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 A B S T R A C T

Nucleic acids such as mRNA have emerged as a promising therapeutic modality with the capability of 
addressing a wide range of diseases. Lipid nanoparticles (LNPs) as a delivery platform for nucleic acids were 
used in the COVID-19 vaccines and have received much attention. While modern manufacturing processes 
which involve rapidly mixing an organic stream containing the lipids with an aqueous stream containing 
the nucleic acids are conceptually straightforward, detailed understanding of LNP formation and structure 
is still limited and scale-up can be challenging. Mathematical and computational methods are a promising 
avenue for deepening scientific understanding of the LNP formation process and facilitating improved process 
development and control. This article describes strategies for the mechanistic modeling of LNP formation, 
starting with strategies to estimate and predict important physicochemical properties of the various species 
such as diffusivities and solubilities. Subsequently, a framework is outlined for constructing mechanistic models 
of reactor- and particle-scale processes. Insights gained from the various models are mapped back to product 
quality attributes and process insights. Lastly, the use of the models to guide development of advanced process 
control and optimization strategies is discussed.
1. Introduction

Nucleic acid–based therapeutics (NATs) have emerged as an exciting 
modality with the capability of addressing a wide variety of indications 
such as genetic and oncological conditions, and for use in vaccines 
(Damase et al., 2021; Wang et al., 2020; Buck et al., 2019). A diverse 
range of nucleic acid constructs with varying lengths and molecular 
structures have been explored such as plasmid DNA (pDNA), single- and 
double-stranded DNA (ss/dsDNA), anti-sense oligonucleotides (ASO), 
small interfering RNA (siRNA), and messenger RNA (mRNA) (Damase 
et al., 2021; Ibraheem et al., 2014), with each construct type providing 
therapeutic effect in a specific way e.g., RNA interference or expression 
of an encoded protein. In many cases, the nucleic acid construct may 
also include various modifications either native (e.g., 5’ capping and 
3’ polyadenylation for mRNA constructs) or non-native (e.g., chemical 
modifications of the sugar/nucleobase) at the level of individual nu-
cleotides to the whole construct (Kim et al., 2022b; McKenzie et al., 
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2021). It is helpful to have an appreciation of the structure and chem-
istry of the construct, including modifications thereof, for modeling and 
analysis.

Direct delivery of naked nucleic acid constructs remains challenging 
for multiple reasons: They tend to be unstable and prone to enzymatic 
degradation, the physicochemical properties of constructs (i.e., their 
large size and negative charge) impede cellular uptake, and exoge-
nous nucleic acids can provoke an undesirable immunogenic effect 
(Hamilton et al., 2023; Kulkarni et al., 2021; Damase et al., 2021). 
In combination with some of the construct-level modifications previ-
ously mentioned, several platform technologies for nucleic acid de-
livery such as N -acetylgalactosamine (GalNAc)-RNA conjugation, viral 
vectors, lipid-based nanoparticles, and polymeric nanoparticles have 
been explored to improve efficacy and mitigate undesirable effects 
(Byun et al., 2022; Bulcha et al., 2021; Kulkarni et al., 2021; Gupta 
et al., 2021). Of the various platforms, non-viral vectors and in partic-
ular, lipid nanoparticles (LNPs) have received significant attention due 
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to several advantages: comparative maturity of technology (Buck et al., 
2019), feasibility of rational design and modification of excipients and 
adjuvants to achieve desirable properties (Damase et al., 2021; de Jesus 
and Zuhorn, 2015), lower immunogenicty compared to viral vectors 
(Buck et al., 2019; Yin et al., 2014), and scalable and cost-efficient 
manufacturing (Buck et al., 2019; Kulkarni et al., 2018). LNPs, while 
a mature technology, have undergone substantial development in the 
last decades. The interested reader is referred to (Xu et al., 2022; Buck 
et al., 2019; Cullis and Hope, 2017) for an overview of the development 
of LNPs and the current state of the art. Modern LNP formulations for 
NATs are multi-component and typically consist of four types of lipids: 
an ionizable lipid, a PEGylated lipid, a helper lipid, and cholesterol. The 
design of the various lipids, in particular the ionizable lipid, is an active 
area of research as the physicochemical properties of the various can 
have significant impact on the safety and efficacy of the final product 
(Hald Albertsen et al., 2022; Kon et al., 2022).

A range of manufacturing processes have been explored for the pro-
duction of LNPs. Conventional techniques such as high pressure homog-
enization or the thin-film hydration method have been found to be un-
satisfactory for NAT-LNPs for various reasons such as poor encapsula-
tion efficiency, scalability, and potential damage to the sensitive nucleic 
acid construct (Xu et al., 2022; Evers et al., 2018). The current state-of-
the-art set-ups employs rapid mixing of an ethanolic stream containing 
the lipids with an aqueous stream containing the nucleic acids in mi-
crofluidic devices at lab scales and T-junctions/confined-impinging jets 
(Evers et al., 2018; Erfle et al., 2019) at larger scales. These rapid mix-
ing methods have been able to generate suitably high-quality LNPs with 
high encapsulation efficiencies (Evers et al., 2018), finding use in the 
production of the LNPs for approved products e.g., the Pfizer–BioNTech 
Covid-19 vaccine (Thorn et al., 2022). However, rapid mixing processes 
are strongly impacted by the fluid dynamics in the mixer (which is a 
function of the geometry, formulation, and operating conditions) and 
need to be carefully engineered during process development (Evers 
et al., 2018; Thorn et al., 2022; Devos et al., 2025).

Considering the current and growing importance of LNP-based NATs 
(Verma et al., 2023), understanding the LNP formation and manufac-
turing process is of immense importance to facilitate the production 
of high-quality drug products in a cost-efficient and scalable manner. 
To that end, computational modeling and simulations, in particular 
first-principles and mechanistic modeling, can play a significant role 
in advancing biomanufacturing. Three key benefits of incorporating 
modeling and simulations into the process development workflow are 
(1) improve fundamental scientific understanding of the process, (2) 
augment process development through guiding scale-up, process trans-
fer, and optimization, and (3) improve quality control and process 
operation (Destro et al., 2024; Narayanan et al., 2020b; Hong et al., 
2018; Rantanen and Khinast, 2015; Rogers and Ierapetritou, 2015). To 
our knowledge, there are limited studies in the literature applying com-
putational methods to the manufacturing of LNP-based NATs with most 
relevant works applying molecular dynamics in the context of product 
design and formulation rather than to manufacturing (Cárdenas et al., 
2023; de Jesus and Zuhorn, 2015).

This article aims to consolidate various computational modeling 
techniques that can be used to analyze LNP formation and manufactur-
ing in the context of RNA therapeutics.  The methods and approaches 
discussed in this article can be extended to other nucleic acid constructs 
and similar non-viral delivery platforms e.g., polymeric nanoparticles. 
The specific nuances of the product/process should be considered when 
carrying out these extensions. Many of the techniques draw upon ex-
pertise established in adjacent fields such as polymer precipitation and 
crystallization. We show how different modeling approaches, ranging 
from comparatively simple methods at the length- and time-scales 
of the mixer, to more complex meso- and molecular-scale methods 
can provide valuable insights, and in some cases, even be used to 
predict important product and process characteristics. The use of these 
modeling approaches to inform the development of advanced process 
monitoring and control strategies is also discussed.
2 
2. Product and process description

2.1. Product and process overview

Modern NAT-LNP formulations employ multiple different lipids, 
each with specific physicochemical properties, that contribute to the 
efficacy of the LNPs. A summary of the key components present in the 
LNPs and their function(s) can be found in Table  1. The structure of 
LNPs is complex and highly dependent on many factors such as the 
formulation (i.e., types of lipids and proportions) (Mendonça et al., 
2023; Eygeris et al., 2020), the size of the nucleic acid fragment and 
its loading in the LNP (Leung et al., 2015), and the manufacturing 
process and operating conditions (Cheng et al., 2023; Daniel et al., 
2022; Hassett et al., 2021; Hu et al., 2019). While the structure of 
the NAT-LNP and its formation is not fully understood, the current 
consensus of NAT-LNP structures is that there is an electron-dense lipid 
core in the LNP where the nucleic acid, majority of the ionizable lipid, 
and some water are present while the surface is rich in PEGylated and 
helper lipids (Schoenmaker et al., 2021). Some NAT-LNP formulations, 
in particular older generation cationic/neutral liposomes, may incor-
porate fewer types of lipids in the final product. LNPs for other drug 
classes such as small molecules also typically consist of fewer lipid 
components (Ickenstein and Garidel, 2019). These simpler systems can 
be used as a foundation for model development and validation as they 
are comparatively more established in the literature and are easier to 
model as there are fewer components with complex physicochemical 
properties and may have simpler structures.

Current approaches to designing mixing processes for LNP pro-
duction aim for rapid mixing which helps to achieve a smaller and 
more uniform LNP size distribution with less aggregation (Zhigaltsev 
et al., 2012). The typical rapid mixing process involves combining two 
streams: (1) an aqueous acidic buffer stream containing the nucleic 
acids and (2) an organic stream (typically ethanol) containing the 
lipids.  Upon mixing, not only does the solvent polarity change which 
decreases the solubility of the various species, the various species 
associate, thus causing the formation of the LNPs which are precipitated 
out of solution. Precipitation in this context refers to the formation 
of the LNPs, which constitute a new phase in the system. A range 
of mixer configurations and geometries have been explored in the 
literature, e.g., a T-junction, Y-junction, and cross junction, at various 
scales ranging from pipe fittings ((1 cm)) for large-scale production, to 
microfluidic devices ((100 μm)) for lab-scale production (Evers et al., 
2018; Maeki et al., 2018). Exemplar mixer geometries can be found in 
Fig.  1. In many cases, geometrical elements such as baffles, bends, and 
internal structures (e.g., staggered herringbone) can be incorporated 
upstream and/or downstream of the mixing point. These elements 
enhance mixing by introducing flow phenomena such as flow turning, 
flow splitting, and vortex generation, which result in chaotic/turbulent 
flows even at low Reynolds numbers (Inguva et al., 2018; Evers et al., 
2018).

Immediately after the rapid mixing step, a buffer exchange is car-
ried out to achieve four purposes: (1) remove the ethanol which can 
destabilize the LNPs (Hardianto et al., 2023; Kimura et al., 2020), (2) 
increase the pH of the system to physiological pH (typically around 7.4) 
which neutralizes the ionizable lipids, (3) concentrate the bulk product 
(Wu et al., 2025), and (4) remove excess lipids/unencapsulated cargo. 
Physically, three key variables change during this process, namely 
the ethanol concentration decreases, the pH increases, and the ionic 
strength increases (Cheng et al., 2023). The buffer exchange step can be 
performed by various types of methods such as dialysis and tangential 
flow filtration, with process scale influencing the choice of method. 
The buffer exchange step can influence various aspects of LNPs – 
including their size distribution, surface charge, and internal structure 
– via a fusion process whereby smaller LNPs fuse together to form 
larger particles. This fusion process is moderated by the PEGylated 
lipids occurring during the buffer exchange (Kamanzi et al., 2024; 
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Table 1
Summary of species present in LNPs. The interested reader is referred to (Hald Albertsen et al., 2022; Cheng and Lee, 2016) 
for excellent reviews on the function of the different lipid components in the LNP.
 Species Function(s) Examples  
 Ionizable lipid Enables efficient nucleic acid encapsulation, 

Facilitates cellular uptake of cargo, 
Adjuvant

DLin-MC3-DMA, SM-102, 
ALC-0315

 

 PEGylated lipid Controls LNP particle size, 
Enhances product stability, 
Enhance in vivo circulation time

PEG-DMG, PEG-DSPE, 
PEG-DSG, PEG-DMPE

 

 Helper lipid Improves LNP structural integrity, 
Improves encapsulation efficiency

DSPC, DOPE  

 Cholesterol Improves LNP stability, 
Promotes membrane fusion

Cholesterol, 𝛽-Sitosterol, 
Stigmastanol, Vitamin D3

 

 Nucleic acid cargo Active pharmaceutical ingredient BNT-162b2 (4284 base pairs)  
 Water Residual –  
Fig. 1. Exemplar mixer geometries for rapid mixing of organic and aqueous streams for LNP manufacturing. Various modifications, such as flow constrictions and baffles, can be 
made upstream and/or downstream of the mixing point. For many microfluidic systems, rectangular geometries are typically employed due to the mixer manufacturing process.
Table 2
Exemplar NAT-LNP formulations and process operation conditions. The following abbreviations are used: FRR (Flowrate ratio of aqueous to organic streams), IL (Ionizable lipid), 
PL (PEGylated lipid), Ch (Cholesterol), HL (Helper lipid).
 Process and product description Mixer (length scale) Stream compositions and flowrates Other comments  
 Production of siRNA 
LNPs for luciferase expression 
(Chen et al., 2012b).

Rectangular 
staggered herringbone 
(70 μm × 200 μm)

Organic (mgmL−1): 
IL(2), HL(0.28), Ch(0.52), PL(0.13) 
Aqueous: 0.4mgmL−1 siRNA FRR: 1 
Total flowrate: 0.1mLmin−1 to 1mLmin−1

An additional PBS buffer 
stream was fed further 
downstream in the mixer

 

 Production of siRNA LNPs 
for FVII suppression 
(Kimura et al., 2018).

Rectangular 
baffled mixer 
(100 μm × 200 μm)

Organic (mM): 
IL(3.96), Ch(3.96), PL(0.08) 
Aqueous: 0.071mgmL−1 siRNA FRR: 3–9 
Total flowrate: 0.05mLmin−1 to 0.5mLmin−1

–  

 Production of LNPs 
with mLuc mRNA 
(Strelkova Petersen et al., 2023).

NanoAssemblr®
Benchtop

Organic (Molar ratio): 
IL(35), Ch(46.5), HL(16), PL(2.5) 
Aqeuous: 0.05mgmL−1 mRNA FRR: 1–3 
Total flowrate: 4mLmin−1 to 14mLmin−1

IL-mRNA ratio 
is 10:1 (w/w)

 

Gilbert et al., 2024; Vargas et al., 2023; Kulkarni et al., 2019). Although 
this perspective focuses on the rapid mixing step and discusses the 
formulation of mechanistic models in that context, it is likely that 
many of the same methods are applicable to understanding the buffer 
exchange process, with suitable adaptations.

2.2. Analytical techniques and quality attributes

A necessary component of formulating models for any manufactur-
ing process is an understanding of the analytical tools available for 
3 
characterizing the product/process and the features of the information 
these tools are able to provide. Not only are these analytical tools valu-
able for generating experimental data for model parameter estimation 
and validation, they also provide the ability to study the process/prod-
uct to gain deeper physical insights which guide model development. 
In addition, process analytical technologies (PAT) is essential for devel-
oping monitoring and control strategies to ensure product quality (see 
Narayanan et al., 2020b and Section 5).

A summary of material and process inputs/variables, and product 
quality attributes that are regarded as significant in the production 
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Fig. 2. Summary of important material, process, and product variables and attributes affecting LNP manufacturing and product quality.
Table 3
Manufacturing-related product and process attributes of LNPs and corresponding analytical techniques available to measure relevant properties. Where possible, references are 
related to NAT-LNPs specifically. This table is not intended to be exhaustive and there are rapid advances currently happening in the analytical methods to characterize LNPs. The 
interested reader is referred to Nogueira et al. (2024), Daniel et al. (2022), Malburet et al. (2022), Fan et al. (2021) for additional information.
 Quality attribute/ Process variable Analytical techniques  
 Particle size/ Size distribution Electron microscopy (EM) imaging (offline) 

Dynamic Light Scattering (DLS) (offline) 
Spatially resolved DLS (inline) (Besseling et al., 2019) 
Taylor Dispersion Analysis (TDA) (offline) (Malburet et al., 2023) 
Nanoparticle Tracking Analysis (NTA) (offline) (Dragovic et al., 2011) 
Convex Lens-induced Confinement microscopy (CLiC) microscopy (offline) (Kamanzi et al., 
2021)

 

 Particle morphology and structure Cryo TEM (offline) 
NMR spectroscopy (offline) 
Differential scanning calorimetry (offline) (Eygeris et al., 2020) 
Small-Angle X-ray Scattering (SAXS) (offline) (Uebbing et al., 2020) 
Small-Angle Neutron Scattering (offline) (Gilbert et al., 2024)

 

 Nucleic acid content encapsulation efficiency Ribogreen assay (offline) 
Size-exclusion chromatography (offline) 
Cylindrical Illumination Confocal Spectroscopy (CICS) (offline) (Li et al., 2022) 
CLiC (offline) (Kamanzi et al., 2021)

 

 Surface charge Electrophoretic light scattering (offline) 
Capillary electrophoresis (offline) (Franzen et al., 2011)

 

 Chemical composition Liquid Chromatography – Mass Spectroscopy (offline) (Parot et al., 2024) 
Liquid Chromatography – Corona Charged Aerosol Detection (offline) (Kinsey et al., 2022) 
Single Particle Automated Raman Trapping Analysis (SPARTA) (offline) (Barriga et al., 
2022)

 

 Physicochemical changes in the mixer Spectroscopy (e.g., Raman) (inline/online) 
Hyperspectral imaging (online) (Kise et al., 2014)

 

of LNPs is outlined in Fig.  2. The mapping of available analytical 
techniques to characterize LNP product quality attributes is presented 
in Table  3. Currently, with the exception of particle size measure-
ments, almost all analytical techniques used for characterizing LNPs 
and their formation are offline (i.e., a sample is taken for analysis, 
often performed manually and away from the production line). The cost 
and/or complexity of many of the measurement techniques currently 
employed result in limited data availability (due to limited/infrequent 
sampling) and large uncertainties in measured data. Advances in both 
sensor technology and application are going to be vital in facilitating 
progress for both developing a better physical understanding of LNP 
formation and for model formulation. One particular technology that 
we believe has potential for rapid mixing systems is hyperspectral 
imaging which can be used to provide inline spatially resolved chemical 
spectral data, potentially enabling a non-contact approach to probing 
physicochemical changes in the mixer in real time as LNPs are being 
formed.
4 
3. Physical properties and thermodynamics

3.1. Transport properties

The physical properties (e.g., viscosity and diffusivity) of the various 
LNP constituents and of the whole particle itself are important for 
characterizing the behavior of the different species and are important 
model parameters/inputs to the models described subsequently. This 
section reviews how transport properties, can be obtained/estimated 
for both the molecular LNP constituents and the LNP particle itself.

