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Abstract

The recognition that optimal control trajectories for batch processes can be highly sensitive to model uncertainties has motivated

the development of methods for explicitly addressing robustness during batch processes. This study explores the incorporation of

robust performance analysis into open-loop and closed-loop optimal control design. Several types of robust performance objectives

are investigated that incorporate worst-case or distributional robustness metrics for improving the robustness of batch control laws,

where the distributional approach computes the distribution of the performance index caused by parameter uncertainty. The

techniques are demonstrated on a batch crystallization process. A comprehensive comparison of the robust performance of the

open-loop and closed-loop system is provided.

� 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Batch processes are common in the pharmaceutical,

microelectronics, food, and fine chemical industries.

Process optimization has the potential to reduce pro-

duction costs, improve product quality, reduce product

variability, and ease scale-up. Recent advances in the

development of reliable models as well as reliable on-line

measuring devices (e.g. on-line spectroscopy) have

increased the use of mathematical modeling and opti-
mization techniques for improving batch process oper-

ation. Performing off-line the open-loop optimization

with nominal values of the parameters and then imple-

menting the optimal trajectory is the approach used

most frequently [1]. However, it is impossible to gener-

ate highly accurate models for most chemical processes

due to the limited quality and quantity of experimental

data. Thus, the practical implementation of model-
based simulation results often leads to differences be-

tween reality and simulation, whether the model is used

for controller design or process optimization. Conse-
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quently, taking parameter uncertainty into account

during optimization and controller design is of signifi-
cant importance.

A fundamental feature of batch process optimization

is that the desired performance can be expressed as a

function of the final states. Several approaches have

been proposed for incorporating uncertainty into the

end-point optimization of nonlinear batch processes

[2–4]. A simplified breakdown of the approaches is pre-

sented in Fig. 1. One category of techniques deals with
the determination of the best open-loop control trajec-

tory, which ensures minimum degradation of the end-

point performance under model parameter uncertainty

or disturbances. Another category tries to increase ro-

bustness by using feedback control instead of open-loop

control. A straightforward extension of the open-loop

robust optimization techniques is based on repeating the

open-loop optimization on-line based on feedback of the
measured (estimated) variables [2,4]. One approach to

incorporate uncertainty in the formulation of the opti-

mal control problem is to consider the worst-case ob-

jective (this is referred to as the minmax approach).

Other techniques minimize the expected value of the

objective, or consider multiobjective approaches with at

least one term measuring robustness. Techniques based
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Fig. 1. Generic breakdown of robust optimal control strategies for

batch processes. Most closed-loop strategies have open-loop ana-

logues. Nearly any open-loop strategy can be formulated as a closed-

loop strategy by extending the optimization vector or by using a

shrinking-horizon model predictive control approach.
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on the general property of using feedback to compensate

for uncertainties also have been proposed that do not

explicitly take parameter uncertainty into consideration

in the formulation of the objective function [5]. In

Alamir and Balloul [6], a robust state feedback formu-

lation was suggested based on a receding horizon im-

plementation of an open-loop minmax optimization
problem. The problem with most minmax approaches

described in the literature is that they usually handle

only uncertainties in terms of independent bounds on

each parameter. Although techniques that extend this

approach to more general uncertainity descriptions have

been proposed [7,8], since the computed profile mini-

mizes a worst-case objective where the worst-case value

has a low probability of occurring, poor results can be
obtained for more representative parameter values (such

as the nominal case).

Different approaches have been proposed to avoid

the disadvantages of the minmax technique. Usually in

these cases the objective accounts for both nominal and

robust performance and the final solution is the result of

the tradeoff between the two. The sensitivity robustness

approach, for example, uses a deterministic framework
in which the objective function is the weighted sum of

the performance index computed with the nominal pa-

rameters, and a penalty term that minimizes the sensi-

tivity of the performance index to variations of the

parameters due to uncertainties [9]. The disadvantage of

this approach is that usually it is unclear how to cor-

rectly weigh the effects of different parameter sensitivi-

ties.
Techniques based on the minimization of the expec-

tation of the end-point performance can cope with

general stochastic formulations of the uncertainty [10].

However, this leads to a high dimensional augmented

dynamic system due to the discretization of the param-

eter space or to multiple simulations using Monte Carlo

sampling. These approaches are computationally ex-

pensive, but on the other hand the structure of the
problem is well suited for efficient implementation via

parallelization. Although this approach takes into ac-

count the variation of parameters due to uncertainty, it
can provide inadequate robustness since there is no ex-

plicit penalty of the variation in the performance ob-

jective due to parameter variations. As an example, it is

straightforward to show that minimizing the expected
value will provide no improvement in robustness when

the performance objective is linear in the parameters.

The mean–variance approach uses the same general

stochastic framework as the expected performance

minimization but explicitly takes into account the effects

of parameter uncertainties by minimizing the weighted

sum of the expected value of the performance index and

the variance of the performance index to the effects of
uncertainty [11].

