of ways. For example, it
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can be separated using an “inner” or Galvani potential [243, 169],

𝜇ℓ,𝑖 = 𝑘B𝑇 ln(𝑎ℓ,𝑖) + 𝜇Θ
ℓ,𝑖 + 𝑧𝑖𝑒𝜑ℓ = 𝑘B𝑇 ln(̃︀𝑐ℓ,𝑖) + 𝜇ex

ℓ,𝑖 (4.7)

where 𝑘B is the Boltzmann constant, 𝑇 is the absolute temperature, 𝑎ℓ,𝑖 is the activity

of species 𝑖, 𝜇Θ
ℓ,𝑖 is its reference chemical potential, and 𝜑ℓ is the (Galvani) electrostatic

potential. The final expression serves as the definition of the excess chemical potential,

𝜇ex
ℓ,𝑖, and ̃︀𝑐ℓ,𝑖 is the concentration, 𝑐ℓ,𝑖, scaled to some suitable reference. The excess

chemical potential contains all of the entropic and enthalpic contributions to the free

energy of a concentrated solution beyond that of a dilute solution of a neutral species,

such as short-ranged forces, long-ranged electrostatics, and excluded volume effects

for finite sized ions [16, 150].

An alternative approach common in battery modeling [74, 231, 242] for separating

these contributions is to define the electrostatic potential in the electrolyte as that

measured with a suitable reference electrode at a position of interest in the electrolyte

with respect to another reference at a fixed position in the solution. This has the

advantage, unlike Eq. 4.7, of being defined entirely by measurable quantities, unlike

the activities of individual ions in solution. For example, in a lithium ion battery, this

is typically done with a Li/Li+ reference electrode. We will refer to this potential as

𝜑𝑟
ℓ , and we note that it is actually measuring (a combination of) full electrochemical

potentials of ions in solution. For the Li/Li+ example,

𝑒𝜑𝑟
ℓ = 𝜇ℓ,Li+ + constant = 𝑘B𝑇 ln

(︀
𝑎ℓ,Li+

)︀
+ 𝑒𝜑ℓ + constant. (4.8)

Quasi-electrostatic potentials, 𝜑𝑞
ℓ , can also be used in electrolyte models [169], and

they are defined by the excess chemical potential of a particular ion in solution, 𝑛,

𝑧𝑛𝑒𝜑
𝑞
ℓ = 𝜇ex

ℓ,𝑛 = 𝑧𝑛𝑒𝜑ℓ + 𝑘B𝑇 ln(𝛾ℓ,𝑛) + 𝜇Θ
ℓ,𝑛 (4.9)

where 𝛾ℓ,𝑖 =
𝑎ℓ,𝑖̃︀𝑐ℓ,𝑖 is the activity coefficient of species 𝑖.

We also note here that the electric potential field is determined in electrolytes
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either (1) by an assumption of quasi-neutrality, i.e.
∑︀

𝑖 𝑧𝑖𝑐ℓ,𝑖 = 0 everywhere, or (2)

by solving the Poisson equation, ∇ · (𝜀∇𝜑ℓ) = −𝜌𝑒 with permittivity 𝜀, which could

depend on concentration or electric field [16], or capture non-local ion-ion correlations

as a differential operator [20]. Throughout this work, we assume quasi-neutrality but

make a few comments about the alternative here. Use of the Poisson equation enables

physical boundary conditions on the electric potential such as specified surface charge

densities at interfaces, and the resulting electric potential is the potential of mean

force acting on a test charge in the solution. It captures double-layers of diffuse charge

with thickness characterized by the Debye length at interfaces, outside of which the

net charge approaches zero. The assumption of quasi-neutrality leads to a different

potential field which cannot capture the effects of electric double layers at interfaces.

Of note, the form of the chemical potential which can most easily accommodate

models with both the quasi-neutral and the Poisson equation is the Galvani potential.

Of course, this can lead to further confusion because the potential field obtained by

assuming quasi-neutrality need not satisfy the Poisson equation with zero charge

density and generally will not; rather, quasi-neutrality in this case is the result of the

“outer” solution to a singular perturbation in which the Debye length approaches zero.

Thus, we could further distinguish between Galvani potentials obtained via each of

those methods, but refrain from complicating the notation here, as the quasi-neutral

Galvani potential closely resembles the Poisson-satisfying Galvani potential in the

large majority of systems with dimensions much larger than the Debye length.

(Semi-) Dilute Electrolyte In the simpler model, we neglect couplings between

species fluxes, such that the flux of a given ionic species is a function only of gradients

in its own electrochemical potential,

Fℓ,𝑖 = −𝑀ℓ,𝑖𝑐ℓ,𝑖∇𝜇ℓ,𝑖 (4.10)
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where 𝑀ℓ,𝑖 is the species’ mobility. Using the Galvani potential form in eq. 4.7,

Fℓ,𝑖 = −𝐷ℓ,𝑖̃︀𝑇
(︁
𝑐ℓ,𝑖∇

(︁̃︀𝑇 ln(𝑎ℓ,𝑖)
)︁

+ 𝑧𝑖𝑐ℓ,𝑖∇̃︀𝜑ℓ

)︁
, (4.11)

where we have used the Einstein relation between the diffusivity in free solution,

𝐷ℓ,𝑖 and mobility, 𝐷ℓ,𝑖 = 𝑀ℓ,𝑖𝑘B𝑇 , non-dimensionalized the potential by the thermal

voltage at some reference temperature, ̃︀𝜑ℓ = 𝑒𝜑ℓ

𝑘B𝑇ref
, and defined a non-dimensional̃︀𝑇 = 𝑇/𝑇ref . With 𝐷ℓ,chem,𝑖 = 𝐷ℓ,𝑖

(︁
1 +

𝜕 ln 𝛾ℓ,𝑖
𝜕 lñ︀𝑐ℓ,𝑖

)︁
and uniform temperature,

Fℓ,𝑖 = −
(︂
𝐷ℓ,chem,𝑖∇𝑐ℓ,𝑖 −

𝐷ℓ,𝑖̃︀𝑇 𝑧𝑖𝑐ℓ,𝑖∇̃︀𝜑ℓ

)︂
. (4.12)

In a porous medium we use effective transport properties, which are adjusted by the

tortuosity of the electrolyte phase, 𝜏 . In addition we define the flux per area of porous

medium rather than per area of electrolyte requiring a prefactor of the porosity of

the electrolyte phase, 𝜖.

Fℓ,𝑖 = − 𝜖

𝜏

(︂
𝐷ℓ,chem,𝑖∇𝑐ℓ,𝑖 +

𝐷ℓ,𝑖̃︀𝑇 𝑧𝑖𝑐ℓ,𝑖∇̃︀𝜑ℓ

)︂
. (4.13)

The tortuosity is often described as a function of the porosity, the volume fraction of

the electrolyte phase, 𝜖, commonly by employing the Bruggeman relation 𝜏 = 𝜖𝑎 [32].

The value of 𝑎 is often set to −0.5 but can be adjusted [207] to account for experimen-

tally [233, 205, 252, 82, 81] or theoretically [244, 235, 101] observed departures from

the original derivation. Eq. 4.13 with eqs. 4.3, 4.5 and 4.6 define the semi-dilute elec-

trolyte model. Although the electrolyte transport model developed in the following

section is more reasonable for battery models, we present and retain the (semi-)dilute

model here for a number of reasons. Retaining it facilitates comparisons between the

models, and the dilute model is easier to extend for electrolytes with more compo-

nents, even if doing so loses the information related to the extra transport parameters

associated with Stefan-Maxwell transport theories. In addition, as mentioned above,

it is straightforward to connect the Galvani potential used here to extensions using

the Poisson equation to investigate behaviors at interfaces.
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Stefan-Maxwell Concentrated Electrolyte The formulation above assumes that

gradients in chemical potential of species 𝑖 lead to fluxes only of species 𝑖. However,

the framework can be generalized by assuming that fluxes of a given species are related

to gradients in chemical potentials of each species in the system,

Fℓ,𝑖 =
∑︁
𝑗

𝑈𝑖𝑗∇𝜇ℓ,𝑗. (4.14)

where 𝑈𝑖𝑗 are the direct (𝑖 = 𝑗) and indirect (𝑖 ̸= 𝑗) transport coefficients [11]. This

formulation has been used to describe relatively concentrated electrolytes and is the

most commonly used model in battery simulation [169, 231]. Noting that not all

chemical potentials are independent (from the Gibbs-Duhem relationship), the above

can be reorganized to the more commonly written form in terms of species velocities,

v𝑖 = F𝑖/𝑐𝑖, [169]

𝑐ℓ,𝑖∇𝜇ℓ,𝑖 =
∑︁
𝑗

𝐾𝑖𝑗(v𝑗 − v𝑖) = 𝑘B𝑇
∑︁
𝑗

𝑐𝑖𝑐𝑗
𝑐𝑇D𝑖𝑗

(v𝑗 − v𝑖) (4.15)

with 𝑐𝑇 =
∑︀

𝑖 𝑐ℓ,𝑖 and 𝐾𝑖𝑗 = 𝐾𝑗𝑖. For a binary electrolyte in a porous medium

with cations, anions, and solvent, species 0, assuming uniform temperature and that

the solvent concentration varies only negligibly with salt concentration, and again

neglecting convection,

Fℓ,+ = −𝜈+𝜖

𝜏
𝐷ℓ∇𝑐ℓ +

𝑡0+iℓ
𝑧+𝑒

(4.16)

Fℓ,− = −𝜈−𝜖

𝜏
𝐷ℓ∇𝑐ℓ +

𝑡0−iℓ
𝑧−𝑒

(4.17)

where, defining 𝛾𝜈
± = 𝛾

𝜈+
ℓ,+𝛾

𝜈−
ℓ,− with 𝜈 = 𝜈+ + 𝜈−,

𝐷ℓ = D
𝑐𝑇
𝑐0

(︂
1 +

𝜕 ln 𝛾±
𝜕 lñ︀𝑐

)︂
, (4.18)

D =
D0+D0−(𝑧+ − 𝑧−)

𝑧+D0+ − 𝑧−D0−
, (4.19)

𝑡0+ = 1 − 𝑡0− =
𝑧+D0+

𝑧+D0+ − 𝑧−D0−
. (4.20)
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The current density is given by

iℓ = −𝜎ℓ𝜖̃︀𝑇𝜏
(︂
∇𝜑𝑟

ℓ +
𝜈𝑘B𝑇

𝑒

(︂
𝑠+
𝑛𝜈+

+
𝑡0+

𝑧+𝜈+
− 𝑠0𝑐ℓ

𝑛𝑐ℓ,0

)︂(︂
1 +

𝜕 ln 𝛾±
𝜕 lñ︀𝑐ℓ

)︂
∇ lñ︀𝑐ℓ)︂ (4.21)

with

1

𝜎ℓ

= −
(︂

𝑘B𝑇ref

𝑐𝑇 𝑧+𝑧−𝑒2

)︂(︂
1

D+−
+

𝑐ℓ,0𝑡
0
−

𝑐ℓ,+D0−

)︂
. (4.22)

The values of 𝑠𝑖 are specified by the choice for the reference electrode with reaction

𝑠−𝑀
𝑧−
− + 𝑠+𝑀

𝑧+
+ + 𝑠0𝑀0 
 𝑛e−. (4.23)

For lithium-ion batteries, the typical choice for the reference electrode defining 𝜑𝑟
ℓ is

Li/Li+, so 𝑠+ = −1, and 𝑠− = 𝑠0 = 0. Thus, eqs. 4.17 and 4.21 with eqs. 4.5 and 4.6

define the electrolyte model when using the Stefan-Maxwell concentrated solution

theory with a binary electrolyte.

Solid phase electronic model

The solid phase of a porous electrode is composed of several length scales and percolat-

ing phases. The active material stores the reduced species (e.g. lithium), conductive

additive improves electronic wiring, and binder is added to keep all the components

connected. Lithium transport occurs within individual particles, and electrons must

reach the surface of those particles via traveling over the length of the electrode.

