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ABSTRACT

In one important chemical engineering unit operation of messenger ribonucleic acid (mRNA) vaccine manufacture, the precious mRNA
payload is encapsulated in lipid nanoparticles (LNPs). Recent elegant cryogenic-transmission electron microscopy [Brader et al., Biophys. J.
120, 2766 (2021)] reveals that these lipid nanoparticles take the form of dumbbell suspensions. When encapsulating their mRNA payloads,
these dumbbells can be both lopsided and interpenetrating, with the smaller of the two beads carrying the payload. In this work, we arrive at
analytical expressions for these suspensions of lopsided lipid nanoparticle dumbbells encapsulating mRNA payloads. For this, we first exploit
rigid dumbbell theory [Abdel-Khalik and Bird, Appl. Sci. Res. 30, 268 (1975)], which relies on the orientation distributions of the lopsided
dumbbells, to predict the suspension rheology, and specifically to predict how this departs from Newtonian behavior. We next exploit elastic
dumbbell theory [Phan-Thien et al., Phys. Fluids 36, 071707 (2024)], which also relies on the orientation distributions of the lopsided
dumbbells and to which we add dumbbell stretching. Our results include analytical expressions for the relaxation time, rotational diffusivity,
zero-shear viscosity, shear stress relaxation function, steady-shear viscosity and both the viscous part and minus the elastic part of the
complex viscosity. We determine the rotational diffusivity of the mRNA-loaded lipid nanoparticle nanodumbbells from small-amplitude
oscillatory shear measurements.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0251449

I. INTRODUCTION

In a vital step of mRNA vaccine production, the valuable messen-
ger ribonucleic acid (mRNA) payload is encapsulated in lipid nanopar-
ticles. Recent elegant cryogenic-transmission electron microscopy1–5

reveals these lipid nanoparticles take the form of nanodumbbell sus-
pensions. These nanodumbbells are disperse. Their lengths differ
broadly, and so do their bead diameters, and so does their lopsided-
ness.5 Moreover, their lipid nanoparticle shapes are also distributed,
with some nanospheres, and other more exotic planar configurations
involving three or four separate encapsulations.5

When encapsulating their mRNA payloads, the nanodumbbells
can be both lopsided and interpenetrating, with the smaller of the two
beads carrying the payload. In this work, we arrive at analytical expres-
sions for these suspensions of lopsided lipid nanoparticle dumbbells
encapsulating mRNA payloads. For this, we exploit both (i) rigid
dumbbell theory,6 and (ii) elastic dumbbell theory.7,8 Romanette (i)
relies on the orientation distributions of the lopsided dumbbells to pre-
dict the suspension rheology, and specifically to predict how the nano-
dumbbell orientation causes these suspensions to depart from
Newtonian behavior. Romanette (ii) also relies on the orientation

distributions of the lopsided dumbbells to which Hookean dumbbell
stretching is added. The Hookean dumbbell thus offers the prospect of
exploring the role of mRNA lipid nanodumbbell extensibility on the
rheology of their suspension. While Hookean dumbbells can lengthen
and shorten, they can neither twist nor bend.

Our results include analytical expressions for the relaxation time,
rotational diffusivity, zero-shear viscosity, shear stress relaxation func-
tion, steady-shear viscosity, and both the viscous part and minus the
elastic part of the complex viscosity.

Whereas the preferred morphology for the vaccine might be
mRNA encapsulated in a spherical lipid nanosphere,9 the predominant
morphology is the nanodumbbell.5 Why this is so is not understood.
The lopsidedness of the nanodumbbells may be due to the anionic
payload and cationic lipid encapsulants. If so, the more lopsided the
nanodumbbell, the more mRNA strands its blebs will contain. This
hypothesis should be tested. It is known that, in practice, the average
number of mRNA encapsulations per lipid nanoparticle is not a single
count but ranges between 3 and 5.10