The problem with the weighted-sum approaches is

that the weighting coefficient does not directly corre-

spond to the relative importance of the objectives, so

that obtaining a proper trade-off requires trial-and-

error. An approach that addresses this issue is to add

robustness constraints to the formulation of the opti-

mization problem rather then using the penalty robust-
ness term in the objective function. Valappil and

Georgakis [12,13] proposed an extended Kalman filter

(EKF)-based model predictive control approach to

control the end-use properties in batch reactors. The

approach handles model uncertainty by determining the

uncertainty in the predicted final values of the proper-

ties, in the form of elliptical confidence regions, and

ensures that the complete confidence region is within
the target region by adding some hard constraints to

the on-line optimization problem. Mohideen et al. [14]

proposed the introduction of robust stability con-

straints in the formulation of the optimization problem,

based on the measure of a matrix. Although the ap-

proach provides the optimal design of a dynamic system

under robust stability consideration, the concep-

tual mathematical formulation of the approach leads to
a computationally expensive infinite-dimensional sto-

chastic mixed-integer optimal control problem. Visser

et al. [15] proposed a cascade optimization framework in

which the feasibility of the open-loop optimization un-

der uncertainty is guaranteed by adding a back-off term

to the constraints and the robust performance is en-

hanced by repeating the optimization on-line.

An elegant generalization of the aforementioned
multiobjective approaches can be formulated in the

differential game framework. This approach simulates a

game of ‘‘engineer’’ versus ‘‘nature’’ where the engineer

represents the nominal performance and nature repre-

sents the uncertainty [16]. Although this technique can

be considered a unifying framework for all other ap-

proaches, it involves highly complex numerical problems

and large computing effort, with very few applications in
chemical engineering.

Robust feedback control laws have been developed

for the end-point optimization of nonlinear batch pro-

cesses, using a differential geometric approach [17,18].
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This approach requires the analytical computation of

Lie brackets and has many restrictions including that

the process must be minimum phase. In Terwiesch and

Astolfi [16], robust state-feedback and output-feedback
control laws are proposed based on the nonlinear H1
formulation. In this approach a positive definite func-

tion that solves the Hamilton–Jacobi partial differential

equation needs to be computed. The solution is then

obtained by performing a high order series expansion of

the partial differential equation, leading to a set of or-

dinary differential equations. The main drawback of the

approach is that the nonlinear system has to be written
in a form that is affine in the model parameters and

control inputs, which is seldom possible. Additionally,

the series expansion for complex systems results in a

prohibitively large number of differential equations (e.g.

for the crystallization system considered in this paper a

fourth-order expansion would lead to almost one

thousand equations).

A conceptually different approach to account for
parameter uncertainties is to use the measurements to

estimate the uncertain parameters on-line and recom-

pute the optimal trajectories using the estimated values

[3,19–23]. In this approach the on-line optimization

problem is split into two subproblems. First measure-

ments are used to estimate the parameters and states,

and next this information is used to determine the

control input by solving an optimization problem with
respect to some performance criteria. The advantages of

this approach are that the on-line parameter estimation

allows for model prediction in the optimization which

can produce small end-point deviations even in the

presence of unmeasured disturbances and model-plant

mismatch, and that the approach can successfully han-

dle time-varying parameters. In this approach the states

and model parameters usually have to be estimated si-
multaneously. This can be done in a unifying framework

in which the parameters appear as a subset of the state

variables in the combined process and parameter models

and using an estimator (e.g., an Extended Kalman filter)

for the simultaneous state and parameter estimation.

However, this technique requires that the observability

condition is satisfied for the augmented system. This

condition is often not satisfied even if the initial model is
observable. Also, a sufficiently exciting input is required

for successful parameter estimation. Unfortunately, the

optimal inputs usually do not provide sufficient excita-

tion of the system, causing a conflict between the ob-

jectives of optimization and parameter identification.

A feature of most of the aforementioned robust op-

timization papers is the lack of a systematic analysis of

the robust performance of the proposed approach.
Usually simulations are presented by selecting several

values for the uncertain parameters. Monte Carlo sim-

ulations can be used for more detailed stochastic anal-

ysis. However these methods are often prohibitively
expensive. To reduce computational burden the para-

metric uncertainty analysis can be performed based on

series expansion of the detailed model [7,8,24] or using a

polynomial chaos expansion-based probabilistic collo-
cation method [25]. Despite the abundant robust control

literature there is a lack of robust performance com-

parison studies between open-loop and closed-loop

control strategies. The main objective of this paper is to

provide a comprehensive analysis of the robust perfor-

mance of the end-point optimal control of nonlinear

batch processes. The effects of using feedback are com-

pared to open-loop optimal control in the case of
nominal and robust optimization approaches applied to

both the open-loop and closed-loop systems. This paper

utilizes a technique that computes the entire distribution

of the process outputs along the whole batch run. The

approach is based on an analysis tool [7,8,26] that

computes the worst-case deviation of the output due to

uncertainties described by general H€oolder norms. This

analysis tool provides a quantifiable link between pa-
rameter uncertainty and its effect on all process vari-

ables, and it can be incorporated in the optimization

process (in both the open-loop and closed-loop cases) to

enhance robust performance. Two robust optimization

approaches that incorporate this analysis tool are pre-

sented and used to obtain both the open-loop and

closed-loop robust control laws. The advantages and

disadvantages of various methods are emphasized
through application to the batch crystallization of an

inorganic chemical subject to uncertainties in the nu-

cleation and growth kinetics.
2. Worst-case and distributional robustness analysis

