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a b s t r a c t 

Freeze drying is an essential unit operation for the storage of biopharmaceuticals, with its main weakness 

being the very long primary drying times required to sublimate all of the ice formed in the initial freezing 

step. This study investigates the use of microwave irradiation to reduce drying times. Mechanistic models 

are derived in a proposed freeze-drying process in which two energy transfer mechanisms – microwave 

irradiation and heat conduction – occur simultaneously. For this design, a mechanistic model derived in 

this article predicts an 83% reduction in primary drying time compared to conventional freeze drying. 

The influence of microwave power and design parameters associated with heat conduction parameters 

on the primary drying time are investigated and discussed. The model is implemented as open-source 

software in Julia and is available for engineers to use for designing such equipment. 

© 2021 Elsevier Ltd. All rights reserved. 
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. Introduction 

Mechanistic and data-driven modeling and the use of these 

odels in optimization and control has gained increased atten- 

ion in (bio)pharmaceutical manufacturing ( Casola et al., 2019 ; 

berle et al., 2016 ; Kappatou et al., 2020 ; Liu and Papageor- 

iou, 2018 ; Papathanasiou et al., 2019 ). The use of computer-based 

ethodologies is motivated by a desire to reduce process devel- 

pment time and drug manufacturing costs ( Hong et al., 2018 ; 

atsunami et al., 2018 ). Increased mechanistic modeling at vari- 

us degrees of detail and using the model to analyze the impact of 

nfluential design parameters and their interactions are essential to 

chieve these objectives ( Badr and Sugiyama, 2020 ). 

Freeze-drying has become a key unit operation in biophar- 

aceutical manufacturing ( Colucci et al., 2020 ; Fissore et al., 

019 ). This unit operation is extensively applied to biotherapeu- 

ics, including those developed in response to pandemics such as 

OVID-19 (e.g., see Kumar et al., 2020 for Remdesivir as COVID- 

9 treatment and Park et al., 2021 for mRNA vaccines). Freeze- 

rying preserves heat-sensitive products by avoiding exposure to 

 high temperature, which can potentially damage product qual- 

ty ( Muzzio and Dini, 2011 ). Freeze-drying is comprised of three 

teps: freezing, primary drying, and secondary drying. First, an 
∗ Corresponding author at: Department of Chemical Engineering, Massachusetts 
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queous solution with dissolved proteins and excipients is frozen 

ith the objective of controlling the size distribution of the ice 

rystals (e.g., see Colucci et al., 2020 and references therein). Sec- 

nd, primary drying sublimates the ice under high vacuum con- 

itions to leave pores behind that will accelerate secondary dry- 

ng and enable rapid rehydration when the freeze-dried product is 

ventually used. After primary drying, the water content is about 

 to 5%. Finally, in secondary drying, much of the remaining water 

hat is strongly bounded by absorption is removed to reduce the 

ater content to 1 to 2%. 

In conventional freeze-drying (CFD), the lengthy process time 

s the main drawback that has motivated the development of 

ext-generation drying technologies ( Langford et al., 2018 ). Pri- 

ary drying takes most of the time in the freeze-drying steps, so 

he most effort has been in reducing the time of primary drying 

 Velardi and Barresi, 2008 ). Methods that have been proposed to 

educe process time include moving from batch to continuous op- 

ration ( Capozzi et al., 2019 ; Pisano et al., 2019 ) and applying mi-

rowave irradiation ( Walters et al., 2014 ). 

This article considers microwave-assisted freeze-drying (MFD) 

or primary drying, which is the most time-consuming step. This 

ork is motivated by some experimental studies that showed sig- 

ificant reductions in overall drying times for various types of 

harmaceutical materials by using microwave irradiation. The ac- 

elerated microwave-assisted drying of small-molecule pharma- 

eutical powders was demonstrated experimentally more than 15 

ears ago ( Farrel et al., 2005 ; McMinn et al., 2007 ). More recent

https://doi.org/10.1016/j.compchemeng.2021.107412
http://www.ScienceDirect.com
http://www.elsevier.com/locate/compchemeng
http://crossmark.crossref.org/dialog/?doi=10.1016/j.compchemeng.2021.107412&domain=pdf
mailto:braatz@mit.edu
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1 The software is released with an open-source license. 

https://github.com/jinkel7/microwave-freeze-drying 
Nomenclature 

C Mass concentration (kg/m 

3 ) 

ˆ c p Specific heat capacity (J/kgK) 

D Knudsen diffusivity (m 

2 /s) 

E Electric field strength (V/m) 

f Frequency of microwave (Hz) 

H b Heat generation from the bottom shelf (W/m 

2 ) 

H ice Volumetric heat generation to the ice by microwave 

(W/m 

3 ) 

H w 

Volumetric heat generation to the water by mi- 

crowave (W/m 

3 ) 