In the precipitation step of mRNA vaccine manufacture, mRNA
is encapsulated in lipid nanoparticles.2 This encapsulation stabilizes
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the mRNA and packages it for vaccine delivery.11 Detailed cryo-
electron microscopy or atomic force microscopy of these encapsula-
tions reveals dumbbell-shaped nanoparticles, with one bead of the
dumbbell containing the mRNA payload and the other bead empty
(Fig. 3 of Ref. 2; Figs. 1 and 2 of Ref. 1; upper right and lower left of
Fig. 1 of Ref. 3; Fig. 2BC of Ref. 4; Fig. 3.a of Ref. 5; Fig. 2 of Ref. 12;
Fig. 5.c of Ref. 39). We call these encapsulates nanodumbbells, whose
shapes are described by three dimensions: two bead diameters, (i) one
for the payloaded bead, dp, and (ii) another for the other, db, and (iii)
the length between these bead centers, L. The payloaded bead is usually
smaller than the other

dp < db; (1)

and the two beads normally interpenetrate:

L <
1
2

dp þ db
� �

: (2)

When Eq. (1) holds, the dumbbell is said to be lopsided,6–8 as illus-
trated in Figs. 1–3. Since the mRNA encapsulate is not dragged

through fluid (see Fig. 3), it does not contribute to resisting reorienta-
tion of the lopsided dumbbell. We call this exclusion screening (see
Sec. 13.7 of Ref. 13 and also Ref. 14). When both Eqs. (1) and (2) hold,
the payloaded bead is called a bleb. If the interpenetrating payloaded
bead is much smaller than its counterpart (say, dp � 3

4 db), the bleb is
called a blister. We find these important lipid nanodumbbell suspen-
sions to be intrinsically beautiful, and we devote this paper to deriving
expressions for their transport properties from general rigid bead-rod
theory (also called rotarance theory). Tables I and II define, respec-
tively, the symbols used herein, dimensional and dimensionless.

In macromolecular theory, even within the same chapter of text-
books, the word lopsided is used in two completely different ways. In
the context of dumbbell suspension theory, lopsided means that one
bead differs from the other [Eq. (1); row 2 of Table XIII.IV-I of Ref. 13
and row 2 of Table XVI.IV-I of Ref. 15]. By contrast, in the context of
rotarance theory, lopsided means something entirely different. In this
context, lopsided means that the moment of inertia of the

FIG. 1. Representative cryogenic-transmission electron micrography of (a) symmet-
ric and (b) predominant morphology of payloaded LNP nanodumbbell (from Fig. 3
of Ref. 2). Figure 2 models (b). Reproduced with permission from Brader et al.,
Biophys. J. 120, 2766–2770 (2021). Copyright 2021 Elsevier (Cell Press).

FIG. 2. Characteristic dimensions of predominant morphology [Panel (b) of Fig. 1],
interpenetrated lopsided dumbbell lipid nanoparticle. The center-to-center distance,
L, bead devoid of payload diameter, db, payload bead diameter, dp and waistline
diameter, d‘. For this example, dp=db ¼ 4=5, and L=dp ¼ 9=10.

FIG. 3. Isometric view of model of Fig. 2.
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macromolecule about the molecular axis divided by the moment
about either transverse axis is not one, that is, that I3=I1 6¼ 1 or
that I3=I2 6¼ 1. Otherwise put, in rotarance theory, lopsided means not
spherically symmetric. For dumbbells, be they lopsided or not, I3=I1 ¼

0 (example 13.6–1 of Ref. 13; example 16.7–1 of Ref. 15; see also Eq.
(3) in Ref. 16). In this paper, going forward, lopsided always means
one bead differing from the other, and specifically, db=dp > 1.
Therefore, lopsidedness in the context of dumbbell suspension theory

TABLE I. Dimensional variables. Legend: M � mass, L � length, t � time.