This section briefly summarizes the worst-case ro-

bustness analysis technique [7,8,26] and its extension to

distributional analysis. Define the perturbed model pa-

rameter vector of dimension nh,

h ¼ ĥhþ dh; ð1Þ
where ĥh is the nominal model parameter vector of di-

mension nh and dh is the perturbation about ĥh. Due to

stochastic measurement noise, parameter estimates fit to

data are stochastic variables. Define ŵw as the perfor-

mance for the nominal model parameters ĥh, w as its

value for the perturbed model parameter vector h, and
the difference dw ¼ w� ŵw. The worst-case robustness

approach writes dw as a power series in dh and then uses
analytical expressions (for the first-order case [27]) or

the skewed structured singular value [28,29] to compute

worst-case values for dw and dh. Accurate analysis can

be obtained with very few terms in the series expansion

(typically one or two) because for robustness analysis

purposes the expansion only needs to be accurate for the

trajectories (each trajectory being associated with one
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perturbed model parameter vector) about the nominal

trajectory. The terms in the series expansion can be

computed by finite differences or by integrating the

original differential-algebraic equations augmented with
an additional set of differential equations known as

sensitivity equations [30].

Although the methods of [7,8,26] apply to general p-
norm uncertainty descriptions including independent

bounds on each parameter, this presentation will focus

on the hyperellipsoidal uncertainty description since it is

produced by more than 90% of the available algorithms

to estimate parameters from experimental data [31,32].
Under the most common assumptions, this description

is

Eh ¼ fh : ðh� ĥhÞTV�1
h ðh� ĥhÞ6 v2nhðaÞg; ð2Þ

where Vh is the ðnh � nhÞ positive definite covariance

matrix, a is the confidence level, and v2nhðaÞ is the chi-

squared distribution function with nh degrees of freedom.

A ‘‘hard’’ or worst-case model uncertainty description is

obtained by fixing the confidence level.

A probability density function (PDF) for the model
parameters is needed to compute the PDF of the per-

formance index. More than 90% of the available algo-

rithms to estimate parameters from experimental data

[31,32] produce a multivariate normal distribution:

fp:d:ðhÞ ¼
1

ð2pÞnh=2 detðVhÞ1=2
exp

�
� 1

2
½ðh� ĥhÞTV�1

h ðh� ĥhÞ�
�
:

ð3Þ

When a first-order series expansion is used to relate dw
and dh, then the estimated PDF of w is

fp:d:ðwÞ ¼
1

V 1=2
w

ffiffiffiffiffiffi
2p

p expð�ðw� ŵwÞ2=ð2VwÞÞ; ð4Þ

where the variance of w is

Vw ¼ LVhLT ð5Þ

with

LiðtÞ ¼
owðtÞ
ohi

����
h¼ĥh

8i ¼ 1; . . . ; nh; ð6Þ

where t is time. The distribution is a function of time

since the nominal value for w and the vector of sensi-

tivities L are functions of time.

Analytical expressions for the distribution cannot be

obtained for higher order series expansions. In this case

the relationship between h and w is nonlinear and the
probability distribution function must be computed

numerically. The PDF could be obtained by performing

Monte Carlo simulation by sampling the parameter

space given by the uncertainty description. The draw-

back of this approach is that it requires a large number

of samples to accurately describe the distribution espe-

cially for values with low probability, which is compu-
tationally expensive. A more computationally efficient

approach is to map only the contours of the uncertainty

hyperellipsoids obtained for different a levels. The

mapping is performed via the worst-case analysis tech-
niques by computing the worst-case dw for different a-
levels, which are used to construct its PDF. In other

words, the hard bound defined by the confidence region

on the parameter uncertainties is mapped to hard

bounds on w, with each set of hard bounds parameter-

ized by a confidence level a. The a-level sets on w pro-

duced by repeating this calculation for different

confidence levels is used to construct its probability
distribution function.

This mapping requires taking the different dimensio-

nalities of the model parameter vector and performance

objective into account. For specificity this accounting is

illustrated with the uncertainty description (2). The

mapping of the a levels is performed from the nh di-

mensional space characterized by a v2 distribution of nh
degrees of freedom ðv2nhðaÞÞ to an nw dimensional space
in which the same a-levels are characterized by a chi-

squared distribution but with nw degrees of freedom

ðv2nwðaÞÞ. To capture the probability mapping between

the two spaces characterized by different degrees of

freedom, the worst-case deviations ðdww:c:Þ is multiplied

by the ratio
ffiffiffiffiffiffiffiffiffiffiffiffiffi
v2nwðaÞ

q
=

ffiffiffiffiffiffiffiffiffiffiffiffi
v2nhðaÞ

q
. Hence, an estimate of the

mapped confidence interval for a certain a is

WðaÞ ¼ ½ŵw� ðv2nw=v
2
nh
Þ1=2dww:c:ðaÞ; ŵwþ ðv2nw=v

2
nh
Þ1=2dww:c:ðaÞ�:

ð7Þ

When the series expansion is linear it can be shown

analytically that this approach gives the PDF (4). The
accuracy of this approach for higher order series ex-

pansions has been tested numerically using Monte Carlo

simulations [24].