These equations approximately capture the variation in electric potential in the ma-

trix of conductive material, which may be assumed to be identical to that of (well

connected) active material. Otherwise, additional relations can be added to describe

losses between the conductive matrix and the active materials. Over the length scale

of the electrode, we describe conservation of charge as in the electrolyte,

0 = −∇ · i𝑠 −
∑︁
𝑖

𝑧𝑖𝑒𝑅𝑉,𝑖 (4.24)

96



or

0 = −∇ · i𝑠 − (𝑧+𝑒𝑅𝑉,+ + 𝑧−𝑒𝑅𝑉,−) (4.25)

for a binary electrolyte in which cations and/or anions may undergo electrochemical

reactions, and where i𝑠 is the current density in the solid phase. The sign difference

compared to eq. 4.6 comes from the observation that charge entering the liquid phase

must be leaving the solid phase. The current density in the solid phase is given by

assuming a bulk Ohm’s law,

i𝑠 = −(1 − 𝜖)

𝜏
𝜎𝑠∇𝜑𝑠 (4.26)

where 𝜎𝑠 is the conductivity of the electronically conductive matrix, 𝜑𝑠 is its elec-

trostatic potential, and we have assumed that the volume fraction of the conductive

phase is given by the space not occupied by the electrolyte. The boundary conditions

for this come from observing no electronic current can flow into the separator, i𝑠 = 0,

and the potential at the current collector is specified by the operating voltage on the

system in the macroscopic equations, 𝜑𝑐 or 𝜑𝑎. The Bruggeman relation can again

be used to estimate the tortuosity in terms of the volume fraction of the conductive

matrix.

To avoid the computational and practical difficulties of simulating full microstruc-

tures, we describe the behavior of particle interactions with a small number of rep-

resentative particles, both along the length of the electrode and also in parallel with

each other in terms of electrolyte access to capture the effects of particle size distribu-

tions. The particles at the same electrode position (interacting in common with the

local electrolyte) could be in parallel or in series electronically where parallel wiring

would describe them each having direct access via a single resistance to a conductive

network and series wiring might describe a comb structure in which some particles

(perhaps the edge of a secondary particle) are connected to the conductive backbone,

but electrons must pass through poorly conducting particles to get to particles with-

out good contact to the conductive backbone, similar in concept to the hierarchical
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model of Dargaville and Farrell [57]. We demonstrate use of the parallel case with a

distribution of contact resistances in ref. [232]. In the second case of series wiring we

implement a simplified version of that developed by Stephenson et al. [220] by impos-

ing a finite conductance between particles in series, indexed by 𝑘, within a simulation

volume, 𝑗,

𝐺𝑗,𝑘(𝜑𝑗,𝑘 − 𝜑𝑗,𝑘+1) = 𝐼𝑗,𝑘 (4.27)

where 𝐺𝑗,𝑘 is the conductance and 𝐼𝑗,𝑘 is the current between particle 𝑘 and 𝑘 + 1.

From charge conservation,

𝐼𝑗,𝑘 − 𝐼𝑗,𝑘+1 =

∫︁
𝑆𝑘+1

𝑗𝑗,𝑘+1 d𝐴, (4.28)

where 𝑗𝑗,𝑘+1 is the intercalation rate into particle 𝑘 + 1.

4.3.2 Single Particle Equations

A single particle interacts with the electrolyte via an electrochemical reaction, leading

to intercalation of neutral species into the solid phase. However the electrochemistry

is modeled (see Section 4.3.2), the reaction serves as a source/removal of species

into/from the particle. We will describe several different solid models here. Generally,

we begin by postulating a free energy functional describing the important physics of

the particle,

𝐺 =

∫︁
𝑉𝑝

𝑔 d𝑉 +

∫︁
𝐴𝑆

𝛾𝑆 d𝐴 (4.29)

where 𝐺 is the total system free energy, 𝑉𝑝 is the particle volume, 𝑔 is the free energy

density, 𝐴𝑆 is the particle surface area, and 𝛾𝑆 is the surface energy. Typically, we

will separate the free energy density into homogeneous, 𝑔h and non-homogeneous, 𝑔nh,
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contributions,

𝑔 = 𝑔h + 𝑔nh + . . . (4.30)

where the remaining terms could describe the stress state of the system [51, 17] or

other energetic contributions [100]. Following Van der Waals [194] and Cahn and

Hilliard [37], we use a simple gradient penalty term to describe the non-homogeneous

free energy,

𝑔nh =
1

2

1

𝑐2𝑠,ref
∇𝑐𝑖 · 𝜅∇𝑐𝑖 (4.31)

where 𝜅 is a gradient penalty tensor (assumed to be isotropic here such that 𝜅 = 𝜅1

and 1 is the second-order identity tensor) related to interfacial energy between phases,

𝑐𝑖 is the concentration of species 𝑖 within a single particle, and 𝑐𝑠,ref is a suitable

concentration scale for the insertion species in the active material. The diffusional

chemical potential can then be obtained form a variational derivative of the free

energy,

𝜇𝑖 =
𝛿𝐺

𝛿𝑐𝑖
=

𝜕𝑔

𝜕𝑐𝑖
−∇ · 𝜕𝑔

𝜕∇𝑐𝑖
(4.32)

Electrochemical Reactions

The electrochemical reaction can be described by a number of different models, such

as the empirical Butler-Volmer equation [13] or quantum-mechanical models based on

Marcus kinetics [155, 46, 268], which must be consistently generalized for concentrated

solutions in nonequilibrium thermodynamics [17, 216]. We describe here chemical

reactions of the form

𝑆1 =
∑︁
𝑖

𝑠𝑖,𝑂𝑂
𝑧𝑖,𝑂
𝑖 + 𝑛e− →

∑︁
𝑗

𝑠𝑗,𝑅𝑅
𝑧𝑗,𝑅
𝑗 = 𝑆2, (4.33)
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and we will describe the reactions as a function of the activation overpotential,

𝑛𝑒𝜂 = 𝜇𝑅 − (𝜇𝑂 + 𝑛𝜇e) = ∆𝜇rxn = ∆𝐺rxn, (4.34)

where 𝜇𝑅 =
∑︀

𝑗 𝑠𝑗,𝑅𝜇𝑗 is the electrochemical potential of the reduced state, 𝜇𝑂 =∑︀
𝑖 𝑠𝑖,𝑂𝜇𝑖 is the electrochemical potential of the oxidized state, and 𝜇e is the elec-

trochemical potential of the electrons, which we relate here to the electric potential

measured in the conductive matrix, 𝜇𝑒 = −𝑒𝜑𝑠. ∆𝜇rxn and ∆𝐺rxn indicate the total

free energy change of the reaction. In the case of Li+ insertion and the Stefan-Maxwell

concentrated electrolyte model using Li/Li+ as a reference electrode, 𝜇𝑂 = 𝑒𝜑𝑟
ℓ . We

adopt the convention here that positive electrochemical reaction current corresponds

the net rate of reduction. The net reduction current, 𝑖, can be related to the in-

tercalation flux, 𝑗𝑖, for a given species by the reaction stoichiometry. For example,

for lithium intercalation, 𝑗𝑖 = 𝑖/𝑒. Extension to multiple reactions simply involves

describing each 𝑗𝑖 as a sum over the relevant reactions.

It is worth noting that the reaction models currently implemented and discussed

below follow the trend in battery modeling to neglect the impact of diffuse charge

within double layers on the reaction kinetics. Accounting for this involves using a

model of the double layer to adjust the surface concentrations from those outside the

double layer to those at the distance of closest approach to the electrode surface (the

Stern layer), which actually drive the reaction, as well as accounting for the local

electric field driving electron transfer. These changes constitute the Frumkin correc-

tion [92, 19] to the reaction rate model, and have been recently reviewed [26, 260].

Frumkin-corrected Butler-Volmer reaction models have been applied to various elec-

trochemical techniques including steady constant current [122, 131, 19, 26], volt-

age steps [221], current steps [241], and linear sweep voltammetry [260], as well as

nano [113] and porous [25, 24] electrodes, with clear indication of departure from

models neglecting double layers, especially at low salt concentrations with thick dou-

ble layers (“Gouy-Chapman limit” [19, 26]). To be used consistently with the models

developed here, Frumkin reaction kinetics would need to be extended to concentrated
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electrolyte solutions, including models of individual ionic activities within the dou-

ble layers, although Frumkin effects are reduced for very thin double layers at high

salt concentration (“Helmholtz limit” [19, 26]). On the other hand, Frumkin effects

that dominate in dilute solutions could be important for practical battery operation

at high rates, where severe electrolyte depletion can occur and limit the achievable

power density.

Butler-Volmer kinetics Butler-Volmer reaction kinetics are described by expo-

nential dependence on the activation overpotential, and the net reduction current

can be written as

𝑖 = 𝑖0

(︂
exp

(︂
−𝛼𝑒𝜂eff

𝑘B𝑇

)︂
− exp

(︂
(1 − 𝛼)𝑒𝜂eff

𝑘B𝑇

)︂)︂
(4.35)

where 𝛼 is a symmetry coefficient and 𝑖0 is the exchange current density, the rate

of reaction in the forward and reverse directions when the reaction is in equilibrium.

Depending on the system considered, the exchange current density could be modeled

as constant [52] or a function of species concentrations or activities. Introduced in

ref. [75], the effective overpotential, 𝜂eff , accounts for any film resistance, 𝑅film, by

𝜂eff = 𝜂 + 𝑖𝑅film. (4.36)

Bazant and co-workers proposed a form for 𝑖0 based on reacting species’ activities and

a transition state activity coefficient, 𝛾‡ [7, 51, 86], derived by assuming thermally

activated transitions in an excess chemical potential energy surface with an electric

field across the reaction coordinate contributing to the transition state [17],

𝑖0 =
𝑘0𝑛(𝑎𝑂𝑎

𝑛
e )1−𝛼𝑎𝛼𝑅

𝛾‡
(4.37)

where 𝑘0 is a rate constant, 𝑎𝑂 =
∏︀

𝑖 𝑎
𝑠𝑖,𝑂
𝑖 , 𝑎𝑒 is the activity of the electrons (taken to

be unity here), and 𝑎𝑅 =
∏︀

𝑗 𝑎
𝑠𝑗,𝑅
𝑗 . The transition state activity coefficient is a postu-

late about the structure and characteristics of the transition state. For example, for
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lithium intercalation into LiFePO4, Bai et al. originally proposed 𝛾‡ = (1 − 𝑐/𝑐max)
−1

where 𝑐max is the maximum concentration of lithium within the solid, to indicate the

transition state excludes one site. Of note, although the above expression is defined

in terms of the activities of individual ions within the electrolyte, these quantities are

difficult to directly measure. Because we have not implemented models to estimate

ion activities, the software currently assumes 𝑎Li+ = ̃︀𝑐ℓ for both electrolyte models.

It is also common to use an exchange current density form based solely on species

concentrations [169, 231],

𝑖0 = 𝑘0̃︀𝑐 1−𝛼
ℓ ̃︀𝑐 𝛼

𝑖 (1 − 𝜉𝑖̃︀𝑐𝑖)𝛼, (4.38)

where ̃︀𝑐ℓ = 𝑐ℓ/𝑐ℓ,ref , ̃︀𝑐𝑖 = 𝑐𝑖/𝑐𝑠,ref , and 𝜉𝑖 = 𝑐𝑠,ref/𝑐𝑖,max, and the ref subscripts indicate

some suitable concentration scale. For the case of lithium insertion, we will choose

𝑐𝑠,ref = 𝑐𝑖,max, so 𝜉𝑖 = 1.

Marcus-Hush-Chidsey kinetics Marcus-Hush electron transfer kinetics describe

an electron transfer event in terms of a reaction coordinate corresponding to the col-

lective rearrangement of species involved in the transition state [153, 154, 118, 155,

119, 133]. The electron transfer event can occur when it is energetically equivalent to

occupy the donor or acceptor species, and the fluctuations which lead to this are re-

lated to dielectric rearrangement of molecules and charges around the donor-acceptor

pair. The Franck-Condon condition is satisfied because the electron transfer event is

much faster than the rearrangements of the nearby molecules contributing to the en-

ergy of the donor species. Following the overview of Fedorov and Kornyshev [84], the

reductive and oxidative currents at an electrode can be calculated as an integral over

the energy levels of the electrons in the electron conducting phase (the electrode),

𝑖red = 𝑒𝑘0𝑐𝑂

∫︁ ∞

−∞
𝜌(𝑧)𝑛𝑒(𝑧)𝑊red d𝑧 (4.39)

𝑖ox = 𝑒𝑘0𝑐𝑅

∫︁ ∞

−∞
𝜌(𝑧)(1 − 𝑛𝑒(𝑧))𝑊ox d𝑧 (4.40)
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where 𝑘0 is some rate prefactor, 𝑐𝑂 =
∏︀

𝑖 𝑐
𝑠𝑖,𝑂
𝑖 and 𝑐𝑅 =

∏︀
𝑗 𝑐

𝑠𝑗,𝑅
𝑗 , 𝑧 represents the

energy level of electrons in the electrode, 𝜌(𝑧) is the density of states, and 𝑛𝑒(𝑧)

is the Fermi function. 𝑊red/ox are the transition probabilities of the elementary re-

duction/oxidation electron transfer processes. Marcus theory considers the collec-

tive motion and reorganization of molecules near the electron transfer event, caus-

ing higher or lower energy contributions to the initial or final states of the reaction

event via the electrostatic interactions between nearby polarization and the electron

donor/acceptor. By treating this collective motion as approximately parabolic around

their lowest energy configurations, the following can be derived for the transition

probabilities,

𝑊red = 𝑘w exp

(︂
− 𝑤𝑂

𝑘B𝑇

)︂
exp

(︃
−(𝜆 + 𝑒𝜂𝑓 )2

4𝜆𝑘B𝑇

)︃
(4.41)

𝑊ox = 𝑘w exp

(︂
− 𝑤𝑅

𝑘B𝑇

)︂
exp

(︃
−(𝜆− 𝑒𝜂𝑓 )2

4𝜆𝑘B𝑇

)︃
, (4.42)

where 𝑘w is a prefactor with explicit dependence on various factors, including the

overlap integrals for the wave functions of the various reaction elements [133]. We

assume reaction symmetries by the equality of the reductive and oxidative prefactors

and treat it as a lumped constant here. 𝑤red/ox are energies describing the probabilities

of the species arriving and orienting at the reaction site. 𝜆 is the reorganization energy,

related to the force constants or the curvature of the reaction parabolas, which we

take to be the same for forward and reverse reactions, i.e. symmetric Marcus theory.