Name Dimension Symbol

Angular frequency t�1 x
Bead diameter L d
Bead diameter, payloaded L dp
Bead diameter, without payload L db
Bead friction coefficient, lopsided dumbbell, payloaded M=t fp
Bead friction coefficient, lopsided dumbbell, without payload M=t fb
Bead friction coefficient, symmetric dumbbell M=t f
Bead mass, without payload M=bead mb

Bead mass, payloaded M=bead mp

Boltzmann constant ML2=t2T k
Concentration dumbbells=L3 n
Diameter, waistline, symmetric dumbbell L di
Diameter, waistline, lopsided dumbbell L d‘
Dirac delta function of time t�1 d tð Þ
Length, dumbbell, center-to-center L L
Mass concentration M=L3 c
Moments of inertia, dumbbell ML2 I3; I2; I1
Relaxation time, lopsided rigid dumbbell t k‘
Relaxation time, symmetric Hookean elastic dumbbell t kH
Relaxation time, symmetric rigid dumbbell t k
Rotational diffusivity, lopsided rigid dumbbell t�1 Dr‘

Rotational diffusivity, symmetric rigid dumbbell t�1 Dr

Shear rate, steady t�1 _c
Shear relaxation function M=Lt2 G sð Þ
Stiffness, lipid shell M=t2 k
Stiffness, lipid shell, payloaded M=t2 kp
Stiffness, lipid shell, without payload M=t2 kb
Spring stiffness M=t2 H
Surface area, lopsided dumbbell L3 S‘
Surface area, symmetric dumbbell L3 S
Temperature, absolute T T
Thickness, lipid shell L h
Thickness, lipid shell, payloaded L hp
Thickness, lipid shell, without payload L hb
Time t t
Viscosity, complex, minus imaginary part M=Lt g00 xð Þ
Viscosity, complex, real part M=Lt g0 xð Þ
Viscosity, steady shear M=Lt g _cð Þ
Viscosity, zero-shear M=Lt g0
Volume, lopsided dumbbell L3 V‘

Volume, symmetric dumbbell L3 V
Young’s modulus M=Lt2 E
Young’s modulus, lipid shell, payloaded M=Lt2 Ep
Young’s modulus, lipid shell, without payload M=Lt2 Eb
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is not to be confused with lopsidedness in the context of rotarance
theory.

From the available cryo-electron micrography (Fig. 3 of Ref. 2; upper
right and lower left of Fig. 1 of Ref. 3; Fig. 2BC of Ref. 4; Fig. 3a of Ref. 5),
of the mRNA lipid nanodumbbells, the approximate dimensions are

29� L� 42 nm; (3)

38� db � 63 nm; (4)

20� dp � 54 nm; (5)

and the dimensionless lopsideness

1�
db
dp

� 2 (6)

dispersities in mRNA nanodumbbell encapsulations. The end-to-end
distance of a lopsided nanodumbbell is thus Lþ 1

2 ðdb þ dpÞ
� �

, which
is of course longer than the center-to-center distance.

Since nanodumbbells are longer than they are wide, each has one
and only one orientation. These orientations affect profoundly the par-
ticle transport properties. The orientation distribution function
imparts a relaxation time to the dumbbell suspension, a rotational dif-
fusivity to the particles and a particle contribution to the rheological
properties. For dumbbell suspensions of orientable particles, we can
arrive at expressions for the transport properties both analytically, and
from first principles. We do so in two steps.

For rigid dumbbells, we first formulate the conservation of orien-
tation (called the diffusion equation) in spherical coordinates and solve
it for the orientation distribution function.17 This step yields the relax-
ation time, and the rotational diffusivity of the particle suspension.
Second, we use the orientation distribution to determine the stresses in
a well-defined flow.17 For instance, in simple shear performed at low-
shear rate, we get the zero-shear viscosity. Arrived at in these ways, for
symmetric dumbbells, where dp ¼ db, many material functions are
well-known. In this paper, we will focus on four of these: (i) the zero-
shear viscosity, (ii) the steady shear viscosity,18 and (iii) both parts of
the complex viscosity.

For Hookean elastic dumbbells, we first formulate the conser-
vation of orientation (called the diffusion equation) in spherical
coordinates and solve it for the configuration distribution function

(Chapter 13 of Ref. 15). This step yields the relaxation time, and
the rotational diffusivity of the particle suspension (based on the
Hookean elastic dumbbell suspension). Second, we use the configu-
ration distribution to determine the stresses in a well-defined flow
(Chapter 13 of Ref. 15).