3.1.1. Molecular properties
The best way to obtain numerical values for various transport prop-

erties such as the viscosity, diffusivity, and radius of gyration would 
be through experimental measurements. While some of these values 
have been determined experimentally (e.g., see (Vargas et al., 2005; 
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Tadakuma et al., 2006; Lifland et al., 2011; Cui et al., 2014; Gallud 
et al., 2021; Soong and Macdonald, 2005; Aliakbarinodehi et al., 2022; 
Ermilova and Swenson, 2023; Jeon et al., 2012; Baümler et al., 2017; 
Brake et al., 2005; Pilz et al., 1972; Perelman et al., 2023; Fee and 
Van Alstine, 2004; Chen et al., 2019; Sugiura et al., 2001; Armstrong 
et al., 2014; Baker and Abrams, 2014; Kessel et al., 2001; Gonçalves 
et al., 2010; Swindells et al., 1952)), the context in which the values 
were obtained are not identical, making it difficult to predict the ‘true’ 
value within the full LNP system, particularly when considering the 
composition and temperature-dependence (Schoenmaker et al., 2021) 
of these properties. Further, these values were measured in bulk sys-
tems and the transport properties within the LNP are expected to be 
quite different, due to the higher concentration of lipids (Evans et al., 
1980; Hayashi et al., 1975). For modeling the self-assembly of LNPs, 
bulk transport properties would be a good start.

In the case where experimental values are lacking and the objective 
is to extrapolate to the operating conditions, we need an alternative, 
predictive approach to estimate the transport properties. It is here 
where theoretical approaches are invaluable in estimating values and 
providing some understanding. In conventional liquids, the diffusion 
coefficient (𝐷𝑖) of isolated spherical particles governed by their Brow-
nian motion is well-described by the Stokes–Einstein relation(Andreoli 
et al., 1980), 

𝐷𝑖 =
𝑘𝑇

6𝜋𝑟𝑖𝜂0
, (1)

where 𝑟𝑖 is the particle hydrodynamic radius (which vastly exceeds 
that of solvent molecules), 𝑘 is the Maxwell–Boltzmann constant, 𝑇
is temperature, and 𝜂0 is the solvent viscosity. While this equation 
can work well for spherical, neutral species, for many of the species 
involved in LNPs, it is unlikely that the Stokes–Einstein equation can be 
used reliably without empirically modifying the hydrodynamic radius. 
Numerous theoretical (Onsager, 1926, 1927; Bernard et al., 1991; 
Muthukumar, 1997; Liu et al., 1998; Skibinska et al., 1999) and com-
putational (Fong et al., 2020, 2021) studies over the past few decades 
have been carried out to better understand the transport properties of 
such species. In particular, Muthukumar (1997) provides an excellent 
summary of the expected scaling laws for various transport properties 
(diffusion coefficients, viscosity, radius of gyration, etc.) in different 
regimes (dilute, semi-dilute, and concentrated). Some of the relation-
ships that could be applied to the LNP system are summarized in 
Table  4. These scaling laws provide an intuition for how the transport 
properties might be expected to scale as a function of the species’ 
properties and during the LNP self-assembly process. Unfortunately, 
the scaling relationships are only applicable within the systems and 
regimes that they have been derived for (Karatrantos et al., 2017; 
Kalathi et al., 2014; Rudyak et al., 2011; Maldonado-Camargo et al., 
2017; Yuan et al., 2022; Cicuta et al., 2007; Vaz et al., 1985). As 
discussed earlier, while the self-assembly process will primarily occur in 
the bulk where the concentrations are dilute, once the LNP has formed, 
transport within the particle will be very different. Further, obtaining 
quantitatively accurate estimates of transport properties using these 
approaches is both computationally costly and, due to approximations 
made in these studies, unlikely.

Aside from performing fully atomistic molecular dynamics sim-
ulations, which carries its own challenges (which are discussed in 
Section 4.6), another way to obtain an accurate estimate of transport 
properties would be to use empirical correlations. In the case of the 
LNP components, very few correlations exist (Lopez et al., 2021), par-
ticularly for the larger species (mRNA and some of the lipids). As such, 
more generalized correlation methods may need to be considered. In 
the case of transport properties, one approach would be to use entropy-
scaling methods (Rosenfeld, 1977; Bell et al., 2019) which assume 
that any transport property can be related to the residual entropy 
of the system. Historically, these methods have been very effective 
for large alkanes (Jäger et al., 2023), some mixtures (Lötgering-Lin 
5 
et al., 2018), and some charged systems (Melfi and Scurto, 2024). 
While extrapolating to the LNP system might be challenging, the true 
limitation to using such a method is a lack of experimental data. It may 
be possible to fit these correlations of structurally similar systems (such 
as dilute polyelectrolytes), from which extrapolation could be more 
reliable. Such an exploration is a deserving topic for future study.

3.1.2. Particle properties
Particle-scale transport properties of an LNP particle can influence 

its transport and stability, which can then impact subsequent manu-
facturing steps, as well as its in vivo behavior. Two key particle-scale 
properties are particle diffusivity and surface charge.

Particle diffusivity can be observed as both translational and rota-
tional diffusivity. Translational diffusivity (𝐷𝑡) is related to the transla-
tional motion of particles, while rotational diffusivity (𝐷𝑟) is associated 
with the rotational motion of the particle, measuring how quickly the 
particle can rotate or reorient itself within a fluid (Kittel, 2005). As 
LNPs are not motile, both translational and rotational diffusion are 
caused by Brownian motion in the fluid. The translational diffusivity 
of the LNP particle is important for reactor-scale transport simulations 
(i.e., computational fluid dynamics and population balance models) 
which require the diffusivity of all species being tracked, including 
the LNPs (e.g., see Section 4.2.3). For non-spherical/anisotropic LNPs, 
which have been experimentally observed in some LNP formulations 
(Brader et al., 2021; Kloczewiak et al., 2022), the orientation and 
orientability of the particle, which is characterized by the rotational 
diffusivity, can be significant. For example, the cellular attachment 
and uptake of anisotropic nanoparticles can be affected by the particle 
shape and orientation (Lovegrove et al., 2023).

Limited experimental knowledge exists regarding LNP diffusivity, 
particularly rotational diffusivity. Techniques employed for similar sys-
tems, such as viral particles, could also be used for LNPs.A range 
of experimental techniques have been able to measure translational 
diffusivity such as photon-correlation spectroscopy (Oliver et al., 1976), 
Taylor dispersion analysis (Malburet et al., 2023), nanoparticle track-
ing analysis (Dragovic et al., 2011), and CLiC microscopy (Kamanzi 
et al., 2021). Similarly, rotational diffusivity can be measured using 
techniques such as light scattering (King et al., 1973; Lehner et al., 
2000; Wada et al., 1971), transient electric birefringence (O’Konski and 
Haltner, 1956), and flow birefringence (Boedtker and Simmons, 1958). 
These experimental measurements can be challenging and costly, mo-
tivating theoretical approaches for property estimation. For spherical 
particles, the translational and rotational diffusivities can be calcu-
lated using the Stokes–Einstein Eq. (1) and the Stokes–Einstein–Debye 
equation (𝐷𝑟 = 𝑘𝑇

8𝜋𝜂0𝑟3
) respectively (Unni et al., 2021). In the case of 

non-spherical/anisotropic particles, these theoretical relationships are 
not directly applicable and more-complicated methods are necessary 
(e.g., see (Kanso and Giacomin, 2022; Kanso et al., 2019, 2020)).

LNP surface charge is a critical physicochemical property (U.S. 
Food and Drug Administration, 2018) as it can impact the ability of 
the LNP to deliver its cargo, as well as influence the toxicity and 
immunogenicity of the final product, with high surface charges being 
undesirable (Sharma et al., 2024; Guéguen et al., 2024). Most perti-
nently, the particle charge can also influence its transport properties 
(e.g., particle diffusivity and aggregation characteristics) which need to 
be accounted for during manufacturing, storage, and transportation (Du 
et al., 2010). The surface charge is a function of several factors, such 
as LNP composition, particle size, and buffer composition (Cardellini 
et al., 2016). Direct measurement of the surface charge is typically 
not possible, and instead, the zeta (𝜁) potential, which represents the 
potential difference between the dispersion medium and the stationary 
layer of fluid attached to the particle (Barba et al., 2019), is commonly 
reported. Experimental techniques that can be used to evaluate the 
𝜁 potential/surface charge are outlined in Table  3. Experimentally 
reported 𝜁 potential values for mRNA-loaded LNPs range between −2.5
and −20 mV for pH values between 7 and 8, and between +8 and +27
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Table 4
Scaling relationships of the radius of gyration (𝑅𝑔), diffusion coefficient (𝐷), and viscosity (𝜂) of a polyelectrolyte 
within the dilute regime (Muthukumar, 1997): 𝑙 is the Kuhn length, 𝑤 is the excluded volume parameter, 𝑙𝐵 is 
the Bjerrum length of the solvent, 𝜅 is the inverse Debye screening length, 𝑁 is the chain length, and 𝑐 is the 
polyelectrolyte concentration. Such scaling relationships can be applied to species within an LNP system.
 Property Scaling  
 Radius of Gyration (6𝑅2

𝑔∕𝐿)
high salt: 

(

4
3𝑙2

√
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3
√

𝜋
𝑘𝑇
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) high salt: 𝑐

(

𝑤 + 4𝜋𝑙𝐵
𝜅2

)3∕5
𝑙6∕5𝑁4∕5  
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Fig. 3. Simplified representation of LNP interface. The distribution of components along the interface is not representative of what might occur in a real system as it will depend 
strongly on the formulation.
mV for pH values between 4 to 6 (Larson et al., 2022; Malburet et al., 
2022). Higher absolute zeta potential values, indicative of increased 
electrostatic repulsion, enhance stability by preventing particle aggre-
gation (Retamal Marín et al., 2017). This electrostatic force also plays 
a role in influencing particle size distribution, settling behavior, and 
agglomeration tendencies.

Theoretical models can be used to estimate the 𝜁 potential of a 
particle. Electrokinetic models such as Smoluchowski’s, Hückel’s, and 
Henry’s delve into how the electrophoretic mobility can be related to 
the 𝜁 potential (Retamal Marín et al., 2017). Unfortunately, theoretical 
models often rely on simplifications and may be more suitable for 
simple colloidal systems or conditions.

3.2. Thermodynamic properties

Fig.  3 is a simplified schematic of the structure of the LNP interface. 
The ionizable lipid (IL) plays two key roles in the formation of LNPs: 
mRNA complexation and formation of the LNP interface. Its ionizable 
head group is crucial in these processes (Hajj and Whitehead, 2017; 
Kowalski et al., 2019; Meng et al., 2021). At low pH, below their pK𝑎, 
ILs are charged, promoting mRNA encapsulation and aiding nanopar-
ticle assembly. However, this charge can destabilize the LNP interface. 
6 
As pH increases to physiological levels, ILs deprotonate, becoming 
neutral, which enhances interface stability and reduces interactions 
with anionic blood cell membranes, lowering toxicity. Upon cellular 
uptake, the endosomes which have an acidic environment causes ILs to 
re-protonate, thus destabilizing the LNP and facilitating cargo release. 
The ionizable nature of ILs is fundamental to LNP function and must 
be carefully considered in mechanistic modeling, as their pK𝑎 and 
structures are key design parameters influencing delivery efficiency and 
stability.

However, the IL alone is not capable of forming a stable interface. 
As such, phospholipids, cholesterol, and PEGylated lipids are added to 
enhance the formation and stability of the interface. While this system 
may appear quite complex, the essential building blocks of each compo-
nent share some commonalities in terms of their molecular interactions. 
The ionizable, phospho- and PEGylated lipids all include hydrophobic 
tails which interact favorably to form the interface. The ionizable and 
helper lipid both include cationic (typically amine) groups, while the 
mRNA and helper lipid include anionic (typically phosphate) groups. 
The electrostatic interactions between mRNA and the ionizable lipid 
are responsible for their initial complexation. Additionally, the PEG 
tail of the PEGylated lipid will experience hydrophilic interactions, 
and the nucleic acids can form hydrogen bonds due to the presence 
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of the nucleobase groups. A more in-depth summary of the role of each 
component can be found in (Eygeris et al., 2022; Hald Albertsen et al., 
2022).

To predict any thermodynamic property of interest for LNPs, a 
thermodynamic model is needed that is representative of the LNP 
system. As of the writing of this perspective, no such model has been 
developed. The building blocks mentioned previously, however, are not 
unique to LNPs. Systems such as polyelectrolytes, for which numerous 
thermodynamic models have been developed, often involve some or 
all of these building blocks. For polyelectrolytes, activity coefficient 
models such as extensions of the Non-Random Two-Liquid (NRTL) (Yu 
et al., 2019; Li et al., 2021) model have been used to predict activity 
coefficients of aqueous polyelectrolytes. Unfortunately, as highlighted 
by Zhang et al. (2023), such approaches are likely to perform poorly 
when considering denser systems (such as the LNP core) due to the 
treatment of the long-range electrostatic interactions. Other activity 
coefficient model approaches such as UNIFAC and COSMO-based ap-
proaches, despite their improved predictive capabilities, are likely to 
have the same limitations.

Thermodynamic perturbation theories are an alternative to activ-
ity coefficient models. In the case of polyelectrolytes, Zhang and co-
workers (Zhang et al., 2016; Zhang and Wang, 2021) have developed 
a simple liquid-state (LS) theory capable of predicting complexation 
between chains of opposite and asymmetric charge, similar to the 
expected behavior between the ionizable lipid and mRNA, and has been 
shown to provide accurate representation of experimental systems. 
In principle, this approach could be used to estimate the partition 
coefficient of mRNA between the two phases, with the added benefit 
of being capable of modeling the interfacial properties of the system 
(Zhang and Wang, 2021).

One limitation of LS approach is the neglection of hydrophobic 
and hydrophilic interactions, which are likely to play a vital role in 
the formation and stabilization of the LNP interface.  In the case 
of the IL, its hydrophobicity is expected to vary depending on its 
deprotonation state, becoming more hydrophobic when the IL is neutral 
at physiological pH. Approaches such as the Statistical Association 
Fluid Theory (SAFT) equation of state (Chapman et al., 1989, 1990) 
are more-suited to modeling such interactions, as demonstrated by 
their ability to accurately model bulk and equilibrium properties of 
hydrophobic+hydrophilic systems (Gross and Sadowski, 2001; Lafitte 
et al., 2013; Papaioannou et al., 2014).

Given both the SAFT and LS approaches are expressed as
perturbation-free-energy expansions, in principle, it is possible to com-
bine them, leading to a thermodynamic models, which accurately 
characterizes the LNP system: 
𝐴(𝑉 , 𝑇 , 𝐧) = 𝐴id + 𝐴disp + 𝐴chain + 𝐴assoc + 𝐴ele , (2)

where 𝐴, 𝑉 , and 𝑇  are the Helmholtz free energy, volume and tem-
perature of the system, respectively, and 𝐧 is a vector containing the 
molar amounts of each component. The subscripts denote the ideal 
(id), dispersive/hydrophobic (disp), chain formation (chain), associa-
tion/hydrophilic (assoc) and electrostatic (ele) contributions. With a 
Helmholtz free energy expression, following from the Gibbs-phase rule, 
it is possible to obtain any equilibrium property. For example, the 
activity coefficients (𝛾𝑖) of each species can be obtained from their 
chemical potential (𝜇𝑖), which itself can be obtained as derivatives of 
the Helmholtz free energy: 

𝜇𝑖 =
(

𝜕𝐴
𝜕𝑛𝑖

)

𝑉 ,𝑇
→ 𝛾𝑖 =

1
𝑥𝑖

exp
(𝜇𝑖 − 𝜇∗𝑖

𝑅𝑇

)

, (3)

where 𝑥𝑖 is the mole fraction of species 𝑖 and the superscript * denotes 
a property relating to a pure system of species 𝑖.

In the case of the ionizable lipid, an additional constraint needs to 
be included in the formulation of the thermodynamic model to account 
for its deprotonatable site. While an association theory like SAFT could 
7 
be used to model this behavior (Perdomo et al., 2023), a more accurate 
approach would be to explicitly account for the reversible reaction: 
IL + H3O+ ←←←←←←←←←←←←←←←←←⇀↽←←←←←←←←←←←←←←←←← HIL+ + H2O

 This approach explicitly models the two charge states of the IL, as well 
as the hydronium ion. The equilibrium concentrations of each species in 
the presence of this reaction can be determined by including a modified 
version of the Henderson–Hasselbach equation: 

pH = pK𝑎 + log10
𝑎∗IL
𝑎∗
HIL+

, (4)

where 𝑎∗𝑖  is the activity of species 𝑖 in which the reference system is 
identical to that used to obtain the pK𝑎. The inclusion of this equation 
accounts for the effects of system pH and the pK𝑎 of the IL on any of 
the thermodynamic properties of interest for the system.

One of the more-vital thermodynamic properties, when considering 
the LNP system, is the relative solubility of mRNA between the LNP 
core and the bulk phase. This partition coefficient (𝐾𝑖) can be obtained 
as 

𝐾mRNA =
𝑥LNPmRNA

𝑥bulkmRNA

=
𝛾bulkmRNA

𝛾LNPmRNA

. (5)

Ideally, 𝐾mRNA should be as large as possible to maximize the solubility 
of mRNA within the LNP. To even estimate the partition coefficient, the 
equilibrium compositions must be obtained in both the LNP and bulk 
phases at a given set of conditions such as pressure (𝑝0), temperature 
(𝑇0), and initial composition (𝐧0). This information is obtained by 
minimizing the Gibbs free energy of the system: 
min𝐺(𝑝0, 𝑇0, 𝑛0) , (6)

This optimization presents itself as deceptively simple. In reality, multi-
ple sophisticated algorithms have been proposed to solve this optimiza-
tion (Michelsen, 1982; Pereira et al., 2012), made more challenging 
through the introduction of charged species (Nikolaidis et al., 2022) 
and reversible reactions (Pérez Cisneros et al., 1997). The optimization 
can be simplified to the solution of two nonlinear algebraic equations:
∑

𝑖

𝑛𝑖(1 −𝐾𝑖 exp(𝑍𝑖𝜓))
1 + 𝜙(𝐾𝑖 exp(𝑍𝑖𝜓) − 1)

= 0 , (7)

∑

𝑖

𝑛𝑖𝑍𝑖
1 + 𝜙(𝐾𝑖 exp(𝑍𝑖𝜓) − 1)

= 0 , (8)

which ensure that the mass balance and charge neutrality is satisfied, 
respectively, where 𝑍𝑖 is the charge of species 𝑖, 𝜙 is the phase fraction 
of the LNP phase, and 𝜓 is the electrochemical potential difference 
between the two phases. The set of 𝐾𝑖 which satisfy these equations 
will correspond to the partition coefficients at equilibrium.