It is defined as the energy required to perturb the system to the stable configuration

of the product without allowing electron transfer. The driving force is the reaction

change in excess free energy, ∆𝐺ex
rxn,

𝑒𝜂𝑓 = ∆𝐺ex
rxn = 𝑒𝜂 + 𝑘B𝑇 ln

(︂̃︀𝑐𝑂̃︀𝑐𝑅
)︂

(4.43)

where we have assumed single-electron transfer, as supported by Marcus theory for

elementary reaction events [17]. The tildes indicate non-dimensional concentrations
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̃︀𝑐𝑂 =
∏︀

𝑖 ̃︀𝑐𝑠𝑖,𝑂𝑖 and ̃︀𝑐𝑅 =
∏︀

𝑗 ̃︀𝑐𝑠𝑗,𝑅𝑗 , with each scaled to its reference concentration (𝑐ℓ,ref

for ions in the electrolyte and 𝑐s,ref for intercalated species in the active material).

Thus, 𝜂𝑓 is also the departure of the electrode potential from the formal potential.

Interestingly, for non-electrode reactions in solution, this predicts a maximum in

reaction rate at driving forces given by ±𝜆, and experimental validation of this so-

called “inverted” region of decreasing reaction rate at increasing driving force (i.e.

negative differential reaction resistance [18]) paved the way for the Nobel Prize of

Marcus [155].

Assuming 𝑤red/ox are independent of the electron energy level (not necessarily

true [133, 84]), neglecting variation in the density of states, modifying the driving force

to account for the energy levels of electrons along the Fermi distribution, and lumping

constants into 𝑘𝑀 , we can arrive at the Marcus-Hush-Chidsey (MHC) electron transfer

reaction model [46],

𝑖red/ox = 𝑘𝑀𝑐𝑂/𝑅 exp

(︂
−
𝑤𝑂/𝑅

𝑘B𝑇

)︂∫︁ ∞

−∞
exp

(︃
−(𝑧 − 𝜆∓ 𝑒𝜂𝑓 )2

4𝜆𝑘B𝑇

)︃
d𝑧

1 + exp(𝑧/𝑘B𝑇 )
,

(4.44)

where 𝑧 is related to the energy level of the electronic states in the metal, and

integration is over the Fermi distribution. Reduction/oxidation correspond to the

top/bottom signs.

Curiously, Marcus-style kinetics were not used to describe electron transfer reac-

tions in batteries or other electrochemical systems until recently [46, 134, 8], possibly

in part because of the complexity of the expressions involving improper integrals,

making their computational evaluation cumbersome. But recently, various approaches

have been developed to facilitate the evaluation of the MHC expression, including an

asymmetric variant with different values of 𝜆 for the initial and final states, referred

to as “asymmetric Marcus Hush” (AMH) kinetics [177, 23, 159, 268, 266]. We will

focus exclusively on the symmetric variant here. As a result, MHC kinetics are now

as easy to simulate as Butler-Volmer kinetics, so we include them in this simulation

software to facilitate comparison in porous electrode modeling and data fitting. For
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reviews of (asymmetric) MHC kinetics and applications to experimental data, see

refs. [114, 134].

We make one final assumption following ref. [216] before arriving at the form we

will use. The 𝑤red/ox functions are related to the probabilities of the system arriving

at the state described by the parabolic minima in the theory. As in the derivation

of the Butler-Volmer expression by Bazant [17], we postulate that this could capture

effects of concentrated solutions beyond simple probabilistic occupation related to

the concentration prefactors above. In other words, they are related to the excess

chemical potential of the state corresponding to the parabolic minima. Assuming a

symmetric approach to the reacting state from the forward and reverse directions,

𝑤𝑂 = 𝑤𝑅 = 𝜇ex
𝑀,‡ (4.45)

or

exp

(︂
−
𝑤𝑅/𝑂

𝑘B𝑇

)︂
∝ 1

𝛾𝑀,‡
. (4.46)

Thus, we arrive at our expressions for MHC kinetics,

𝑖 = 𝑖𝑀(̃︀𝑐𝑂𝑘red − ̃︀𝑐𝑅𝑘ox) (4.47)

with

𝑘red/ox =

∫︁ ∞

−∞
exp

(︃
−(𝑧 − 𝜆∓ 𝑒𝜂𝑓 )2

4𝜆𝑘B𝑇

)︃
d𝑧

1 + exp(𝑧/𝑘B𝑇 )
(4.48)

and

𝑖𝑀 =
𝑘𝑀
𝛾𝑀,‡

. (4.49)

Although the derivation of the Butler-Volmer equation [17] and the approach fol-

lowed above both lead to some prefactor related to the excess chemical potential
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of the transition state, we suggest that the two terms are not capturing the same

physical phenomena and thus may differ in their functional forms. In this approach

to the microscopic Marcus theory, there is some separation between the energetic

contributions accounted for in the microscopic reorganization and the “approach”

contributions lumped into 𝛾𝑀,‡. The Butler-Volmer derivation does not make this

distinction, suggesting that the associated contributions in the two theories need not

necessarily be equal. Finally, following Zeng et al. [268], we replace Eq. 4.48 with

𝑘red/ox ≈

√︀
𝜋̃︀𝜆

1 + exp(±̃︀𝜂𝑓 )
erfc

⎛⎝̃︀𝜆−
√︁

1 +
√︀̃︀𝜆 + ̃︀𝜂2𝑓

2
√︀̃︀𝜆

⎞⎠ (4.50)

where tildes indicate scaling by the thermal energy or voltage, 𝑘B𝑇 or 𝑘B𝑇/𝑒, erfc(𝑧) =

1 − erf(𝑧) is the complementary error function, and reduction/oxidation corresponds

to the top/bottom sign.

Species Conservation

Conservation of the intercalant within the solid particles should be specialized to

describe the particular physics of the material being studied. Several options are de-

scribed below. We will simulate the individual particles by describing neutral species

transport within them and their mass exchange with the electrolyte via the electro-

chemical reactions. This assumes that electron mobility within the active materials

is much larger than that of the inserted species [231].

Homogeneous When transport within the solid particles is fast, it can be computa-

tionally beneficial to approximate the particles with an average concentration, 𝑐𝑠 [87].

Then, given a reacting surface area, 𝐴𝑝, and volume, 𝑉𝑝, the dynamics of intercalant

𝑖 can be described simply by the average intercalation rate from the electrochemical

reaction, 𝑗𝑝,

𝜕𝑐𝑖
𝜕𝑡

=
𝐴𝑝

𝑉𝑝

𝑗𝑝,𝑖. (4.51)
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Allen-Cahn Reaction For Allen-Cahn reaction particles, the reaction occurs as a

volumetric source term. This arises when particles are assumed to be either homo-

geneous or depth averaged in the direction normal to the reacting surface, as Bazant

and co-workers have employed in models of LiFePO4 [7, 51, 145]. Then, neglecting

transport, the local rate of change of the concentration at particle location r is

𝜕𝑐𝑖
𝜕𝑡

=
𝐴𝑝

𝑉𝑝

𝑗𝑝,𝑖(r). (4.52)

Cahn-Hilliard Reaction In this model, transport of the intercalant within the

particles is described by species conservation,

𝜕𝑐𝑖
𝜕𝑡

= −∇ · F𝑖. (4.53)

The flux can be modeled using linear irreversible thermodynamics [106], which pos-

tulates that fluxes arise from gradients in the diffusional chemical potential,

F𝑖 = −𝐷𝑖̃︀𝑇 𝑐𝑖∇̃︀𝜇𝑖, (4.54)

where we have again used the Einstein relation. The diffusional chemical potential

is scaled to the thermal energy at some reference temperature, 𝑘B𝑇ref , and can be

calculated from eq. 4.32. Following Bazant [17], 𝐷𝑖 can be rewritten in terms of tracer

diffusivity in the dilute limit, 𝐷0,𝑖, the activity coefficient of species 𝑖, 𝛾𝑖 = 𝑎𝑖/̃︀𝑐𝑖, and

the activity coefficient of the diffusion transition state, 𝛾𝑑
‡,𝑖,

𝐷𝑖 = 𝐷0,𝑖
𝛾𝑖
𝛾𝑑
‡,𝑖
. (4.55)

Assuming simple diffusion on a lattice in which the diffusion transition state has

similar enthalpic contributions as the diffusing species in lattice sites but in which

the transition state excludes two adjacent sites, 𝛾𝑖/𝛾𝑑
‡,𝑖 = (1 − 𝑐𝑖/𝑐𝑖,max), giving

F𝑖 = −𝐷0,𝑖̃︀𝑇 𝑐𝑖

(︂
1 − 𝑐𝑖

𝑐𝑖,max

)︂
∇̃︀𝜇𝑖, (4.56)
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although other effects could be accounted for in 𝛾𝑑
‡,𝑖 including stresses in the transition

state [6]. At the particle surface, the flux is given by the electrochemical reaction,̂︀n · F𝑖 = −𝑗𝑝,𝑖 where ̂︀n is a unit normal vector pointing from the active material

to the electrolyte. The natural boundary condition [36, 17] imposes a constraint on

the concentration at the surface as a function of the surface energy, 𝛾𝑆, ̂︀n · 𝜕𝑔
𝜕∇̃︀𝑐𝑖 =̂︀n · 𝜅∇̃︀𝑐𝑖 = 𝜕𝛾𝑆

𝜕̃︀𝑐𝑖 .

Solid Solution If the free energy can be described as a function of only the con-

centration (disregarding the effect of gradients and other contributions), then eq. 4.54

can be rewritten as

F𝑖 = −𝐷𝑖̃︀𝑇 𝑐𝑖
𝜕̃︀𝜇𝑖

𝜕𝑐𝑖
∇𝑐𝑖 = −𝐷chem,𝑖∇𝑐𝑖 (4.57)

where 𝐷chem,𝑖 = 𝐷𝑖̃︀𝑇 𝑐𝑖
𝜕̃︀𝜇𝑖

𝜕𝑐𝑖
. Here, it is sufficient to prescribe the flux at the surface, as

in the Cahn-Hilliard reaction model, ̂︀n · F𝑖 = −𝑗𝑝,𝑖.

4.3.3 Coupling Equations

The general approach we take to simulate the two coupled phases is to simulate,

within the same physical and simulated space as the electrolyte, a representative

sample of particles, which are duplicated to the appropriate filling fraction of solids

within the electrode. For example, to simulate an electrode with a vary narrow par-

ticle size distribution, we simulate one particle at each electrode position. For wide

distributions, we use multiple particles sampled randomly from a given input dis-

tribution, and at each location, multiple simulated particles interact with the same

electrolyte. We allow the simulated particle size distribution to vary as a function of

position, as this allows us to sample a broader distribution within the full electrode,

but loses accuracy in situations with significant transport losses in the bulk electrolyte

or electron-conducting phases. When setting up simulations, the primary considera-

tion is to have a good representation of the full particle size distribution within the

macroscopic length scales of interest, which may be the full electrode at low currents
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or small regions at high currents with strong electrolyte depletion or electronic losses.

The two phases are coupled via the electrochemical reactions. The volumetric

reaction rate of species 𝑖, 𝑅𝑉,𝑖, is related to the electrochemical reactions and the flux

of that species out of the solid particles. This can either be done by integrating the

reaction rate over particle surfaces or by applying the divergence theorem to relate

that to their average rate of filling. For particle 𝑝,

𝜕𝑐𝑝,𝑖
𝜕𝑡

=
1

𝑉𝑝

∫︁
𝐴𝑝

𝑗𝑝,𝑖 d𝐴. (4.58)

The volumetric source term in eqs. 4.2 and 4.24 can be cast as a sum over all the

particles at a given position,

𝑅𝑉,𝑖 = −(1 − 𝜖)𝑃𝐿

∑︁
𝑝

𝑉𝑝

𝑉𝑢

𝜕𝑐𝑝,𝑖
𝜕𝑡

(4.59)

where 𝑃𝐿 is the loading percent of active material in the solid phase, 𝑉𝑢 =
∑︀

𝑝 𝑉𝑝,

and 𝑝 indicates properties of particle 𝑝, and the summation is over particles at the

location where 𝑅𝑉,𝑖 is evaluated.