For rigid dumbbell suspensions, the equations for most canonical
rheological material functions are known. This rich and growing litera-
ture includes (iv) superposition of steady shear flow and small-
amplitude oscillatory shear flow (both parallel and transverse [Eqs.
(8.16)–(8.18) and (22.8)–(22.9) of Refs. 26 and 19], (v) large-amplitude
oscillatory shear flow;20–25 [Eqs. (9.3)–(9.4) of Ref. 26], (vi) stress relax-
ation following cessation of steady shear flow [Eqs. (10.6)–(10.8) of
Ref. 26], (vii) stress growth following sudden inception of steady shear
flow [Eqs. (11.8)–(11.10) of Ref. 26), (viii) constrained recoil after ces-
sation of steady shear flow [Eqs. (12.16), (12.19)–(12.20) of Refs. 26
and 27], (ix) shear creep [Eqs. (13.16)–(13.17) of Refs. 26 and 28], (x)
stress growth following shear rate ramp [Eq. (14.5) of Ref. 26], (xi)
steady uniaxial or equibiaxial elongation [Eqs. (16.5)–(16.6) of Ref.
26], (xii) stress relaxation following cessation of steady uniaxial or
equibiaxial elongation [Eqs. (17.8)–(17.9) of Ref. 26], (xiii) the steady
planar extensional viscosities [Eqs. (64)–(65) of Ref. 29] or to conve-
niently combine Eqs. (31)–(32) of Ref. 30 with the bridge from contin-
uum to macromolecular theory [Eqs. (21)–(23), (27)–(29), (32)–(33)
of Ref. 31], (xiv) stress relaxation following inception of steady uniaxial
or equibiaxial elongation [Eqs. (18.9) of Ref. 26], (xv) recoil after cessa-
tion of steady uniaxial or equibiaxial elongation [Eq. (19.14) of Ref.
26], and (xvi) eccentric rotating disk flow [Eqs. (21.6)–(21.7) of Refs.
26 and 32]. For elastic Hookean dumbbells suspensions, the equations
for most canonical rheological material functions are also known
(Chapter 13 of Ref. 15). For polymeric liquids, the rigid dumbbell sus-
pension agrees with the measured rheological behaviors, and the
Hookean dumbbell does not. For suspensions of lopsided mRNA
nanodumbbell suspensions, the verdict is still out. We devote this
paper to this topic.

For instance, the dumbbell contribution to the zero-shear viscos-
ity of a symmetric dumbbell suspension is [Eq. (6.7) of Ref. 26)

g0 � gs ¼ nkTk: (7)

The steady shear viscosity [Eq. (6.7) of Ref. 26] is

g _cð Þ � gs
g0 � gs

¼ 1� 18
35

k _cð Þ2 þ 1326
1925

k _cð Þ4 þ � � � : (8)

The stress relaxation function following step shear [Eq. (11) of Ref. 34
with row 1 of Table XV. of Ref. 34 in which we setN ¼ 2) is

G tð Þ ¼ 2gs þ
4
5
nkTk

� �
d tð Þ þ 3

5
nkTe�t=k; (9)

and the viscous and elastic parts of the complex viscosity [Eq. (7.17) of
Ref. 26] are

g0 xð Þ � gs
g0 � gs

¼ 1� 3
5

kxð Þ2

1þ kxð Þ2 ; (10)

g00 xð Þ
g0 � gs

¼ 3
5

kx

1þ kxð Þ2 : (11)

In which the suspension relaxation time is given by [after Eq. (5.1) of
Ref. 26]

TABLE II. Dimensionless variables and groups.