Performing the above calculations can pose a significant challenge. 
However, the implementation of the free energy expressions and the 
methods needed to use them has been abstracted away in projects such 
as Clapeyron.jl (Walker et al., 2022a) (and derivative packages such as 
cDFT.jl) which provide all the necessary tools to obtain the relevant 
properties.

Nevertheless, one challenge remains whenever trying to use such 
thermodynamic models: parameterization. While the approach de-
scribed above would be suitable for modeling LNP systems, the true 
limitation lies in obtaining the parameters which represent the sys-
tem. These parameters are typically obtained through regression using 
experimental data. In the case of SAFT-type equations, the Perturbed-
Chain SAFT (PC-SAFT) equation (Gross and Sadowski, 2001) has been 
used to model similar systems with some success (Reschke et al., 2014, 
2015; Wysoczanska et al., 2021), where solubility data were used to 
fit the parameters. Unfortunately, due to the nature of the PC-SAFT 
equations, these parameters are not transferrable to LNP systems and 
acquiring such solubility data would be quite challenging. Alternative 
predictive approaches have been developed for both pure and mixture 
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Fig. 4. Summary of modeling strategies available to characterize LNP manufacturing 
sorted based on depth of physical/process insights gained and normalized computa-
tional complexity (i.e., computational cost incurred to resolve the same length- and 
time-scale).

systems, including ab initio (Umer et al., 2014; Kaminski and Leonhard, 
2020; Walker et al., 2022b) and machine learning (Winter et al., 
2022; Habicht et al., 2023; Felton et al., 2024; Winter et al., 2023) 
methods, the most promising of which are group-contribution-based 
approaches (Sauer et al., 2014) such as the SAFT-𝛾 Mie equation 
(Papaioannou et al., 2014; Wehbe et al., 2022; Bernet et al., 2024; 
Valsecchi et al., 2024), where, much like the illustration in Fig.  3, 
molecules can be assembled from common moieties (or groups). Here, 
parameters are specific to the groups, which can be fitted to systems 
with more-abundant data and then extrapolated to the desired systems. 
In the case of SAFT-𝛾 Mie, most of the required groups have already 
been fitted, with the exception of the phosphate groups involved in 
mRNA and the phospholipids, which should be possible to parameterize 
using experimental data for systems involving phosphate groups (such 
as ionic liquids). The tools required for parameterization of model 
parameters are already available within the Clapeyron.jl framework 
and will be the topic of future study.

4. Process modeling approaches

This section outlines some of the modeling strategies that can be 
employed to study various aspects of the LNP production process. 
These methods can be categorized along two axes: computational and 
model complexity, and process and physical insights. A schematic of the 
various methods outlined is presented in Fig.  4. The LNP formation is 
inherently a multi-scale and multi-physics process. A rigorous modeling 
approach needs to employ multiple methods at different length and 
time scales where results from simpler approaches e.g., mass and 
energy balances/single-phase CFD are used to inform more detailed 
methods while insights from more detailed methods can be used to 
refine simpler models.

4.1. Mass and energy balances

Global mass and energy balances can be constructed by considering 
the LNP manufacturing process as a mixing process with two input 
streams (aqueous and organic) and two output streams (LNPs and 
the raffinate which consists of the solvents and residual lipids/nucleic 
acids). The model equations are derived by drawing a control volume 
around the mixer (see Fig.  5) and tracking the material and energy 
8 
Fig. 5. Schematic of LNP mixer with two feed streams and two product streams as a 
result of LNP precipitation.

flows in and out of the system. This model assumes that the LNP forma-
tion process is at equilibrium i.e., the individual species concentrations 
in the respective outlet phases are the equilibrium concentrations for 
a given set of material inputs and process conditions. Formulating 
these balances for the entire process is useful for ‘‘closing’’ the mass 
balance of the system and characterizing the location of various species 
which could be either in the LNP or in the raffinate stream. It is also 
straightforward to extend the control volume for the mass balance to 
include the buffer exchange step. The energy balance is also useful for 
estimating the temperature rise as a result of mixing.

The overall mass balance is given by 
𝑑𝑀
𝑑𝑡

= 𝐹Aq + 𝐹O − 𝐹R − 𝐹 LNP, (9)

where 𝑀 is the total mass holdup in the mixer, 𝐹 𝑖 is the mass flowrate 
of stream 𝑖 with the superscripts Aq, O, R, and LNP corresponding 
to the aqueous, organics, raffinate, and LNP streams. Similarly, mass 
balances for each individual species can be written by introducing a 
mass fraction variable for species 𝑗 in stream 𝑗, 𝑥𝑖𝑗 , 
𝑑𝑀𝑗

𝑑𝑡
= 𝐹Aq𝑥Aq𝑗 + 𝐹O𝑥O𝑗 − 𝐹R𝑥R𝑗 − 𝐹 LNP𝑥LNP𝑗 , (10)

where 𝑀𝑗 is the mass holdup of species 𝑗 in the mixer. For an 𝑁
component system, 𝑁 − 1 species mass balance equations would be 
formulated with the mass fraction of the last species being inferred from 
the fact that, for any stream, the sum of mass fractions of all species 
is unity, i.e., ∑𝑗 𝑥

𝑖
𝑗 = 1. Eq.  (10) can be simplified by introducing the 

partition coefficient 𝑘𝐷,𝑗 =
𝑥LNP𝑗

𝑥R𝑗
. The advantage of introducing 𝑘𝐷 to 

the model is that it can be computed separately either experimentally 
or computationally using methods outlined in Section 3.2. Lastly, the 
energy balance is given by 
𝑑𝐻
𝑑𝑡

= 𝐹AqℎAq + 𝐹OℎO − 𝐹RℎR − 𝐹 LNPℎLNP − 𝑄̇env, (11)

where 𝐻 is the total enthalpy holdup in the mixer, ℎ𝑖 is the specific 
enthalpy of stream 𝑖, and 𝑄̇𝑒𝑛𝑣 is the heat loss to the environment. 
Estimating the specific enthalpies of the respective streams can be 
quite challenging considering the complex species present. However, 
the typical LNP mixing process uses dilute aqueous buffer and ethanol 
streams as inputs (see Table  2). Hence, a very reasonable approximation 
for the system is to simply treat the process as a two-component mixing 
process of only ethanol and water. In addition, considering the short 
residence time in the mixer, it is also reasonable to assume that heat 
transfer to the environment is negligible (i.e., 𝑄̇env = 0). Consequently, 
(11) simplifies to 
𝑑𝐻
𝑑𝑡

= 𝐹AqℎWater + 𝐹OℎEthanol − (𝐹R + 𝐹 LNP)ℎWater–Ethanol. (12)

Computing the mass and energy (simplified) balances can be performed 
easily with the help of a process simulator and accompanying thermo-
dynamic model package (e.g., Aspen). The main source of temperature 
changes during the process is due to the mixing of ethanol with water 
which is known to be exothermic (Peeters and Huyskens, 1993). How-
ever, the effect of heat of mixing has not been extensively discussed 
in the literature on LNP production and multiple computational fluid 
dynamics (CFD) studies investigating the mixing of water and ethanol 
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have similarly neglected its effect (Schikarski et al., 2017; Orsi et al., 
2013). While (9)–(12) are presented on a mass basis, the equations 
can be readily expressed on a molar basis instead. In addition, all the 
balance equations have an accumulation term (i.e., time derivative) for 
completeness, but it would typically be ignored as the mixing process 
normally operates at steady state.

The relative simplicity of global mass and energy balances to char-
acterize the process should be recognized as both a strength and 
weakness. On one hand, these balances are able to provide useful infor-
mation on the process at low-cost. However, the balances are only able 
to provide coarse-grained information on the process and the quality of 
the results are a function of the quality of experimental data/thermody-
namic models used to estimate the partition coefficients and enthalpies. 
Mass balances that span multiple unit operations (in particular the 
buffer exchange step) may be needed when key constituents of outlet 
streams are measured at the outlet of a downstream unit operation. 
For example, internal LNP properties are not measurable immediately 
downstream from the LNP formation, since their measurement first 
requires buffer exchange and then physical separation of LNPs from 
liquid. Lastly, non-equilibrium phenomena such as the trapping of 
water within the LNPs cannot be captured by global mass and energy 
balances.

4.2. Computational fluid dynamics (CFD)

Computational fluid dynamics (CFD) is widely used to understand 
unit operations involving fluid mixing in pharmaceutical manufactur-
ing (Rantanen and Khinast, 2015). While LNP manufacturing involves 
multiphase solid–liquid flow in the mixer, where the liquid phase is 
composed of a mixture of water and ethanol and the solid phase is 
composed of LNPs, experimentally observed mass fractions of LNP 
inside the mixer are comparatively low (≤ 5%) (He et al., 2018; 
O’Brien Laramy et al., 2023). A single-phase liquid flow model is 
sometimes used to understand the main characteristics of the flow 
inside the mixer (Buongiorno, 2006). However, since the LNPs are a 
separate and distinct phase, multiphase flow modeling may be needed 
to enable more accurate process modeling by including the dynamic 
behavior of the particulate phase. Single-phase models, while useful, 
cannot adequately explain solid–liquid interactions, the movement of 
particles, the agglomeration and dispersion processes, and changes in 
particle size.

This section first reviews the governing equations for single-phase 
one- and two-component liquid flows and discusses the relative
strengths and limitations of these models in characterizing the flow 
inside the mixer. Subsequently, we review the governing equations for 
solid–liquid flows based on a multiphase approach and outline why 
multiphase approaches can yield more realistic and reliable results 
compared to single-phase models.

4.2.1. Single-phase models
The incompressible Navier–Stokes equations, which are the gov-

erning equations for single-component liquid flow, can be used to 
understand the overall impact of the mixer geometry on flow. The 
associated total mass and linear momentum conservation equations, 
respectively, are

∇ ⋅ 𝒖 = 0, (13)

𝜌 𝜕𝒖
𝜕𝑡

+ 𝜌𝒖 ⋅ ∇𝒖 = −∇𝑝 + ∇ ⋅ 𝝉 + 𝜌𝒃, (14)

where 𝒖, 𝑝, and 𝝉 = 𝜇(∇𝒖+(∇𝒖)⊤) are the velocity, pressure, and viscous 
stress, and 𝜌, 𝜇, and 𝒃 are density, viscosity, and acceleration due to 
an external body force. Exothermic ethanol–water mixing, turbulence, 
and contrast of properties at different spatial locations inside the mixer 
are ignored in the above equations. While these equations provide an 
approximate idea of the fluid flow inside the mixer, the assumption 
of zero turbulence can give an incorrect estimate of shear rates in the 
flow. Estimating the shear stress is important, as it affects the structure 
of LNPs and the encapsulated genetic material (Kim et al., 2022a).
9 
4.2.2. Turbulence models
While the Reynolds number (Re) typically used for microfluidic 

mixing in the mixers is not large enough to suggest transition to 
turbulence, the flow may become turbulent as a result of flow turn-
ing in some mixers with high local curvatures, such as the baffled 
mixture shown in Fig.  1d. Such curvature can give rise to localized 
vortices in the flow (Inguva et al., 2018). Rapid momentum changes 
to fluid streams in a confined impinging jet mixer, as shown in Fig. 
1e, also can give rise to turbulent effects. In addition, ethanol–water 
mixing may also induce transition to turbulence at small Re (Devos 
et al., 2025). Estimating these turbulent effects by directly simulating 
(13)–(14) requires resolving the Kolmogorov length scale (𝜆𝐾 ), which 
is computationally very expensive. A more common approach is to use 
turbulence models to approximate the effects at small length scales, by 
extending (13)–(14).

A turbulence model uses computationally resolved physical quan-
tities to approximate the effect of physical quantities that are not 
resolved computationally, such as sub-grid scale shear stress and vis-
cosity. While the computational effort is reduced, properly choosing 
the turbulence model based on the target application is important. 
Commonly used turbulence models for (13)–(14) can be broadly clas-
sified into Reynolds Averaged Navier Stokes (RANS) and Large Eddy 
Simulation (LES) models. Here, we provide a conceptual overview for 
each of these models.

The RANS model decomposes the flow variables into an ensemble-
averaged and a fluctuating component: 𝒖 = ⟨𝒖⟩ + 𝒖′ and 𝑝 = ⟨𝑝⟩ + 𝑝′. 
Substituting into (13)–(14) gives the RANS equations,

∇ ⋅ ⟨𝒖⟩ = 0, (15)

𝜌
𝜕⟨𝒖⟩
𝜕𝑡

+ 𝜌⟨𝒖⟩ ⋅ ∇⟨𝒖⟩ = −∇⟨𝑝⟩ + ∇ ⋅ ⟨𝝉⟩ + ∇ ⋅ ⟨𝝉 ′⟩ + 𝜌𝒃, (16)

where ⟨𝝉⟩ = 𝜇(∇⟨𝒖⟩+∇⊤⟨𝒖⟩) and ⟨𝝉 ′⟩ are the ensemble-averaged viscous 
stress and Reynolds stress, respectively. Most engineering applications 
employ two-equation RANS models such as the 𝑘-𝜀 (Launder and Spald-
ing, 1983) and 𝑘-𝜔 (Wilcox, 1988) models, where the Reynolds stress 
is modeled using the Boussinesq eddy viscosity approximation, 

⟨𝝉 ′⟩ = 𝜇𝑡(∇⟨𝒖⟩ + ∇⊤⟨𝒖⟩) − 2
3
𝜌𝑘𝑰 , (17)

where 𝜇𝑡 and 𝑘 are the turbulent viscosity and turbulent kinetic energy, 
respectively, and 𝑰 is the identity matrix. As an illustration, in the 𝑘-𝜀
model, 𝑘 and 𝜇𝑡 are determined by solving
𝜕 (𝜌𝑘)
𝜕𝑡

+ ∇ ⋅ (𝜌𝑘⟨𝒖⟩) = ∇ ⋅
{(

𝜇 +
𝜇𝑡
𝜎𝑘

)

∇𝑘
}

+ 𝐺𝑘 − 𝜌𝜀 + 𝑆𝑘, (18)

𝜕 (𝜌𝜀)
𝜕𝑡

+ ∇ ⋅ (𝜌𝜀⟨𝒖⟩) = ∇ ⋅
{(

𝜇 +
𝜇𝑡
𝜎𝜀

)

∇𝜀
}

+ 𝐶1𝜀
𝜀
𝑘
𝐺𝑘 − 𝐶2𝜀𝜌

𝜀2

𝑘
+ 𝑆𝜀,

(19)

𝜇𝑡 = 𝜌𝐶𝜇
𝑘2

𝜀
, 𝐺𝑘 =

𝜇𝑡
2𝜇2

𝝉 ∶ 𝝉 , (20)

where 𝜀, 𝑆𝑘, and 𝑆𝜀 are the turbulent dissipation rate, the source of 
turbulent kinetic energy, and the source of turbulent dissipation, and 
𝐶1𝜀 = 1.44, 𝐶2𝜀 = 1.92, 𝐶𝜇 = 0.09, 𝜎𝑘 = 1.0, and 𝜎𝜀 = 1.3 are constants.

In the viscous sublayer near walls, the accuracy of the 𝑘-𝜀 model can 
significantly decrease. Standard wall functions developed by Launder 
and Spalding (1974) simplify the modeling of near-wall turbulence by 
using empirical laws such as the logarithmic law of the wall discovered 
by von Kármán (1931). The wall function developed through these 
studies primarily use the logarithmic law of the turbulent boundary 
layer to calculate the velocity, turbulent kinetic energy, turbulent dis-
sipation rate, temperature, and component distribution near the walls. 
The basic equations for predicting the wall velocity based on the wall 
function are
𝑈∗ = 1

𝜅
ln(𝐸𝑦∗) = 𝑈𝑝𝐶

1∕4
𝜇 𝑘1∕2𝑝 , (21)

𝑦∗ =
𝜌𝐶1∕4

𝜇 𝑘1∕2𝑝 𝑦𝑝, (22)

𝜇
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Fig. 6. Distribution of magnitude of the velocity of water in (a) a T-junction and (b) a cross-junction mixer at steady state, solved using the 𝑘-𝜀 turbulence model. The flows in 
(a) are 𝐹 left = 125 μLmin−1 and 𝐹 bottom = 𝐹 top = 187.5 μLmin−1 and in (b) are 𝐹 bottom = 375 μLmin−1 and 𝐹 top = 125 μLmin−1.
where 𝜅 is the von Kármán constant (= 0.4187), 𝐸 is an empirical 
constant (= 9.793), 𝑈𝑝 is the mean velocity of the fluid at the wall-
adjacent cell centroid 𝑃 , 𝑘𝑝 is the turbulent kinetic energy at the 
wall-adjacent cell centroid 𝑃 , and 𝑦𝑝 is the distance from the centroid 
of the wall-adjacent cell to the wall.

After Launder and Spalding (1974) proposed the use of wall func-
tions, various wall function methods have been suggested, with each 
method modeling the flow near the wall under specific conditions. 
Scalable wall functions are effective when the grid near the wall 
becomes denser, resulting in a smaller 𝑦+ value (Marié et al., 1997). 
Non-equilibrium wall functions are designed to be applicable even 
when the flow near the wall is in a non-equilibrium state and is effective 
in cases where there are large pressure gradients or strong curvatures 
near the wall (Kim and Choudhury, 1995). Enhanced wall treatment 
is a hybrid approach that uses wall functions together with direction 
resolution in the low Re region to better capture the flow near the wall 
(Fiuza and Rezende, 2018).

