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This  paper  proposes  a canonical  variate  analysis  (CVA)  approach  based  on  feature  representation  of
canonical  correlation  for the  monitoring  of  faults  associated  with  changes  in process  correlations,  which
involves  two  new  metrics,  Rs and  Rr, corresponding  to the  state  and  residual  spaces.  The  utilization  of
the canonical  correlation  feature  can  improve  the  monitoring  proficiency  by  providing  more  application-
dependent  representations  compared  with  the  original  data,  as well  as  a decreased  degree  of  redundancy
ault detection
rocess correlations
imensionality reduction technique
anonical variate analysis

in  the  feature  space.  A physical  interpretation  is  provided  for the canonical  correlation-based  method.  The
effectiveness  of  the  proposed  approach  for the monitoring  of process  correlation  changes  is demonstrated
for  both  abrupt  (step  change)  and  incipient  (slow  drift)  types  of  faults  in simulation  studies  of a  network
system.  In  the  simulation  results,  the  canonical  correlation-based  method  has  superior  performance  over

cy-b
anonical correlation
rocess monitoring

both  the  causal  dependen

. Introduction

With the increasing demand for production efficiency, energy
avings, and environmental protection, many industrial processes
re moving in the direction of large-scale and complicated struc-
ures. Industries can face large economic loss and security threats
hen faults occur. It is important to detect and diagnose abnormal

vents to improve the reliability and safety of industrial processes
y utilizing fault monitoring techniques. A variety of the process
onitoring approaches designed so far, such as multivariate statis-

ical control charts [1,2], state-space/time-series approaches [3,4],
nd dimensionality reduction techniques [5–7], focus on the mon-
toring of process variables to detect faults [8].

In contrast to the high level of performance achieved in the fault
onitoring of process variables, the important complementary

roblem of monitoring the faults of process correlation structures
as not been extensively explored [9]. Process data has grown
xplosively with the increased scale of manufacturing plants, which
epresent a valuable resource for the analysis and operations of
ndustrial processes, providing that methods are developed that

an effectively extract information from this data. With the rise of
he Big Data concept, increasing interest has been raised towards
xploiting correlation structures [10]. In sight of these observations,
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ased  method  and  the  traditional  variable-based  method.
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this paper is devoted to developing a new data-driven approach for
monitoring changes in process correlations.

Feature representation, which produces derived values (fea-
tures) from an initial set of data to facilitate the desired task, is of
great significance to process monitoring. Sarfraz et al. [11] reported
that better fault monitoring results are achieved for features
that are more application-dependent. In terms of application-
dependence of the feature generation, features that measure the
linkages between process variables (e.g., correlation coefficient) are
more appropriate than features directly using the process variables
themselves for the monitoring of process correlation structures.

The proficiency of monitoring faults from data can be improved
using dimensionality reduction techniques such as principal com-
ponent analysis (PCA) [12,13], partial least-squares (PLS) analysis
[14,15], and canonical variate analysis (CVA) [3,16,17]. PCA- and
PLS-based monitoring methods are not optimal for the detection
of faults for process data that contain significant serial correlation,
because the underlying PCA and PLS approaches do not generate the
most accurate dynamic models, even when lagged values of process
variables are augmented in the observation vectors [3,18,19]. CVA-
based approaches [18,19] employ the CVA multivariate system
identification method that generates accurate state-space models
from serially correlated data. This method maximizes the correla-
tion between the combinations of the “past” values of the process

inputs and outputs and the combinations of the “future” values
of the outputs of the system. CVA takes serial correlations into
account by employing this different augmented vector technique
during the dimensionality reduction procedure [18,20]. Negiz and
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 ̧ inar [3] discuss and demonstrate the higher accuracy of dynamic
odels constructed by CVA compared to dynamic PCA through

pplication to numerical examples. CVA has been observed to have
etter numerical stability and parsimony than alternative identi-
cation methods, including balanced realization (BR), numerical
lgorithms for state-space subspace system identification (N4SID),
nd partial least squares (PLS), in many case studies [4,21].