4.3.4 Macroscopic Equations

The overall current density per electrode area, 𝑖cell, is defined as the integral of the

net charge consumed by the reactions in the electrodes per unit cross-sectional area,

𝑖cell =
∑︁
𝑖

∫︁
𝐿a

𝑧𝑖𝑒𝑅𝑉,𝑖 d𝐿 = −
∑︁
𝑖

∫︁
𝐿c

𝑧𝑖𝑒𝑅𝑉,𝑖 d𝐿 (4.60)

where 𝐿a and 𝐿c are the lengths of the anode and cathode. We also find it useful

to define a current in terms of a C-rate, which is determined by the electrode with

the smaller capacity. The capacity of the cell per area, 𝑄𝐴, is given for the case

of an electrode with a single intercalating species with max concentration 𝑐max,𝑘 in
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electrode 𝑘 by the capacity per area of the limiting electrode,

𝑄𝐴 = min
𝑘∈{𝑎,𝑐}

{𝑒𝐿𝑘(1 − 𝜖𝑘)𝑃𝐿,𝑘𝑐max,𝑘}. (4.61)

With that, we can define a C-rate current,

𝑖cell,C =
𝑖cell
𝑄𝐴

𝜏hr (4.62)

where 𝜏hr is a conversion factor to ensure units of hr−1.

The overall utilization of electrode 𝑘 for species 𝑖, 𝑢𝑘,𝑖 (its state of charge) is

defined in terms of the average filling fraction of all the particles in the electrode,

𝑢𝑘,𝑖 =
1

𝐿𝑘

∫︁
𝐿k

∑︁
𝑝

𝑉𝑝

𝑉𝑢

𝜉𝑖̃︀𝑐𝑝,𝑖 d𝐿. (4.63)

where 𝑘 indicates either the anode or cathode and the summation is evaluated as a

function of position, given the selection of particles in the simulated electrode at that

position. From above, 𝜉𝑖 = 𝑐𝑠,ref/𝑐𝑖,max, and ̃︀𝑐𝑝,𝑖 = 𝑐𝑝,𝑖/𝑐𝑠,ref , so the product is the

average filling fraction of particle 𝑝.

The overall cell voltage, ∆𝜑cell = 𝜑𝑐−𝜑𝑎 is defined as the difference in the electric

potential at the cathode and anode current collectors. There is an arbitrary datum for

the potential, and we set 𝜑𝑐 = 0 in the simulations. We account for series resistance

by defining an applied voltage, ∆𝜑appl, by

∆𝜑cell = ∆𝜑appl − 𝑖cell𝑅ser, (4.64)

where 𝑅ser is the area specific resistance of the cell.

4.4 Non-dimensional Equations

All times in the simulation are scaled to a reference time scale 𝑡ref . We choose some

representative diffusive time scale within the cell, 𝑡ref = 𝐿2
ℓ,ref/𝐷ℓ,ref where 𝐿ℓ,ref is a
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characteristic length within the cell (we will use the cathode length) and 𝐷ℓ,ref is a

suitably chosen scale for the electrolyte diffusion coefficient.

4.4.1 Electrode Scale Equations

Electrolyte Model

Defining a reference electrolyte concentration, 𝑐ℓ,ref (e.g. 𝑐ℓ,ref/𝑁A = 1 M, where 𝑁𝐴

is the Avogadro constant),

𝜕(𝜖̃︀𝑐ℓ,𝑖)
𝜕̃︀𝑡 =

1

𝜈𝑖

(︁
− ̃︀∇ · ̃︀Fℓ,𝑖 + ̃︀𝑅𝑉,𝑖

)︁
(4.65)

0 = − ̃︀∇ ·̃︀iℓ +
∑︁
𝑖

𝑧𝑖 ̃︀𝑅𝑉,𝑖 (4.66)

̃︀iℓ =
∑︁
𝑖

𝑧𝑖̃︀Fℓ,𝑖 (4.67)

with ̃︀∇ = 𝐿ref∇ and tildes indicating non-dimensionalization by the following scales

𝐹ℓ,ref =
𝑐ℓ,ref𝐿ℓ,ref

𝑡ref
(4.68)

𝑅𝑉,ref =
𝑐ℓ,ref
𝑡ref

(4.69)

𝑖ℓ,ref = 𝑒𝐹ℓ,ref . (4.70)

The (semi-) dilute fluxes are non-dimensionalized by

̃︀Fℓ,𝑖 = − 𝜖

𝜏

(︃̃︀𝐷ℓ,chem,𝑖
̃︀∇̃︀𝑐ℓ,𝑖 +

̃︀𝐷ℓ,𝑖̃︀𝑇 𝑧𝑖̃︀𝑐ℓ,𝑖 ̃︀∇̃︀𝜑ℓ

)︃
(4.71)
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with diffusive scale as that chosen to define 𝑡ref above. The binary concentrated

solution theory can be non-dimensionalized with

̃︀Fℓ,+ = −𝜈+𝜖

𝜏
̃︀𝐷 ̃︀∇̃︀𝑐ℓ +

𝑡0+
̃︀iℓ

𝑧+
(4.72)

̃︀Fℓ,− = −𝜈−𝜖

𝜏
̃︀𝐷 ̃︀∇̃︀𝑐ℓ +

𝑡0−
̃︀iℓ

𝑧−
(4.73)

̃︀iℓ = − 𝜖̃︀𝜎̃︀𝑇𝜏
(︂ ̃︀∇̃︀𝜑𝑟

ℓ + 𝜈 ̃︀𝑇(︂ 𝑠+
𝑛𝜈+

+
𝑡0+

𝑧+𝜈+
− 𝑠0̃︀𝑐ℓ

𝑛̃︀𝑐ℓ,0
)︂(︂

1 +
𝜕 ln 𝛾±
𝜕 lñ︀𝑐ℓ

)︂ ̃︀∇ lñ︀𝑐ℓ)︂ (4.74)

with conductivity scale

𝜎ref =
𝑒2𝑐ℓ,ref𝐷ℓ,ref

𝑘B𝑇ref

. (4.75)

Solid phase electronic model

The solid phase current density and conductivity are scaled to 𝑖ref and 𝜎ref such that

0 = − ̃︀∇ ·̃︀i𝑠 − (︁𝑧+ ̃︀𝑅𝑉,+ + 𝑧− ̃︀𝑅𝑉,−

)︁
(4.76)

and

̃︀i𝑠 = −(1 − 𝜖)

𝜏
̃︀𝜎 ̃︀∇̃︀𝜑𝑠. (4.77)

4.4.2 Single Particle Equations

In the solid particles, we will use the same time scale as in the electrode scale equations

but different length and concentration scales,

𝐹𝑠,ref =
𝐿𝑠,ref𝑐𝑠,ref

𝑡ref
(4.78)

where 𝐿𝑠,ref and 𝑐𝑠,ref are a relevant scales to the particle. We will use 𝐿𝑠,ref = 𝐿𝑝,

where 𝐿𝑝 is a characteristic length scale of the active material particle and which may

vary by particle. For the case of lithium insertion electrodes with a single intercalating
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species with maximum concentration given by 𝑐max, we choose the solid reference

concentration to be the max filling for lithium insertion cells, 𝑐𝑠,ref = 𝑐max.

Electrochemical Reactions

The various forms of the overpotential are all scaled to the thermal voltage, 𝑘B𝑇ref

𝑒
,

and the rate prefactors and current density are both scaled to

𝑖𝑠,ref = 𝑒𝐹𝑠,ref . (4.79)

The film resistance is scaled to 𝑅film,ref = 𝑘B𝑇ref

𝑒𝑖𝑠,ref
, so

̃︀𝜂eff = ̃︀𝜂 +̃︀𝑖 ̃︀𝑅film (4.80)

and the Butler-Volmer

̃︀𝑖 = ̃︀𝑖0(︁exp
(︁
−𝛼̃︀𝜂eff/̃︀𝑇)︁− exp

(︁
(1 − 𝛼)̃︀𝜂eff/̃︀𝑇)︁)︁ (4.81)

and for the MHC expression,

̃︀𝑖 = ̃︀𝑖𝑀(̃︀𝑐𝑂𝑘red − ̃︀𝑐𝑅𝑘ox). (4.82)

Species Conservation

We scale the rate of intercalation of each species in particle 𝑝, 𝑗𝑝,𝑖, to the active

material reference flux, 𝑁𝑠,ref , such that, for homogeneous particles,

𝜕̃︀𝑐𝑖
𝜕̃︀𝑡 = 𝛿𝑝,𝐿

̃︀𝑗𝑝,𝑖 (4.83)

where ̃︀𝑐𝑖 = 𝑐𝑖/𝑐𝑠,ref , and

𝛿𝑝,𝐿 =
𝐴𝑝𝐿𝑝

𝑉𝑝

. (4.84)

113



For Allen-Cahn reaction particles,

𝜕̃︀𝑐𝑖
𝜕̃︀𝑡 = 𝛿𝑝,𝐿̃︀𝑗𝑝,𝑖(̃︀r ) (4.85)

where ̃︀r is non-dimensionalized by 𝐿𝑝. For Cahn-Hilliard reaction particles,

𝜕̃︀𝑐𝑖
𝜕̃︀𝑡 = − ̃︀∇ · ̃︀F𝑖. (4.86)

The non-dimensional flux is given by

̃︀F𝑠,𝑖 = −
̃︀𝐷𝑖̃︀𝑇 ̃︀𝑐𝑖 ̃︀∇̃︀𝜇𝑖 (4.87)

where the diffusivity is scaled to

𝐷𝑠,ref =
𝐿2
𝑠,ref

𝑡ref
. (4.88)

For the case of diffusion on a lattice with a simple excluded site model for the tran-

sition state, Eq. 4.56 becomes

̃︀F𝑖 = −
̃︀𝐷0,𝑖̃︀𝑇 ̃︀𝑐𝑖(1 − 𝜉𝑖̃︀𝑐𝑖) ̃︀∇̃︀𝜇𝑖. (4.89)

The natural boundary condition is scaled using

𝜅ref = 𝑘B𝑇ref𝐿
2
𝑠,ref𝑐𝑠,ref (4.90)

𝛾𝑆,ref =
𝜅ref

𝐿𝑠,ref

(4.91)

such that

̂︀n · ̃︀∇̃︀𝑐𝑖 =
1̃︀𝜅 𝜕̃︀𝛾𝑆
𝜕̃︀𝑐𝑠 (4.92)
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at the particle surface, and the flux boundary condition is simply

̂︀n · ̃︀F𝑖 = −̃︀𝑗𝑝,𝑖. (4.93)

For solid solution particles,

̃︀F𝑖 = − ̃︀𝐷𝑠,chem,𝑖
̃︀∇̃︀𝑐𝑠,𝑖 (4.94)

with the same flux boundary condition as the Cahn-Hilliard reaction particles.

4.4.3 Coupling Equations

Here, we retain the same scales as above, such that

𝜕̃︀𝑐𝑝,𝑖
𝜕̃︀𝑡 = 𝛿𝑝,𝐿

∫︁
̃︀𝐴𝑝

̃︀𝑗𝑝,𝑖 d ̃︀𝐴 (4.95)

and

̃︀𝑅𝑉,𝑖 = −𝛽(1 − 𝜖)𝑃𝐿

∑︁
𝑝

𝑉𝑝

𝑉𝑢

𝜕̃︀𝑐𝑝,𝑖
𝜕̃︀𝑡 (4.96)

with 𝛽 = 𝑐𝑠,ref/𝑐ℓ,ref .