H v Volumetric heat generation by microwave (W/m 

3 ) 

�H Specific enthalpy (J/kg) 

h Heat transfer coefficient (W/m 

2 K) 

k Thermal conductivity (W/mK) 

k m 

Internal mass transfer coefficient (1/s) 

L Depth of bottom (m) 

M Molecular weight of water (kg/kmol) 

N Mass flux (kg/m 

2 s) 

P Vapor pressure (Pa) 

p Portion of the component 

q Heat flux (W/m 

2 ) 

R Universal gas constant (J/kmolK) 

r Increase rate of shelf temperature (K/s) 

T Temperature (K) 

t Time (s) 

X(t) Position of moving boundary (m) 

x Axial coordinate (m) 

ε Void fraction of dried layer 

ε 0 Permittivity of free space (F/m) 

ε′ Relative loss factor 

ρ Density (kg/m 

3 ) 

Superscript 

0 Initial condition 

int Interface 

equil . Equilibrium 

Subscripts 

1 Region 1 

2 Region 2 

bottom Bottom 

bw Bound water 

e Effective 

shelf Shelf 

sub Sublimation 

w Water vapor 

vap Vapor 

xperiments in microwave-assisted drying have been applied to 

iological materials, including bacteria and enzymes, which were 

hown to survive being exposed to microwave irradiation during 

he drying ( Ambros et al., 2016 ; de Jesus and Filho, 2011 ). Very

ecently, MFD has been successfully applied to generate freeze- 

rying material for monoclonal antibodies ( Gitter et al., 2019 ), 

hich are one of the major classes of biologic drugs. A signif- 

cant reduction of 75% in drying time was observed, while still 

roducing a product with high quality and long-term stability 

 Gitter et al., 2018 ). 

The mathematical modeling of MFD for biopharmaceutical 

roducts is not yet well developed. The development of pro- 

ess models for biopharmaceutical applications typically has 

hree goals: (1) accuracy, (2) simplicity, and (3) interpretability 

 Severson et al., 2015 ). Industry applies simple empirical correla- 
2 
ions related to parameters such as moisture content and drying 

ime, which can be accurate and simple, but are not readily inter- 

retable. The main objective of this article is to derive a mathemat- 

cal model for MFD for biopharmaceutical products that meets all 

hree goals, by incorporating mechanistic information on the inter- 

ction of microwave irradiation on the material during drying, as 

ell as on heat and mass transfer. 

The mechanistic modeling of CFD of foods is reasonably well 

eveloped ( Fan et al., 2019 ; Kawasaki et al., 2019 ). Litchfield and Li-

pis (1979) proposed the first mechanistic model for freeze-drying, 

hich became widely used in the literature without any major 

odifications ( Liapis and Bruttini, 1995 ; Mascarenhas et al., 1997 ; 

illman et al., 1985 ; Pikal et al., 2005 ). The model has been vali-

ated in pilot-scale experiments ( Hottot et al., 2006 ), and simpli- 

ed versions of the model have been published ( Velardi and Bar- 

esi, 2008 ). Also, the freeze-drying model has been modified to re- 

lace conventional heating by microwave irradiation for accelerat- 

ng drying times ( Witkiewicz and Nastaj, 2010 ). 

This study derives a mechanistic model for primary drying that 

ncludes both microwave irradiation and conventional heat con- 

uction (MFD and CFD), with the MFD part of the model validated 

ith experimental data in the literature for a monoclonal antibody 

roduct. The purpose of the model is to gain insight into the re- 

ationship between the operating conditions and the drying time. 

he model is designed to be computationally inexpensive enough 

o be implementable in real-time nonlinear model predictive con- 

rol algorithms ( Nagy and Braatz, 2011 ) and for early-stage process 

esign. The focus is on primary drying as this step is the main 

ontribution to the overall drying time. The mechanistic model is 

olved using the finite volume method in Julia, which is an open- 

ource software platform optimized for numerical calculations. 1 

he results of microwave irradiation and its combination with con- 

entional heating are compared to CFD, and parametric sensitivity 

nalysis is carried out to reveal its features. 

. Model description 

The mechanistic model is described in this section. Fig. 1 de- 

cribes the model framework for the study ( Litchfield and Li- 

pis, 1979 ; Velardi and Barresi, 2008 ; Witkiewicz and Nastaj, 2010 ). 

s discussed in the Introduction, a mechanistic model is al- 

eady widely used for the primary drying step of freeze-drying 

 Litchfield and Liapis, 1979 ). However, this complex model has a 

igh computational cost and a large number of model parame- 

ers that are not directly measurable, so a simplified model has 

een proposed that presents a good approximation ( Velardi and 

arresi, 2008 ). This article builds on the simplified model by intro- 

ucing additional equations for describing the effects of microwave 

rradiation. The finite volume method is used for the calculation, 

y using VoronoiFVM.jl in Julia. Finally, three different types of 

reeze-drying configurations are compared: CFD with heating from 

he bottom shelf, MFD using microwave irradiation for heating, and 

ybrid freeze-drying (HFD), which uses both methods. 