These robustness analysis approaches can be applied

to any state or function of the states. Also note that the

approach can be applied to unmodeled dynamics by

inserting additional differential equations with uncertain

parameters (for example, an additional first-order re-
sponse with uncertain gain and time constant) or by

inserting phase using an uncertain time delay [33]. The

approaches also can be applied to analyze the effects

of measurement noise and disturbances, since their

mathematical representation is similar to model uncer-

tainties.
3. Robust end-point optimization of batch processes

3.1. Robust open-loop optimal control

In batch optimization the objective corresponds to

some specifications at the end of the batch:
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min
uðtÞ2U

wðxðtfÞ; hÞ; ð8Þ

s:t: _xxðtÞ ¼ f ðxðtÞ; uðtÞ; hÞ; xð0Þ ¼ x0; ð9Þ
hðxðtÞ; uðtÞ; hÞ6 0; ð10Þ

where tf is the final time, xðtÞ 2 Rnx is the nx vector of

states, uðtÞ 2 U is the nu set of all possible trajectories,
h 2 P is the vector of model parameters in the uncer-

tainty set P, f is the vector function f : Rnx �U�P !
Rnx that describes the dynamic equations of the system,

h : Rnx �U�P ! Rc is the vector of functions de-

scribing the linear and nonlinear, time-varying or end-

time algebraic constraints for the system, and c is the

number of these constraints. Although we represent here

the process model (9) as a set of ordinary differential
equations (ODE), the approaches are applicable to

process models described by general differential-alge-

braic equations (DAE) or integro-partial differential

equations.

In the nominal case the optimization problem (8)–

(10) is solved by fixing h ¼ ĥh, yielding the nominal op-

timal control trajectory ûuðtÞ. In the uncertain case the

variation of model parameters is incorporated into the
optimization to produce a robust control trajectory.

Two formulations for the robust performance objective

are considered here.

The first approach is the minmax approach that

minimizes the worst-case deviation of the end-point

performance index:

min
uðtÞ2U

ww:c:ðxðtfÞ; hÞ ð11Þ

subject to (9) and (10). The worst-case deviation is
computed with the analysis techniques described in the

previous section. The main advantage of this approach

compared to other minmax optimizations is that it can

incorporate all the usual uncertainty descriptions (e.g.,

independent bounds on each parameter), or situations

where different uncertainty descriptions are used for

different subsets of the parameters. While this approach

provides the best value for the worst-case performance
deviation, it may yield poor results in other more likely

cases (e.g. the nominal case). A multiobjective optimi-

zation avoids this drawback. One of the objectives is the

nominal value of the end-point objective computed with

the nominal parameter vector and the other is the

variance of the objective around the nominal value,

caused by parameter uncertainty:

J1 ¼ wðx̂xðtfÞ; ĥhÞ; ð12Þ
J2 ¼ Var ðwðxðtfÞ; hÞÞ: ð13Þ

The objective (13) is computed using the distribu-

tional analysis technique presented in the last section.

The advantage of this approach is that the computa-

tional burden of obtaining the variance of the objective

is much smaller than in other probabilistic formulations
presented in the literature. When a first-order series

expansion is used the variance is computed similarly as

in the mean–variance approach described in [11].

However, in the proposed technique the nominal value
of the end-point performance is used in the objective

function rather than its expected value. This approach

provides a better evaluation of the nominal performance

since for nonlinear systems the expected value of the

performance index can be significantly different from its

nominal value (these are equivalent when the perfor-

mance index is linear in the parameters).

The two main approaches to formulating multiob-
jective optimization problems are the weighted-sum and

e-constraint techniques. In the former the multiobjective

problem of minimizing the vector J ¼ ½ J1 J2 � is con-

verted into a scalar problem by using the weighted sum

of the objectives:

min
uðtÞ2U

fJ1 þ wJ2g;

s:t: ð9Þ and ð10Þ;
ð14Þ

where w is the weighting coefficient. The e-constraint
technique minimizes a primary objective, J1 and ex-

presses the other as an inequality constraint:

min
uðtÞ2U

J1;

s:t: ð9Þ and ð10Þ;
J2 6 e:

ð15Þ

The advantage of the multiobjective approaches is that

the tradeoff between nominal and robust performance

can be controlled by appropriately weighting the two

objectives or choosing the value for the constraint, re-
spectively. Each approach involves a user-specified pa-

rameter. The latter approach has the weakness that a

poor choice of e may result in an infeasible problem.