The maximum correlations produced by the dimensionality
eduction procedure of CVA are referred to as canonical corre-
ations [18,19,22]. In terms of application dependence of feature
epresentation, canonical correlation is an appropriate feature for

onitoring process correlation structures. Canonical correlations
re regarded as lower dimensional representations of process
ynamic relations. As such, the performance of process monitor-

ng can be enhanced by performing fault detection on the feature
pace of canonical correlation, owing to the higher sensitivity of the
ower dimensional representations of the data [18].

In this article, a new fault detection approach is proposed based
n the canonical correlations induced by CVA for the monitoring
f process correlations. In virtue of the interpretable correlative

evels of canonical correlations, two novel indices, Rs and Rr , that
orrespond to the state space (that is, retained canonical correla-
ions obtained via CVA) and the residual space (that is, the rest of
he canonical correlations in the CVA model) respectively, are put
orward to examine the utility of the two different measures for
etecting process dynamics. The two types of monitoring statistics
state space and residual space) correspond to different character-
stics of the process dynamics and can potentially provide more
nsights into the fault.

The rest of this paper is organized as follows. The CVA method is
riefly reviewed in Section 2, where a geometric interpretation of
VA is also provided. Section 3 presents the canonical correlation-
ased measures for monitoring correlation structural faults. The
ffectiveness of the proposed method is demonstrated by a gene
etwork system in Section 4, followed by conclusions in Section 5.

. Canonical variate analysis (CVA) revisited

.1. CVA theorem

CVA is a dimensionality reduction technique that aims to
aximize a correlation statistic between two sets of variables. Con-

idering the two variable vectors x ∈ Rm and y ∈ Rn with covariance
atrices ˙xx and �yy and cross-covariance matrix ˙xy, the orthog-

nal basis J ∈ Rm×m and L ∈ Rn×n can be determined from

J˙xxJ
T = I

m̄
L˙yyL

T = I
n̄

, (1)

nd

˙xyL
T = D = diag (�1, · · ·,  �r, 0, · · ·,  0) , (2)

here m̄ = rank (˙xx), n̄ = rank
(
˙yy

)
, r = rank

(
˙xy

)
, and Ik is a

lock-diagonal matrix with a k × k identity matrix as the first block
nd a zero matrix as the second block [18].

The �i (i = 1, 2, · · · , r) are canonical correlations with �1 ≥ · · · ≥ �r
19]. The vectors of canonical variables c = Jx and d = Ly contain a set
f independent variables with the covariance matrix ˙cc = Im̄ and
dd = I n̄, respectively.

By solving the singular value decomposition (SVD)

−1/2 −1/2 T

xx ˙xy˙yy = U˙V , (3)

he matrix of canonical correlations D can be computed as

 = ˙, (4)
ss Control 58 (2017) 131–138

and the projection matrices J and L can be obtained from{
J = UT˙−1/2

xx

L = VT˙−1/2
yy

. (5)

The matrices UT and VT rotate the canonical variables to be pairwise
correlated, and the matrices ˙−1/2

xx and ˙−1/2
yy scale the canonical

variables to be unit variance.

2.2. CVA algorithm

The CVA method was pioneered by Akaike [23,24]. Larimore [25]
both provided a series of later results on and applications of CVA
based on state-space representations, and is primarily responsible
for convincing the academic and industrial control communities
of its value. Given input variables u(t) ∈ Rmu and output variables
y(t) ∈ Rmy, the linear state-space model is formulated as

x(t + 1) = Ax(t) + Bu(t) + v(t), (6)

y(t) = Cx(t) + Du(t) + Ev(t) + w(t), (7)

where A,B,C,D, and E are coefficient matrices, x(t) ∈ Rd is a d-
dimensional state vector, and v(t) and w(t) are independent white
noise sequences.