The full and simplified models can be expressed in a mathe- 

atical form with the system boundary and its components illus- 

rated in Fig. 2 ( Litchfield and Liapis, 1979 ; Witkiewicz and Nas- 

aj, 2010 ). The core of the primary drying model is based on the 

ast research that models two different regions: dried and frozen 

 Litchfield and Liapis, 1979 ). The dried region contains water vapor 

ith pressure under the high vacuum created by a vacuum pump. 

he frozen region comprises ice and solute. At the solid-gas inter- 

ace, the sublimation of ice and vaporization of bound water oc- 

urs. The energy for the drying is supplied from the bottom shelf 
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Fig. 1. Model framework ( Litchfield and Liapis, 1979 ; Velardi and Barresi, 2008 ; Witkiewicz and Nastaj, 2010 ). 
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y conduction and/or into the bulk material by microwave irradia- 

ion. The freeze-drying model of Witkiewicz and Nastaj (2010) con- 

iders microwave irradiation, but neglects bound water and simpli- 

es the mass transfer of the dried region. 

The literature cited in this article makes and justifies a set 

f assumptions on the model geometry concerning wall effects, 

ontainer boundary effects, etc. that are very well established to 

old in both modeling and experiments across many decades of 

yophilization literature by different research groups for differ- 

nt lyophilizers (e.g., Litchfield and Liapis, 1979 ; Velardi and Bar- 

esi, 2008 ; Witkiewicz and Nastaj, 2010 ). The low magnitude of ra- 

ial gradients is well established in the literature (e.g., Velardi and 

arresi, 2008 ). The heat source for thermal conduction is right be- 

ow the bottom of the vial, where the temperature is uniform in 

he radial direction. The condition at the top of the vial of a vac- 

um is uniform in the radial direction. The microwave irradiation 

s spatially uniform in the radial direction as well. Wall/container 

oundary effects are small, since the thermal conductivity of glass 

n the vial walls is low, so there is no preferential thermal conduc- 
3 
ion up the glass walls, and the vials are surrounding by a vacuum 

hich is nearly a perfect insulator. When the dominant sources 

nd sinks have no radial directionality, large radial gradients do not 

orm. 

This one-dimensional system has a moving boundary where the 

nterface continuously moves in accordance with the sublimation 

ate. In the simplified model ( Velardi and Barresi, 2008 ), the in- 

uence of the dried region is neglected, since the gas is under a 

igh vacuum and the overall solid mass is low due to the high 

orosity (e.g., < 80%, Sheehan and Liapis, 1998 ). In addition, the 

aporization of bound water is neglected because the ice sublima- 

ion is much high (e.g., > 95% of the total mass of H 2 O that enters

he vapor phase, Velardi and Barresi, 2008 ) during primary drying, 

nd the heats of sublimation and vaporization are comparable in 

agnitude (within 10%). Also, the inert gas in the dried region is 

gnored due to high vacuum conditions, and the thermal radiation 

rom the top and the sidewall of the vial is neglected, since the 

mount is relatively negligible ( Velardi and Barresi, 2008 ). Both the 
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Fig. 2. System boundary of the full and simplified models for microwave irradiation. The full model schematic on the left is by Litchfield and Liapis (1979) with microwave 

irradiation term of Witkiewicz and Nastaj (2010) , and the simplified model schematic on the right is proposed in this article. 
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ull and simplified models ( Litchfield and Liapis, 1979 ; Velardi and 

arresi, 2008 ) make the additional assumptions that 

– The interface thickness is infinitesimal. 

– No vapor transfer occurs from the bottom and the sidewall. 

– At the solid-gas interface, the concentration of water vapor is 

in equilibrium with the ice. 

– In the dried region, the movement of moisture is sufficiently 

slow that the solid matrix and the gas are in thermal equilib- 

rium. 

– The frozen region has uniform properties for mass and heat 

transfer, and the proportion of dissolved gases are neglected. 

– The heat transfer limitation through the glass bottom of the 

vial is neglected, i.e., the heat is directly transferred from the 

bottom shelf, since the effect is small compared to other heat 

transfer limitations. 

For the effect of microwave irradiation, the generated electrical 

eld is spatially uniform, and its polarization is perpendicular to 

he surface ( Witkiewicz and Nastaj, 2010 ). The aforementioned as- 

umptions justify that the PDEs of the full and simplified models 

o be built in this article is enough to describe by one axial spatial

oordinate. 