4.4.4 Macroscopic Equations

Keeping the same scales as in the electrode model,

̃︀𝑖cell =
∑︁
𝑖

∫︁
̃︀𝐿𝑎

𝑧𝑖 ̃︀𝑅𝑉,𝑖 d̃︀𝐿 = −
∑︁
𝑖

∫︁
̃︀𝐿𝑐

𝑧𝑖 ̃︀𝑅𝑉,𝑖 d̃︀𝐿 (4.97)

and

𝑢𝑘,𝑖 =
1̃︀𝐿𝑘

∫︁
̃︀𝐿k

∑︁
𝑝

̃︀𝑉𝑝𝜉𝑖̃︀𝑐𝑝,𝑖 d̃︀𝐿. (4.98)

115



where 𝑘 indicates either the anode or cathode, ̃︀𝐿𝑘 = 𝐿𝑘/𝐿ℓ,ref , and ̃︀𝑉𝑝 = 𝑉𝑝/𝑉𝑢. The

series resistance can be scaled by the electrode model scales, 𝑅ser,ref = 𝑘B𝑇ref

𝑒𝑖ref
, and

the potentials can all be scaled by the thermal voltage at the reference temperature,

𝑘B𝑇ref/𝑒, so

∆̃︀𝜑cell = ∆̃︀𝜑appl −̃︀𝑖cell ̃︀𝑅ser. (4.99)

4.5 Model implementation

To solve the system of PDE’s in the model, we take the general approach of dis-

cretizing each in space using some variant of the finite volume method to obtain a

system of differential algebraic equations (DAE’s), and then stepping in time using a

variable-order adaptive time stepper. We discretize in space using finite volume meth-

ods both for their robustness to steep gradients and also their mass conservation to

within numerical accuracy [83, 165]. We use the IDAS time stepper of the SUNDIALS

integration suite [117] to solve the resulting DAE’s with a backward differentiation

formula approach. The model and simulation are defined within the DAE Tools soft-

ware package [172], which provides a modeling language environment within Python

similar to that of more specialized modeling languages like gProms [14] or Model-

ica [91]. This allows use of the full depth of the general purpose Python environment

while adding helpful concepts from modeling languages such as logical separation of

model definition from simulation setup and equation oriented model definition.

For example, to define a model, the user writes the spatially discretized equations

in a familiar form within a model class and defines simulation particulars such as

parameter values and initial conditions elsewhere. The DAE Tools software handles

the formation of all underlying system matrices and interactions with other numerical

libraries involved in the actual time advancement. As an extra convenience, it wraps

IDAS with the ADOL-C automatic differentiation library [105] to form the analytical-

accuracy Jacobian matrix, greatly facilitating the solution of non-linear systems of

equations involved in the implicit time stepping. This eases additions and modifica-
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tions to the model, which can be made without user input of analytical derivatives or

reliance on numerical approximation of the Jacobian. This approach enables MPET

developers to work entirely within a Python environment while using the fast and

vetted lower level numerical libraries for computationally expensive or analytically

tedious aspects of the simulation.

4.5.1 Software Organization and Structure

To make MPET flexible enough to simulate arbitrary active material models in con-

text of either porous electrodes or as single particles to study their dynamics directly,

we chose to develop the software to logically and structurally isolate the material mod-

els from the overall cell model using an object oriented framework, see Figure 4-2.

Objects containing local information about active material models exchange only the

required information with the cell model, reducing assumptions built into each sec-

tion of the software and leading to a more modular, extensible structure. Parameters

are specified within input files using a standard config-file syntax for ease of scripting

multiple simulations. These input files are split according to information used by

the overall system (e.g. specified current profile and system dimensions) and those

defining properties of the simulated active materials (e.g. material thermodynamics,

transport, and reaction properties). This enables a user to reference standard mate-

rial property files while editing only a system input file related to cell design. These

inputs are then non-dimensionalized for the simulation, as described in Section 4.4,

and passed to the system model.

Depending on the simulation to be carried out (e.g. perfect electrolyte bath, half-

cell, full-cell, with or without particle size variability), the system model creates as

many instances of the appropriate active material model as necessary for the repre-

sentative active material particles and establishes communication between them to

only exchange key information. The active material particles get access only to local

concentrations and potentials in the bulk phases near the particular active material

particle, and the bulk surrounding phases only need access to the total integrated

reaction rate of each particle. This isolation makes it relatively straightforward to ex-
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inputs.cfg

Process Input:
 - Non-dimensionalize

Define Simulation:
 - Create model instances
 - Set initial conditions/guesses

Electrode-Scale Model:
 - Electrolyte transport
 - Current/Voltage profile
 - Interactions with active materials
 - etc.

AM Model, "a":
 - ACR/CHR/etc.
 - Thermo
 - Reaction rate
 - etc.

AM Model, "c":
 - ACR/CHR/etc.
 - Thermo
 - Reaction rate
 - etc.

Figure 4-2: Structure of software. Simulation definition and input handling is sepa-
rated from model equation definitions, and models are separated into electrode scale
models and active material (AM) models which exchange limited information.

tend MPET’s capabilities by adding new material models or modifying existing ones

to add relevant physics such as stresses and strains [100, 47, 240, 51, 17, 204, 237]

or hierarchical structures [57]. For example, to add and simulate a new model, a

user must define the non-dimensional equations as a model class, specify the initial

conditions via the simulation class, and update the handling of parameters to read

and non-dimensionalize any new inputs. Material models can easily use distinct dis-

cretization and/or geometries such as the homogeneous or CHR particles. We have

also already included the two-repeating-layers model developed and applied to single

graphite particles [108, 215]. Other variations such as 2D particles of arbitrary geom-

etry discretized using the finite volume [59] or finite element method would also be

straightforward, especially with the DAE Tools interface to the deal.ii finite element

library [172, 12]. The structure also makes it a straightforward addition to implement

multiple particle types to be simulated within each electrode region. Finally, it makes

it easier to modify specific parts of any given model with confidence that side-effects

will be minimized through the isolation of the logical parts.
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In order to facilitate good reproducibility of scientific computations, MPET de-

faults to storing each simulation output within time-stamped directories, along with

both input files and a snapshot of the source code which ran that simulation. Users

can disable this feature to use their own system or take advantage of it by keeping a

log matching the time-stamped directories with notes about each simulation. Simula-

tion outputs are stored by default in a binary format which is readable using common

scientific computing software including Python (with scipy), R, and Matlab. MPET

includes a script to perform some basic plotting using this output and also a script

to convert the output to comma-separated value (csv) text files, which can be nearly

universally interpreted.

4.5.2 General Options

As discussed above, the software’s structure makes it flexible enough for a range of

possible simulation options, and the key options are described here. Either the current

or voltage can be imposed as piecewise-constant functions with arbitrary numbers of

steps (simulated with fast but continuous steps, similar to the method proposed in

ref. [27]). With minor changes to the code, completely arbitrary functions are pos-

sible. Currents are imposed relative to a 1 C (dis)charge based on the simulated

battery’s limiting electrode, and optional cut-off voltages terminate the simulation

if the system voltage reaches their values. Because it is sometimes convenient to

continue an old simulation, this can be done by specifying the location of a stored

output. Discretization is specified in terms of the number of finite volumes in each

region of the electrode. If the anode is set to have zero volumes, the simulation uses

a flat lithium metal counter-electrode with specified Butler-Volmer reaction rate ki-

netics. If only a single cathode volume is simulated, it places any simulated particles

within a perfect electrolyte bath without any transport limitations for either single-

or multi-particle studies neglecting electrolyte and bulk electrode losses. Within each

discretized porous electrode volume, the chosen number of particles are simulated,

drawing from a specified log-normal size distribution. Conductivity losses in the bulk

electron-conducting phase or between individual particles within each volume of sim-
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ulated electrodes are optionally neglected or simulated as described in Section 4.3.1.

Electrode lengths, electrolyte volume fractions, loading percents (volume fraction of

active material within the electron-conducting phase), and Bruggeman exponents de-

scribe the geometry characteristics of effective transport within the porous electrolyte.

The electrolyte can be specified either as a dilute model or using a full Stefan-Maxwell

concentrated solution theory model as described in Section 4.3.1. Arbitrary functions

can be specified for the electrolyte transport properties by defining them as Python

functions.

Active material particles are specified by the basic model for their transport pro-

cesses (e.g. Fickian diffusion, homogeneous, Cahn-Hilliard reaction), the thermody-

namic function describing them (also specified as arbitrary Python functions), and

the remaining properties associated with the particular model. The specified trans-

port model determines the type of material model (defining the discretization method

and equations solved) used in the simulations. When applicable, the transport flux

prefactor can be specified as an arbitrary function. Electrochemical reactions are

defined as Butler-Volmer, Marcus-Hush-Chidsey, or (experimental) Marcus kinetics

as formulated by Bazant [17], and a reaction film resistance can be added to any of

these. The Butler-Volmer exchange current density is taken as one of a few built-in

options, as outlined in Section 4.3.2, but can be specified as arbitrary functions within

the particle model source code. To facilitate stability of some models, we provide the

options to replace the most extreme regions of the log terms of ideal-solution parts of

thermodynamic models with linear extrapolations. Finally, to ensure that materials

phase separate when they naturally would based on minor fluctuations, we include

the option to add Langevin noise to the rate of change of concentration within each

solid finite volume [51].

4.5.3 Numerical Methods

For each of the methods detailed below, we will describe the discretization in non-

dimensional form using the scales presented in Section 4.4. We will also drop sub-

scripts indicating species and location (electrolyte or active material particle) for
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clarity with discretization subscripts.

Electrolyte

The electrolyte equations are discretized using a typical 1D finite volume scheme

with cell centers [165]. They are non-dimensionalized using the same scales as in the

electrode scale equations, Section 4.4.1. For example, for species conservation in cell 𝑗

with width ∆̃︀𝑥 and neglecting subscripts for electrolyte/species identifiers for clarity,

𝜕̃︀𝑐𝑗
𝜕̃︀𝑡 =

̃︀𝐹𝑗−1/2 − ̃︀𝐹𝑗+1/2

∆̃︀𝑥 (4.100)

where the 𝑗 subscript represents an average quantity within the discretized volume,

and the 𝐹𝑗±1/2 represent components of the flux normal to the faces on the right/left of

cell 𝑗 in the positive 𝑥 direction, where 𝑥 is along the length of the cell going between

the current collectors. The flux is approximated using a finite difference two-point

formula based on the adjacent cell centers. Where required (e.g. for electromigration

terms), face values of field variables are approximated using harmonic means, which

greatly enhances stability in regions of strong electrolyte depletion. The harmonic

mean also better represents variation in transport prefactors [195].

Active Material

The active material can be defined as spherical, cylindrical, or a rectangular grid

approximation of platelet-like particles common in LiFePO4 [211]. Those on a rect-

angular grid are discretized like the electrolyte, and the ratio of reacting area to

volume is calculated as a function of the length and thickness, ℎ𝑝, of the particle

assuming reactions only occur on the top and bottom surfaces [145]. For spheres and

cylinders, the ratio of particle volume to reacting area is specified fully by the particle

radius. For cylinders, we use the particle thickness, ℎ𝑝, for clarity in this section. The

spherical and cylindrical particles are discretized using a variant of finite volumes

directly taken from Zeng et al. [265, 267]. They are non-dimensionalized using the

same scales as in the single particle scale equations, Section 4.4.2. For the cylindrical
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particles, we follow the same method as that in Zeng and Bazant, but modify it for

the cylindrical geometry by changing the calculation of the volumes and areas of each

sub-shell. That is, for both geometries, the systems of equations can be represented

as

̃︁M̃︀V𝜕̃︀c
𝜕̃︀𝑡 = ̃︀b, (4.101)

where ̃︀c is a vector of concentrations at positions going from the center of the particle

to the surface of the particle with 𝑁 sub-volumes,

̃︁M =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
4

1
8

0 0 · · · 0 0 0 0
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0 · · · 0 0 0 0
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· · · 0 0 0 0
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0

0 0 0 0 · · · 0 1
8
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1
4

0 0 0 0 · · · 0 0 1
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3
4

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (4.102)

̃︀V is a diagonal matrix defined by the volumes of the shells scaled to 𝐿3
𝑝. Indexing

the volumes with 𝑗 = 1 . . . 𝑁 , and with a uniformly spaced radial vector, ̃︀𝑟𝑗, with 𝑁

points going from the particle center to its surface, then for a sphere ̃︀V has components

defined by

̃︀𝑉 sphere
𝑗𝑗 =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
4𝜋
(︁

Δ̃︀𝑟3
24

)︁
𝑗 = 1

4𝜋
(︁̃︀𝑟2𝑗∆̃︀𝑟 + Δ̃︀𝑟3

12

)︁
𝑗 = 2 . . . 𝑁 − 1

4𝜋
(︁̃︀𝑟3𝑗

3
− (̃︀𝑟𝑗−Δ̃︀𝑟/2)3

3

)︁
𝑗 = 𝑁

(4.103)
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and for a cylinder,

̃︀𝑉 cylinder
𝑗𝑗 =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
𝜋̃︀ℎ𝑝

Δ̃︀𝑟2
4

𝑗 = 1

2𝜋̃︀ℎ𝑝̃︀𝑟𝑗∆̃︀𝑟 𝑗 = 2 . . . 𝑁 − 1

𝜋̃︀ℎ𝑝

(︁̃︀𝑟𝑗∆̃︀𝑟 − Δ̃︀𝑟2
4

)︁
𝑗 = 𝑁

. (4.104)

The right hand side, ̃︀b, is defined in relation to the radial components of the fluxes

evaluated at the interfaces between the shells, ̃︀𝐹𝑗±1/2, and the areas of the interfaces

between the shells, ̃︀𝐴𝑗±1/2. The fluxes and areas are scaled to 𝐹𝑠,ref and 𝐿2
𝑝 respectively.