A popular way to solve the infinite-dimensional op-

timization problems (14) and (15) is by describing the

control input uðtÞ as linear piecewise trajectories by

discretizing the batch time in N equal intervals and

considering the control values at each intersection as the
optimization variables. An alternative is to use La-

grangian polynomials to approximate the control path

[11]. The simplest approach to solving the optimization

problem is to solve the optimization and model equa-

tions sequentially, by integrating the model along the

input profile for each iteration of the optimization. This

approach is applicable even if the optimal solution is

discontinuous due to state and terminal time con-
straints. The implementation of state constraints is not

always straightforward using the sequential solution

technique, in which case approaches that solve the

model equations simultaneously with the optimization

problem can be used [34,35].

The corresponding multiobjective approach when

using only hard bounds on the uncertainty is to replace
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J2 with the worst-case value for the performance ob-

jective deviations dww:c:. This approach behaves simi-

larly to the distributional approach.
3.2. Robust closed-loop optimal control

It is a common opinion that state feedback based on

the nominal model improves robust performance com-

pared with open-loop implementation. However this is

not always true for a particular system with uncertainty

description. Feedback increases coupling between vari-
ables, thus in the process of reducing the effects of un-

certainty for some of the variables, the sensitivity of

other variables to variation in model parameters may be

increased. The aforementioned robustness analysis

techniques also apply when either linear or nonlinear

feedback is present. In this case the controller and the

process are treated as one system, and the analysis is

performed with the feedback controller incorporated.
Consider the case where the feedback law is provided

by an output feedback controller:

uðtÞ ¼ urefðtÞ þ KðyðtÞ � yrefðtÞÞ; ð16Þ

where y represents the measurements, yrefðtÞ is the out-

put reference vector obtained with the open-loop opti-
mal input urefðtÞ, and K is the static or dynamic gain

matrix of the feedback controller.

The optimal control problem in the closed-loop sce-

nario can be stated similarly as in the open-loop case,

except that the decision parameters are the reference

control trajectory and the gain matrix of the controller:

min
K;uref ðtÞ

wðxðtfÞ; hÞ; ð17Þ

s:t: _xxðtÞ ¼ f ðxðtÞ; uðtÞ; hÞ; xð0Þ ¼ x0; ð18Þ
yðtÞ ¼ gðxðtÞ; uðtÞ; hÞ; ð19Þ
uðtÞ ¼ urefðtÞ þ KðyðtÞ � yrefðtÞÞ; uðtÞ 2 U;

ð20Þ
hðxðtÞ; uðtÞ; hÞ6 0: ð21Þ

Solving off-line the optimization problem (17)–(21) with

constant parameter vector h ¼ ĥh gives the nominal op-

timal gain and nominal optimal open-loop control tra-

jectory. With the nominal performance index this

approach is similar to that proposed by Bhatia and

Biegler [5]. They demonstrate how simple feedback

correction can enhance robust performance. However,

additional improvement of the robust performance can
be achieved when parameter uncertainty is explicitly

taken into consideration, as it is illustrated in the case

study. To incorporate uncertainties in the optimization,

the aforementioned minmax and multiobjective ap-

proaches can be used in the closed-loop case, too, to

compute a robust optimal feedback gain and associated

reference trajectory.
The optimization problem (17)–(21) is solved by dis-

cretizing the batch time in N discrete intervals, as de-

scribed in the open-loop case. The control inputs uðkÞ at
every discrete time k ¼ 0; . . . ;N and the coefficients of
the dynamic feedback gain matrix Kði; kÞ with

i ¼ dimðyÞ or static feedback gain vector KðiÞ, are con-

sidered as the optimization variables. In the crystalli-

zation example that follows, the optimization was solved

iteratively, determining the optimal uðkÞ by solving an

inner optimization problem for each step of the outer

optimization loop of obtaining the optimum K. This

nested optimization algorithm provided better conver-
gence than simultaneously using uðkÞ and K as decision

variables in the optimization. The optimization is solved

off-line and the robust analysis is performed with the

obtained feedback gain. Techniques that repeatedly

solve similar optimization problems on-line, which be-

long to the category of nonlinear model predictive

control [36,37], are not treated in this paper although the

robust analysis and design approaches are applicable to
such control systems.
4. Case study: batch crystallization

4.1. Problem formulation

Here the robust optimization techniques are applied

to a batch KNO3 crystallization process for both the

open-loop and closed-loop scenarios. The mathematical

model is [38]:

xT ¼ ½l0; . . . ; l4;C; lseed;1; . . . ; lseed;3; T �; ð22Þ

f ðx; u; hÞ ¼

B
Gl0 þ Br0
2Gl1 þ Br20
3Gl2 þ Br30
4Gl3 þ Br40

�qckvð3Gl2 þ Br30Þ
Glseed;0

2Glseed;1

3Glseed;2

�UAðT � TjÞ � 3DHcðCÞqckvGl2ms

ðqckvl3 þ C þ 1ÞmscpðCÞ

2
66666666666666664

3
77777777777777775

;