The next section summarizes the full mechanistic model of 

itchfield and Liapis (1979) to serve as a basis for comparison to 

he simplified mechanistic model proposed in the subsequent sec- 

ion, especially with regard to how additional assumptions modify 

he governing equations. 

.1. Full model 

.1.1. Mass balance 

The mass balance of the system is expressed as 

 

∂ C 1 
∂t 

+ 

∂ C bw 

∂t 
= −∇ N w 

(1) 

here ε denotes the void fraction of the dried layer, C 1 denotes the 

ass concentration of the dried region, C bw 

denotes the mass con- 

entration of bound water, and N w 

denotes the mass flux of water 

apor. Equation (1) indicates the balance between ice sublimation, 

ound water vaporization, and vacuum pump discharging. 
4 
The mass concentration of the dried region C 1 is assumed to 

ollow the ideal gas law: 

 1 = 

M 

R T 1 
P w 

(2) 

here M denotes the molecular weight of water, R denotes univer- 

al gas constants, T 1 denotes the temperature of the dried region, 

nd P w 

denotes the vapor pressure of water. 

For the bound water, 

∂ C bw 

∂t 
= −k m 

(
C bw 

− C equil. 

bw 

)
≈ −k m 

C bw 

(3) 

here k m 

denotes the internal mass transfer coefficient and C 
equil. 

bw 

enotes the mass concentration of bound water. At the solid-gas 

nterface, bound water is in equilibrium with the water vapor at 

igh vacuum, and the term involving C 
equil. 

bw 

can be dropped, which 

as been experimentally verified ( Sadikoglu and Liapis, 1997 ; 

heehan and Liapis, 1998 ). 

The molar flux of water vapor ( Pikal et al., 2005 ) is 

 w 

= − M 

R T 1 
D w 

∇ P w 

( (4)) 

here D w 

is the Knudsen diffusivity of the water vapor. This ex- 

ression of diffusivity applies due to the high vacuum conditions 

 Hottot et al., 2006 ). 

The initial and boundary conditions for the mass balance are 

 w 

= P 0 w 

at t = 0 (5) 

 bw 

= C 0 bw 

at t = 0 (6) 

 w 

= P 0 w 

at t > 0 , x = 0 (7) 

 w 

= P w 

(
T int 

)
at t > 0 , x = X ( t ) (8) 

here superscript 0 denotes initial condition, T int denotes the in- 

erface temperature, and X(t) denotes the position of the moving 

oundary. 
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.1.2. Energy balance 

The energy balance is more complicated than the mass balance 

ecause the two different regions have different forms of the equa- 

ion. The basis of the energy balance equation is expressed as 

ˆ c p 
∂T 

∂t 
= −∇q + H v (9) 

here ρ denotes the density, ˆ c p denotes the specific heat capacity, 

 denotes the heat flux, and H v denotes the volumetric heat gener- 

tion by microwave. The density and the specific heat capacity are 

ssumed as constant. In addition, viscous dissipation and pressure 

ariation are ignored. 

The system uses a microwave that H v is expressed as 

 v = π f ε 0 ε ′′ | E | 2 (10) 

here f denotes the frequency of microwave, ε 0 denotes the per- 

ittivity of free space, ε ′′ denotes relative loss factor, and E de- 

otes the electric field strength. 

According to equation (9) , the energy balance of the dried re- 

ion is expressed as 

1 e ̂  c p 1 e 
∂ T 1 
∂t 

= k 1 
∂ 2 T 1 
∂ x 2 

+ �H v ap 
∂ C bw 

∂t 
− ˆ c int 

p1 

∂( N w 

T 1 ) 

∂x 
+ π f ε 0 ε ′′ 1 | E | 2

(11) 

here ρ1 e denotes the effective density of the dried region, ˆ c p 1 e 
enotes the effective specific heat capacity of the dried region, 

 1 denotes the thermal conductivity of the dried region, �H v ap 

enotes the specific enthalpy of vaporization, and ˆ c int 
p1 

denotes 

he specific heat capacity of the dried region near the interface. 

quation (11) implies time and axial temperature variance with 

ound water vaporization, ice sublimation, and microwave. 

The energy balance for the frozen region is 

2 ̂  c p 2 
∂ T 2 
∂t 

= k 2 
∂ 2 T 2 
∂ x 2 

+ π f ε 0 ε ′′ 2 | E | 2 (12) 

here ρ2 denotes the density of the frozen region, ̂ c p 2 denotes 

he specific heat capacity of the frozen region, and k 2 denotes 

he thermal conductivity of the frozen region. The last term in 

quation (12) is the volumetric energy input from the microwave, 

hereas the heat flux from the bottom shelf is considered in the 

oundary conditions. 