Name Symbol

Deborah number, lopsided k‘x
Deborah number, symmetric kx
Dimensionless surface area, lopsided dumbbell S‘=V
Dimensionless volume, lopsided dumbbell V‘=V
Lopsidedness, rigid dumbbell sense db=dp
Lopsidedness, rigid dumbbell sense, viscosity average db=dp
Perimeter, beads, symmetric dumbbell (waistline) d‘=di
Perimeter, bleb, lopsided dumbbell (waistline) d‘=di
Poisson ratio (� ¼ 0:5) �

Subscript, indicating lopsided ‘

Weissenberg number, lopsided k‘ _c
Weissenberg number, symmetric k _c
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k ¼ fL2

12kT
; (12)

where f is the friction coefficient, and from which we get the rotational
diffusivity [see Eq. (5.1) of Ref. 26; see Footnote 2 of p. 62 of Ref. 15;
Eq. (22) of Ref. 14].

Dr � 1
6k

: (13)

For Stokes flow around spherical beads

f � 3pdgs: (14)

In commercial vaccine manufacture, mRNA encapsulation can
result in at least (i) nanospheres, (ii) planar three-blister structures [top
right of Fig. 1 of Ref. 3], (iii) planar four-blister structures [lower left of
Fig. 1 of Ref. 3; Fig. 4a (right panel) of Ref. 2], (iv) planar five-blister
structures [lower left of Fig. 1 of Ref. 3; Fig. 4a (right panel) of Ref. 2],
(v) symmetric nanodumbbells (Fig. 3 of Ref. 5; Fig. 3 of Ref. 2; Fig. 21
of Ref. 33), or (vi) lopsided nanodumbbells (Fig. 3 of Ref. 5; Fig. 3 of
Ref. 2; Fig. 21 of Ref. 33). In rigid bead-rod theory, we would call
romanette (ii) center-beaded equilateral triangular (set N ¼ 3 in row 3
of Table XV of Refs 34 and 35), and romanette (iii) center-beaded
square (set N ¼ 4 in row 3 of Table XV of Ref. 34). In mRNA encap-
sulation, the lopsided nanodumbbell has been called the predominant
morphology,5 and we thus devote this paper to this structure.

Why mRNA encapsulations into lipids take the form of dumb-
bells is not known. Further, why these dumbbells are lopsided, is also
unknown. We do know that the mRNA payloads are anionic, while
their encapsulants are cationic. Payload repulsion might therefore be
causing the lopsidedness, and if so, the lopsidedness, db=dp, may
increase with the number of mRNA strands in the dumbbell bleb. This
should be studied.

II. LOPSIDED NANODUMBBELL GEOMETRY

Whereas the predominant morphology is the lopsided nano-
dumbbell,5 some replace this with nanospheres (cf. Fig. 3 with Fig. 2 of
Ref. 12), and others, with capsules (cf. Fig. 3a with Fig. 3.b of Ref. 5).
We can deepen our understanding of the lopsided dumbbell by exam-
ining its geometry as intersecting spheres. Its volume is

V‘ ¼
p db þ dp þ 2L
� �2 3 db � dp

� �2 þ 4 db þ dp
� �

L� 4L2
� 	

192L
; (15)

in contrast to its symmetric counterpart (of the same length L)

V ¼ p
12

2db � Lð Þ db þ Lð Þ2; (16)

so that

V‘

V
¼

dp
L
db
dp

þ dp
L
þ 2

 !2

4� 4
dp
L

db
dp

þ 1

 !
� 3

dp
L

� �2
db
dp

� 1

 !2
2
4

3
5

16 1� 2
dp
L
db
dp

 !
1þ dp

L
db
dp

 !2 ;

(17)

which expands about unit lopsidedness as

V‘

V
¼ 1�

3
dp
L

� �2

dp
L
þ 1

� �
2
dp
L
� 1

� � db
dp

� 1

 !
þ � � � (18)

or about unit bleb size as

V‘

V
¼

3� 2
db
dp

þ 3
db
dp

 !2
0
@

1
A 9þ 6

db
dp

þ db
dp

 !2
0
@

1
A

16 2
db
dp

� 1

 !
1þ db

dp

 !2

þ
3

db
dp

� 1

 !
db
dp

þ 3

 !
6þ db

dp

db
dp

 !3

� db
dp

� 2

0
@

1
A

0
@

1
A

8
db
dp

þ 1

 !3

2
db
dp

� 1

 !2

� dp
L
� 1

� �
þ � � � ; (19)

from which we learn that the volume of the lopsided dumbbell (rela-
tive to its symmetric counterpart) depends upon two ratios: its lopsid-
edness, db=dp, and its dimensionless bleb size, dp=L. The volume
decreases with both ratios.