For each geometry,

̃︀𝑏𝑗 = ̃︀𝐴𝑗−1/2
̃︀𝐹𝑗−1/2 − ̃︀𝐴𝑗+1/2

̃︀𝐹𝑗+1/2. (4.105)

The shell areas differ for the two geometries, given scaled to 𝐿2
𝑝,

̃︀𝐴cylinder
1−1/2 = ̃︀𝐴sphere

1−1/2 = 0 (4.106)

̃︀𝐴sphere
𝑗+1/2 =

⎧⎪⎨⎪⎩4𝜋
(︀̃︀𝑟𝑗 + Δ̃︀𝑟

2

)︀2
𝑗 = 1 . . . 𝑁 − 1

4𝜋̃︀𝑟2𝑗 𝑗 = 𝑁

(4.107)

̃︀𝐴cylinder
𝑗+1/2 =

⎧⎪⎨⎪⎩2𝜋̃︀ℎ𝑝

(︀̃︀𝑟𝑗 + Δ̃︀𝑟
2

)︀
𝑗 = 1 . . . 𝑁 − 1

2𝜋̃︀ℎ𝑝̃︀𝑟𝑗 𝑗 = 𝑁

. (4.108)

The flux is calculated using the two-point centered finite difference approximation

using the concentrations in the adjacent cells. Unlike in Zeng et al. [265, 267], we

use harmonic means for face value approximations of field variables as in the elec-

trolyte. This discretization scheme for the cylinders and spheres has the advantage

of increased accuracy of simulated surface concentrations [265] while retaining mass

conservation to within numerical precision. It is slightly less robust than a more

typical cell-centered finite volume scheme under certain situations, as the coupling

between the adjacent volumes via the mass matrix can cause minor oscillations during

the formation of very steep concentration gradients, but this typically only presents
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problems when beginning with very high currents from nearly full or empty parti-

cles. This approach also has the advantage, much like typical finite volume schemes,

of naturally facilitating the application of flux boundary conditions, as apply to the

active material at the particle center (from symmetry) and surface (from reaction).

When applied to CHR particles, to evaluate the chemical potential at grid points

we must calculate the Laplacian of the concentration, and we follow Zeng and Bazant [267].

For interior points, 𝑗 = 2 . . . 𝑁 − 1,

̃︀∇2̃︀𝑐 sphere𝑗 =
2

𝑟𝑗

𝜕̃︀𝑐
𝜕̃︀𝑟
⃒⃒⃒⃒
̃︀𝑟𝑗 +

𝜕2̃︀𝑐
𝜕̃︀𝑟2
⃒⃒⃒⃒
̃︀𝑟𝑗 ≈

2̃︀𝑟𝑗 ̃︀𝑐𝑗+1 − ̃︀𝑐𝑗−1

2∆̃︀𝑟 +
̃︀𝑐𝑗−1 − 2̃︀𝑐𝑗 + ̃︀𝑐𝑗+1

∆̃︀𝑟2 (4.109)

̃︀∇2̃︀𝑐 cylinder𝑗 =
1

𝑟𝑗

𝜕̃︀𝑐
𝜕̃︀𝑟
⃒⃒⃒⃒
̃︀𝑟𝑗 +

𝜕2̃︀𝑐
𝜕̃︀𝑟2
⃒⃒⃒⃒
̃︀𝑟𝑗 ≈

1̃︀𝑟𝑗 ̃︀𝑐𝑗+1 − ̃︀𝑐𝑗−1

2∆̃︀𝑟 +
̃︀𝑐𝑗−1 − 2̃︀𝑐𝑗 + ̃︀𝑐𝑗+1

∆̃︀𝑟2 . (4.110)

For the center of the particle, isotropy gives

̃︀∇2̃︀𝑐 sphere1 = 3
𝜕2̃︀𝑐
𝜕̃︀𝑟
⃒⃒⃒⃒
̃︀𝑟1 ≈ 3

2̃︀𝑐2 − 2̃︀𝑐1
∆̃︀𝑟2 (4.111)

̃︀∇2̃︀𝑐 cylinder1 = 2
𝜕2̃︀𝑐
𝜕̃︀𝑟
⃒⃒⃒⃒
̃︀𝑟1 ≈ 2

2̃︀𝑐2 − 2̃︀𝑐1
∆̃︀𝑟2 . (4.112)

At the surface, we use a ghost point and impose the concentration gradient within

the Laplacian of the concentration,

̂︀n · ̃︀∇̃︀𝑐𝑁 =
1̃︀𝜅 𝜕̃︀𝛾𝑆
𝜕̃︀𝑐𝑠 ≈ ̃︀𝑐𝑁+1 − ̃︀𝑐𝑁−1

2∆𝑟
(4.113)

giving ̃︀𝑐𝑁+1 ≈ 2Δ̃︀𝑟̃︀𝜅 𝜕̃︀𝛾𝑆
𝜕̃︀𝑐𝑠 + ̃︀𝑐𝑁−1, such that

̃︀∇2̃︀𝑐 sphere𝑁 ≈ 2̃︀𝑟𝑁 1̃︀𝜅 𝜕̃︀𝛾𝑆
𝜕̃︀𝑐𝑠 +

2̃︀𝑐𝑁−1 − 2̃︀𝑐𝑁 + 2Δ̃︀𝑟̃︀𝜅 𝜕̃︀𝛾𝑆
𝜕̃︀𝑐𝑠

∆̃︀𝑟2 (4.114)

̃︀∇2̃︀𝑐 cylinder𝑁 ≈ 1̃︀𝑟𝑁 1̃︀𝜅 𝜕̃︀𝛾𝑆
𝜕̃︀𝑐𝑠 +

2̃︀𝑐𝑁−1 − 2̃︀𝑐𝑁 + 2Δ̃︀𝑟̃︀𝜅 𝜕̃︀𝛾𝑆
𝜕̃︀𝑐𝑠

∆̃︀𝑟2 . (4.115)
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4.5.4 DAE Consistent Initial Conditions

Because the discretized equations are coupled DAE’s, we must begin the system from

consistent initial conditions [31, 191]. Although various approaches for initializing this

type of model have been developed [257, 28, 157], we found it to be relatively robust

to begin from a known equilibrium state and quickly ramp the applied current or

voltage to the desired values. Although this contributes to the stiffness of the system,

the higher order, adaptive backward difference formula (BDF) time stepper we use

mitigates the cost of this, obviating the need to use more sophisticated methods.

To run simulations with specified current, we begin at a zero-current state, where

we can easily calculate the equilibrium potentials in each of the phases (because we

also begin with uniform concentration profiles). Similarly, for simulations with speci-

fied applied voltages, we begin from the calculated equilibrium applied voltage before

ramping to the desired voltage. In addition, to make the initialization more robust, we

offset the chemical potentials in the solid phases throughout the simulation by their

initial values, such that the initial equilibrium potentials everywhere throughout the

simulation are zero. We found this to substantially facilitate initialization compared

to leaving chemical potential at their physical values, which can leave differences in

potentials across the system on the order of a hundred thermal volts (e.g. a 3 V ma-

terial against a lithium metal or graphite anode is at ∼ 100 thermal volts compared

to 𝑘B𝑇/𝑒 at room temperature). Because these potentials appear within exponen-

tials of rate expressions, offsetting them to begin the simulation at zero substantially

facilitates the numerical determination of consistent initial conditions and has no im-

pact on the simulation output upon post-applying the reverse-offset. Finally, when

performing a simulation continuation, we take the final state of the previous output

as initial guesses for the new initial state.

4.6 Examples

As a detailed examination of all the applications and model variations of the software

is beyond the scope of the present work, we instead focus here on a few examples
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highlighting some of the key distinguishing capabilities of MPET.

4.6.1 Solid solutions and phase separation in porous electrodes

We begin with a comparison of solid solution and phase separating models within

porous electrode simulations, which highlights the ability of the software to compare

two different approaches to modeling the same material, variations of both of which

are commonly used [10, 142]. A complete comparison of the different models is

beyond the scope of this work, so we present only a simplified example here as a

demonstration of the model behavior. To keep the system as simple as possible, we

choose to investigate a fictitious material in which lithium intercalates and has a

diffusional chemical potential described by a regular solution,

𝜇RS = 𝑘B𝑇 ln

(︂ ̃︀𝑐
1 − ̃︀𝑐

)︂
+ Ω(1 − 2̃︀𝑐) − 𝜅

𝑐max

∇2 ̃︀𝑐 + 𝜇Θ (4.116)

where ̃︀𝑐 = 𝑐/𝑐max is a filling fraction, 𝑐max is the maximum concentration of lithium in

the active material, and with 𝜇Θ arbitrarily set to −2 eV defined relative to Li/Li+.

The regular solution parameter, Ω, is set to 3𝑘B𝑇ref , where 𝑇ref = 298 K is the absolute

temperature at which the simulation is carried out. We examine an electrode with

particles with radius, 𝑅 = 1 𝜇m, and we choose the interfacial gradient penalty, 𝜅 =

1.16×10−7 J/m such that the phase interface width is several times the finite volume

grid size, 20 nm. The maximum filling fraction in the active material, 𝑐max = 25 M

is chosen arbitrarily.

To describe the thermodynamics of the solid solution material, we impose a chem-

ical potential associated with the stable equilibrium chemical potential defined by

Eq. 4.116, a piece-wise continuous function defined as equal to 𝜇RS outside the misci-

bility gap and 𝜇Θ within it, the red dashed curve in Figure 4-3. Note, this could differ

from a particular equilibrium filling/emptying path because a particle described by

Eq. 4.116 can enter metastable regions, leading to equilibrium hysteresis [140, 77, 87]

which a solid solution model cannot capture without direction-dependent thermody-

namic models.
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Figure 4-3: Chemical potential of a particle described by a regular solution as a
function of average filling fraction, 𝑐.

In order to minimize conflating factors from the reaction kinetics, we model

both phase separating and solid solution particles using the symmetric Butler-Volmer

model with a constant exchange current density, 𝑖0 = 1 A/m2, leading to minimal

reaction losses in either system. We will consider the case that intercalation occurs at

the surface and phase separation occurs within the bulk, indicating it can be described

by the Cahn-Hilliard reaction model [17, 267]. The transport of solid solution mate-

rial can be described using Fickian diffusion. For the solid solution, we use constant

𝐷chem = 1 × 10−16 m2/s, and for the phase separating case, we use Eq. 4.56, which

approximately matches the concentration-independence of the chemical diffusivity in

the solid solution regimes [215]. We adjust 𝐷0 until we get a similar dependence of

available battery capacity as a function of current (Fig. 4-5 (b)), where capacity is

defined as the electrode filling fraction when the voltage reaches a 1.5 V cutoff. We

find 𝐷0 = 8 × 10−16 m2/s reflecting the larger value of transport prefactor required

to obtain similar fluxes in phase separating systems because of the smaller gradi-

ents which can arise in their end member phases compared to solid solution particles

(Fig. 4-4).

We use a cell geometry with thin electrodes to minimize electrolyte limitations

and assume no electron limitations in the porous electrode or reaction resistance on

the lithium foil counter electrode. The porous separator and cathode are 15 𝜇m and

20 𝜇m with porosities of 0.8 and 0.2 respectively. The loading fraction in the cathode

is taken to be 0.7 with the Bruggeman exponent, 𝑎 = −0.5. We model the electrolyte
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Figure 4-4: Concentration of particles nearest the separator in a 3 C discharge for
both solid solution and phase separating models. In (a) we show a snapshot of the
full concentration profile of the particle nearest the separator at 294 s, and in (b) we
show the surface concentration of that particle as a function of time.
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Figure 4-5: Discharge characteristics of solid solution and phase separating electrodes
using constant exchange current density. Representative polarization curve at 3 C in
(a) and dependence of capacity on current in (b).

using concentrated solution theory as described in Section 4.3.1 using parameters as

determined by Valoøen and Reimers [238] but replacing the conductivity with that

measured by Bernardi and Go [21].

Despite very different models for the transport in the solid phase, it is interesting

to note that some macroscopic characteristics of the modeled cell are quite similar.

For example a representative cell voltage polarization curve and the dependence of cell

capacity as a function of current show similar behavior (Figure 4-5), indicating that

macroscopic cell data alone would not differentiate between these models. We find

in a companion paper that this observation holds for similar models even in the case

of non-negligible reaction resistances which are dominated by film resistance [232].

Of note, in the companion paper, we used Eq. 4.54 with constant prefactor, i.e.