Fig.  6 shows the steady-state profile of the magnitude of the velocity 
for the flow of water in (a) a T-junction and (b) a cross-junction mixer 
using the 𝑘-𝜀 model. Although the native 𝑘-𝜀 and 𝑘-𝜔 models provide 
good quantification for turbulent effects in single-component, single-
phase flows, their predictions are sometimes inadequate for regions 
near the walls and flows containing large pressure gradients and large 
curvatures. Modified forms of the native RANS models have been 
proposed, such as the RNG model (Yakhot et al., 1992) and the SST 
model (Menter, 1994), among others. For an extensive review of RANS 
models for T-mixers, see Frank et al. (2010).

Another commonly employed turbulence modeling approach is LES, 
which filters the governing equations into a large- and a small-scale 
part, and models the subgrid-scale (SGS) terms. For the sake of un-
derstanding LES modeling for the equations presented in the ensuing 
sections, we present the LES equations corresponding to (13)–(14), in 
addition to a scalar transport equation that governs the transport of a 
scalar 𝜐 by advection, diffusion, and reaction, 
𝜕𝜐
𝜕𝑡

+ 𝒖 ⋅ ∇𝜐 = ∇ ⋅
(

𝐷𝜐∇𝜐
)

+ 𝑆𝜐, (23)

where 𝐷𝜐 is the diffusion constant and 𝑆𝜐 is a source term for the 
production of 𝜐. Applying spatial filtering on (13)–(14) and (23) gives

∇ ⋅ 𝒖 = 0, (24)

𝜌 𝜕𝒖
𝜕𝑡

+ 𝜌𝒖 ⋅ ∇𝒖 = −∇𝑝 + ∇ ⋅ 𝝉 + ∇ ⋅ 𝝉̃ + 𝜌𝒃, (25)

𝜕𝜐
𝜕𝑡

+ 𝒖 ⋅ ∇𝜐 = ∇ ⋅
(

𝐷𝜐∇𝜐 + 𝑱̃
)

+ 𝑆𝜐, (26)

where the overline represents spatially filtered quantities, and the 
symbols 𝝉̃ and 𝑱̃  are the SGS stress and SGS scalar flux respectively. 
SGS terms are typically modeled using a Dynamic Smagorinsky Model,

tr(𝝉̃) =
𝐶𝐼𝜌𝛥2

𝜇2
𝝉 ∶ 𝝉 , 𝝉̃ = 1

3
tr(𝝉̃)𝑰 −

𝐶𝑠𝜌𝛥2

2𝜇2
√

2𝝉 ∶ 𝝉
(

𝝉 − 1
3
tr(𝝉)𝑰

)

,

(27)

𝑱̃ = −
𝐶𝑠𝜌𝛥2√2𝝉 ∶ 𝝉 ∇𝜐, (28)

2𝜇Sc𝑡
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where 𝛥 is the computational mesh size, Sc𝑡 is the turbulent Schmidt 
number, and 𝐶𝑠 and 𝐶𝐼  are model coefficients determined using the 
Germano identity (Germano, 1992). For a more extensive discussion 
on LES models, see Tkatchenko et al. (2007).

While incompressible turbulence models can be used to predict 
shear stresses inside the mixer at a reasonable computational cost, they 
cannot account for the spatial variation in properties in an ethanol–
water mixture. The mixing of ethanol and water changes the density of 
the solution and is exothermic. Such a mixing process can be treated in 
the form of compressible fluid flow equations. Moreover, the turbulent 
models to simulate the mixing phenomena needs to also include the 
species and energy transport models (Gatski and Bonnet, 2009).

4.2.3. Species transport models
Water and ethanol are two miscible species, and the extent of 

their mixing is key to determining LNP precipitation in the mixer. The 
species transport model for the various components can be represented 
by conservation equations of volume/mass fraction. Using the notation 
of volume fraction can be useful to consider changes in the composition 
in the mixer. The governing equations for two-component miscible 
flows are (Ghorbani et al., 2021)

𝜕𝜌𝑚
𝜕𝑡

+ ∇ ⋅
(

𝜌𝑚𝒖
)

= 0, (29)

𝜕
(

𝜌𝑚𝒖
)

𝜕𝑡
+ 𝜌𝑚𝒖 ⋅ ∇𝒖 = −∇𝑝 + ∇ ⋅ 𝝉 + 𝜌𝑚𝒃, (30)
𝜕𝜑
𝜕𝑡

+ 𝒖 ⋅ ∇𝜑 = ∇ ⋅
(

𝐷𝑤𝑒∇𝜑
)

, (31)

where 𝜌𝑚(𝜑), 𝜇𝑚(𝜑), 𝐷𝑤𝑒, and 𝜑 are the density, viscosity, and mass 
diffusivity of the mixture, and volume fraction of ethanol respectively. 
While linear interpolation functions are generally used for predicting 
density and viscosity of a liquid mixture (Parke and Birch, 1999), the 
viscosity of an ethanol–water mixture is ∼ 3 times higher than pure 
water (Orsi et al., 2013). This viscous ethanol–water interfacial region 
could inhibit the formation of vortices, which reduces mixing efficiency 
at large Re. The density of the mixture varies linearly, and the differ-
ence between 𝜌𝑤 and 𝜌𝑒 is not large enough so that Rayleigh–Taylor 
instabilities become the primary source of transition to turbulence. 
However, shear at the ethanol–water interface could give rise to Kelvin–
Helmholtz (KH) instabilities, which are the primary instabilities that 
cause transition to turbulence during ethanol–water mixing (Schikarski 
et al., 2017). In addition, accurately quantifying the diffusion of water 
and ethanol requires resolving the Batchelor length scale, which is 
related to the Kolmogorov length scale by 𝜆𝐵 = 𝜆𝐾∕

√

Sc. Here, Sc ≈ 600
is the Schmidt number for water–ethanol mixing (Sc = 𝜇𝑚∕(𝜌𝑚𝐷𝑤𝑒)). 
This makes the direct numerical simulation (DNS) of water–ethanol 
mixing computationally expensive even for moderate Re. Limited DNS 
of mixing in T-mixers (Orsi et al., 2013; Schikarski et al., 2017; Inguva 
et al., 2018) have shown that, for Re ≤ 250, the flow is stratified, 
the mixing is purely diffusive, and the vortices remain confined to 
individual liquids. As Re ≥ 500, strong KH instabilities are observed 
at the interface, and mixing is greatly enhanced due to turbulence. In 
Fig.  7, we show the variation of the volume fraction of ethanol at steady 
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Fig. 7. Distribution of the volume fraction of ethanol at steady-state in (a, b) cross-junction and (c,d) T-junction mixers for (a, c) laminar and (b, d) turbulent flows, computed 
using the 𝑘-𝜀 turbulence model. Ethanol is injected from the top and bottom in (a, b), and from the top in (c, d) using the same flow rates as in Fig.  6.
state for water–ethanol mixing in cross-junction, and T-junction mixers 
under laminar and turbulent flow conditions.

The distribution of individual chemical species such as lipids and 
mRNA which are transported by the water–ethanol liquid mixture is 
neglected in simple CFD models. Since LNPs are formed from the self-
assembly of these species, modeling the distribution of these species 
is critical to characterizing LNP formation. This section enumerates 
the transport equations for individual species of the mixture. Consider 
an organic stream composed of 𝐼 ionizable lipids (ILs), whose con-
centrations and valences are represented as [L𝑖] and 𝑧𝑖 respectively, 
𝑖 = 1,… , 𝐼 ; and 𝑁 neutral lipids (NLs) whose concentrations are 
represented as [L𝑛], 𝑛 = 1,… , 𝑁 . The transport of species due to the 
velocity of the underlying flow, molecular diffusion, electromigration 
(transport driven by electric potential for charged ILs and mRNA), and 
production/dissipation due to self assembly can be modeled by

𝜌 𝜕[mRNA]
𝜕𝑡

+ 𝜌⟨𝒖⟩ ⋅ ∇[mRNA]

= ∇ ⋅
(

𝜌𝐷𝑡,mRNA

(

∇[mRNA] + 𝑧mRNA[mRNA]
𝑒

𝑘𝐵𝑇
∇𝑉

))

− 𝜌𝑌 , (32)

𝜌
𝜕[L𝑖]
𝜕𝑡

+ 𝜌⟨𝒖⟩ ⋅ ∇[L𝑖]

= ∇ ⋅
(

𝜌𝐷𝑡,L𝑖

(

∇[L𝑖] + 𝑧𝑖[L𝑖]
𝑒

𝑘𝐵𝑇
∇𝑉

))

− 𝜌𝑌 , 𝑖 = 1,… , 𝐼, (33)

𝜌
𝜕[L𝑛]
𝜕𝑡

+ 𝜌⟨𝒖⟩ ⋅ ∇[L𝑛] = ∇ ⋅
(

𝜌𝐷𝑡,L𝑛∇[L𝑛]
)

− 𝜌𝑌 , 𝑛 = 1,… , 𝑁, (34)

𝜌 𝜕[LNP]
𝜕𝑡

+ 𝜌⟨𝒖⟩ ⋅ ∇[LNP] = ∇ ⋅
(

𝜌𝐷𝑡,LNP∇[LNP]
)

+ 𝜌𝑌 , (35)

∇ ⋅
(

𝜖𝜖𝑟∇𝑉
)

= −𝑒

(

𝑧mRNA[mRNA] +
𝐼
∑

𝑖=1
𝑧L𝑖 [L𝑖]

)

, (36)

where [mRNA] and 𝑧mRNA are the concentration and valence of mRNA; 
[

LNP
] is the concentration of LNPs; 𝑒 is the elementary charge; 𝑘𝐵 is 

the Boltzmann constant; 𝜖𝜖𝑟 is the dielectric constant of the ethanol–
water mixture; 𝐷𝑡,𝑚𝑅𝑁𝐴, 𝐷𝑡,𝐿𝑖 , 𝐷𝑡,𝐿𝑛 , and 𝐷𝑡,𝐿𝑁𝑃  represent the total 
diffusivity of mRNA, ILs, NLs, and LNPs, respectively; 𝑉  is the induced 
electric potential; and 𝑌  is a source term that describes the rate of 
self-assembly of lipids and mRNA to produce LNPs. These equations 
assume that the Nernst–Planck law is valid for the diffusion of charged 
species, namely ILs and mRNA in the liquid (Del Río and Whitaker, 
2016). Owing to the high dielectric constants of water and ethanol 
(𝜖 ≥ 20), a reasonable approximation is that the induced electric 
potential may not be large enough for Nernst–Planck diffusion to be 
significant. In that case, (36) becomes negligible, and (32)–(33) reduce 
to advection–diffusion–reaction equations. However, we include these 
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terms for the sake of generality. The source term 𝑌  is a complex 
nonlinear function of the species concentrations and valences, and is 
yet to be characterized experimentally for this system to the best of our 
knowledge. The total diffusivity is the sum of molecular and turbulent 
diffusivity, e.g., 𝐷𝑡,mRNA = 𝐷mRNA+𝐷𝑡. The turbulent diffusivity can be 
calculated using 𝐷𝑡 = 𝜇𝑡∕(𝜌Sc𝑡). For Re ≤ 250, molecular diffusivity is 
the predominant mechanism, whereas turbulent diffusivity dominates 
for Re ≥ 500 for the range of molecular diffusivities of the lipids. After 
the self-assembly, LNPs are precipitated out of solution and exist as 
small solid particles in the fluid. As such, (35) describes the evolution 
equation of the solid phase in the fluid, assuming that the LNPs follow 
the streamlines of the flow. (This approximation is reasonable for 
nanometer-sized particles (Di Carlo et al., 2007).)

DNS is accurate, but coupling to species balance equations previ-
ously outlined makes the problem intractable computationally (Nguyen 
et al., 2016). Additionally, the rate of self-assembly of lipids is not fast 
compared with the rate of mixing of water and ethanol at the SGS, 
which is referred to as micromixing (David and Villermaux, 1987). 
These kind of flows, where the time scales for turbulent mixing and 
self–assembly are comparable and micromixing effects are important, 
are typically modeled using a Probability Distribution Function (PDF) 
approach for turbulent mixing (Fox, 2003; Meyer and Jenny, 2009). 
The PDF (𝑓𝜙) is a function of the lipid concentrations, water and 
ethanol volume fractions, as well as the space and time coordinates; 
from which the individual species concentrations and the self–assembly 
source term may be obtained (Fox, 2003). Solution methods for the PDF 
include transported PDF models, where we explicitly solve transport 
equations for the PDF, for details see (Pope, 2001). Another approach 
is the finite-mode presumed PDF approach, where the PDF is presumed 
to be a composition of a finite number of Dirac delta functions (Fox, 
2003),

𝑓𝜙(𝝍 ; 𝐱, 𝑡) =
𝑁𝑒
∑

𝑛=1
𝑝𝑛(𝐱, 𝑡)

𝑁𝑠
∏

𝛼=1
𝛿[𝜓𝛼 − ⟨𝜙𝛼⟩𝑛(𝐱, 𝑡)] (37)

where 𝑁𝑠 is the total number of species, 𝑁𝑒 is the total number of 
modes/environments, 𝑝𝑛 is the probability of mode 𝑛, and ⟨𝜙𝛼⟩𝑛 is the 
mean composition of scalar 𝜙 in mode 𝑛. For our system, we have 
𝑁𝑠 = 𝐼 + 𝑁 + 2, corresponding to the ILs, NLs, mRNA, and LNP. 
A 3-mode/environment model (𝑁𝑒 = 3) has been previously used to 
describe micromixing of water–ethanol (da Rosa and Braatz, 2018), 
water-methanol (Pirkle et al., 2015), and water-BaCl2 (Marchisio et al., 
2001), among others. For the 3-environment model for binary liquid–
liquid mixing, environment 1 describes pure water, environment 2
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Table 5
Micromixing functions for the 3-environment ethanol–water micromixing model.
 Function Formula Function Formula Function Formula  
 𝐺1 −𝛾𝑝1(1 − 𝑝1) 𝐺𝑠,1 𝛾𝑠𝑝3 𝑀 (3) 𝛾

(

𝑝1(1 − 𝑝1) + 𝑝2(1 − 𝑝2)
) 

 𝐺2 −𝛾𝑝2(1 − 𝑝2) 𝐺𝑠,2 𝛾𝑠𝑝3 𝑀 (3)
𝑠 −2𝛾𝑠𝑝3  
describes pure ethanol, and environment 3 describes the ethanol–water 
mixture. While other models, such as the 2-and 4-environment models 
are also available (Wang and Fox, 2004), the 3-environment model 
aligns most naturally to this mixing process. Using 𝑝𝑗 to denote the 
probability of environment 𝑗 (𝑝1 + 𝑝2 + 𝑝3 = 1), and ⟨𝜉⟩3 to describe the 
concentration of ethanol in environment 3, the governing equations for 
ethanol–water micromixing can be written as

𝜌
𝜕𝑝𝑗
𝜕𝑡

+ 𝜌⟨𝒖⟩ ⋅ ∇𝒑𝒋 = ∇ ⋅ (𝜌𝐷𝑡∇𝑝𝑗 ) + 𝜌𝐺𝑗 (𝑝1, 𝑝2, 𝑝3, ⟨𝜉⟩3)

+ 𝜌𝐺𝑠,𝑗
(

𝑝1, 𝑝2, 𝑝3, ⟨𝜉⟩3
)

; 𝑗 = 1, 2, (38)

𝜌 𝜕
𝜕𝑡
(𝑝3⟨𝜉⟩3) + 𝜌⟨𝒖⟩ ⋅ ∇

(

𝑝3⟨𝜉⟩3
)

= ∇ ⋅
[

𝜌𝐷𝑡∇
(

𝑝3⟨𝜉⟩3
)]

+ 𝜌𝑀 (3)(𝑝1, 𝑝2, 𝑝3, ⟨𝜉⟩3) + 𝜌𝑀 (3)
𝑠 (𝑝1, 𝑝2, 𝑝3, ⟨𝜉⟩3), (39)

where the functions 𝐺𝑗 , 𝐺𝑠,𝑗 , 𝑀 (3), and 𝑀 (3)
𝑠  model micromixing effects 

(Fox, 2003). In particular, the functions 𝐺𝑗 and 𝑀 (3) model micromix-
ing in accordance with the interaction by exchange with the mean 
(IEM) theory, which states that the environment probabilities (𝑝𝑖) and 
species concentrations homogenize to a mean value with the same 
rate constant (𝛾); whereas the functions 𝐺𝑠,𝑗 and 𝑀 (3)

𝑠  ensure that the 
mean variance of the scalar is correctly predicted using (38)–(39). Their 
specific forms are enumerated in Table  5. The constants in Table  5, 
namely 𝛾 and 𝛾𝑠, and the mean variance of ⟨𝜉⟩3 (represented as ⟨𝜉

′2
⟩) 

are

𝛾 =
2⟨𝜉′2⟩𝜀

𝑘
[

𝑝1(1 − 𝑝1)(1 − ⟨𝜉⟩3)2 + 𝑝2(1 − 𝑝2)⟨𝜉⟩23
] , (40)

𝛾𝑠 =
2𝐷𝑡∇⟨𝜉⟩3 ⋅ ∇⟨𝜉⟩3
(1 − ⟨𝜉⟩23)

2 + ⟨𝜉⟩23
, (41)

⟨𝜉
′2
⟩ = 𝑝1(1 − 𝑝1) − 2𝑝1𝑝3⟨𝜉⟩3 + 𝑝3(1 − 𝑝3)⟨𝜉⟩23. (42)

4.2.4. Energy transport models
Ethanol–water mixing is exothermic with an enthalpy of mixing 

of 𝛥𝐻𝑤𝑒 = −412 J/mol for a mixture with 𝑥𝑒 = 0.5, where 𝑥𝑒 is 
the mole fraction of ethanol. This enthalpy of mixing causes a local 
increase in temperature near the ethanol–water interface. Quantifying 
this temperature rise may be important for certain flow rates and mixer 
geometries, as temperature changes the properties of mRNA and lipids 
(Ball et al., 2016). The variation of temperature in the fluid is modeled 
by the energy balance
𝜕(𝜌𝑚𝐶𝑝𝑚𝑇 )

𝜕𝑡
+ ∇ ⋅

(

𝜌𝑚𝒖𝐶𝑝𝑚𝑇
)

= ∇ ⋅
(

𝜅𝑚∇𝑇
)

+ 𝑆ℎ, (43)

where 𝑇 , 𝐶𝑝𝑚(𝜑), and 𝜅𝑚(𝜑) are the temperature, specific heat capacity, 
and thermal diffusivity of the mixture. For an extensive review of the 
dependence of specific heat capacity and thermal diffusivity of the 
mixture on the volume fraction of ethanol, see (Parke and Birch, 1999). 
The last term in the energy balance is the heat of mixing between 
ethanol and water, which can be represented as

𝑆ℎ =
(

𝜌𝑚𝜑
𝑀𝑒

)(

𝜌𝑒𝐹𝑂 + 𝜌𝑤𝐹𝐴𝑞

𝜌𝑚

)

𝑥𝑒(1 − 𝑥𝑒)
4
∑

𝑛=0
𝐵𝑛(1 − 2𝑥𝑒)𝑛,

𝑥𝑒 =
𝜑∕𝑀𝑒

𝜑∕𝑀𝑒 + (1 − 𝜑)∕𝑀𝑤
, (44)

where 𝑀𝑒 and 𝑀𝑤 are the molar masses of ethanol and water, re-
spectively, and 𝐵0 = 1580, 𝐵1 = 1785, 𝐵2 = 3487, 𝐵3 = 3187, and 
𝐵4 = 1957 J/mol are constants (Boyne and Williamson, 1967). When 
used alongside turbulence models, the velocity in (43) is replaced by 
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the ensemble-averaged velocity for RANS models and spatially filtered 
velocity for LES models. For the range of Re relevant to LNP manu-
facturing (≤ (104)), the turbulent intensities are small and turbulent 
heating may be neglected (Cafiero et al., 2014), implying that the 
turbulence models reviewed in Section 4.2.2 can be used directly.