The bleb meets the bead devoid of payload at the circle of inter-
section. We call this the nanodumbbell waistline. This waistline
touches three phases: (i) the suspending fluid, (ii) the bleb, and (iii) the
bead devoid of payload. The waistline diameter is given by

d‘ ¼ 1
4 db

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16 L2d2b � 4 L2 þ d2b � d2p

� 	2r
; (20)

in contrast to its symmetric counterpart

di ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2b � L2

q
; (21)

so that

d‘
di

¼ 1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16

dp
L

� �2
db
dp

 !2

� 4þ dp
L

� �2
db
dp

 !2

� dp
L

� �2
0
@

1
A

2

dp
L

� �2
db
dp

 !2

� 1

vuuuuuuuuut ;

(22)

which expands about unit lopsidedness as

d‘
di

¼ 1�
dp
L

� �2

2
dp
L

� �2

� 1

 ! db
dp

� 1

 !
þ � � � (23)

or about unit bleb size as
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d‘
di

¼ 1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�9þ 10

db
dp

 !2

� db
dp

 !4

db
dp

 !2

� 1

vuuuuuuuut

þ
6þ 3

db
dp

 !2

� db
dp

 !4
0
@

1
A

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�9þ 10

db
dp

 !2

� db
dp

 !4
0
@

1
A db

dp

 !2

� 1

0
@

1
A

vuuut
� dp

L
� 1

� �
þ � � � ; (24)

from which we learn that the waistline perimeter of the lopsided
dumbbell (relative to its symmetric counterpart) depends upon two
ratios: its lopsidedness, db=dp, and on its dimensionless bleb size, dp=L.
The wasteline diameter increases with both ratios. Figures 4 and 5
show how dimensionless nanodumbbell volume and waistline perime-
ter descend with dumbbell lopsidedness. The dimensionless bleb
size, dp=L is not to be confused with the particle aspect ratio,
a � db= 1

2 db þ 1
2 dp þ L

� �
.

The surface area of the nanodumbell is given by

S‘¼
p 4L d2bþ d2p

� 	
þ4L2 dbþdp

� ��dbdp dbþdp
� �þ d3bþd3p

� 	� 	
8L

;

(25)

in contrast to its symmetric counterpart

S ¼ p db db þ Lð Þ; (26)

so that

S‘
S
¼
9þ 3

db
dp

þ 3

�
db
dp

�2

þ db
dp

 !3

8
db
dp

1þ db
dp

 !

þ
6� 5

db
dp

� 3
db
dp

 !2

þ db
dp

 !3

þ db
dp

 !4
0
@

1
A

8
db
dp

1þ db
dp

 !2

dp
L
� 1

� �
þ� � � ;

(27)

which expands about unit bleb size as

S‘
S
¼ 1þ 1

2
1� db

dp

 !
þ 1
4

2þ dp
L

� �2
 !

�1þ db
dp

 !2

; (28)

which expands about unit lopsidedness as

S‘
S
¼ 1þ

�1� 2
dp
L

� �

2 1þ dp
L

� � db
dp

� 1

 !
þ � � � : (29)

Figure 6 shows the gentle ascents of the dimensionless nanodumbbell
surface areas with the dimensionless bleb size, parametrized with
dumbbell lopsidedness. In addition, the dimensionless nanodumbbell
surface areas descend with dumbbell lopsidedness. Table III uses Eqs.
(3)–(5) to arrive at the median geometric properties of the mRNA
LNP nanodumbbell. For reference, by volume, the mRNA LNP nano-
dumbbell is about one thousand times smaller than a red blood cell. A
median width mRNA lipid nanoparticle (LNP) nanodumbbell is
approximately 1500 times thinner than a human hair and about 25

FIG. 4. Descent of dumbbell volume, V‘=V, with dimensionless bleb size, dp=L,
parametrized with lipid nanoparticle lopsidedness, db=dp [Eq. (17)]. db=dp

¼ 1; 54 ;
3
2 ;

7
4 ; 2

h i
.