ð23Þ
where li is the ith moment ði ¼ 0; . . . ; 4Þ of the total

crystal phase and lseed;j is the jth moment ðj ¼ 0; . . . ; 3Þ
corresponding to the crystals grown from seed, C is the
solute concentration, T is the temperature, r0 is the

crystal size at nucleation, kv is the volumetric shape

factor, qc is the density of the crystal, U is the heat

transfer coefficient, A is the heat transfer area, ms is the

mass of the solvent, DHcðCÞ is the heat of crystallization
which is an empirical function of the solute concentra-

tion, and cpðCÞ is the heat capacity of the slurry [27].
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Fig. 2. Optimal temperature profiles for the end-point optimization of

the open-loop system in the nominal case as well as using two robust

optimization approaches.

Z.K. Nagy, R.D. Braatz / Journal of Process Control 14 (2004) 411–422 417
The crystal growth rate ðGÞ and the nucleation rate ðBÞ
are [38]:

G ¼ kgSg; ð24Þ

B ¼ kbSbl3; ð25Þ

where S ¼ ðC � CsatÞ=Csat is the relative supersaturation,

and Csat ¼ CsatðT Þ is the saturation concentration. The

model parameter vector consists of the kinetic parame-

ters for growth and nucleation

hT ¼ ½g; lnðkgÞ; b; lnðkbÞ� ð26Þ

with nominal values

ĥhT ¼ ½1:31; 8:79; 1:84; 17:38� ð27Þ

and the uncertainty description (2) characterized by the

covariance matrix [7]:

V �1
h ¼

102873 �21960 �7509 1445

�21960 4714 1809 �354

�7509 1809 24225 �5198

1445 �354 �5198 1116

2
664

3
775: ð28Þ

The control input is the jacket temperature:

uðtÞ ¼ TjðtÞ: ð29Þ

The temperature profile is described as linear piecewise

trajectories obtained by discretizing the batch time in N
intervals and considering the temperatures at every

discrete time as the optimization variables.

The optimization objective considered is the minimi-

zation of the nucleated crystal mass to seed crystal mass

ratio at the end of the batch:

wðxðtfÞÞ ¼
l3 � lseed;3

lseed;3

: ð30Þ

Additionally the variation of another CSD parameter,

the weight mean size, is also computed:

WMS ¼ l4

l3

: ð31Þ

The optimization problem as stated in (8)–(10) is solved,
with the constraints:

hðx; u; hÞ ¼

dTjðtÞ
dt � Rmax

� dTjðtÞ
dt þ Rmin

CðtfÞ � Cf ;max

2
664

3
7756 0 and TjðtÞ 2 U

¼ ½Tj;min; Tj;max�; ð32Þ

where Rmin and Rmax are the minimum and maximum
temperature ramp rates, and Cf ;max is the maximum

solute concentration at the end of the batch that speci-

fies the minimum yield required by economic consider-

ations. The optimization problem was solved using the

sequential simulation-optimization approach.

In the closed-loop case the following measured states

are considered in the feedback control law:
y ¼ ½l1; l2; l3;C; T �
T
: ð33Þ

The first, second, and third-order moments can be

measured using laser backscattering [39]. The solute

concentration can be measured using several techniques
(e.g. conductivity, attenuated total reflection Fourier

transform infrared spectroscopy, etc. [39]). Temperature

measurements are readily available using thermocou-

ples. The zeroth order moment cannot be measured

accurately since it strongly depends on the number of

very small particles that are not perceivable even under

an optical microscope. The measurements of higher

order moments are not reliable due to their strong
dependence on the statistics of the larger particles in

solution. Measurements of the seed moments is not

possible because they characterize only the part of the

crystals grown from seed and cannot be distinguished in

the mixture of seed and nucleated crystals.
4.2. Results and discussion

The nominal and robust optimal open-loop jacket

temperature profiles are shown in Fig. 2. The nominal

and the worst-case values of the performance index at

the end of the batch are presented in Table 1. Robust-

ness analysis results based on the first- and second-order
series expansions are very similar, indicating that the

first-order analysis produces good quantitative results

for this process. From Table 1 it can be observed that

parameter uncertainty causes performance degradation

(above 12%) if the nominal optimal trajectory is imple-

mented. The worst-case (minmax) control trajectory

reduces the worst-case performance degradation, but at

the cost of substantial degradation of the nominal per-
formance. The weighted-sum approach achieves im-

proved robustness with negligible loss in nominal

performance. The optimal control trajectory obtained



Table 1

Nominal and worst-case performance indices (associated with a confidence level a ¼ 0:95) for open-loop end-point optimizationa

Optimization approach wðtfÞ ww:c:ðtf Þ; ðdww:c:ðtf ÞÞ
First order expansion

ww:c:ðtfÞ; ðdww:c:ðtf ÞÞ
Second order expansion

Nominal case 8.26 9.28 (12.3%) 9.31 (12.7%)