128



𝐷0,𝑖𝛾𝑖̃︀𝑐𝑖/𝛾𝑑
‡,𝑖 = constant, which we found here unable to produce a dependence of

capacity on current similar to the solid solution with constant chemical diffusivity.

Despite the similarity in Figure 4-5, we note that the models give very different pre-

dictions of the behavior at the particle level, shown in Figure 4-4 in which we show

both a snapshot of a representative concentration profile for each of the simulations

and also a representative profile of the evolution of surface concentration in one of the

particles. Because the surface concentration also affects other model behavior, includ-

ing the reaction rate, we show in Figure 4-6 that when both particles are simulated

using the concentration-dependent exchange current density in Eq. 4.38, they diverge

much more significantly in their predictions. A consistent coupling to stresses and

strains would further differentiate the models, as the concentration profile throughout

the particle directly couples to the stress profile [100, 30, 51, 69].
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Figure 4-6: Discharge polarization curves at 3 C using concentration-dependent ex-
change current density, Eq 4.38.

4.6.2 Concentrated and dilute solutions with phase separating

materials

Here, to focus on the electrolyte, we consider the same (phase separating) electrode

materials in dilute and concentrated electrolyte solutions. Dargaville and Farrell first

considered CHR and ACR phase field particles in porous electrodes using Stefan-

Maxwell electrolytes [58], and we briefly compare the dilute approach previously used

by Bazant and co-workers [86, 87, 145] with the concentrated model here. We use the

same phase separating material as that studied Section 4.6.1 with constant exchange
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current density but simulate it in a battery with a longer electrode of 200 𝜇m. The

concentrated electrolyte model is identical to that used in Section 4.6.1, and the

dilute model is analogous to that model but replacing the fit function of the electrolyte

conductivity with the linear dependence predicted by dilute solutions [169], neglecting

concentration dependence of the electrolyte transport coefficients, and using 𝐷ℓ,+ =

2.42×10−10 m2/s and 𝐷ℓ,− = 3.95×10−10 m2/s, which corresponds to the concentrated

solution model with a typical value of 𝐷ℓ = 3 × 10−10 m2/s and 𝑡0+ = 0.38.
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Figure 4-7: Comparison of phase separating porous electrodes using dilute and con-
centrated solution theory to model the electrolyte. Polarization curves (a) and final
electrolyte concentration profiles (b) are presented for a 1 C discharge. In (b) the
grey vertical dashed lines indicate the edge of the separator.

In this situation, the electrolyte transport is limiting, so we expect substantial

differences between the two models, which we see in Figure 4-7. Because the elec-

trolyte transport is much more limiting than the solid phase transport, the results

are qualitatively similar to those of Valoøen and Reimers despite their use of a solid

solution active material model instead of the phase separating model here [238]. As

in Figure 4-7 (a), they found the concentrated model leads to a more gradual decrease

in voltage over the cell discharge but a larger overall capacity. This highlights the

importance of using the more consistent concentrated solution theory approach in

situations with substantial electrolyte polarization.
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4.6.3 Full Cell LiFePO4/C

To demonstrate the versatility of the software, we present here the result of a battery

simulation with two porous electrodes using two very different solid material models

for each one. In the cathode, we use an Allen-Cahn reaction model of LiFePO4 (LFP)

which was developed by Bazant and co-workers [34, 7, 51, 87] and used to explain in

situ measurements of mosaic phase transformations in porous electrodes [145]. In the

anode, we simulate graphite using a 2-layer Cahn-Hilliard reaction model [87, 215] as

used to capture the experimental intercalation of a single crystal of graphite [108].

Although we have found a variation of this model to better describe the behavior of

porous graphite electrodes [232], we use it here to highlight the ease of implementing

and using very different active material models within the same simulation using

MPET.

We use the same concentrated electrolyte model as in the previous two sections.

The lengths of the anode, separator, and cathode are 100 𝜇m, 20 𝜇m, and 150 𝜇m.

The porosities are 0.15, 0.4, and 0.2, and the loading percents of the anode and

cathode are 0.9 and 0.7. Because the solid phase models are described in detail in

the previous work, we only briefly introduce them here. The cathode particles are

ACR particles described by a regular solution with an effective stress term, designed

to approximately capture the tilting of the single-particle voltage plateau resulting

from stresses [51, 53, 87],

𝜇LFP = 𝑘B𝑇 ln

(︂ ̃︀𝑐
1 − ̃︀𝑐

)︂
+ Ω(1 − 2̃︀𝑐) +

𝐵

𝑐max,LFP

(̃︀𝑐− 𝑐) − 𝜅LFP

𝑐max,LFP

∇2̃︀𝑐 + 𝜇Θ
LFP

(4.117)

where Ω = 4.51𝑘B𝑇 , the stress coefficient 𝐵 = 0.19 GPa, 𝑐max,LFP = 23 M, 𝑐 is the

average filling fraction in the particle, 𝜅LFP = 5 × 10−10 J/m, and 𝜇Θ
LFP = −3.4 eV

with respect to Li/Li+. The anode particles are described by two-layer CHR transport

with a two-parameter regular solution model including inter-layer repulsion terms to

capture the staged structure found in intercalated graphite [76]. The flux within each
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layer is given by Eq. 4.56, and the chemical potential of each is given by

𝜇𝐺,𝑖 = 𝑘B𝑇 ln

(︂ ̃︀𝑐𝑖
1 − ̃︀𝑐𝑖

)︂
+ Ω𝑎(1 − 2̃︀𝑐𝑖) − 2𝜅G

𝑐max,G

∇2̃︀𝑐𝑖 + Ω𝑏̃︀𝑐𝑗 + Ω𝑐(1 − 2̃︀𝑐𝑖)̃︀𝑐𝑗(1 − ̃︀𝑐𝑗) + 𝜇Θ
G

(4.118)

where 𝑗 ̸= 𝑖 and 𝑖 ∈ {1, 2} and ̃︀𝑐𝑖 represents the filling fraction of layer 𝑖. The

parameters for graphite come from refs. [87, 108] and are Ω𝑎 = 3.4𝑘B𝑇 , Ω𝑏 = 1.4𝑘B𝑇 ,

Ω𝑐 = 20𝑘B𝑇 , 𝑐max,G = 28.2 M, 𝜅G = 4 × 10−7 J/m, and 𝜇Θ
G = −0.12 eV with respect

to Li/Li+. In both materials, the reactions are governed by the symmetric (𝛼 = 0.5)

Butler-Volmer, Eq. 4.35, using Eq. 4.37 for the exchange current density. For LFP,

we set 𝑘0 = 0.16 A/m2 and use 𝛾‡ = 1/(1 − ̃︀𝑐) as proposed by Bai et al. [7]. For

graphite, we set 𝑘0 = 10 A/m2 and use 𝛾‡,𝑖 = 1/(̃︀𝑐𝑖(1 − ̃︀𝑐𝑖)) as we initially used in

Guo et al. [108] and reexamined recently to suggest alternate models for practical

battery simulation [215].
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Figure 4-8: Simulated Graphite-LiFePO4 cell discharge polarization curves. The
bumps in the C/10 curve arise from discrete particle filling events in the cathode,
and the bumps in the C/2 and 1 C curves arise from the graphite reaction activity
coefficient model [215]. The electrode filling fraction refers to the limiting electrode,
the cathode.

We present overall cell polarization curves for a selection of currents in Figure 4-

8. The thick electrodes and low porosity make the cell experience strong electrolyte

polarization at the moderate simulated currents, causing most of the losses in the

cell. The cell capacity is limited by the cathode, evidenced by the graphite-caused

shift in the C/10 voltage profile occurring at a cathode filling fraction larger than

0.5. In addition, we see erratic profiles at all simulated rates. At the lowest rates,
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Figure 4-9: Utilization (average filling fraction) of particles on both ends of each
electrode at C/2. The anode is depicted on top (a) and the cathode on bottom (b).

this is primarily related to the mosaic transformation of the LFP particles along the

length of the electrolyte, with one representative particle typically receiving almost

all the current in the electrode, as seen experimentally [48, 145] and explained theo-

retically [77, 87]. This behavior can be seen in Figure 4-9 (b) in which the cathode

particles show sharp filling processes related only to their position in the electrode,

because they do not have size variation as used in Ferguson and Bazant [87]. In con-

trast, the anode particles behave more like the CHR particles studied in the sections

above, with more gradual filling processes governed more weakly by their position in

the electrode. At higher rates, the cathode still demonstrates a mosaic transforma-

tion, but the voltage curves smooth out because other losses dominate. The voltage

spikes result from the form of the reaction resistance causing short sections of low

resistance. This rate expression helped capture single particle experiments [108] but

is unable to capture experiments on a full porous electrode, where we also used a

simplified version of the graphite model [232].

4.6.4 Electrochemical reactions

Battery models are typically constructed assuming Butler-Volmer reaction kinet-

ics [29, 231], although recent evidence suggests Marcus kinetics may better describe
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some electrochemical reactions [46, 8]. One possible reason for the use of the Butler-

Volmer form is that the models do not deviate until moderate to large reaction driving

forces, depending on the reaction [114]. A second is that the expression for calcu-

lating Marcus style kinetics at an electrode involves an improper integral [46], which

is cumbersome to evaluate, especially within porous electrode simulations in which

reaction rates are evaluated many times over the course of a simulation. Neverthe-

less, this Marcus-Hush-Chidsey (MHC) reaction model has been approximated with

a mathematically simple and accurate expression [268], enabling its practical use in

porous electrode battery models, which we demonstrate here. The primary effect of

MHC kinetics is a downward curvature instead of the linear Tafel slope associated

with Butler-Volmer reaction kinetics.

In order to accurately capture electrochemical data, the Butler-Volmer expression

is commonly modified with a film resistance as in Eq. 4.36 to capture a series re-

sistance associated with any film at the surface. Curiously, this modified expression

could be interpreted as a way to introduce curvature to the Tafel plot in a way that

can look similar to MHC kinetics over a range of driving forces. For example, in

Figure 4-10, we compare Butler-Volmer with and without film resistance (BV and

BV-film respectively) with the MHC expression, all using the same exchange cur-

rent density and at fixed concentrations. In the figure, we use constant reaction rate

prefactors, 𝑖0 = 𝑖𝑀 = 1 A/m2 and 𝑅film = 0.001 Ω m2, a value similar to that used

to match electrochemical data using porous electrode modeling [230, 219, 1]. The

MHC kinetics use the same exchange current density and a reogranization energy,

𝜆 = 18𝑘B𝑇 , between that approximated for LiFePO4 [8] and values used in other in-

terfacial reactions [46, 114]. The limiting behaviors for the film resistance and MHC

models differ substantially, as the film model approaches a linear resistor at high

driving forces, whereas the MHC current saturates at a constant value. However,

over a relatively broad range of driving forces, the two predict similar currents when

neglecting concentration effects, which suggests that some variant of the MHC model

may be able to capture some electrochemical data using a microscopically derived

model. We should note that the concentration dependence of the MHC model differs
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from that of the Butler-Volmer model with film resistance, so comparisons are not

completely straightforward. Nevertheless, use of the MHC expression has the advan-

tage that it also makes clear connections to surface properties [133] which could be

engineered, suggesting possible improvement paths for materials with slow kinetics.
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Figure 4-10: Comparison of reaction models.

To illustrate the application of MHC kinetics in a porous electrode, we simulate a

current-pulse discharge process of the idealized phase separating material studied in

Section 4.6.1 using both the Butler-Volmer and MHC models as well as the Bulter-

Volmer model with a film resistance. As mentioned above, the concentration depen-

dence of the MHC model is non-trivial, as the departure from the formal potential, 𝜂𝑓 ,

is offset from the activation overpotential. In addition, the prefactor, 𝑖𝑀 = 𝑘𝑀/𝛾𝑀,‡,

may also have concentration dependence related to concentrated solution effects cap-

tured in 𝛾𝑀,‡. In order to study the two with the least impact from the different

concentration dependence, we choose to modify 𝑖𝑀 here to match the exchange cur-

rent densities of the Butler-Volmer and MHC models. This could be interpreted as

choosing a particular model for 𝛾𝑀,‡, but we refrain from assigning physical meaning

to the choice used here and make the selection to enable the simplest comparison

between the two models.