4.2.5. Multiphase flow models
When LNPs precipitate from solution and form small particles in 

the fluid, it can be treated as a distinct solid phase dispersed in the 
liquid phase. Such flows, where different phases interact, are commonly 
treated mathematically as interpenetrating continua in CFD. The mix-
ture model, which simultaneously considers the carrier phase and the 
dispersed phase, is efficient in the analysis of such multiphase flows. 
The model equations are
𝜕𝜌𝑚
𝜕𝑡

+ ∇ ⋅ (𝜌𝑚𝐮𝑚) = 0, (45)

𝜕(𝜌𝑚𝐮𝑚)
𝜕𝑡

+ ∇ ⋅ (𝜌𝑚𝑢𝑚𝑢𝑚) = −∇𝑝 + ∇ ⋅ (𝜇𝑚(∇𝐮𝑚 + (∇𝐮𝑚)⊤)) + 𝜌𝑚𝐛 + 𝐅st,

(46)
𝜕(𝛼𝑞𝜌𝑞)
𝜕𝑡

+ ∇ ⋅ (𝛼𝑞𝜌𝑞𝐮𝑞) = 0, (47)

where 𝐅st represents the interfacial forces per unit volume; and 𝛼𝑞 , 
𝜌𝑞 , and 𝐮𝑞 are the volume fraction, density, and velocity of phase 
𝑞, respectively. The slip velocity (i.e., the relative velocity between 
phases), 𝐮dr is defined as 𝐮dr = 𝐮𝑝 − 𝐮𝑚, where 𝐮𝑝 is the velocity of 
the dispersed phase. The mixture velocity 𝐮𝑚 is related to the volume 
fractions and velocities of each phase by the relation, 
𝐮𝑚 =

∑

𝑞
𝛼𝑞𝐮𝑞 . (48)

The mixture model is quite similar to the equations for single-
phase flow previously described, but is expressed with the density and 
velocity of two or more phases. In addition, the momentum equation 
for the mixture includes addition terms due to the slip of the dispersed 
phase relative to the continuous phase. The slip velocity equation 
can be solved using empirical correlations or additional differential 
equations to account for the interactions between the phases due such 
as drag and drift forces (ANSYS, 2021). The volume fraction of the 
dispersed phase is solved using the phase continuity equation. One way 
to simulate LNP formation and transport using the mixture model is 
to treat LNPs and the water–ethanol solution as two phases, with the 
species transport equation for ethanol and water added to represent the 
solution phase. A more accurate approach is to treat the system as one 
solid and multiple liquid phases.

Using only one momentum equation such as in the mixture model 
(48) makes it inherently difficult to accurately predict the multiphase 
flows. Specifically, if LNPs detach and disperse from the continuous 
phase flow (e.g., using a baffled mixer), the particles can have a 
completely different directional flow from the continuous phase within 
the cell. To better simulate such cases, an Euler–Euler multiphase 
model can be adopted which incorporates the mass and momentum 
conservation equations for each phase, thus calculating the velocity 
of each phase separately. The momentum equation is correspondingly 
expressed as 
𝜕(𝛼𝑞𝜌𝑞𝐮𝑞)

𝜕𝑡
+ ∇ ⋅ (𝛼𝑞𝜌𝑞𝐮𝑞𝐮𝑞) = −𝛼𝑞∇𝑝 + ∇ ⋅ (𝛼𝑞𝝉𝑞) + 𝛼𝑞𝜌𝑞𝐠 +𝐌𝑞 , (49)

where 𝑝 is assumed to be shared by all phases, 𝝉𝑞 is the stress tensor for 
phase 𝑞, and 𝐌𝑞 represents the rate of momentum exchange per unit 
volume between phases.
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When using the Euler–Euler model, interaction forces can be di-
rectly calculated using theoretical models based on the velocities com-
puted for each phase (Prosperetti and Tryggvason, 2007). In other 
words, the advantage of the Euler-Euler multiphase model is that it can 
more realistically represent interactions between phases by predicting 
the momentum of the phases separately. Specifically, it can accurately 
represent phenomena where vectors have different directions within a 
cell, making it well-suited for particulate processes frequently encoun-
tered in chemical engineering such as fluidized beds (Van Wachem 
and Almstedt, 2003) and cyclones (Narasimha et al., 2012). These 
features of the Euler–Euler model are also well-suited for predicting 
the behavior of nanoparticles in flow.

To realistically predict the free movement of particles, the Discrete 
Element Method (DEM), which treats the particulate phase as individ-
ual particles and describes their trajectory using Newton’s equations of 
motion, is an effective modeling approach. To predict the movement 
of the LNPs following the continuum, it is necessary to couple the 
DEM equations with the governing equations describing the flow of the 
continuous phase (i.e., the Navier–Stokes equations). This approach is 
called the Euler–Lagrangian multiphase model. The continuous phase 
of this model is treated in a similar way to a single-phase flow model, 
though additional interaction forces with the particulate phase can be 
incorporated depending on the extent of coupling deemed necessary. 
The motion of individual particles is governed by 

𝑚𝑝
𝑑𝐮𝑝
𝑑𝑡

= 𝐟𝑑 + 𝐟𝑔 + 𝐟𝑐 , (50)

where 𝑚𝑝 is the particle mass, 𝐮𝑝 is the velocity, 𝐟𝑑 is the drag force 
(Syamlal and Gidaspow, 1985; Alobaid et al., 2022), 𝐟𝑔 is the gravita-
tional force acting on the particle, and 𝐟𝑐 is the force acting on the par-
ticle due to collisions. This modeling approach helps characterize the 
detailed transport phenomena of the LNPs in the mixer that otherwise 
cannot be resolved by simpler CFD models (i.e., single-phase models) 
(Mahmoud et al., 2019). For more details on the models used for 𝐟𝑑 and 
on Eulerian–Lagrangian models in general, see (Subramaniam, 2013).

The CFD models in this section do not model particulate processes 
such as nucleation, growth, and agglomeration in the mixer. The evo-
lution of the particulate size distribution can be modeling using the 
population balance framework described in the next section.

4.3. Population balance models

Population balance models (PBMs) are a framework to study the 
spatiotemporal dynamics of a population that has a distribution over 
one or more intrinsic properties. Examples of intrinsic properties typ-
ically considered in PBMs include size (e.g., length, mass, volume), 
composition (e.g., concentrations and densities), and age. These de-
scriptive capabilities of PBMs have resulted in their application in 
a wide range of physical, chemical, and biological systems such as 
crystallization and precipitation, multiphase flows, and cell cultures 
(Ramkrishna and Singh, 2014).

The PBM for a single species (e.g., LNPs) with 𝑚 intrinsic variables is 
(Ramkrishna and Singh, 2014; Inguva et al., 2022; Inguva and Braatz, 
2023), 

𝜕𝑛
𝜕𝑡

+
𝑚
∑

𝑖=1

𝜕(𝐺𝑖𝑛)
𝜕𝑎𝑖

+ ∇ ⋅ (𝐮𝑛) = 𝑆 + ∇ ⋅ (𝐷∇𝑛) , (51)

where 𝑛 is the species number density, 𝐺𝑖 is the growth rate cor-
responding to the intrinsic variable 𝑎𝑖, 𝐷 is the particle diffusivity, 
and 𝑆 is a source term that describes various physical processes that 
change the number density of particles, e.g., breakage. To date, there 
are no published studies employing PBMs to study LNP production by 
rapid mixing. In this section, we summarize how PBMs from adjacent 
areas such as emulsification (Håkansson, 2019; Raikar et al., 2009), 
precipitation, and crystallization (Woo et al., 2006; Schwarzer et al., 
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2006) can guide model development for LNPs with a focus on modeling 
the particle size distribution.

Physically, LNP formation and dynamics can be modeled as having 
four predominant steps:

• Nucleation, in which a small number of molecules of the various 
species associate to form an LNP,

• Growth, in which the volume of the LNP increases as further 
quantities of various species are incorporated into the LNP from 
the bulk,

• Agglomeration/aggregation in which two or more LNPs collide 
and merge to form a larger LNP, and

• Breakage, in which larger LNPs fragment into smaller LNPs.

A schematic illustration of the four processes is shown in Fig.  8. 
Tracking the LNP size 𝐿 as an intrinsic property, the PBM incorporating 
these processes is 
𝜕𝑛
𝜕𝑡

+
𝜕(𝐺𝑛)
𝜕𝐿

+ ∇ ⋅ (𝐮𝑛) = 𝐵𝑛 + 𝐵𝑎 −𝐷𝑎 + 𝐵𝑏 −𝐷𝑏 + ∇ ⋅ (𝐷∇𝑛) , (52)

where 𝐵 and 𝐷 refer to birth and death rates, and the subscripts 𝑛, 𝑎, 
and 𝑏 refer to nucleation, aggregation, and breakage, respectively. In 
the ensuing discussion, we outline how the underlying physics informs 
possible functional forms for the terms 𝐺, 𝐵𝑛, 𝐵𝑎, 𝐷𝑎, 𝐵𝑏, and 𝐷𝑏 for 
LNP formation. Exemplar functional forms for the various terms are 
presented in Table  6.

4.3.1. Nucleation
Prior to formulating an expression for the nucleation rate, it is 

helpful to first consider the physics of the nucleation process. By 
creating a supersaturated environment, such as with the addition of an 
antisolvent, it becomes thermodynamically favorable for the solute(s) 
to form a new phase, such as the formation of a precipitate. Nucleation 
is the first step of this process and a nucleus can be understood as 
the smallest amount of the new phase that can exist independently 
(Erdemir et al., 2009). Nucleation mechanisms have been broadly 
categorized as either primary or secondary depending on whether 
nucleation occurs in the absence or presence of parent particles of the 
same kind respectively (Xu et al., 2020). For LNP manufacturing, which 
relies on rapid mixing of an antisolvent, high supersaturation is created 
locally at the mixing area, resulting in primary nucleation likely being 
the dominant mechanism (Thorat and Dalvi, 2012), thus motivating the 
focus of the subsequent discussion on primary nucleation.

Within the context of primary nucleation, the mechanism can be 
either homogeneous (nuclei form in the solution) or heterogeneous 
(nuclei form on structural inhomogeneities e.g., surfaces/foreign parti-
cles) (Thanh et al., 2014). For some systems, the nuclei are formed by 
a two-step mechanism in which the fluid spontaneously forms highly 
concentrated liquid droplets within a dilute bulk fluid phase, which is 
then followed by the formation of nuclei (Erdemir et al., 2009). To our 
knowledge, nucleation rate expression based on two-step nucleation are 
rarely used, though bounds on the rate can be constructed (Chen et al., 
2012a). For precipitation processes, parsing the specific nucleation 
mechanism is challenging (e.g., see (Roelands et al., 2006; Kügler et al., 
2016)), and may not be necessary for developing a PBM as these 
complexities can be captured in the nucleation model with the use of 
fitted parameters.

For primary nucleation, the birth rate is usually expressed in the 
PBM literature as 
𝐵𝑛 = 𝐵0𝛿(𝐿 − 𝐿0), (53)

where 𝐵0 is the nucleation rate, 𝐿0 ≥ 0 is the length of the smallest par-
ticle, and 𝛿 is the Dirac delta function which treats the nuclei as being 
mono-disperse, and is often a good assumption for nuclei that form in 
a turbulent mixing zone. Some studies replace the Dirac delta function 
with a broader probability distribution function (e.g., Gaussian), which 
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Fig. 8. Schematic diagram of nucleation, growth, agglomeration, and breakage.
can be useful for modeling poly-disperse nucleation (Kumar et al., 
2008) or for numerical reasons (Lapidot et al., 2019).

The nucleation rate 𝐵0 can be modeled using various approaches. 
The first class of models uses mass-action kinetics to express 𝐵0 as 
a function of the product of the concentration of reactants raised to 
the power of their stoichiometric coefficients (Sajjadi, 2009; Liu et al., 
2014; Thanh et al., 2014). In precipitation/crystallization applications, 
it is also common to see power law expressions for 𝐵0 in terms of 
the supersaturation (Omar and Rohani, 2017). For multicomponent 
systems, the expression for the supersaturation can be modified accord-
ingly (e.g., see (Schwarzer and Peukert, 2004; Güldenpfennig et al., 
2019)). The second class of models employ Arrhenius-type expressions, 
capturing properties such as the supersaturation, activities, or free 
energy directly. These models are often closely related to classical 
nucleation theory (e.g., see (Di Pasquale et al., 2012, 2013; Zhu et al., 
2016)).

The use of species concentrations (and supersaturation defined in 
terms of concentrations) for modeling nucleation, while straightfor-
ward and sufficient for many applications, is a simplification of the 
physics of the process. In reality, the species activities need to be used 
which requires an accurate description of the thermodynamics of the 
system. By using the species activities, the use of the supersaturation 
or activities or free energies in the nucleation model are equivalent. 
Thus far, there has been limited deployment of detailed thermodynamic 
modeling in the PBM literature, with most studies adapting specific 
semi-empirical methods to model precipitation of inorganic systems 
(e.g., see (Peng et al., 2015; Zhu et al., 2016; Güldenpfennig et al., 
2019)). We also note the work of Widenski et al. (2011) which em-
ployed various activity-coefficient thermodynamic models predictively 
to model the crystallization of acetaminophen with limited success as 
the thermodynamic models considered were not sufficiently accurate. 
For LNP systems, it is likely that advanced thermodynamic models, such 
as those described in Section 3.2, are necessary and additional work to 
interface the thermodynamics with the PBM is needed.

4.3.2. Growth
The growth of a particle is the process by which the characteristic 

dimension of a particle (e.g., diameter) increases as solute(s) from the 
bulk solution are incorporated into the particle (Myerson et al., 2019). 
As growth, like nucleation, involves the formation of a new phase, the 
driving force for the process is also the supersaturation of the solute(s). 
The previous discussion on how the supersaturation is defined and 
employed for describing nucleation is directly relevant to the growth 
rate as well. Mechanistically, growth takes place sequentially with 
the transport of the solute(s) from the bulk solution to the particle-
solution interface followed by the incorporation of the solute(s) into the 
particle. Transport of the heat of precipitation and/or counter-diffusion 
of liberated species/solvent to the bulk may also need to be accounted 
for (Abegg et al., 1968; Myerson et al., 2019).
14 
The first class of expressions for the growth rate 𝐺 employ a mecha-
nistic understanding of the growth process by considering whether the 
growth is diffusion or reaction limited. When the growth is limited by 
either step, that step becomes the rate-determining step for growth, 
enabling one to formulate an expression incorporating mechanistic in-
sight. Examples in the PBM literature include (Schwarzer and Peukert, 
2004; Di Pasquale et al., 2013) for diffusion-controlled growth and 
(Perala and Kumar, 2014; Handwerk et al., 2019; Hong et al., 2021; 
Pico et al., 2023) for reaction-controlled growth. The second class of 
growth rate expressions use an empirical power-law type functional 
form with the supersaturation raised to power that is treated as a 
fitted parameter. Power-law type expressions, while a simplification, 
are commonly used in the PBM literature and are able to adequately 
describe important trends and experimental data even for complex 
systems. It is also possible to account for temperature-dependent effects 
on the growth rate by incorporating an Arrhenius-type expression for 
the prefactor in the growth rate term (Myerson et al., 2019).

A variety of modifications that include size-dependency to the 
growth rate expression have been proposed (e.g., see (Szilágyi et al., 
2022) and citations therein) that have mostly enabled the PBM to better 
fit experimental data. Size-dependent effects on growth can physically 
arise in situations such as when size-dependent solubility (i.e., the 
Gibbs-Thomson effect) is significant (typically at nano-scales) which 
results in smaller particles growing slower or even dissolving at the 
expense of larger particles (Madras and McCoy, 2004; Iggland and 
Mazzotti, 2012; Szilágyi et al., 2022) or with growth rate dispersion 
(Srisanga et al., 2015). Another situation relevant to nanoparticles 
where size-dependent effects may need to be addressed is when growth 
is mass transfer-limited which can also result in slower growth rates for 
smaller particles (Mullin, 2001).