Worst-case minimization 8.67 8.98 (8.7%) 9.04 (9.4%)

Multiobjective minimization (weighted-sum

approach, w ¼ 0:3)

8.26 9.13 (10.5%) 9.18 (11.1%)

a The relative worst-case performance degradation compared to the nominal value is shown in parentheses.
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with the weighted-sum approach is between the control

trajectories obtained in the nominal and worst-case

optimizations. Similar results as the weighted-sum ap-

proach was obtained by the e-constraint approach with

e ¼ 0:14, which is equal to the variance of the perfor-

mance index obtained with the weighted-sum control

trajectory. The nominal temperature profile has a steep
decrease in the last third of the batch period. The robust

control trajectories do not drop as fast near the end of

the batch run, reducing the potential for excessive nu-

cleation which directly affects the performance index

(the nucleated to seed mass ratio). Fig. 3 shows the

variation of the solute concentration corresponding to

the three different optimal control profiles. All three

trajectories provide the required minimum yield.
To study how feedback influences the robust perfor-

mance of the system the linear feedback controller ex-
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Fig. 3. Solute concentration profiles for temperature trajectories ob-

tained from the end-point optimization of the open-loop system in the

nominal case as well as using two robust optimization approaches.

Table 2

Nominal and worst-case performance indices (associated with a confidence l

Optimization approach K

Nominal case [1.6e)2, 0.02, 1.1e)5, 2.3, )8
Worst-case minimization [4.4e)2, 5.0e)7, 3.1e)8, 10.1
Multiobjective minimization

(weighted-sum approach w ¼ 1)

[0.12, 7.8e)7, 7.1e)8, 9.8, )0

a In parentheses the relative worst-case performance degradation compare
pressed by (16) is implemented using the measurement

vector (33). To fairly compare the robust performance in

the closed-loop and open-loop scenarios, the reference

trajectories were obtained from the nominal open-loop

optimization, so that the closed-loop system has a sim-

ilar nominal performance index as the open-loop sys-

tem. The results of the end-point optimization of the
closed-loop system for both the nominal and the worst-

case model parameters are presented in Table 2. The

robustness of the end-point objective is improved by

more than a factor of two, even when the feedback

controller is designed ignoring model uncertainty. The

feedback controller designed ignoring model uncertainty

yields better robust performance than the robust open-

loop approaches. Using the robust end-point optimiza-
tion algorithms for feedback controller design further

improves the robust performance. With the feedback

controller obtained from either robust optimization

technique the worst-case performance deviation at the

end of the batch was reduced to only 1.2%, which rep-

resents a factor of 5 improvement compared to that

obtained by the ‘‘nominal’’ feedback controller, and a

factor of 10 improvement compared to the nominal
open-loop implementation. All three feedback control-

lers provide the same nominal performance as in the

open-loop implementation. Although the feedback

controllers obtained using the worst-case and multi-

objective robust optimization approaches are somewhat

different, their nominal performance and robust per-

formance are the same. Normally some fine-tuning of

the weighting parameter w may be required to yield a
feedback controller with similar robustness as in the

worst-case minimization approach. For this example

similar nominal and worst-case end-point performance

indices were obtained for a wide range for the weighting

parameter, although the controller gains, the dynamic
evel a ¼ 0:95) for closed-loop end-point optimizationa

wðtf Þ ww:c:ðtf Þ; ðdww:c:ðtf ÞÞ
.3e)5] 8.26 8.77 (6.2%)

, )0.30] 8.26 8.36 (1.2%)

.36] 8.26 8.36 (1.2%)

d to the nominal value is shown.



Table 3

Nominal and worst-case performance indices (associated with a con-

fidence level a ¼ 0:95) for closed-loop control strategies in the case of

measurement noise

Standard deviation [%] 0.5 1.5

Performance index and

worst case deviation

wðtf Þ ww:c:ðtfÞ wðtfÞ ww:c:ðtf Þ

Nominal feedback

controller

8.34 9.87 8.47 27.51

Robust feedback

controller (worst-case

minimization)

8.26 9.52 8.31 21.39

Fig. 4. The variation of the PDF of the performance objective (nu-

cleated mass to seed mass ratio) for the whole batch run, in the case of

the optimal control trajectory obtained by the optimization of the

nominal open-loop system.

Fig. 5. The variation of the PDF of the performance objective (nu-

cleated mass to seed mass ratio) for the whole batch run, in the case of

the optimal feedback control law obtained by the optimization of the

nominal closed-loop system.

Fig. 6. The variation of the PDF of the performance objective (nu-

cleated mass to seed mass ratio) for the whole batch run, in the case of

the optimal robust feedback control law obtained by the worst-case

optimization of the uncertain closed-loop system.
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variations, and the sensitivity of the states and the other

CSD properties varied widely.