First, we plot the exchange current density of the MHC model using constant 𝑖𝑀 in

Figure 4-11 (a) and note that it has a dependence on the reduced species (intercalated

lithium) that is approximately a square root. This applies to both ̃︀𝑐𝑅 and ̃︀𝑐𝑂. Thus,

in order to approximately specify an arbitrary exchange current density for the MHC

model, we can simply divide a chosen function by
√̃︀𝑐𝑅̃︀𝑐𝑂 and scale the magnitude

accordingly. To connect to our previous work, we choose to compare the (symmetric)
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Butler-Volmer form based on species activities, Eq. 4.35 with Eq. 4.37. Thus, for the

MHC model, we choose

𝑖𝑀 =
𝑘𝑀𝑛(𝑎𝑂𝑎

𝑛
e )1−𝛼𝑎𝛼𝑅

𝛾‡
√̃︀𝑐𝑅̃︀𝑐𝑂 , (4.119)

with 𝑛 = 1 and 𝛼 = 0.5, which very nearly matches the concentration and activity de-

pendence of the exchange current densities of the two models, leaving the primary dif-

ference in the dependence on the activation overpotential, 𝜂. We use 𝛾‡ = 1/(1 − ̃︀𝑐𝑅)

following previous work on LFP [7, 51] and supported by recent experiments [146].

This gives an exchange current density with broken symmetry around half filling, as

depicted in Figure 4-11 (b). We choose a reaction reorganization energy for the MHC

model 𝜆 = 18𝑘B𝑇 as in Figure 4-10.
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Figure 4-11: Exchange current densities as a function of concentration of the reduced
species (e.g. intercalated lithium). In (a) the MHC exchange current density using
constant prefactor, 𝑖𝑀 , is normalized to its value at max solid filling, and the red
dashed line is a fit square root function. In (b) the Butler-Volmer exchange current
density is scaled to the reaction rate prefactor, 𝑘0, and assumes negligible contribution
from concentration gradients.

In order to minimize the effect of solid phase transport losses, we modify the phase

separating particles from Section 4.6.1 to have 𝐷0 = 1 × 10−14 m2/s. We simulate a

half-cell using the concentrated Stefan-Maxwell electrolyte model and with a lithium

foil counter-electrode with fast kinetics. Although fast lithium foil kinetics may be

a poor assumption because of the small relative surface area, under constant current

conditions, it would only add a current-dependent, constant additional voltage drop
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to both simulated systems. The simulated cell has a separator of length 20 𝜇m

with porosity 0.8 and a thin cathode of length 25 𝜇m with porosity 0.2 to minimize

electrolyte transport losses and focus on the effect of the reaction kinetics. The

cathode loading percent, as above, is set to 0.7, and we simulate uniform particles

of radius 1 𝜇m with 𝑘0 = 1 A/m2 and 𝑘𝑀 chosen such that the magnitudes of the

exchange current densities match. We adjust the value of the film resistance from

that used in Figure 4-10 to 𝑅film = 0.02 Ω m2 to achieve a closer match between the

MHC and Butler-Volmer model with the film while using the concentration-dependent

exchange current densities neglected in Figure 4-10. This value is higher than is

commonly used and closer to that used in the introduction of the film resistance to

battery modeling by Doyle et al. [75].

We expose the cell to the current profile and corresponding state of charge profile in

Figure 4-12 (b), and the output voltage profiles are shown in Figure 4-12 (a). Although

the cell experiences moderate electrolyte polarization at the highest currents, those

losses are similar for both models and do not explain the differences in the overall

output voltage. The initial current pulse at 2 C brings all the electrode particles to a

state of charge within the miscibility gap, so the equilibrium voltage is given by the

value of −𝜇Θ/𝑒 = 2 V which we see the cell relax to after the pulse. We also can

see the overlap of the BV and MHC profiles in the initial region of this pulse, where

the surface concentrations are changing most substantially, confirming the match of

both the magnitude and concentration dependence of the two reaction models in this

lower-overpotential range when the two reaction models should overlap. However,

once the particles begin to phase separate at approximately 7.5 min, the surface

concentrations rise sharply, and the exchange current density decreases (Figure 4-

11 (b)). This causes increased reaction resistance in both models and an associated

increase in required driving force, but the MHC model requires a larger increase in

driving force, causing the initial departure of the models near 7.5 min. When the

higher current pulses begin, we see further departure of the two reaction models with

the MHC model showing substantially higher reaction losses in Figure 4-12 (a) than

the Butler-Volmer model. The Butler-Volmer model with the film resistance leads to
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behavior between the two, predicting more resistance than the other models at low

rates and intermediate resistance at higher rates, indicating that the model results

depart enough to clearly distinguish in these conditions. Still, the effect of the film

resistance and MHC kinetics are qualitatively similar, suggesting that some of the

system behavior which has been attributed to reaction film resistance may instead be

caused by fundamental departures from Butler-Volmer reaction kinetics.
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Figure 4-12: Comparison of reaction models within a porous electrode model. In (a)
the system voltage response is plotted, while in (b) the specified input current and
associated state of charge profiles are shown.

In the limit of 𝑒𝜂 ≪ 𝜆, the Butler-Volmer and MHC models predict identical

results. The value of 𝜆 we used here is between a value calculated for LFP [8] and

values commonly found in calculations or fits to data for other systems [46, 114].

Using this intermediate value and an MHC prefactor adjusted to give a more similar

concentration dependence to Butler-Volmer expressions, we can see that the two

models give noticeably different predictions on the simulated macroscopic system

output. This further highlights the importance of continuing the study of the two

models in practical battery models, and the MPET software can help facilitate this.

138



4.7 Summary and Conclusions

Volume averaged porous electrode simulations provide insightful and industrially rel-

evant ways to characterize battery behavior. Despite shortcomings associated with

information loss from the volume averaging process, the simplicity of the approach

and associated speed of model development, implementation, and simulation run

time motivate its continued use. In this work, we have presented an open-source soft-

ware package called MPET (Multiphase Porous Electrode Theory), which builds on

foundations laid by John Newman and many others by describing the active materi-

als with variational nonequilibrium thermodynamics [17, 18] applied to porous elec-

trodes [86, 87]. Despite the prevalence of this modeling approach, few open source

options are available for simulating the model, particularly ones that are easy to

modify with new thermodynamic models based on the powerful phase field formal-

ism [42], adapted for electrochemical systems [17]. With MPET, we aimed to address

this gap by providing a software platform implementing nonequilibrium thermody-

namics of porous electrodes with an open source code, written with a modular design

to encourage use, modifications, and improvements.

Through a variety of examples, we have demonstrated some of key features of

the MPET software. First, we compared solid solution and phase field approaches to

modeling active materials and demonstrated that the models can give similar macro-

scopic outputs under some situations, but deviate at the particle scale. This leads to

different predictions when the surface concentrations strongly affect reaction behav-

ior. Second, we reexamined the comparison of Stefan-Maxwell concentrated solution

theory and dilute solution models of electrolyte transport in context of electrodes

made of simple phase separating particles. Under strong electrolyte limitation, the

difference in the model predictions is similar to that found in electrodes with solid so-

lution particles. Third, to highlight the ability of the software to describe unique and

distinct solid models, we implemented a full cell simulation using models of graphite

and iron phosphate presented in previous works. Finally, we considered the effect of

changing the reaction model from the typically used Butler-Volmer to Marcus-Hush-
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Chidsey (MHC) reaction kinetics, based on microscopic theories of electron transfer.

We demonstrated that, for some reasonably typical parameter values, the MHC re-

action kinetics can look similar to Butler-Volmer reactions with a film resistance and

can lead to substantial differences from the Butler-Volmer model in predicted battery

behavior at high rates.

Natural extensions of this work involve implementing some of the features that

other software options have and which researchers have found helpful in explaining

data or better describing real systems. For example, thermal effects can substantially

affect cell behavior [183, 107, 230, 136, 187, 173, 137, 234] and exploration of their

coupling with Marcus kinetics would be interesting. More complete thermal descrip-

tions rely on temperature profiles over more than an individual cell layer [90, 185], so

isothermal but non-constant temperature dependence would be a starting point. Ad-

dition of material models properly coupling the stresses to the concentration profile

would also be an opportunity to study the effects of electro-mechanical models with

phase separation [51, 69] in porous electrodes. Other capabilities, such as simulating

electrochemical impedance outputs or others of the many additions that have been

made to the original model implemented by Doyle et al. [74] could also be added.

For capacitive energy storage and desalination, the electrolyte model could also be

extended to allow for diffuse charge in the electrode/electrolyte interface [25, 24] or

the double layers of charged porous separators [80, 79, 201, 262], which also activates

additional mechanisms for ion transport by surface conduction and electro-osmotic

flow [80, 66, 163], which are neglected in traditional battery models.

In summary, MPET provides some new capabilities for battery simulation focused

on recent developments in the modeling of active materials based on nonequilibrium

thermodynamics. It can also serve as a starting point for other researchers beginning

to study in the area to make their own modifications and investigations. By high-

lighting its capabilities, we have shown the value of a flexible simulation package to

expand on the existing porous electrode theory and begun to examine the impact of

those developments.
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Chapter 5

Conclusions

In this thesis, we have applied nonequilibrium thermodynamics to modeling of battery

electrodes, and many of the concepts are generalizable to other electrochemical sys-

tems. Using this unified framework, we use the principle of free energy minimization

to consistently describe nonequilibrium processes, allowing us to relate them directly

to the same fundamental driving forces. By assuming a linear response to the thermo-

dynamic driving force, we relate flux of a species to gradients in its diffusional chem-

ical potential, and by assuming thermally activated transitions for reaction events,

they are also driven by diffusional chemical potentials. The same diffusional chem-

ical potentials are directly related to the equilibrium state of the system, including

its equilibrium phase diagram. Traditional battery models describing solid solution

materials can be recovered from this framework by making simple assumptions.

First, we applied this framework to transport and surface reactions of lithium

within graphite, the most common anode material in lithium-ion batteries. We be-

gan with a general framework to describe the free energy of multiphase compounds

with overlapping lattices. We then specialized this model using known attributes of

graphite including its tendency to phase separate within individual planes of lithium

between graphene sheets and its natural formation of staged structures. We compared

this model to a representative model related to those commonly used to describe par-

ticles of graphite electrodes and demonstrated that properly accounting for the phase

behavior within the material leads to very different prediction of internal concentra-
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tion profiles as well as voltage responses when a fixed current is imposed on a particle

within the miscibility gap. We also found the model to be very sensitive to the cho-

sen reaction rate prefactor, a section of the model involving some freedom of choice.

Whereas a form based on simple physical arguments about the reaction helped match

optically obtained transport data for transport within single crystals of graphite, the

same form leads to unusual voltage polarization curves. Finally, by examining the

overall character of the free energy model, we made simplifications which both led

to substantially faster simulation and also facilitated empirical modifications of the

model to capture previously incorrect predictions of graphite behavior at low lithium

filling fractions. Application of this model to graphite porous electrodes under current

pulse experiments led to good agreement with data and made different predictions

about probable lithium plating risk at high charge rates compared to traditional solid

solution model.

Second, we studied a model for electrochemical reaction kinetics based on a quan-

tum mechanically derived microscopic model of electron transfer. We first derived

the model in context of the general theory of nonequilibrium thermodynamics for

chemical kinetics and noted that the derivation we took involved some degree of

semi-arbitrary choice. Nevertheless, with the approach we took, we recovered the

well known Marcus-Hush-Chidsey (MHC) kinetics model, with extensions to connect

it directly to the variational nonequilibrium thermodynamic framework we have used

to describe transport. We also utilized a probabilistic prefactor within the derivation

to allow us to use a theoretically and experimentally supported form for a reaction

exchange current density. We applied this model to porous electrode simulations of

LiFePO4 coin cells and found good agreement with the experimental results. By com-

paring with output from similar simulations using the more commonly used Butler-

Volmer kinetics, we demonstrated that MHC kinetics are a better explanation for the

observed results than Butler-Volmer kinetics.

Finally, we broadly described the modeling framework we have developed in this

work and developed a software package to implement it. Using this software, we

demonstrated the impact choice of electrolyte models can have on porous electrodes
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with phase separating systems, leading to conclusions similar to models of electrodes

with solid solution materials. We also highlighted the impact phase separation can

have on predictions of macroscopic properties like overall cell current or voltage,

including special cases in which the single-particle difference may be insignificant for

practical applications. By simulating the porous electrode model with MHC kinetics,

we showed that it can lead to results with qualitative similarity to models using Butler-

Volmer kinetics with a film resistance, which is commonly employed as an empirical

factor in battery simulations. The results suggest that some of the resistance which

has been attributed to interface films may in fact be a result of fundamental reaction

kinetics, a distinction which should be possible to examine with careful temperature-

dependent studies.

In summary, we have used a single framework to develop and implement demon-

strated improvements in certain parts of battery models. Natural extensions of this

work involve continuing to implement more physically meaningful models within the

framework, with particular focus on studying the impact of mechanical contributions

to individual particle and cell behavior. Because the theory more accurately repre-

sents certain key system characteristics, it would also be informative to more deeply

examine the distinct predictions the model makes about side and competing reac-

tions such as lithium plating during fast charging of lithium-ion batteries. Broadly,

the modeling and simulation framework should be helpful for examining the effect of

any mesoscopic physical phenomena and their relationship with full cell behavior.
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