4.3.3. Agglomeration/aggregation
Particle–particle interactions between smaller particles that lead to 

the formation of a larger particle (i.e., agglomeration/aggregation) are 
highly relevant in LNP formation both in the rapid mixing and buffer 
exchange steps. During the rapid mixing step, it is likely that in addition 
to nucleation and growth processes described previously, agglomera-
tion will also be a relevant phenomena that drives increases in particle 
size. In the buffer exchange step where the pH of the system is increased 
to physiological pH, it has been reported that agglomeration (often 
referred to as ‘‘fusion’’ in the context of the LNP literature) of smaller 
initial nanoparticles formed during the rapid mixing step into the larger 
final LNP (Kamanzi et al., 2024; Kulkarni et al., 2019). It is likely that 
two separate PBMs would need to be formulated for the rapid mixing 
and buffer exchange steps considering the different phenomena and 
physics involved (e.g., during the buffer exchange step, no nucleation 
and growth are occurring). However, these two separate PBMs can be 
easily coupled to provide a model for the whole formation process as 
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the results from the PBM for the rapid mixing step can be used as the 
input for the PBM for the buffer exchange step.

Much of the PBM literature defines agglomeration and aggregation 
as distinct phenomena, with one phenomenon being where the merged 
particle is strongly integrated and the other phenomenon being where 
the merged particle is less tightly integrated. The literature is incon-
sistent, however, in terms of which word is applied to which type of 
merged particle. Given that the mechanistic modeling equations are the 
same from the perspective of the PBM, this review does not distinguish 
between the two phenomena.

We consider the case of binary aggregation where a larger particle 
is formed by the collision and subsequent merging of two smaller 
particles. For LNP production, considering that the system is both 
dilute and that the difference in particle size is not very large, the 
binary agglomeration assumption is reasonably justifiable (Ramkrishna, 
2000; Baba et al., 2021). For conceptualizing how the aggregation and 
breakage terms are developed, it can be helpful to think in terms of 
the particle volume 𝑉 , but they can be readily expressed in terms of 
the particle size 𝐿 through the assumption of a relationship between 
𝑉  and 𝐿 (e.g., 𝑉 ∝ 𝐿3 for simple particles or 𝑉 ∝ 𝐿𝐷𝑓 , where 𝐷𝑓  is 
the mass-based fractal dimension, for ramified aggregates) (Marchisio 
et al., 2003; Jeldres et al., 2018).

To illustrate how the birth, 𝐵𝑎, and death, 𝐷𝑎, terms due to ag-
glomeration are formulated, consider a particle of volume 𝑉 . Particles 
of volume 𝑉  (with corresponding length 𝐿) can be formed by the 
collision of two smaller particles of volumes 𝑉 ′ (with corresponding 
length 𝜆) and 𝑉 − 𝑉 ′(𝐿 − 𝜆). Simultaneously, particles of volume 
𝑉  can form larger particles by colliding with particles of any size 
(Ramkrishna, 2000; Håkansson et al., 2009). Considering that LNPs 
have reasonably defined shapes (i.e., spherical to first approximation 
and not complex ramified aggregated structures), the assumption of 
𝑉 ∝ 𝐿3 is reasonable, enabling 𝐵𝑎 and 𝐷𝑎, expressed in terms of 𝐿, 
to be written as (Marchisio et al., 2003)

𝐵𝑎 =
𝐿2

2 ∫

𝐿

𝐿0

𝛽((𝐿3 − 𝜆3)1∕3, 𝜆)
(𝐿3 − 𝜆3)2∕3

𝑛((𝐿3 − 𝜆3)1∕3, 𝑡)𝑛(𝜆, 𝑡)d𝜆,

𝐷𝑎 = 𝑛(𝐿, 𝑡)∫

∞

𝐿0

𝛽((𝐿, 𝜆)𝑛(𝜆, 𝑡))d𝜆, (54)

where 𝛽 is a proportionality constant and is referred to as the ag-
glomeration kernel or collision rate. The agglomeration kernel captures 
important information about the mechanism(s) by which collisions 
between particles occur that subsequently lead to agglomeration. Ex-
amples of various aggregation kernels can be found in (Vanni, 2000; 
Marchisio et al., 2003; Peña et al., 2017; Myerson et al., 2019). For 
systems containing nanoparticles in turbulent flows, the collision mech-
anisms (and consequent functional forms for 𝛽) commonly considered 
are due to Brownian motion and/or turbulence (Schwarzer et al., 
2006; Marchisio, 2009; Raponi et al., 2023). The contribution from 
the various mechanisms can be captured additively in the expression 
for 𝛽 (e.g., see (Marchisio, 2009; Jeldres et al., 2018; Raponi et al., 
2023)).  As changes to the external environment i.e., the solvent com-
position, pH, and ionic strength, have a significant influence on LNPs 
in both the rapid mixing and buffer exchange steps, the effect of these 
changes on agglomeration can be captured by introducing a collision 
efficiency factor to the agglomeration kernel e.g., see (Ahmad et al., 
2008). For modeling flash nanoprecipitation, a process closely related 
to LNP production, Cheng et al. (2010), Cheng and Fox (2010) devel-
oped an aggregation model that incorporates significant mechanistic 
insight of the agglomeration process specific to polymeric nanoparticles 
containing a diblock copolymer.

4.3.4. Breakage
Breakage is the process by which larger particles fragment into 

smaller particles. Physically, breakage occurs when the forces acting 
on the particle exceeds the forces holding it together (e.g., interfacial 
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tension). External stress on the particle can be introduced through a 
variety of mechanisms such exposure to a turbulent flow field (which 
results in turbulent inertial and viscous stresses) (Håkansson, 2019), 
or impact on a surface (e.g., during milling). The interested reader 
is directed to the review by Liao and Lucas (2009) for a detailed 
discussion on the breakage mechanism. For LNP systems, external 
stresses on the particles are likely to arise through exposure to the 
turbulent flow field in the mixer. However, considering the small 
particle size, comparatively low turbulent intensities (even for fully 
turbulent mixers), and the short residence time in the mixer, breakage 
is unlikely to play a significant role during LNP formation. Its inclusion 
in this review is for completeness.

To illustrate how the birth 𝐵𝑏 and death 𝐷𝑏 terms due to breakage 
are formulated, consider a particle of volume 𝑉  (with corresponding 
length 𝐿) breaking into two daughter particles, which is the most 
common assumption in PBMs (Wang et al., 2003) and is supported 
by experimental evidence for the fragmentation of small particles (<
500 μm) (Maaß et al., 2007; Rasche et al., 2018). Particles of volume 
𝑉  can fragment to yield smaller particles of volume 𝑉 ′ (with corre-
sponding length 𝜆) and 𝑉 −𝑉 ′. More generally, particles can break into 
multiple daughter particles, in which 𝐵𝑏 and 𝐷𝑏 are given by (Marchisio 
et al., 2003) 

𝐵𝑏 = ∫

∞

𝐿
𝑏(𝜆)𝑠(𝐿, 𝜆)𝑛(𝜆, 𝑡)d𝜆, 𝐷𝑏 = 𝑏(𝐿)𝑛(𝐿, 𝑡), (55)

where 𝑏(𝐿) is the breakage kernel/frequency and 𝑠(𝐿, 𝜆) is daughter size 
distribution function that describes the size of the daughter particles 
that are formed during breakage. The physics of the breakage process 
is captured in both these functions and the interested reader is referred 
to (Wang et al., 2003; Liao and Lucas, 2009) and citations therein for 
examples and additional information for both functions.

4.3.5. Next steps
Developing a PBM for tracking the particle size distribution of 

LNPs will likely be an iterative exercise requiring testing of various 
aspects of the PBM such as the presence/absence of specific terms 
and their functional forms. Simplifications where possible should also 
be considered. For instance, the time derivative could be neglected 
to consider the steady-state population distribution (e.g., see (Schall 
et al., 2018)). However, this approach may pose numerical issues due 
to the solution of the resultant boundary-value problem often requiring 
a good initial guess for convergence. For a PBM-only model, it is also 
possible to reformulate the advective and diffusive terms in terms of 
residence time/outflow term. A helpful rule-of-thumb is to employ the 
simplest possible model that sufficiently captures the physics of the LNP 
formation process and is able to qualitatively and quantitatively explain 
experimental data. A range of efficient computational methods are 
available for the solution of PBMs (e.g., moment methods (Marchisio 
et al., 2003; Marchisio and Fox, 2005) and finite differences (Inguva 
et al., 2022; Inguva and Braatz, 2023)).

Thus far, this section has extensively discussed the application of 
PBMs to model the LNP particle size distribution. While this use case 
is important, the descriptive capabilities of PBMs motivates further 
development. As elaborated in Section 4.4, the PBM can be coupled to 
CFD models, thus providing a framework to resolve the spatio-temporal 
dynamics of LNP formation. Extensions to multidimensional PBMs, 
incorporating additional relevant intrinsic variables such as mRNA 
loading can be considered, but require novel methods to formulate 
expressions for the growth rates and source/sink terms.

4.4. Coupled CFD-PBM models

Coupling the CFD model (which provides detailed information on 
the flow field and transport of the various species in the mixer) with 
PBMs (which provides a framework to model key particulate processes) 
yields a powerful approach that can be used to model the evolution 
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Table 6
Exemplar functional forms for the various terms in a PBM: Nucleation rate 𝐵0, Growth rate 𝐺, Aggregation kernel 𝛽(𝐿, 𝜆), breakage kernel 𝑏(𝐿), and selection function 𝑠(𝐿, 𝜆).
 Function Expression Comments  
 𝐵0 𝑘1

∏𝑛
𝑖=1(𝐶𝑖)

𝛼𝑖 Mass-action kinetics (e.g., see Sajjadi, 2009; Liu et al., 2014; Pico et al., 2023) 
𝐶𝑖 = concentration of reactant 𝑖, 𝛼𝑖 = stoichiometric coefficient

 

 𝑘1𝑆𝑛𝑏 Power law expression (e.g., see Omar and Rohani, 2017) 
𝑆 = supersaturation ratio, 𝑛𝑏 = fitted parameter

 

 𝑘1 exp
(

−𝐵
ln2𝑆

)

Classical nucleation theory 
(e.g., see Schwarzer and Peukert, 2004; Roelands et al., 2006; Myerson et al., 
2019) 
𝐵 = fitted parameter, 𝑆 = supersaturation ratio

 

 𝐺 𝑘2
∏𝑛

𝑖=1(𝐶𝑖)
𝛼𝑖 Mass-action kinetics (e.g., see Sajjadi, 2009; Liu et al., 2014; Thanh et al., 2014) 

𝐶𝑖 = concentration of reactant 𝑖, 𝛼𝑖 = stoichiometric coefficient
 

 𝑘2 exp(−
𝐸𝑔
𝑅𝑇

)𝑆𝑛𝑔 Power law with temperature dependence (Myerson et al., 2019) 
𝑅 = ideal gas constant, 𝐸𝑔 = activation energy, 𝑛𝑔 = fitted parameter

 

 2 Sh𝐷𝐶
∗

𝜌𝑚

𝑆−1
𝐿

Diffusion-controlled growth 
(e.g., see Schwarzer and Peukert, 2004; Di Pasquale et al., 2012) 
Sh = Sherwood number, 𝐷 = diffusion coefficient, 
𝐶∗ = equilibrium concentration, 𝜌𝑚 = particle molar density

 

 𝛽(𝐿, 𝜆) 2𝑘𝑇
3𝜇

(𝐿+𝜆)2

𝐿𝜆
Collision due to Brownian motion 
(e.g., see Smoluchowski, 1918; Schwarzer and Peukert, 2004; Di Pasquale et al., 
2012)

 

 1.294
(

𝜖
𝜈

)1∕2
(𝐿 + 𝜆)3 Collision due to turbulence (e.g., see Di Pasquale et al., 2012)  

 𝑏(𝐿) 𝑏0 Constant (e.g., see Marchisio et al., 2003)  
 𝑏0𝐿𝑚 Power law, 𝑚 = fitted parameter (e.g., see Hounslow et al., 2005; Jeldres et al., 

2018)
 

 𝑠(𝐿, 𝜆)
{

2, if 𝐿 = 𝜆
21∕3

0, otherwise
Symmetric fragmentation (e.g., see Marchisio et al., 2003; Hounslow et al., 2005) 
of the particle size distribution with increased predictive capability. 
The governing equations of a CFD-PBM model can be represented by 
combining the one of the multphase models based on the Eulerian 
representation outlined in Section 4.2.5 with the PBM outlined in 
Section 4.3.

The coupled CFD-PBM model necessitates numerical methods for 
its solution and it can be computationally costly (the model is often 
high dimensional, typically involving 2–3 spatial dimensions, 1 or 
more intrinsic coordinates such as particle size, and time). Advances in 
algorithms have been pursued and currently available methods enable 
the efficient solution of CFD-PBM problems. The CFD-PDF-PBM method 
uses the cost savings from the PDF approach outlined in Section 4.2.3 
to speed up computations (Woo et al., 2006). The MP-PIC-PBM method, 
based on a Eulerian–Lagrangian using the parcel assumption, decouples 
the PBM in 3-dimensional space and has been demonstrated to signifi-
cantly decrease the computational costs of CFD-PBM models (Kim et al., 
2020, 2021, 2024).

4.5. Phase-field models

Phase-field models (PFMs) are a powerful class of continuum-scale 
models for studying microstructure evolution in multiphase systems 
and interfacial phenomena (Lamorgese et al., 2011; Chen, 2002; Ander-
son et al., 1998). PFMs introduce and track the evolution of one or more 
auxiliary fields (the phase field(s)) which specify which phase is in each 
point in space in the system. It should be noted that PFMs typically 
resolve the physics at the length- and time-scales of a handful of LNPs 
(1 μm, 1 μs). Phase-field variables (also known as order parameters) 
can be categorized as either conserved (e.g., composition/density) or 
non-conserved (e.g., grain orientation/structural variants) with the 
Cahn–Hilliard equation being used to describe the former and the 
Allen–Cahn equation being used for the latter (Chen and Zhao, 2022; 
Hohenberg and Halperin, 1977). The driving force for evolution in 
the system is the reduction in the total free energy with the PFMs 
themselves capturing contributions from factors such as bulk chemical 
free energy and interfacial energy (Chen, 2002). PFMs are readily 
extensible to account for additional factors contributing to the total 
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free energy of the system such as electrostatics and also for external 
influences such as shear stresses and temperature effects (Chen, 2002). 
This would typically involve modifying the PFM and/or coupling it to 
other equations such as species, charge, momentum, and energy con-
servation equations (e.g., see (Takaki, 2014; Chiu and Lin, 2011; Guyer 
et al., 2004)), resulting in a set of nonlinear coupled partial differential 
equations that require numerical methods for solution. Considering the 
types of species present in typical LNP formulations and the rapid 
mixing manufacturing process, PFMs are positioned as an excellent 
technique to study the formation of LNPs during the precipitation step 
and subsequent evolution of internal structures during downstream 
processes.

To illustrate how PFMs are constructed and some of the nuances in 
their use, we start with the classic Cahn–Hilliard equation for a binary 
mixture. The starting point for any PFM is an expression for the total 
free energy of the system (Rowlinson, 1979; Cahn and Hilliard, 1958),

𝑘B𝑇

= ∫𝑉

(

𝑓 (𝑐1) +
𝜅
2
(∇𝑐1)

)2
𝑑𝑉 , (56)

where 𝑓 (𝑐1) is the homogeneous free energy, 𝜅 is the gradient energy 
parameter, 𝑐1 is the concentration of species 1 in the system, and 𝑉
is the volume of the system. Note that concentration of species 2 is 
inferred by a mass balance e.g., 𝑐1 + 𝑐2 = 1. Eq.  (56) is often referred to 
as the Landau–Ginzburg free energy functional (Nauman and He, 2001; 
Gurtin, 1996). The chemical potential, 𝜇, is the variational derivative 
of (56), 

𝜇 = 𝛿
𝛿𝑐1

= 𝜕
𝜕𝑐1

− ∇ ⋅
𝜕
𝜕∇𝑐1

=
𝜕𝑓
𝜕𝑐1

− 𝜅∇2𝑐1. (57)

The Cahn–Hilliard equation is obtained by incorporating a constitutive 
relation for the flux of species 1, 𝐉1, based on linear irreversible 
thermodynamics (Chen and Zhao, 2022), 
𝜕𝑐1
𝜕𝑡

= −∇ ⋅ 𝐉1 = ∇ ⋅ (𝐿∇𝜇) = ∇ ⋅
[

𝐿∇
(

𝜕𝑓
𝜕𝑐1

− 𝜅∇2𝑐1

)]

, (58)

where 𝐿 is the Onsanger coefficient relating the diffusive flux to the 
gradient in chemical potential and is given by 

𝐿 =
𝐷(𝑐1)𝑐1 , (59)

𝑘b𝑇
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where 𝐷(𝑐1) is the diffusivity. The inclusion of the concentration 𝑐1 in 
(59) is necessary to recover classical Fickian diffusion in the limit of 
an ideal mixture (Nauman and He, 2001). Many PFMs consider the 
difference in chemical potential (i.e., 𝜇𝑖𝑗 = 𝜇𝑖 − 𝜇𝑗) when formulating 
the constitutive equation and PFM (e.g., see (Petrishcheva and Abart, 
2012; Nauman and He, 1994; Cahn and Hilliard, 1958)). This has no 
substantial impact in the PFM formulation due to the requirements 
from the Onsanger reciprocal relationships on 𝐿 (Petrishcheva and 
Abart, 2012), though it can be convenient for model development.

An inspection of (58) indicates there are three terms that need to 
be specified for a complete model: the diffusivity 𝐷, the homogeneous 
free energy 𝑓 , and the gradient energy parameter 𝜅. Note that 𝜅 is 
intimately related to 𝑓 (Inguva et al., 2021; Nauman and He, 2001), 
which emphasizes the need for supplying a suitable thermodynamic 
model of the system to accurately model the physics of the process. 
A good thermodynamic model of the system should be able to capture 
the phase behavior (e.g., liquid–liquid equilibria and critical points). 
For the purposes of brevity, we direct the interested reader to the 
following references (Inguva et al., 2021; Manzanarez et al., 2017; 
Teichert et al., 2017; Nauman and He, 2001; Ariyapadi and Nauman, 
1990) and citations therein for a detailed discussion on how to in-
corporate physically-appropriate methods for the various terms in the 
Cahn–Hilliard equation.