FIG. 5. Descent of waistline perimeter, d‘=di , with dimensionless bleb size, dp=L,
parametrized with lipid nanoparticle lopsidedness, db=dp [Eq. (22)]. db=dp

¼ 1; 54 ;
3
2 ;

7
4 ; 2

h i
.
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times as wide as a doubly helical strand of DNA. The median mRNA
nanodumbbell is about 50% longer than it is wide.

III. LOPSIDED RIGID DUMBBELL MODEL

Long before mRNA was encapsulated into lipid nanoparticles,
driven purely by curiosity, Abdel-Khalik and Bird undertook the study
of lopsided dumbbell suspensions.6 Since a lopsided dumbbell consists
of two different (rigidly separated) beads, we associate with it two fric-
tion coefficients: one for the payloaded bead, fp, and another for the
other larger bead, fb. The friction coefficient of a symmetric rigid
dumbbell in suspension has been related to those of the lopsided
dumbbell [between Eqs. (7) and (8) of Ref. 6; Footnote 3 on p. 522 and
Table XIII.IV-I of Ref. 13; cf. Eq. (10.6–1) of Ref. 13; Table XVI.IV-I of
Ref. 15]:

2
f
¼ 1

fp
þ 1
fb
; (30)

wherein, following Eq. (14), fp � 3pdpgs and fb � 3pdbgs. Reference
6 thus teaches that [Eq. (11) of Ref. 6]: “all results … for symmetrical
dumbbells can be taken over for lopsided dumbbells simply by replac-
ing 2=f everywhere by 1=fp þ 1=fb

� �
.”

For instance, from Eq. (12), for our lipid nanodumbbells, we get

k‘ ¼ 1
fp

þ 1
fb

� ��1 L2

6kT
; (31)

where L is still the center-to-center distance between the beads. Hence

k‘ ¼ 1
dp

þ 1
db

� ��1 pgsL
2

2kT
(32)

from which we learn that the relaxation time of the lopsided liquid
nanoparticle increases with the square of its center-to-center length, L.
With Eqs. (12) and (14), Eq. (32) non-dimensionalizes to

k‘
k
¼

2
1
dp

þ 1
db

� ��1

d
: (33)

We next compare the relaxation time of the lopsided dumbbell with its
symmetric counterpart of bead diameter db,

k‘
k
¼ 2

db
dp

þ 1

 !�1

; (34)

which we illustrate in Fig. 7, from which we learn that the relaxation
time of the mRNA encapsulated dumbbell descends with its aspect
ratio, db=dp. The larger the mRNA payloaded bead, dp, the lower the
relaxation time, k‘.

Equation (34) does not contain the bead masses,mb andmp. This
might strike the uninitiated as odd. However, the masses of the lop-
sided dumbbells of Ref. 6 cancel. In other words, the added mass of the
mRNA payload plays no role in the transport properties of the mRNA
payloaded nanodumbbells.

From the rheological material functions in Eqs. (7)–(11), for
mRNA encapsulating nanodumbbells, the dumbbell contribution to
the zero-shear viscosity is

FIG. 6. Descent of surface area, S‘=S, with dimensionless bleb size, dp=L, parame-
trized with lipid nanoparticle lopsidedness, db=dp [Eq. (28)]. db=dp

¼ 1; 54 ;
3
2 ;

7
4 ; 2

h i
.

TABLE III. Lopsided nanodumbbell geometry.