The initial and boundary conditions for the energy balances for 

he dried and frozen regions are 

 1 = T 0 1 at t = 0 , 0 < x < X ( t ) (13) 

k 1 
∂ T 1 
∂x 

= 0 at t > 0 , x = 0 (14) 

 1 = T int at t > 0 , x = X ( t ) (15) 

 2 = T 0 2 at t = 0 , X ( t ) < x < L (16) 

 2 = T int at t > 0 , x = X ( t ) (17) 

k 2 
∂ T 2 
∂x 

= H b at t > 0 , x = L (18) 

here L denotes the depth of bottom, and H b denotes the heat 

eneration from the bottom shelf. 

The heat flux from the bottom is expressed as 

 b = h 

(
T shel f − T bottom 

)
(19) 

here h denotes the heat transfer coefficient, T shel f denotes the 

emperature of the shelf, and T bottom 

= T 2 ( x = L ) denotes the tem- 

erature at the bottom of the vial. The determination of the heat 
5 
ransfer coefficient from experimental data is well explained in the 

iterature ( Pikal et al., 2005 ). 

The velocity of the moving interface can be calculated from the 

ate of sublimation: 

∂X ( t ) 

∂t 
= −N w 

| x = X ( t ) 
ρ2 − ρ1 

(20) 

here N w 

| x = X(t) is the mass flux of water vapor at the interface, 

hich is equivalent to the sublimation rate. 

The sublimation rate at the interface is determined as 

 w 

| x = X(t) = 

k 2 ∇ T 2 − k 1 ∇ T 1 (
ˆ c int 

p1 
− ρ2 ̂ c p 2 −ρ1 ̂ c p 1 

ρ2 −ρ1 

)
T int + �H sub 

(21) 

here equation (21) is based on the energy balance, which is ex- 

lained in published work ( Velardi and Barresi, 2008 ). 

The full mechanistic model derived here is most closely related 

o two past models. We modify the model of Litchfield and Li- 

pis (1979) , which considers only CFD, to include the microwave 

rradiation term from the model of Witkiewicz and Nastaj (2010) . 

o understand the system precisely, the full mechanistic model 

resented here is based on Litchfield and Liapis (1979) rather 

han the model of Witkiewicz and Nastaj (2010) , which neglects 

ome factors, in particular, their equation corresponding to our 

quation (11) ignores the bound water term, and their mass bal- 

nce of the dried region was simplified by neglecting poros- 

ty and bound water, so their equations corresponding to our 

quations (1) to (8) are very different. 

.2. Simplified model 

The detailed transient model above has a complex structure and 

equires many parameters to be determined for a process with 

imited measurements. This section derives a simplified model 

or primary drying that modifies a model by Velardi and Bar- 

esi (2008) to include microwave irradiation. The key ideas in 

he simplified model are assuming quasi-stationary conditions 

or the two regions because of the slow dynamics of the pro- 

ess, and using only the heat flux for the sublimation of the ice 

 Giordano et al., 2011 ). Fig. 3 is a schematic of the calculation pro-

edure for the model extended to include microwave irradiation. 

irst, the energy supplied from the bottom shelf and microwave 

rradiation is used to increase the temperature of the ice. After 

chieving sublimation temperature at the bottom, the heat pro- 

ided is only used for the sublimation. 

For the energy balance of the frozen region, during rising tem- 

erature, equation (12) is used with an abbreviated form of the 

icrowave irradiation: 

2 ̂  c p 2 
∂ T 2 
∂t 

= k 2 
∂ 2 T 2 
∂ x 2 

+ H v (22) 

here the initial and boundary conditions are defined according to 

quations (13) –(18) by 

k 2 
∂ T 2 
∂x 

= 0 at t > 0 , x = 0 (23) 

k 2 
∂ T 2 
∂x 

= H b at t > 0 , x = L (24) 

 2 = T 0 2 at t = 0 , 0 < x < L (25) 

The values for H b can be calculated using equation (19) with a 

helf temperature treated in this study of 

 shel f ( t ) = rt + T 0 shel f (26) 

here r is the rate of rise in the shelf temperature. 
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Fig. 3. Calculation procedure for the simplified model. 
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Unlike the original simplified model of Velardi and Bar- 

esi (2008) , which ignored the bound water during primary drying, 

he microwave irradiation affects water and ice differently, which 

s modeled here by 

 v = H ice p 
0 
ice + H w 

p 0 bw 

≈ H w 

p 0 bw 

for t ≤ t sub (27) 

here p denotes the portion of the component and t sub denotes 

he time sublimation initializes. The microwave term can be con- 

ned to the water because the microwave irradiation has a vastly 

igher effect on the water than ice ( Matzler, 1987 ), 

′ ice ≈ ε′ water / 190 , 0 0 0 (28) 

In the sublimation stage, the microwave irradiation term is 

omprised as 

 v = H ice p ice + H w 

p w 

≈ H w 

p w 

for t t > t sub (29) 

here p w 

is the parameter for the water-related portion in mi- 

rowave heating during sublimation. This parameter describes the 

omplex system, including water vapor and bound water. 
6 
Then, equation (20) is reorganized to calculate the moving 

oundary, 

∂X ( t ) 

∂t 
= − N w 

ρ2 − ρ1 

= 

H b + H w 

p w 

L 

( ρ2 − ρ1 ) �H sub p 
0 
ice 

for t > t sub (30) 

here sublimation occurs due to heat transmission through the 

ottom shelf, and volumetric microwave heat generation. 