To extend (58) to account for multiple species (𝑛 ≥ 3), we first 
extend the free energy functional to incorporate additional species, 


𝑘b𝑇

= ∫𝑉

(

𝑓 (𝑐1, 𝑐2,… , 𝑐𝑛) +
𝑁−1
∑

𝑖

𝜅𝑖
2
(∇𝑐𝑖)2 +

∑

𝑗>𝑖

𝑁−1
∑

𝑖
𝜅𝑖𝑗 (∇𝑐𝑖)(∇𝑐𝑗 )

)

𝑑𝑉 ,

(60)

where 𝜅𝑖 and 𝜅𝑖𝑗 are the self- and cross-gradient energy parameters. 
Note that with the presence of three or more species, cross-gradient 
terms appear in the free energy functional. 𝜅𝑖𝑗 can be understood as a 
tensor capturing a description of the interfacial tension between phases 
𝑖 and 𝑗. For a ternary system, the chemical potentials 𝜇𝑖𝑗 are (Inguva 
et al., 2020; Petrishcheva and Abart, 2012; Nauman and He, 1994),

𝜇12 = 𝜇1 − 𝜇2 =
𝜕𝑓
𝜕𝑐1

−
𝜕𝑓
𝜕𝑐2

− (𝜅1 − 𝜅12)∇2𝑐1 + (𝜅2 − 𝜅12)∇2𝑐2,

𝜇13 = 𝜇1 − 𝜇3 =
𝜕𝑓
𝜕𝑐1

−
𝜕𝑓
𝜕𝑐3

− 𝜅1∇2𝑐1 − 𝜅12∇2𝑐2,

𝜇23 = 𝜇2 − 𝜇3 =
𝜕𝑓
𝜕𝑐2

−
𝜕𝑓
𝜕𝑐3

− 𝜅2∇2𝑐2 − 𝜅12∇2𝑐1, (61)

which when combined with a flux expression 𝐉𝑖 =
∑

𝑗 𝐿𝑖𝑗∇𝜇𝑖𝑗 , gives the 
transport equations
𝜕𝑐1
𝜕𝑡

= ∇ ⋅
(

𝐿12∇𝜇12 + 𝐿13∇𝜇13
)

,

𝜕𝑐2
𝜕𝑡

= ∇ ⋅
(

−𝐿12∇𝜇12 + 𝐿23∇𝜇23
)

, (62)

with 𝑐3 being inferred from a mass balance constraint. Further exten-
sions to the PFM can be pursued either by accounting for additional 
species following a similar procedure outlined above or by incorporat-
ing additional physics. The incorporation of additional physics can be 
achieved by either modifying the free energy functional in (56) (as is 
the case with classical Density Functional Theory (Zhang and Wang, 
2021)) or modifying the transport equations. In the case of the latter, 
consider the formulation of the Cahn–Hilliard Navier–Stokes equation 
system for a binary system. The Cahn–Hilliard equation is modified 
with the addition of a convective term, 
𝜕𝑐1
𝜕𝑡

+ 𝐮 ⋅ ∇𝑐1 = ∇ ⋅
[

𝐿∇
(

𝜕𝑓
𝜕𝑐1

− 𝜅∇2𝑐1

)]

, (63)

where 𝐮 is the velocity vector and is obtained from the solution of the 
corresponding modified incompressible Navier–Stokes equations,

∇ ⋅ 𝐮 = 0, (64)
17 
𝜌 𝜕𝐮
𝜕𝑡

+ 𝜌𝐮 ⋅ ∇𝐮 = −∇𝑝 + ∇ ⋅
[

𝜂(∇𝐮 + ∇𝐮⊤)
]

+ 𝐅𝑏, (65)

where 𝜌 is the fluid density, 𝜂 is the fluid viscosity, and 𝐅𝑏 is the 
coupling body force which is described as a diffuse surface tension force 
and is given by 𝐅𝑏 = −𝑐1∇𝜇 (Nauman and He, 2001; Jacqmin, 1999). 
The modification of 𝐅𝑏 to account for multiple species is straightfor-
ward (Zhou and Powell, 2006) and can be further expressed in terms of 
differences in chemical potential via a Gibbs–Duhem relationship. For 
LNP systems, the viscosity of the various species can be significantly 
different. This can be accounted for by modifying 𝜂 to introduce a 
composition dependence e.g., 𝜂 = 𝑐1𝜂1+(1−𝑐1)𝜂2 where 𝜂1 and 𝜂2 are the 
viscosities of species 1 and 2 respectively, following common methods 
in multiphase CFD e.g., see (Deshpande et al., 2012). Variations in 
the interfacial tension arising due to temperature and composition 
effects that may occur for example when one or more species behave 
as a surfactant can be captured by modifying 𝜅 to incorporate such 
dependencies (Lamorgese and Mauri, 2016).

Both the binary (58) and ternary (62) PFMs with/without convec-
tion can form the basis of meaningful modeling of LNP formation with 
careful use. For example, the binary PFM can be used to approximate a 
ternary system and analyze the precipitation of a single lipid/polymer 
in the presence of an nonsolvent (e.g., see (Hopp-Hirschler and Nieken, 
2018; Keßler et al., 2016)). Similarly, the ternary PFM, which is capable 
of demonstrating a diverse range of morphologies/patterns (Inguva 
et al., 2020; Nauman and He, 1994), can characterize the precipitation 
of two species with the addition of a nonsolvent. Strategic choices of 
the initial and boundary conditions can also be considered to better 
describe the actual process. Exemplar simulations of the binary and 
ternary Cahn–Hilliard equations are shown in Fig.  9.

To fully describe the physics of a modern LNP formulation, the 
PFM would need to account for 4 or more species (i.e., lipids + RNA 
+ Water + Ethanol), the complex thermodynamic and electrostatic 
interactions between some of the species, and shearing effects from the 
mixing process among other effects. It may also be useful to incorpo-
rate reactive terms into the PFM which can be used to describe the 
formation of colloidal aggregates (Petersen et al., 2018; Bazant, 2013). 
The process is also inherently multi-scale as reactor-scale conditions 
such as solvent composition from mixing and fluid flow properties 
have an impact on the LNP structure formation. To our knowledge, 
the development and use of such a complex PFM in a multi-scale 
manner has yet to be undertaken in the literature. This is not surprising 
as requisite developments e.g., extensions to multiple components, 
coupling to other conservation equations, and numerical methods are 
still active areas of research. Consequently, a progressive approach 
where complexity is sequentially added to the PFM, with corresponding 
model benchmarking and validation at each step, will help in model 
development. Advances in adjacent fields can be leveraged to guide 
model formulation and solution. Particularly noteworthy areas include 
polymer precipitation (Inguva et al., 2021; Keßler et al., 2016; Vonka 
and Kosek, 2012), polymeric membrane formation (Hopp-Hirschler 
and Nieken, 2018; Zhou and Powell, 2006), protein–RNA complex 
formation (Natarajan et al., 2023; Grasselli et al., 2023; Gasior et al., 
2020), and lipid membrane structure formation (Arnold et al., 2023; 
Zhiliakov et al., 2021).

4.6. Meso- and molecular-scale methods

Most of the approaches discussed above might be considered under 
the umbrella of continuum approaches where many of the degrees 
of freedom involved in the LNP system, such as bond vibrations and 
molecular orientation, have either been neglected or averaged over. 
When studying certain phenomena, such as particle diffusion or macro-
scale structures, these degrees of freedom can have a significant impact. 
Solving the equations which represent the LNP system analytically is 
intractable. This motivates the use of meso- or molecular scale methods 
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Fig. 9. Exemplar phase-field model simulations of binary and ternary polymer blends using a Cahn–Hilliard model with degenerate mobility and logarithmic free potential on 
different geometries. Details of the simulation conditions can be found in the code repository. The color bars indicate the fraction of a species at a given point in space.
Fig. 10. Different levels of representations of lipid-319 within molecular dynamics 
simulations: all-atom (left), unified-atom (center) and coarse-grained (right). Orange 
beads represent carbon atoms/alkyl groups, red beads represent oxygen atoms/car-
boxylic groups, blue beads represent nitrogen atoms/amine groups and white beads 
represent hydrogen atoms.

such as Molecular Dynamics (MD) simulations to explicitly account for 
all these degrees of freedom.

The most rigorous approach (with the exception of hybrid ab initio
methods) would use an all-atom (AA) representation of the species 
(left-most representation in Fig.  10) where all atoms are accounted for 
explicitly. The parameters required to represent these species can be 
obtained from various standardized force fields (OPLS (Jorgensen et al., 
1996), AMBER (Case et al., 2023), CHARMM (Brooks et al., 2009), 
etc.), which are compatible with most of the popular MD simulation 
packages (LAMMPS (Thompson et al., 2022), GROMACS (Abraham 
et al., 2015), OpenMM (Eastman et al., 2017), etc.). The challenge 
with this level of representation is the computational cost in simulating 
large systems. The smallest length (≥ 100 nm) and time (≥ 1 ms) 
scales of relevance for simulating LNP production is infeasible with any 
reasonably sized high-performance computing resources. As such, while 
all-atom resolution is desired, it is often more practical to simulate 
subsystems of the larger LNP system. For example, Trollmann and 
Böckmann (2022) used the CHARMM36 forcefield within GROMACS 
to study the pH-driven phase transition of the Comirnaty vaccine LNP 
by examining a lipid bilayer (19.1 nm thick) over a 4 ms simulation 
composed of the same components present in the full LNP. Indeed, 
this is the typical scale for performing all-atom simulations of lipid 
membranes (Feller, 2000; Gumbart et al., 2005; Lindahl and Sansom, 
2008; Settanni et al., 2022) which is still capable of extracting in-
formation relevant to the full system. Attempting to simulate larger 
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systems would be computationally challenging, not only due to the 
increased number of atoms being simulated, but the time required to 
equilibrate the system before even performing production simulations 
would dramatically increase as the magnitude of the slowest relaxation 
time will surely increase. Trollmann and Böckmann (2022) managed to 
simulate a 35-nm diameter LNP by restricting their system to maintain 
a spherical shape, at the cost of no longer being able to study the 
dynamics of the system.

The more common approach to simulate large-scale systems is to 
simply remove degrees of freedom within the system. For example, 
hydrogen atoms, due to their small size and rapid vibrations, can often 
be grouped with the heavy atom with which they are bonded into 
one larger group, resulting in a united-atom (UA) representation of 
the molecule (center representation in Fig.  10). As hydrogen atoms 
can sometimes represent half of all atoms present in a system, this 
treatment can augment the length and time scales accessible within MD 
simulations. For such representations, force fields such as CHARMM 
(Lee et al., 2014) and OPLS (Jorgensen et al., 1984) both provide 
UA variants, compatible with the various MD simulation packages. In 
the case of the CHARMM forcefield, a GUI has been developed where 
users can easily generate lipid bilayers to perform the simulations, 
bypassing much of the difficulty associated with initializing the sim-
ulations. While such approaches have not been used to study LNPs 
specifically as of yet, they have been used to study lipid bilayers (Lee 
et al., 2014; Das et al., 2019) and small micelles (Jorge, 2008; Roussel 
et al., 2014), with structural properties proving to be very similar to 
those obtained from all-atom simulations. Unfortunately, even with 
this simpler representation, the computational cost is still too great to 
simulate large-scale systems.

Reaching the desired length scales requires dramatically simplifying 
the representation of species within the system such that multiple 
functional groups are represented by a single bead. Such a represen-
tation is often referred to as coarse-grained (CG); an example of such 
a representation is shown on the right in Fig.  10. The objective of 
this representation is to maintain some structural information about 
the molecule, as well as some information regarding the types of 
interactions between functional groups. In principle, the force field 
parameter is adjusted to maintain some accurate representation of true 
system. In the case of the MARTINI force fields (Souza et al., 2021), 
numerous studies have been conducted to study LNPs (and similar 
systems) (Lindahl and Sansom, 2008; Bochicchio et al., 2017) where, 
through much benchmarking (Roussel et al., 2014; Das et al., 2019), 
they have demonstrated being capable of reproducing results from all-
atom representations. Another example of a CG approach would be 
dissipative particle dynamics (DPD) simulations where molecules are 
now represented by a few (sometimes a single) bead, practically losing 
the chemical identity of the molecule. In both of these approaches, 
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the simplified approach allows researchers to study larger systems 
over larger time scales. In the case of DPD specifically, the improved 
representation of hydrodynamic interactions allows for a more accurate 
prediction of dynamic properties, as has been demonstrated in the 
case of lipid membranes (Yang and Ma, 2010; Angioletti-Uberti, 2017; 
Yong and Du, 2023), which would be almost inaccessible for all-atom 
approaches.

Regardless of which resolution is chosen when performing MD simu-
lations, the subsequent analysis of trajectories and evaluation of specific 
properties require the use of tools such as MDAnalysis (Michaud-
Agrawal et al., 2011), mdcraft (Ye et al., 2024), or TRAVIS (Brehm 
et al., 2020). In the case of the former, the package has been developed 
to enable user customization, as many of the studies cited in this 
section have done. However, an additional aspect to be aware of when 
performing MD simulations is that only one particular mode of interac-
tion (for example, binding between ionizable lipids and mRNA, or the 
interaction between a lipid and the LNP interface) may be of interest. 
It is possible to use sampling methods to modify the simulations to 
study these interactions specifically. Such techniques can also be used 
to study interactions whose relaxation times are particularly slow and 
would require lengthy simulations to properly sample (an example 
of these techniques includes Replica-Exchange Molecular Dynamics). 
In recent years, these sampling techniques have been supplemented 
with Machine Learning, such as OPES, to significantly accelerate the 
sampling process. Packages such as PLUMED (Bonomi et al., 2009) 
and PySAGES (Rico et al., 2023) allow users to apply such techniques 
to their simulations and are compatible with multiple standard MD 
packages.

5. Model-based systems engineering

The Quality-by-Design (QbD) framework, as articulated in the rel-
evant regulatory guidance (U.S. Food and Drug Administration, 2009; 
Yu et al., 2014) highlights the importance of establishing relationships 
(i.e., models) between the critical process parameters (CPPs) in phar-
maceutical manufacturing processes and the critical quality attributes 
(CQAs). It is highly desired that the established models can provide in-
sight into the underlying physicochemical phenomena occurring within 
the process while enabling the interpretation of conditions beyond 
experimentation. These high-quality models, along with quality risk 
assessment, can further support the design of effective controllers for 
process regulation.

Section 4 describes modeling strategies for LNP production. Facil-
itated by the proposed process models, experiments can be optimally 
designed and planned to refine and validate the models, particularly 
focusing on identifying unspecified parameters in the proposed models. 
With the accessible CPPs and CQAs of interest in Fig.  2, the models in 
Section 4 can be employed for the design of controls and soft sensors.

5.1. Model-based experiment design

Statistical experiment design is a widely adopted approach for 
strategically planning experiments. Employing first-principles models 
in the experimental design can yield the most informative data in 
terms of minimizing uncertainty in the estimated model parameters 
(Franceschini and Macchietto, 2008; Abt et al., 2018; Shahmohammadi 
and McAuley, 2020).

As discussed in Section 4, the LNP formation process can be modeled 
by a set of integropartial differential–algebraic equations. These models 
can be represented as 
𝒇 (𝒙(𝒓, 𝑡),𝒙𝑡(𝒓, 𝑡),𝒙𝒓(𝒓, 𝑡),𝒙𝒓𝒓(𝒓, 𝑡), 𝒖𝑐 (𝒓, 𝑡);𝜽1,𝜽2, 𝑡) = 0

𝒚(𝑡) = 𝒉(𝒙(𝒓, 𝑡))
(66)

where 𝒇 (⋅) is the function comprising state variables 𝒙(𝒓, 𝑡), their deriva-
tives with respect to position vector 𝒓 and time 𝑡, and manipulated 
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variables 𝒖𝑐 (𝒓, 𝑡); 𝜽1 and 𝜽2 are sets of specified and unspecified pa-
rameters, respectively; and 𝒉(⋅) is the function relating the state and 
output variables 𝒚(𝑡). The system properties of interest are selected as 
the state variables, such as the mass 𝑀 in (9), velocity 𝒖 in (14), and 
species density 𝑛 in (51). Based on these equations, the corresponding 
manipulated variables 𝒖𝑐 (𝒓, 𝑡) can be mass flowrates 𝐹 𝑖 and species 
concentrations of the inlet flowrates. Usually the spatial derivatives 
and any integrals are approximated, which is known as the numerical 
method of lines (Schiesser, 1991). This procedure results in a set of 
differential–algebraic equations of the same general form as (66) but 
without having an explicit dependency on the spatial derivatives. To 
simplify the nomenclature, the rest of this section assumes that the 
numerical method of lines or an alternative method for removing the 
spatial derivatives and integrals has been applied. This assumption 
can be removed with small adjustments, although with more complex 
nomenclature.

Given the parametric model (66) and experimental data, methods 
to estimate the unspecified parameters include maximum likelihood 
estimation (Bogaerts and Wouwer, 2004; Canova et al., 2023; Destro 
et al., 2023), ordinary least squares (Souza and Junqueira, 2005), and 
Bayesian estimation (Hermanto et al., 2008; Candy, 2016). The aim of 
these approaches is to identify values of 𝜽2 that minimize the prediction 
error 𝝐(𝜽2, 𝑡) between the predicted model outputs 𝒚̂(𝑡) and the observed 
data 𝒚meas(𝑡) (Ljung, 1998), i.e., 

𝜽̂2 = argmin
𝜽2
𝑽 𝑳

(

𝝐(𝜽2, 𝑡)
)

(67)

where 𝑽 𝑳 is a scalar-valued function of the prediction error, with a 
widely used choice being a quadratic function, 𝑽 𝑳 = 1

2
𝝐⊤(𝜽2, 𝑡)𝜮−1

𝝂 𝝐(𝜽2, 𝑡),
where 𝜮𝝂 is the covariance matrix of the measurement errors.