The concept of past and future vectors is important to the CVA
algorithm. Given a particular time instant t, the past vector com-
prising of the past outputs and inputs is introduced as

p(t) =
[
yT(t − 1), yT(t − 2),  · · ·,  uT(t − 1),  uT(t − 2),  · · ·

]
T, (8)

and the future vector containing the outputs in the present and
future is defined as

f (t) =
[
yT(t), yT(t + 1),  · · ·

]
T. (9)

By substituting the matrix �xy with �pf , �xx with �pp,
and �yy with �ff , the matrix of canonical correlations D =
diag (�1, · · ·,  �r, 0, · · ·,  0) can be computed via the SVD as (4), and
the matrices J and L can be computed as (5). In addition, the canon-
ical variables xp(t) and x

f
(t) which corresponds to the past and

future vectors p(t) and f(t) respectively, can be derived as⎧⎪⎨
⎪⎩
xp(t) = Jdp(t) = UT

d
ˆ̇

−1/2

pp p(t)

x
f
(t) = Ldf (t) = VT

d
ˆ̇

−1/2

f f f (t)

, (10)

where Jd = UT
d

ˆ̇
−1/2

pp and Ld = VT
d

ˆ̇
−1/2

f f , and Ud and Vd contains
the first d columns of U and V in (3) respectively [18].

Practically, owing to the finite quantity of data available, the
vectors p(t) and f (t) are usually truncated to be

p(t) =
[
yT(t − 1),  yT(t − 2),  · · ·, yT(t − l), uT(t − 1),  uT(t − 2),  · · ·, uT(t − l)

]T
, (11)

and

f (t) =
[
yT(t), yT(t + 1),  · · ·,  yT(t + h)

]T
, (12)

where l and h are the numbers of lags in vectors p(t) and f (t), respec-
tively. Moreover, the appropriate numbers of lags l and h and the
state order d can be determined by the Akaike information criterion
[18].

Remark 1. The canonical correlations generated by the CVA algo-
rithm have a geometric interpretation. Calculating J (i)

d
and L(i)

d
to

maximize the correlation between the combinations x(i) = J (i)p and
p d

x(i)
f

= L(i)
d
f —where x(i)

p and x(i)
f

are the ith element of canonical vari-

ables xp and x
f

respectively, and J (i)
d

and L(i)
d

denotes the ith row
of the projection matrices Jd and Ld respectively—is equivalent to
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Fig. 1. Interpretation of canonical correlation derived via the CVA algorithm in the
i-dimensional space of P  and the j-dimensional space of F  (i = j = 2 in this case). The
vectors x(1)

p = x(1)
f

imply the first canonical variables. The angle �1 between x(1)
p and

x(1)
f

is the first minimum angle and �1 = 0 in this case. The second minimum angle

�2 is the angle between the canonical variables x(2)
p and x(2)

f
, which lie in a plane
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rthogonal to the intersection of the planes P  and F, since x(2)
p and x(2)

f
must be

rthogonal to x(1)
p and x(1)

f
, respectively.

nding the vectors in the space of past data P  and the space of
uture dataF  such that the angle between the vectors is minimum
22]. This selection results in the first canonical variables having
he maximum correlation (i.e., the first canonical correlation). Sim-
larly, the second canonical correlation is derived that the second
anonical variables correspond to vectors orthogonal to the first
anonical variables and with the angle minimized. This procedure
s continued in this way until r canonical correlations have been
btained (see Fig. 1).

. CVA-based correlation measures for monitoring process
orrelations

Feature representation is crucial for fault monitoring in which
erived values (features) are generated from an initial set of data.
eatures that measure the linkages between process variables
e.g., correlation coefficients) are more appropriate than features
irectly using the process variables for the monitoring of process
orrelation structures. In this regard, canonical correlations pro-
uced via the augmented vector technique of “past” and “future”
ata in CVA are appropriate features to represent deviations in
he process dynamic relations (which is demonstrated for the case
tudies in Section 4).