The simplified model can be approximated by some analyt- 

cal expressions. For H b + H w 

p w 

L that is nearly constant (e.g., 

f H w 

p w 

L > H b ), X(t) will grow linearly. Under the experimen- 

al conditions of H w 

p w 

L � H b (for example, when H b = 0 as 

n Gitter et al. (2019) ), an approximate analytical solution to 

quation (30) during primary drying is 

 ( t ) = 0 for t ≤ t sub (31) 

 ( t ) = 

(
H b,a v e + H w 

p w 

L 
)
t 

( ρ2 − ρ1 ) �H sub p 
0 
ice 

for t > t sub (32) 

here H b,a v e is the average value of H b during the experiment. An 

nalytical solution for the temperature can be derived as 

 2 = − r ρ2 ̂  c p 2 + H w 

p 0 
bw 

2 k 2 
( x 2 − L 2 ) + 

2 aL k 2 
h 

+ rt + T 0 shel f for t ≤ t sub 

(33) 

 2 = T sub for t > t sub (34) 

here the details of derivation are shown in an Appendix. This ap- 

roximately linear relationship during primary drying can be seen 

n Fig. 4 . 

Fig. 4 compares the simplified model with MFD experimental 

ata from a past study ( Gitter et al., 2019 ). Table 1 lists the pa-

ameters used in the simplified model, with citations given for the 

odel parameters from the literature and with the H w 

, p w 

, and 

 fit to the experimental data. The simplified model captures the 

emperature ramp, the transition to the plateau region, and the 

verall drying time quite accurately, with the main differences be- 

ng that the experimental temperature profile has a smoother tran- 

ition from the temperature ramp to the plateau and an upwards 

rift during the time that the simplified model predicts a plateau. 
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Table 1 

Parameters for the validation 

Parameter Value 

ρ1 ( Velardi and Barresi, 2008 ) 63 kg/m 

3 

ρ2 ( Velardi and Barresi, 2008 ) 917 kg/m 

3 

ˆ c p 2 ( Velardi and Barresi, 2008 ) 1,967.8 J/kgK 

�H sub ( Velardi and Barresi, 2008 ) 2.840 × 10 6 J/kg 

H w 242,345 W/m 

3 

h ( Hottot et al., 2006 ) 65 W/m 

2 K 

k 2 ( Velardi and Barresi, 2008 ) 2.30 W/mK 

p 0 
bw 

0.04 

p w 0.92 

L 0.042 m 

T 0 2 ( Gitter et al., 2019 ) 236.85 K 

T sub ( Gitter et al., 2019 ) 256.15 K 

Fig. 5. Calculated drying time of each freeze-drying type. 
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Table 2 

Comparison of energy transmission rates. 

Energy source Value 

Microwave (H w L ) 10,178 W/m 

2 

in raising the temperature ( H w p 0 bw 
L ) 407 W/m 

2 

in sublimation ( H w p w L ) 9,567 W/m 

2 

Bottom shelf (H b ) Up to 1,671 W/m 
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f the various features, the most important for this particular de- 

ign study is that the overall drying time of ~ 4 hours predicted by 

he model is within the accuracy of the experimental data. 

. Comparison between different freeze-drying types 

This section applies the simplified model to compare the pri- 

ary drying performance for three different freeze-drying types: 

FD, MFD, and HFD. The shelf temperature is set as a general ex- 

erimental condition, 236.85 K initially and rising at 1 K/min, fi- 

ally reaching 281.85 K. Fig. 5 displays the calculated drying time 

f each freeze-drying type. MFD has a drying time of ~3.9 hours, 

hich is 78% lower than CFD. These model predictions are highly 

onsistent with the experimentally reported reduction in the dry- 

ng time of “over 75%” reported by Gitter et al. (2018) in biophar- 

aceutical freeze-drying experiments. Furthermore, our model 

redicts that HFD would have an 83% lower drying time than CFD, 

hich is ~23% faster drying time than MFD. These model pre- 

ictions strongly motivate the design and development of freeze- 

rying equipment that is able to use both microwave irradiation 

nd conventional conductive heating from the bottom shelf. 