By evaluating the shape of the parameter likelihood function, the 
uncertainty of the parameter estimates can be quantified by a multivari-
ate probability distribution function (pdf), which can be represented 
equivalently in terms of 100(1 − 𝛼)% confidence regions with 𝛼 ∈
(0, 1). Integrals of the multivariate pdf can be taken to construct the 
single-parameter pdfs for each parameter, which can be represented 
equivalently in terms of a confidential interval (Beck and Arnold, 
1977). Any estimated parameter for which the confidence interval is 
unbounded is not structurally or practically identifiable (Raue et al., 
2009; Wieland et al., 2021; Canova et al., 2023), in which case some 
of the predicted states may be inaccurate. Whether the parameter 
uncertainties result in poor accuracy of the predictions of interest 
can be assessed by propagating the model uncertainties through the 
process model to calculate prediction intervals for the model outputs 
of interest, e.g., the CQAs (e.g., (Nagy and Braatz, 2003b, 2007)). The 
process model and its uncertainties can be directly incorporated into 
the experimental design procedure, for a variety of objective functions, 
including minimization of the uncertainty in the model parameters or 
the prediction errors, and distinguishing between alternative hypothe-
sized mechanisms (Cho et al., 2003; Togkalidou et al., 2004; Bandara 
et al., 2009; Kutalik et al., 2004; Donckels et al., 2009).

5.2. Model-based control design

The CQAs for well-designed continuous processes are often con-
trollable using proportional–integral–derivative (PID) controllers (Lak-
erveld et al., 2015). Model-based control can provide better product 
quality for processes that have strong multivariable interactions and/or 
often operate near constraints. The process models introduced in Sec-
tion 4 can be incorporated into such control designs, either directly 
or indirectly through construction of a reduced-order model (Paulson 
et al., 2018). Model-based controllers can be desired to adapt to sys-
tem changes (Gutierrez et al., 2014; Oravec et al., 2018; Hong and 
Braatz, 2021). Model-based control strategies that have been used in 
manufacturing processes include feedforward control (Ohkubo et al., 
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2023), linear quadratic regulation (Kanwar et al., 2022), model refer-
ence adaptive control (Dochain and Perrier, 1998; Quo et al., 2011) 
and model predictive control (MPC) (Mesbah et al., 2017; Hong and 
Braatz, 2021). An optimal control formulation associated with the MPC 
strategy is 

min
𝒖𝑐 (𝑡)

𝐽 = ∫

𝑇𝑓

0
𝛷(𝒙(𝑡), 𝒖𝑐 (𝑡), 𝑡)𝑑𝑡

subject to:
model equations in (66)
𝒖𝑐LB ≤ 𝒖𝑐 (𝑡) ≤ 𝒖𝑐UB
𝒙LB ≤ 𝒙(𝑡) ≤ 𝒙UB

(68)

In this optimization, the manipulated variables 𝒖𝑐 (𝑡) are determined to 
minimize the control objective 𝐽 , representing the objective function 
𝛷 integrated over the time horizon [0, 𝑇𝑓 ]. The objective function 
for a continuous process is typically the mean-squared error of the 
difference between the measured and desired CQAs over a prediction 
horizon while penalizing sharp moves in the manipulated variables 
over a control horizon.1 In this optimization formulation, the future 
manipulated variables are required to satisfy the model equation as well 
as input and state bounds, 𝒖𝑐 (𝑡) ∈ [𝒖𝑐LB, 𝒖

𝑐
UB] and 𝒙(𝑡) ∈ [𝒙LB, 𝒙UB].

As discussed in the previous section, the model equations, (68), 
are typically represented as ordinary differential equations (ODEs) or 
differential–algebraic equations (DAEs), which can be derived from the 
governing PDEs using such methods as polynomial approximation, the 
method of moments, the method of weighted residuals, and the finite 
difference, volume, or element methods applied to the spatial variables. 
Such methods have been applied for MPC design for the regulation of 
particle size distribution (e.g., (Nagy and Braatz, 2012)), which is one 
of the critical attributes in LNP production.

5.3. Model-based sensing strategy

When direct measurement of a physical property of interest becomes 
time-consuming, infeasible, or challenging, as is the case for many LNP 
properties and quality attributes (especially in a production setting), 
the integration of process models with analytical measurement data 
can be employed to implement a soft sensors (Golabgir et al., 2015; 
Mears et al., 2017; Jiang et al., 2021). Based on state estimation 
algorithms, these soft sensors can leverage the inherent relationships 
between accessible variables to estimate physical quantities that are ei-
ther unmeasurable or challenging to measure. State estimators include 
Luenberger observers (Duan et al., 2020), extended Kalman filters (de 
Assis and Filho, 2000), and Bayesian estimators (Mesbah et al., 2011). 
Most state estimators can be written in the form, 
̇̂𝒙(𝒓, 𝑡) = 𝒇 (𝒙̂(𝒓, 𝑡), 𝒖𝑐 (𝒓, 𝑡);𝜽1,𝜽2) +𝑳(𝒚(𝑡) − 𝒚̂(𝑡)),

𝒚̂(𝑡) = 𝒉(𝒙̂(𝒓, 𝑡)),
(69)

where values of 𝜽2 have been credibly identified and specified, 𝑳 is the 
observer gain, and 𝒙̂(𝒓, 𝑡) is the state estimate or the physical quantity 
of interest to be estimated.

The literature on soft sensors for bioprocesses is well established. 
For instance, consider the estimation of the specific growth rate of a 
recombinant Escherichia coli strain by using the measured heat flow 
produced by the cells and applying balance equations of biomass and 
heat (Biener et al., 2010). An alternative state estimator based on 
measurable ammonia titration can achieve the same purpose (Sund-
ström and Enfors, 2008). Given such state estimates, regulation of 
the specific growth rate becomes straightforward while ensuring the 
minimization of growth-inhibitory byproducts. State estimator designs 

1 For batch and fed-batch processes, the objective function is typically 
defined as the closeness of the CQAs to their desired values at the end of 
the process (Nagy and Braatz, 2003a).
20 
of similar depth have been developed for the estimation of many 
other properties (Komives and Parker, 2003). State estimators have 
also been demonstrated for bioprocess operations modeled by PDEs, 
including simulated moving bed chromatography (Küpper et al., 2009) 
and lyophilization (Srisuma et al., 2023).

Given that rich literature on state estimation for bioprocessing, it 
is reasonable to expect that similar state estimation design strategies 
will be applicable to the continuous production of LNPs, which can 
be used in a real-time monitoring system for promptly identifying and 
addressing variations in the specified CQAs outlined in Fig.  2 and Table 
3. Similar to other biotherapeutic manufacturing applications (Krämer 
and King, 2019; Golabgir and Herwig, 2016; Narayanan et al., 2020a) 
– by leveraging online and offline analytical techniques as highlighted 
in Table  3 and the models proposed in Section 4 – real-time sensing 
strategies can be developed for the measurable and unmeasurable 
specifics of LNP production.

6. Outlook

LNPs are and will likely continue to remain an important delivery 
platform for nucleic acid therapeutics which are currently seeing in-
tense levels of research and development, both from a drug discovery 
and manufacturing perspective. To that end, advances in the funda-
mental understanding of LNP formation will be essential to support 
both product and process development. In this article, we have outlined 
how various classes of mathematical modeling tools can be employed 
to study LNPs and improve their manufacturing. Such an endeavor 
will require adopting a multiscale approach where information from 
mixer-scale models (e.g., mass balances/CFD) need to be cascaded 
down to smaller-scale models (e.g., phase-field models) while insights 
from more detailed methods can be used to refine simpler models. We 
advocate for interested readers to adopt a progressive approach when 
developing models, whereby model development and experimental val-
idation are first carried out on simpler systems (e.g., liposomal systems 
or LNPs with simpler formulations) prior to embarking on modeling a 
novel NAT-LNP system.

While the development and use of such modeling strategies in 
the context of NAT-LNPs is nascent, this state of affairs should be 
viewed as an exciting opportunity for impactful fundamental and trans-
lational research. For some classes of models (e.g., CFD/population 
balance modeling), the basic know-how and tools are already well-
established in the literature and adapting these methods to study 
LNP formation should be comparatively straightforward. Other classes 
of models (e.g., predictive thermodynamic modeling and phase-field 
modeling) likely require significant advances in the state of the art 
to be sufficient for describing NAT-LNP systems. However, simplified 
versions of these methods (e.g., phase-field models for binary/ternary 
mixtures) can still have utility if employed judiciously. For all classes 
of models, rigorous validation with experimental data is necessary, but 
can be challenging to do so considering the complexity and/or cost of 
measuring specific aspects of the LNPs such as its internal structure. 
Concomitant advances in analytical methods and sensor technology 
will be invaluable for supporting model development and deepening 
product/process understanding.

Nomenclature

 Symbol Description Units 
 Transport Properties  
 𝑟 Radius of gyration m  
 𝜇 Viscosity Pa s  
 𝑘 Boltzmann constant J K−1 

 𝑇 Temperature K



P.K. Inguva et al.

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 
 
 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Biotechnology Advances 84 (2025) 108643 
 𝑁𝑛 Number of nucleotides m  
 𝐷𝐴𝐵 Diffusivity coefficient m2 s−1  
 𝐷0 Diffusion of solvent m2 s−1  
 𝐷𝑟 Rotational diffusivity rad2 s−1  
 𝐷𝑡 Translational diffusivity m2 s−1  
 𝜉 Correlation length m  
 𝑘hydro Hydrodynamic interaction parameter –  
 𝑁𝑝 Degree of polymerization –  
 𝑀𝑟 Molecular weight gmol−1  
 𝑎 Length of a monomer m  
 Thermodynamic Properties  
 𝐴 Helmholtz free energy J  
 𝜇 Chemical potential Jmol−1  
 𝑛 Moles mol  
 𝑉 Volume m3  
 𝑇 Temperature K  
 𝛾 Activity coefficient –  
 𝑥 Molar fraction molmol−1  
 𝑅 Universal gas constant J K−1 mol−1 
 𝐾 Partition coefficient –  
 𝐺 Gibbs free energy J  
 𝑝 Pressure Pa  
 𝑍 Charge –  
 𝜙 Phase fraction –  
 𝜓 Electrochemical potential difference Jmol−1  
 Mass and Energy Balances  
 𝑀 Total mass holdup in the mixer g  
 𝑀𝑗 Mass holdup of species 𝑗 in the mixer g  
 𝐹 𝑖 Mass flowrate of stream 𝑖 g s−1  
 𝑥𝑖𝑗 Mass fraction of species 𝑗 in stream 𝑖 –  
 𝐾𝐷,𝑗 Partition coefficient of species 𝑗 between 

LNP and raffinate phases
–  

 𝐻 Total enthalpy holdup in the mixer J  
 ℎ𝑖 specific enthalpy of stream 𝑖 J g−1  
 Computational Fluid Dynamics  
 𝒖 Velocity of the fluid ms−1  
 𝜌 Density of fluid kgm−3  
 𝑝 Pressure of fluid kgm−1 s−2  
 𝑇 Temperature of fluid K  
 𝝉 Viscous stress tensor kgm−1 s−2  
 𝒃 Body force per unit mass m2 s−1  
 ⟨𝒖⟩ Ensemble-averaged velocity of fluid ms−1  
 ⟨𝑝⟩ Ensemble-averaged pressure of fluid kgm−1 s−2  
 ⟨𝝉⟩ Ensemble-averaged viscous stress tensor kgm−1 s−2  
 ⟨𝝉 ′⟩ Reynolds stress kgm−1 s−2  
 𝒖 Filtered velocity of fluid ms−1  
 𝑝 Filtered pressure of fluid kgm−1 s−2  
 𝝉 Filtered viscous stress tensor kgm−1 s−2  
 𝝉̃ Sub-grid scale (SGS) stress kgm−1 s−2  
 𝑱̃ Sub-grid scale (SGS) scalar flux –  
 𝜇 Viscosity of fluid kgm−1 s−1  
 𝐷𝑤𝑒 Mass diffusivity of water–ethanol mixture m2 s−1  
 𝐶𝑝𝑚 Specific heat capacity of water–ethanol 

mixture
J kg−1 K−1  

 𝜅𝑚 Thermal diffusivity of water–ethanol 
mixture

m2 s−1  

 𝑆ℎ Heat of water–ethanol mixing J s−1  
 𝑘 Turbulent kinetic energy m2 s−2  
 𝜇𝑡 Turbulent viscosity kgm−1 s−1  
 𝑆𝑘 Source of turbulent kinetic energy kgm−1 s−3  
 𝜀 Turbulent dissipation rate m2 s−3  
 𝜅 von Kármán constant −  
 𝑆𝜀 Source of turbulent dissipation kgm−1 s−4  
 𝜑 Volume fraction of ethanol –  
 𝜌𝑤 Density of water kgm−3  

 𝜌𝑒 Density of ethanol kgm−3
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 𝜌𝑚 Density of mixture kgm−3

 𝜇𝑤 Dynamic viscosity of water kgm−1 s−1

 𝜇𝑒 Dynamic viscosity of ethanol kgm−1 s−1

 𝜇𝑚 Dynamic viscosity of mixture kgm−1 s−1

 𝜆𝐾 Kolmogorov length scale m
 𝜆𝐵 Batchelor length scale m
 [mRNA] Concentration of mRNA per convention
 [L𝑖] Concentration of ionic lipid per convention
 [L𝑛] Concentration of neutral lipid per convention
 [LNP] Concentration of LNP per convention
 𝑉 Electric potential in the fluid kgm2 s−3 A−1

 𝑒 Elementary charge As
 𝑘𝐵 Boltzmann constant J K−1

 𝜖𝜖𝑟 Dielectric constant of fluid A2 s4 kg−1 m−3

 𝐷mRNA Molecular diffusivity of mRNA m2 s−1

 𝐷L𝑖 Molecular diffusivity of ionic lipid m2 s−1

 𝐷L𝑛 Molecular diffusivity of neutral lipid m2 s−1

 𝐷LNP Molecular diffusivity of LNP m2 s−1

 𝐷𝑡,mRNA Total diffusivity of mRNA m2 s−1

 𝐷𝑡,L𝑖 Total diffusivity of ionic lipid m2 s−1

 𝐷𝑡,L𝑛 Total diffusivity of neutral lipid m2 s−1

 𝐷𝑡,LNP Total diffusivity of LNP m2 s−1

 𝑝1 Probability of environment containing pure 
water

–

 𝑝2 Probability of environment containing pure 
ethanol

–

 𝑝3 Probability of environment containing a 
mixture of water and ethanol

–

 𝐺1, 𝐺𝑠,1 Micromixing function in environment 1 s−1

 𝐺2, 𝐺𝑠,2 Micromixing function in environment 2 s−1

 𝑀 (3),𝑀 (3)
𝑠 Micromixing functions for scalar transport 
in environment 3

–

 𝛾, 𝛾𝑠 Micromixing constants s−1

 ⟨𝜉⟩3 Fraction of ethanol in environment 3 –
 𝐅st Interfacial force per unit volume 3 kg s−2 m−2

 𝛼𝑞 Volume fraction of phase 𝑞 −
 𝜌𝑞 Density of phase 𝑞 kgm−3

 𝐮𝑞 Velocity of phase 𝑞 ms−1

 𝐮dr Slip velocity between phases ms−1

 𝜏𝑞 Stress tensor for phase 𝑞 kgm−1 s−2

 𝐌𝑞 Rate of momentum exchange per unit 
volume between phases

kgm−2 s−2

 𝑚𝑝 Mass of particle 𝑝 kg
 𝐮𝑝 Velocity of particle 𝑝 ms−1

 𝐟𝑑 Drag force on particle 𝑝 kgm s−2

 𝐟𝑔 Gravitational force on particle 𝑝 kgm s−2

 𝐟𝑐 Collision force on particle 𝑝 kgm s−2

 Population Balance Models
 𝑛(𝐿, 𝑡) Number density m−4

 𝑉 Volume of LNP m3

 𝐿 Size of LNP m
 𝜆 Size of LNP m
 𝐺 Growth rate ms−1

 𝑘1 Nucleation kinetic constants s−1

 𝑘2 Growth kinetic constants m3 s−1

 𝐿0 Size of nucleated LNP m
 𝑆 Source term m−4 s−1

 𝐵𝑛 Birth rate due to nucleation m−4 s−1

 𝐵𝑎 Birth rate due to agglomeration m−4 s−1

 𝐷𝑎 Death rate due to agglomeration m−4 s−1

 𝐵𝑏 Birth rate due to breakage m−4 s−1

 𝐷𝑏 Death rate due to breakage m−4 s−1

 𝛽 Aggregation kernel m3 s−1

 𝑏 Breakage kernel s−1
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 𝑠 Selection function –  
 𝑆 Supersaturation ratio –  
 𝛼𝑖 Stoichiometric coefficient –  
 𝑎, 𝑚, 𝐵, 𝑛𝑏, 𝑛𝑔 Fitted parameter –  
 Phase-Field Models  
  Total free energy of the system J  
 𝑓 Homogeneous free energy Jm−3  
 𝑐𝑖 Concentration of species 𝑖 –  
 𝜅𝑖 Self-gradient energy parameter Jm−1  
 𝜅𝑖𝑗 Cross-gradient energy parameter Jm−1  
 𝑉 Volume of system m3  
 𝜇𝑖 Chemical potential of species 𝑖 Jmol−1  
 𝜇𝑖𝑗 Difference in chemical potential 

between species 𝑖 and 𝑗
Jmol−1  

 𝐉𝑖 Flux of species 𝑖 molm−2 s−1  
 𝐿 Mobility coefficient mol2 s−1 m−1 J−1 
 𝐮 Velocity ms−1  
 𝜌 Fluid density kgm−3  
 𝑝 Fluid pressure Pa  
 𝜂 Fluid viscosity Pa s  
 𝐅𝑏 Coupling surface tension body 

force
Jm−2  

 Model-Based Systems Engineering  
 𝒙 State variable –  
 𝒙̂ State estimate –  
 𝒖𝑐 Controllable variable –  
 𝒓 Position vector in continuous 

phase
–  

 𝜽1 Specified parameter –  
 𝜽2 Unspecified parameter –  
 𝜽̂2 Unspecified parameter estimate –  
 𝒇 (⋅) System function –  
 𝒉(⋅) System output function –  
 𝝐 Prediction error –  
 𝒚 Model output –  
 𝒚̂ Model predicted output –  
 𝒚𝑚𝑒𝑎𝑠 Observed output –  
 𝑽 𝑳 Scalar-valued function –  
 𝜮𝝂 Covariance matrix of 

measurement errors
–  

 𝐽 Control objective –  
 𝛷 Objective function –  
 𝑇𝑓 Time horizon s  
 𝑳 Observer gain –  

Availability of code

Example codes for implementing the various models and tech-
niques discussed in the manuscript can be found at https://github.com/
pavaninguva/LNP_Models.
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