Similar to the traditional CVA-based monitoring method [19],
wo types of statistics are derived based on the canonical corre-
ations corresponding to the state space (i.e., retained canonical
orrelations obtained via CVA) and the residual space (i.e., dis-
arded canonical correlations in the CVA model), respectively. The
rst statistic Rs, which measures the variations of dynamic corre-

ations inside the canonical state space, is defined as

s = �T
s�s, (13)

here �s =
[
�1 �2 · · · �d

]T
.

The second statistic Rr , which measures the variations of
ynamic relations in the residual space, is defined as

r = �T
r �r , (14)

here �r =
[
�d+1 �d+2 · · · �r

]T
, and d is the dimensionality

eduction order of CVA which can be determined by minimizing

he Akaike information criterion [18]. To avoid a particular �i from
nappropriately dominating the fault detection procedure, canon-
cal correlations �i (i = 1, 2, · · ·,  r) are required to be normalized
efore the calculation of Rs and Rr in (13) and (14). The statis-
Fig. 2. Causal description of a gene network [30].

tics Rs and Rr are calculated for a moving window. Whether d is
recalculated for each window is a choice by the user; the value
of d was  fixed in the case studies in Section 4 to minimize online
computational cost.

The process correlations are regarded as normal if the monitor-
ing metrics are below the thresholds, namely, Rs ≤ T2

˛ and Rr ≤ ı2
˛,

where T2
˛ and ı2

˛ are the upper control limits for the dissimilarity
statistic in the state and residual spaces with a significance level
�, respectively. In addition, T2

˛ and ı2
˛ can be obtained by using the

empirical method based on the calibration samples under normal
operating conditions (NOC) [19,26]. For example, a 99% confidence
upper control limit can be derived as the Rs or Rr value below which
99% of the calibration data are located.

The portion of the CVA space corresponding to the larger sin-
gular values describes most of the systematic or state variations
occurring in the process, and the portion of the CVA space corre-
sponding to the smaller singular values describes the random noise
[18]. Therefore, a violation of the Rs threshold implies that the pro-
cess correlations are out of control, whereas a violation of the Rr
threshold implies that the characteristic of the process noise has
altered.

4. Case studies for a gene network

In this section, a gene network system is utilized to evaluate the
proposed canonical correlation-based approach for the monitor-
ing of process correlations, in comparison with causal dependency
(CD)-based (i.e., perform CVA on the CDs where the two statistics
that measure the variations inside the state and residual spaces are
termed as Ds and Dr , respectively) [29], variable-based (i.e., directly
perform CVA on the process variables where the two statistics are
termed as Ts and Tr) [29], and statistical pattern analysis (SPA)-
based (i.e., perform DPCA on the statistical patterns where the two
statistics that measure the variations inside the principal and resid-
ual spaces are termed as T2 and Q, respectively) [31,32] methods.
In each case study, the normal dataset for training contains 2000
observations; and the testing dataset for each fault also consists of
2000 observations. Each faulty dataset started with no faults, and
the faults were triggered after the 1000th observation into the run.
The data have a sampling time of one second. A moving window of
observation number N = 500 is chosen in the step of singular value
decomposition (3) in the proposed method.
The proposed canonical correlation-based approach for the
monitoring of process correlation faults is evaluated for a gene
network adapted from [30], which contains 16 variables causally
related according to the description provided in Fig. 2.
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Fig. 3. The mean missed detection rate (MMDR) as a function of the fault magnitude
for Fault GN1 (ı = 1under NOC). The methods in the legend are: Canonical correlation
(i.e., the proposed canonical correlation-based method), Causal dependency (i.e.,
perform CVA on the CDs [29]), Variable (i.e., directly perform CVA on the process
v
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ariables [29]), and SPA (i.e., perform DPCA on the statistics patterns [31]) methods.
or  each method, a fault was  indicated if either the state or residual statistic violated
hreshold.