Fig. 6 plots the spatiotemporal temperature variation during the 

emperature ramp in Fig. 4 for the three types of freeze drying, 

hich is before the bottom temperature reaches the sublimation 

emperature (cf. Fig. 3 ). CFD has a more rapid temperature rise at 

he bottom than the other freeze-drying types where all or most 

f the energy comes from microwave heating in the bulk. MFD 

as a constant increase in temperature with time with no spatial 

ariation, because the microwave irradiation heats the overall re- 

ion consistently and uniformly. HFD is intermediate in the spatial 

ariation of temperature while reaching the sublimation temper- 
7 
ture more quickly (0.55 h) due to having both conventional and 

icrowave heating. Due to having a spatial gradient, CFD reaches 

he sublimation temperature 26% faster (0.74 h) than MFD (1.00 

), which is a limitation of the simplified model for describing 

FD that the initial sublimation time highly depends on the bot- 

om temperature. Even if sublimation started earlier in CFD, MFD 

as a much faster primary drying time due to much higher en- 

rgy supplied from microwave irradiation during the sublimation 

cf. Fig. 5 and Table 2 ). 

Table 2 describes calculated energy transmission from mi- 

rowave irradiation and bottom shelf heating, which both in terms 

f flux with respect to the cross-sectional area so as to be placed 

n the same basis. The microwave irradiation uniformly provided 

42,345 W/m 

3 of energy, which is equivalent to 10,178 W/m 

2 for 

his 0.042 m depth of material in the vial. Recall that almost no 

nergy from microwave irradiation is transferred to the ice, and 

nstead is transferred to the bound water, which is essential for 

eating. During the sublimation, sublimated water vapor heavily 

ffects the ener gy transmission of the microwave irradiation (cf. 

he second and third rows of Table 2 ). On the other hand, the bot-

om shelf transmits energy up to 1,671 W/m 

2 . The energy provided 

rom the bottom shelf varies according to the temperature changes 

n the frozen region and the bottom shelf. According to the re- 

ults, microwave energy transfer is not as effective as direct heat 

onduction during the time period that the temperature is rising. 

owever, microwave irradiation has a much stronger effect on sub- 

imation, which is up to 5.72 times larger than direct conductive 

eat transfer. 

. Parametric sensitivity analysis for HFD 

HFD uses both heating mechanisms of CFD and MFD to enhance 

he speed of primary drying. Investigating controllable parameters 

s helpful for the further development of biopharmaceutical freeze- 

rying. Thus, parametric sensitivity analysis is conducted for HFD 

ccording to the developed mechanistic model for three potentially 

mportant design parameters: microwave power and the tempera- 

ure difference at and depth of the bottom of the vial. Each param- 

ter is varied by ±10 to 30% compared to the base case. 

The primary drying time is approximately inversely propor- 

ional to the microwave power (see Fig. 7 ). For instance, for a 30% 

ncrease in microwave power from the base case, the primary dry- 

ng time is reduced by about 18% from the base case, which is 

 bit less than a perfect inverse proportionality (which would be 

 − 1/1.3 = 23%). For a 30% reduction in microwave power from 

he base case, the primary drying time increases by ~30% from the 

ase case, which is slightly less than a perfect inverse proportion- 

lity (1/0.7 – 1 = 43%). The inverse proportionality is not perfect 

ut is a rough rule of thumb for back-of-the-envelope estimates, 

ut the deviation from this short-cut estimate will vary with the 

ase microwave power and how large of a deviation is considered. 

Fig. 8 shows that the primary drying time is approximately a 

inear function of the temperature difference at the bottom of the 

ial, which is proportional to the energy flux from the bottom of 

he vial. The base case has a 45 K difference in temperature be- 

ween the ice and the bottom shelf when the sublimation occurs. 

or a 30% increase in the temperature difference, the primary dry- 
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Fig. 6. Spatiotemporal variation in the temperature until the sublimation begins for conventional freeze drying (CFD), microwave-assisted freeze drying (MFD), and hybrid 

freeze drying (HFD). The time between adjacent spatial temperature profiles is 0.05 hr. The units of time and axial coordinate are reported in hours and centimeters here 

for better readability. 

Fig. 7. Drying time vs. microwave power. 

Fig. 8. Drying time vs. temperature difference at the bottom. 
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Fig. 9. Drying time vs. depth of the bottom. 
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ng time is reduced by 5.1%, whereas a 30% decrease in the tem- 

erature difference results in a 7.1% reduction in the primary dry- 

ng time. The primary drying time is weakly sensitive to the tem- 

erature difference at the bottom of the vial during HFD since mi- 

rowave power provides most of the energy for drying. 
8 
The primary drying time also has a relatively weak dependency 

n the depth of the bottom of the vial ( Fig. 9 ). Increasing the depth

f the bottom by 30% from the base case only increases the pri- 

ary drying time by 3.5%, and a 30% decrease results in a 5.7% 

eduction in primary drying time. In contrast to the CFD, which is 

nown to be highly impacted by the depth of the bottom of the 

ial, its effect on the primary drying time for HFD is quite small. 

gain, this weak dependence is because most of the energy for 

rying comes from the microwave irradiation. 