The performance of the nominal and worst-case

minimization feedback controllers were investigated by

simulations using normally-distributed random mea-

surement noise on all measurements with standard de-

viations ðrÞ 0.5% and 1.5%, respectively. Table 3 shows

that even small measurement noise ðr ¼ 0:5%Þ can sig-
nificantly decrease the performance of the feedback

controllers. Although measurement noise was not taken

into consideration in its design, the robust feedback

controller provided better nominal and robust perfor-

mance than the nominal feedback controller. The

nominal performance achieved by the robust feedback

controller when there is noise with r ¼ 0:5% is the same

as when there is no noise ðw ¼ 8:26Þ, and the degrada-
tion in nominal performance is small when there the

standard deviation of the noise is 1.5%. The degradation

in robust performance for both feedback controllers is

quite large when there is noise with r ¼ 1:5%. This illus-

trates two points. First, it serves as a reminder that the

potential benefits of feedback control over open-loop

control for batch processes depends on the availability

of accurate and reliable sensors. Second, significant
measurement noise should be taken into consideration

in the controller design, e.g., by introducing a properly

designed filter on the measurements.

Figs. 4–6 show the variation of probability distribu-

tion function for the performance index along the entire

batch run for the nominal open-loop, nominal feedback,

and robust feedback cases without measurement noise.

The distribution is much narrower in both closed-loop
scenarios. The feedback controller obtained from the

robust optimization provides a very narrow distribution

at the end of the batch, however it provides a wider

distribution in the third quarter of the batch run than

for the nominal feedback controller. This supports the

perspective that the goal of robust optimal control is to

manage where and when the effects of uncertainty occur,

rather than to suppress the effects of uncertainty. The
robust feedback controller manages uncertainty by

concentrating its effects for intermediate times in such a

manner that it has small effects at the final time.
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To illustrate how feedback influences the effects of

perturbations in model parameters on process variables

that are not included in the objective, the variation of all

the states and CSD properties are computed for different
confidence levels a. The results are plotted as distribu-

tion bands in Figs. 7–9, for nominal open-loop, nominal

feedback, and robust feedback implementations. In ad-

dition to increasing the robustness of the performance

index, feedback reduces considerably variations in the
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Fig. 7. Distribution bands caused by parameter uncertainty, obtained for d

from the optimization of the nominal open-loop system.

0 50 100 150

500

1000

1500

µ 0

0 50

0.5
1

1.5
2

2.5
x 10

5

µ 1

0 50 100 150

1

2

3

x 10
10

µ 3

0 50

0.5
1

1.5
2

x 10
13

µ 4

0 50 100 150
500

1000

1500

2000

µ se
ed

,1

0 50

1

2

3
x 10

6

µ se
ed

,2

0 50 100 150

28

30

32

Time (min.)

T

0 50
0

2

4

6

8

Time

m
as

s 
ra

tio
 (

ψ
)

Fig. 8. Distribution bands caused by parameter uncertainty, obtained for diff

optimization of the nominal closed-loop system.
first three moments ðl0; l1; l2Þ. The variations of the rest
of the states due to perturbations in the model para-

meters, however, are larger for the feedback controllers

than in the open-loop implementation. This should not
be surprising, since the feedback controllers manipulate

the jacket temperature which has a rather direct effect on

the temperature, and increased variations in the tem-

perature are expected to lead to increased variations in

some of the other states. Also, feedback increases cou-
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Fig. 9. Distribution bands caused by parameter uncertainty, obtained for different confidence levels a with the optimal control law resulted from the

worst-case optimization of the uncertain closed-loop system.
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pling of the variables within the system, which is ex-

pected to increase variations in some variables. The

different feedback gains have quite different effects on

the states. While the controller obtained from the opti-

mization of the nominal closed-loop system reduces

significantly the distribution of l2 the robust feedback

controller greatly reduced the variations in l0 and l1

The two feedback controllers narrow the distribution of

the weight mean size in the first third of the batch

compared to open loop implementation, while the

weight mean size are very similar for all implementa-

tions for the rest of the batch run. As before, these re-

sults support the notion that the goal of robust optimal

control is to manage the effects of model uncertainty,

rather than to uniformly suppress them.
The robustness analysis technique provided distribu-

tional information on the effects of parameter uncer-

tainties for all states along the entire batch at low

computational cost. The distributions in Figs. 4–9 were

computed within 4 s using first-order analysis and �2 h

with second-order analysis, whereas Monte Carlo sim-

ulations to a similar level of accuracy would take �21 h

(all computations performed on a PIII-800MHz com-
puter running Matlab).
5. Conclusions

Worst-case and distributional robustness analysis

techniques were incorporated into open and closed-loop

end-point optimization algorithms to provide robust
performance. These techniques were applied to a batch

crystallization process to quantify the effects of uncer-

tainties in the kinetic parameters, and to compute con-

trol trajectories that minimize these effects. It is shown

that feedback can considerably reduce the effect of pa-

rameter uncertainty on the end-point objective, how-

ever, due to increased coupling the sensitivity of other
state variables can be increased. This supports the no-

tion that the goal of robust optimal control is to redis-

tribute the effects of model uncertainty away from

important variables towards unimportant variables, ra-

ther than to uniformly suppress its effects.
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