In the case studies, the original variable relationships are lin-
arized according to

x1(t) = 1.2 (u1(t) + 0.60u1(t − 1) + 0.30u1(t − 2)) + 0.8u2(t) + v1(t)

y1(t) = 0.60 (x1(t) + 0.50x1(t − 1) + 0.20x1(t − 2)) + v2(t)

x2(t) = 0.05 + 0.22 (x1(t) − 0.40x1(t − 1) − 0.20x1(t − 2)) + v3(t)

y2(t) = 1 + 0.40 (x1(t) − 0.20x1(t − 1) − 0.10x1(t − 2)) + v4(t)

y3(t) = 0.062 + 0.16 (x1(t) + 0.40x1(t − 1) + 0.60x1(t − 2)) + v5(t)

y4(t) = 0.60 (x1(t) + 0.80x1(t − 1) + 0.10x1(t − 2)) + v6(t)

y5(t) = 0.70 (x1(t) + 0.40x1(t − 1) + 0.20x1(t − 2)) + v7(t)

y6(t) = 1 + 0.40 (u1(t) + 0.60u1(t − 1) − 0.30u1(t − 2)) + v8(t)

y7(t) = 0.56 + 0.15 (u1(t) + 0.40u1(t − 1) + 0.60u1(t − 2)) + v9(t)

y8(t) = 0.80 (u3(t) + 0.60u3(t − 1) + 0.30u3(t − 2)) + 0.51x2(t) + v10(t)

y9(t) = 1.30 (x2(t) + 0.50x2(t − 1) + 0.50x2(t − 2)) + v11(t)

y10(t) = 1 + 0.40 (x2(t) + 0.40x2(t) + 0.60x2(t)) + v12(t)

y11(t) = 0.028 + 1.30 (x2(t) + 0.60x2(t) − 0.30x2(t)) + v13(t)

(15)

here u1, u2, and u3 are the input variables, x1 and x2 are the states,
nd the rest are outputs. Each vi is a white noise sequence with a
oise-to-signal ratio of 10%. The system was subject to the two

aults (see Table 1), where the type of Fault GN1 is step change and
ault GN2 is a slow drift. For the faults, ı denotes a multiplicative
actor that causes a change in a model parameter.

In order to provide meaningful comparisons of the detection
erformances, the false alarm rates are maintained at the same

evel (� = 1%) for comparing the missed detection rates throughout
his study. The same procedure was repeated 100 times in order
o estimate the confidence levels of the missed detection rates at
ifferent fault magnitudes.

.1. Abrupt fault case study

Fault GN1 is a step change fault which occurs in the process
tructure between input variable u1 and state variable x1. For dif-
erent fault magnitude ı, the mean missed detection rate (MMDR)
f Fault GN1 are plotted in Fig. 3 for the canonical correlation-, CD-,
PA-, and variable-based methods.
As the fault magnitude increases, the mean missed detection
ate decreases in all of the methods. The mean missed detection
ate in all four methods will approach zero as the fault magnitude
urther increases, indicating the enhanced detectability for large
ss Control 58 (2017) 131–138

faults. In addition, the mean missed detection rate is fairly sensitive
to the fault magnitude for small to intermediate values of ı, and
the proposed canonical correlation has the highest sensitivity with
regard to the fault magnitude among the four methods.

For the same fault magnitude ı, the canonical correlation-
based method consistently outperformed the CD-, variable-, and
SPA-based methods (Fig. 3). For instance, for a fault magnitude
ı = 1.6, the missed detection rates of the canonical correlation-
based algorithm is 5.6%, which is more than a factor of 6.1 and
10.6 improvements compared to the CD-based algorithm (34.4%)
and the SPA-based algorithm (59.6%), respectively. Compared with
the variable-based algorithm, the mean missed detection rate for
the canonical correlation-based algorithm is nearly a factor of
10.3 lower (5.6% vs. 57.6%). There are two  major contributors
to the superior performance of the canonical correlation-based
approach: (i) the canonical correlation-based feature represen-
tation more effectively captures the changes in the process
correlation structures (the application-dependent aspect); and (ii)
the lower redundancy in the canonical correlation-based feature
representation leads to the improved monitoring performance via
the dimensionality reduction procedure.