Overall, the parametric sensitivity analysis confirms our expec- 

ation that the microwave power is the primary design variable 

o consider when designing freeze-drying equipment that uses 

oth microwave irradiation and conventional heat conduction. Be- 

ause the energy transfer from microwave irradiation is primarily 

o bound and vaporized water, that energy transfer is transmit- 

ed throughout the volume of the ice, which is much more effec- 

ive than heat conduction from the bottom in which energy trans- 

er is limited through the bottom surface. Including heat conduc- 

ion from the side walls would reduce the primary drying time, 

ut only by a relatively small amount since the heat transfer area 

ould still be limited. The temperature difference between the vial 

nd its surroundings cannot be increased to counteract the lim- 

ted heat transfer area because the high temperatures would dam- 

ge the biotherapeutic material in the vial. By directly transmitted 

nergy into the bulk material, microwave irradiation can produce 
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reatly reduced primary drying times without requiring large tem- 

erature gradients in the vial. 

. Conclusion 

This numerical study is the first to explore the combination 

f applying microwave irradiation and thermal heat conduction to 

he freeze-drying for biopharmaceuticals. Compared to CFD, which 

s a time-consuming process taking many hours, MFD and HFD 

educed the primary drying time by 78% and 83%, respectively, 

hich are substantial time savings. This study establishes an MFD 

odel that captures the main elements observed in the published 

xperimental data, and proposes an HFD model suitable for the 

arly-stage design of freeze-drying equipment that uses both con- 

entional and microwave heating to accelerate the primary dry- 

ng time by a factor of five over CFD. While both energy trans- 

er methods contribute to the reduced primary drying time for 

FD, parametric sensitivity analysis confirmed that the primary 

rying time is mainly dominated by microwave power rather than 

arameters associated with the heat transfer from the bottom of 

he vial. The mechanistic model assists in the fundamental under- 

tanding of MFD while having a low enough computational cost to 

e amenable to real-time nonlinear model predictive control im- 

lementation. 
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ppendix 

Assume that the temperature of the frozen region satisfies 

 2 = a x 2 + bx + c ( t ) (A1) 

here a and b denotes constant, and c(t) denotes function of time. 

Insertion of this expression into equation (22) gives 

2 ̂  c p 2 
∂ 
(
a x 2 + bx + c(t) 

)
∂t 

= k 2 
∂ 2 

(
a x 2 + bx + c(t) 

)
∂ x 2 

+ H w 

p 0 bw 

(A2) 

2 ̂  c p 2 c′ (t) = 2 a k 2 + H w 

p 0 bw 

(A3) 

The insertion of the expression (A1) into the boundary condi- 

ion (23) and equation (19) , 

k 2 
∂ T 2 
∂x 

= H b at t > 0 , x = L (23) 

 b = h 

(
T shel f − T bottom 

)
(19) 
9 
esults in 

k 2 ( 2 aL + b ) = h 

[
T shel f ( t ) −

(
a L 2 + bL + c ( t ) 

)]
(A4) 

′ ( t ) = −T ′ shelf ( t ) (A5) 

Then combining equations (A3) and (A5) gives 

ρ2 ̂  c p 2 T ′ shel f (t) = 2 a k 2 + H w 

p 0 bw 

(A6) 

The shelf temperature was taken to linearly rise according to 

he time from equation (26) , 

 shel f ( t ) = rt + T 0 shel f (26) 

This equation can be inserted into (A6) to give the value of a of 

 = − r ρ2 ̂  c p 2 + H w 

p 0 
bw 

2 k 2 
(A7) 

Insertion of (A1) into the boundary condition (24) , 

k 2 
∂ T 2 
∂x 

= 0 at t > 0 , x = 0 (24) 

esults in 

 = 0 (A8) 

Inserting equations (26) , (A7) , and (A8) into equation (A4) gives 

2 aL k 2 = h 

[
r t + T 0 shel f + 

r ρ2 ̂  c p 2 + H w 

p 0 
bw 

2 k 2 
L 2 − c(t) 

]
(A9) 

here 

(t) = 

2 aL k 2 
h 

+ rt + T 0 shel f + 

r ρ2 ̂  c p 2 + H w 

p 0 
bw 

2 k 2 
L 2 (A10) 

Finally, inserting the expressions for a , b, and c(t) into 

A1) gives an analytical expression for the temperature of frozen 

egion that solves all of the equations described the simplified 

odel in this appendix: 

 2 = − r ρ2 ̂  c p 2 + H w 

p 0 
bw 

2 k 2 
( x 2 − L 2 ) + 

2 aL k 2 
h 

+ rt + T 0 shel f (A11) 
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