Successful fault detection methods should be sensitive enough
to detect all possible faults, while also being robust to data that are
independent of the training set. While the mean missed detection
rate (aka type II error [18]) is usually used to quantify the sensitivity
for faults in the testing set, the false alarm rate (aka type I error [18])
can help to examine the robustness for the testing set under NOC.
The extent to which the methods (with statistics Ts, Tr , Ds, Dr , T2,
Q and Rs, Rr) are sensitive to Fault GN1 is displayed in Fig. 4 with
the type I error maintained at the same level (� = 1%) in all methods
to enable a fair comparison of the type II errors. A more persistent
fault indication is shown in the state statistic Rs for the canonical
correlation-based method compared with the other methods.

In summary, the results show that the canonical correlation-
based method outperforms the causal dependency-, Statistics
Pattern analysis- and variable-based methods, for the monitoring
of process correlation structures.

4.2. Incipient fault case study

A slow drift fault (Fault GN2) in the gene network system that
occurs in the correlations of x1 → x2 is used to further investi-
gate the performance of the proposed approach for monitoring
process correlation changes. The mean missed detection rate for
different fault magnitude ı values in Fault GN2 with the canonical
correlation-, CD-, SPA-, and variable-based methods are plotted in
Fig. 5.

Similar to Fault GN1, as the fault magnitude ı increases, the
mean missed detection rate of Fault GN2 decreases in all of the
methods (Fig. 5). The mean missed detection rates in all four meth-
ods also approach zero as the fault magnitude increases, as larger
faults would have better detectability. Additionally, the gap in the
missed detection rates between the canonical correlation- and CD-
based methods enlarges as the magnitude of fault increases from
1 → 1.2 to 1 → 1.6, while the gap between the canonical correlation-
and variable-based/SPA-based methods enlarges as fault magni-
tude increases from 1 → 1.1 to 1 → 2.0.

For the same fault magnitude ı, the canonical correlation-based
algorithm always provides better fault detection for Fault GN2 than
the CD-, SPA- and variable-based algorithms (Fig. 5). For exam-
ple, for a fault magnitude ı = 1 → 1.3, the mean missed detection
rate for the canonical correlation-based algorithm is more than a

factor of 1.5 lower (56.3% vs. 85.8%) than for the CD-based algo-
rithm, nearly a factor of 1.6 for the SPA-based algorithm (56.3%
vs. 89.6%), and more than a factor of 1.7 for the variable-based
algorithm (56.3% vs. 96.2%). The main reasons are similar to the
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Table  1
Definition of the faults and respective variables involved for correlation structures, ı is a multiplicative factor that changes the model parameters (ı = 1 for NOC).

Fault Process correlation changed Type

GN1 u1 → x1 Abrupt fault: Step change (ı was exerted by a
step change after the 1000th sample){x1(t) = 1.2ı (u1(t) + 0.60u1(t − 1) + 0.30u1(t − 2))

+0.8u2(t) + v1(t)}
GN2 x1 → x2 Incipient fault: Slow drift (ı was linearly

increased during the samples 1001–2000){x2(t) = 0.05 + 0.22ı(x1(t) − 0.40x1(t − 1)
−0.20x1(t − 2)) + v3(t)}

Fig. 4. Multivariate statistics for the detection for Fault GN1 with the fault magnitude ı = 1
based  methods.

Fig. 5. The mean missed detection rate as a function of the fault magnitude for
Fault  GN2 (ı = 1 under NOC). The methods in the legend are: Canonical correlation
(i.e., the proposed canonical correlation-based method), Causal dependency (i.e.,
perform CVA on the CDs [29]), Variable (i.e., directly perform CVA on the process
variables [29]), and SPA (i.e., perform DPCA on the statistics patterns [31]) meth-
ods. The notations 1 −> i in the horizontal coordinate means the fault magnitude ı
linearly increases from ı = 1 to ı = i during samples 1001–2000. For each method, a
fault was indicated if either the state or residual statistic violated threshold.
.6 for (a) variable-based, (b) CD-based, (c) SPA-based, and (d) canonical correlation-

aforementioned discussions, which are that (i) the deviations in
the process correlation structures can be more effectively captured
by the canonical correlation-based features; and (ii) the improved
monitoring performance results from the less redundancy of the
canonical correlation-based feature representation.

Likewise, Fig. 6 shows that the combined utilization of the state
and residual statistics Rs and Rr for the canonical correlation-based
method more persistently reveals a fault compared to the other
methods, particularly with the fault magnitude for small values of
ı (for the samples 1001–1500).

In this case study, the proposed canonical correlation-based
approach was  more effective for detecting both step-change
(abrupt) and slow-drift (incipient) faults.

In addition, the false alarm rates for all the four methods are
computed using an independent testing dataset with 2000 nor-
mal  operating observations. The false alarm rates are tabulated in
Table 2. The false alarm rate for the proposed canonical correlation-
based method is comparable to the other methods.
5. Conclusions

This article presents a CVA-based canonical correlation
approach for detecting changes in process dynamic correlations.
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Fig. 6. Multivariate statistics for the detection for Fault GN2 with the fault magnitude
variable-based, (b) CD-based, (c) SPA-based, and (d) canonical correlation-based method

Table 2
False alarm rates for the variable-based, CD-based, SPA-based and canonical
correlation-based methods. For each method, a fault was  indicated if either the state
or  residual statistic violated threshold.

T
s
d
w
c
o
n
n
d
m

c
f
r
T
p
s
n
s
s
s

Method variable CD SPA canonical correlation

False alarm rate 1.5% 2.7% 1.9% 2.2%

wo new statistics Rs and Rr are proposed that correspond to the
tate and residual spaces, respectively. The proficiency of fault
etection is improved by employing canonical correlation features
hich provides more effective feature representation of the pro-

ess compared with the original data, as well as a decreased degree
f redundancy in the feature space. In the case studies of a gene
etwork, the proposed canonical correlation-based method is sig-
ificantly more effective for the cases of both step change and slow
rift faults for the gene network model, with typical reduction in
ean missed detection rate of a factor of 1.5–10.

The proposed method uses a moving window to calculate
anonical correlations, which can be computationally expensive
or some online fault detection applications. The online cost can be
educed by employing the fast moving window technique in [33].
he sensitivity for spike detection and detection delay for the pro-
osed method depends on the size of moving window chosen in the
ingular value decomposition step (3). A smaller moving window

umber results in a smaller detection delay and higher detection
ensitivity for spikes and vice versa. However, a smaller window
ize also leads to lower accuracy of the canonical correlations. The
election of window size depends on the specific need for an indus-
 ı linearly increases from ı = 1 to ı = 1.3 during the samples 1001–2000, for (a)
s.

trial process. When the promptness of fault detection is of high
demand, a small window size should be used. A large window size
should be adopted when the accuracy of fault detection is more
important.
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Appendix A.

Maximizing Mutual Information Viewpoint for the Optimality of
CVA in Modeling

This section discusses how, in the Gaussian case, the objec-
tive of CVA on maximizing the correlation between the future and
past variables is equivalent to maximizing the mutual information
between these two sets of variables.

Consider the jointly distributed Gaussian random variables p
and f,
(
p

f

)
∼N

((
�p

�f

)
,

(
˙p ˙pf

˙fp ˙f

))
. (16)
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Shannon’s mutual information between p and f is

(p, f ) = 1
2

log

(
|˙p||˙f |
|˙[p,f ]|

)
. (17)

here | · | denotes the determination of a matrix. Then maximizing
he mutual information (MMI)  can be stated as the optimization,

ax
w
I(wTp; f ) = max

w

1
2

log

(
|wT˙pw||˙f|

|˙[wTp,f ]|

)
, (18)

hich is equivalent to maximizing

ax
w

|wT˙pw||˙f|
|˙[wTp,f ]|

. (19)

Since the denominator in (19) can be re-expressed as

˙[wTp,f]| = |˙f| · |wT˙pw − wT˙pf˙
−1
f ˙fpw|, (20)

Eq. (19) is equivalent to

ax
w

wT˙pf˙
−1
f ˙fpw

wT˙pw
(21)

hich is equivalent to solving the generalized eigenvalue decom-
osition:

pf˙
−1
f ˙f pw = �˙pw. (22)

q. (22) yields the same solution as CVA. Therefore, maximizing
he mutual information is the same as maximizing correlation in
he Gaussian case. In addition, it was pointed out in [34] that
he method that maximizes the mutual information between the
redicting and predicted variables claims optimality in terms of
inimizing the mean squared error (MSE) of the model for linear
arkov systems. Thus, the objective of CVA on maximizing the cor-

elation between the past and future variables is optimal in model
erformance, i.e., achieves the minimum error of model prediction.

ppendix B.

hysical Meaning for the Proposed Canonical Correlation-based
pproach

The CVA optimization (1)–(2), which is solved via the singular
alue decomposition (SVD) of (3), can be equivalently computed by
he generalized eigenvalue decomposition as [27]

1vi = �i˙2vi, (23)

here ˙1 =
[

0 ˙pf
˙f p 0

]
, ˙2 =

[
˙pp 0
0 ˙ff

]
, vi =

[
J (i)T
L(i)T

]
, and 0

s the matrix of zeros of compatible dimensions.
The generalized eigenvalue system (23) used in the solution of

roposed CVA-based fault detection approach can be given a phys-
cal interpretation. A spring-mass system can be constructed by
aking process variables as spring nodes and connecting each pair
f process variables as springs connecting each pair of nodes. The
orrelation degree of each connective pair of nodes is defined as
he spring stiffness, and the total degree of correlation connecting
o a node is defined as its mass.

If a hard shake were given to this spring-mass system, nodes
hat have stronger spring connections among them would more
ikely oscillate together, which is analogous to the fact that faults

ould more likely transfer between the process variables that have

tronger connections among them. As the shaking becomes more
iolent, the properties of process dynamic relations connecting to
his group of nodes will be altered. The fundamental oscillation

ode of the nodes can represent its overall steady-state behaviors.

[

[
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Actually, the generalized eigenvectors of (23) exactly describe the
fundamental oscillation modes of the spring-mass system.

From [28,35], this spring-mass dynamical system can be repre-
sented by

M(ẍ)(t) = −Kx(t), (24)

where the diagonal matrix M ∈ Rn×n is the mass matrix with M(i,
i) =

∑
ikij , x(t) ∈ Rn×1 denotes the vector describing the motion of

each node, kij is the spring stiffness of the connecting nodes i and
j, and K ∈ Rn×n denotes the stiffness matrix with K(i,i) =

∑
ikij and

K(i, j) = −kij .
Given that the motion vector x(t) has the form of

x(t) = vicos(ωit + �), the solution for the steady-state behavior
of the spring-mass system is [28,35]

Kvi = ω2
i Mvi, (25)

which is analogous to (23) for the solution of proposed CVA-based
fault detection approach.

The solutions
(
ω
i
, vi

)
of (25) represent the fundamental modes

of this spring-mass system. The eigenvectors vi show the steady-
state movement of each mode of oscillation and the eigenvalues ω2

i
indicate the energy required to sustain the oscillation modes [35].
Similarly, the solution pairs (�i, vi) of (23) describe the fundamen-
tal modes of a process dynamic system. The eigenvectors vi show
the steady-state behavior of the dynamic relations in each mode.
The eigenvalues �i indicate the energy that each dynamic mode
owns, which is consistent with the viewpoint in [27] that calculat-
ing canonical correlations via CVA leads to a maximization of the
energy �i.

References

[1] L.H. Chiang, B. Jiang, X. Zhu, D. Huang, R.D. Braatz, Diagnosis of multiple and
unknown faults using the causal map  and multivariate statistics, J. Process
Control 28 (2015) 27–39.

[2] H. Hotelling, The generalization of student’s ratio, Ann. Math. Stat. 2 (1931)
360–378.
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