Property Equation Median

L (3) 36 nm
dp (4) 37 nm
db (5) 51 nm
d‘ (20) 18 nm
V‘ (15) 9:40� 104 nm3

S‘ (25) 1:14� 104 nm2

FIG. 7. Descent of dimensionless relaxation time, k‘=k, with lipid nanoparticle lop-

sidedness, db=dp [Eq. (34)]. db=dp ¼ 1; 54 ;
3
2 ;

7
4 ; 2

h i
(encapsulated mRNA is clos-

est to db=dp ¼ 2). Since g0 � gs is proportional to relaxation time [Eqs. (7) or
(35)], the polymer contribution to the zero-shear viscosity will descend identically
with lopsidedness.
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g0 � gs ¼ nkTk‘; (35)

the steady shear viscosity is

g _cð Þ � gs
g0 � gs

¼ 1� 18
35

k‘ _cð Þ2 þ 1326
1925

k‘ _cð Þ4 þ � � � : (36)

The shear stress relaxation following step shear is

G tð Þ ¼ 2gs þ
4
5
nkTk‘ d tð Þ

� �
þ 3
5
nkTe�t=k‘ ; (37)

and the viscous andminus the elastic parts of the complex viscosity are
given as

g0 xð Þ � gs
g0 � gs

¼ 1� 3
5

k‘xð Þ2
1þ k‘xð Þ2 ; (38)

g00 xð Þ
g0 � gs

¼ 3
5

k‘x

1þ 4 k‘xð Þ2 ; (39)

where k‘ is given by Eq. (34), k‘ _c is called the Weissenberg number,
and k‘x, the Deborah number. The material functions of Eqs. (35)–
(38) are interrelated by

g0 ¼ lim
_c!0

g _cð Þ ¼
ð1
0
G tð Þdt ¼ lim

x!0
g0 xð Þ: (40)

Both k‘ _c and k‘x are properties of both the mRNA-loaded suspen-
sions, and of the laboratory homogeneous flow fields used to measure
said properties. Whereas k‘ _c governs the nonlinearity of the fluid and
the flow, k‘x governs their elasticity. Equation (38) expands as

g0 xð Þ � gs
g0 � gs

¼ 1� 3
5

k‘xð Þ2 � k‘xð Þ4 þ � � �
� �

; (41)

which we will use below. Also, from Eq. (13) we get the rotational dif-
fusivity of the lopsided rigid nanodumbbell in suspension as

Dr‘ � 1
6k‘

: (42)

In this work, we focus on just four important rheological material
functions. However, our method applies equally to any material func-
tions known for symmetric rigid dumbbells.26

IV. HOOKEAN ELASTIC DUMBBELL MODEL

For symmetric Hookean dumbbells the viscous and minus the
elastic parts of the complex viscosity are given by [Eqs. (13.4–21) and
(13.4–22) of Ref. 15]

g0 xð Þ � gs
g0 � gs

¼ 1

1þ kHxð Þ2 ; (43)

g00 xð Þ
g0 � gs

¼ kHx

1þ kHxð Þ2 ; (44)

in which (see Eq. (13.4–4) of Ref. 15]

k � f
4H

; (45)

where H is the spring stiffness (and thus, in the present context the
nanodumbbell stiffness). For lopsided Hookean dumbbells, recent

theory suggests that the relaxation time, kH , can be replaced with [Eq.
(25) of Ref. 7]

kH‘

kH
¼ 2

db
dp

þ 1

 !�1

; (46)

so that Eqs. (43) and (44) become

g0 xð Þ � gs
g0 � gs

¼ 1

1þ kH‘xð Þ2 ; (47)

g00 xð Þ
g0 � gs

¼ kH‘x

1þ kH‘xð Þ2 ; (48)

wherein Eq. (47) expands as

g0 xð Þ � gs
g0 � gs

¼ 1� kH‘xð Þ2 þ kH‘xð Þ4 � � � � : (49)

By comparing the leading coefficient with Eq. (41), we get

kH‘

k‘
¼

ffiffiffi
3
5

r
; (50)

which we will use as a consistency check below, and which with Eqs.
(45) and (12), implies that

HL2

kT
¼ ffiffiffiffiffi

15
p

: (51)

Also, from Eq. (13) we get the rotational diffusivity of the Hookean
elastic nanodumbbell in suspension

DH‘ � 1
6kH‘

; (52)

which we will use below. Combining Eq. (52) with Eq. (42) gives

DrH‘

Dr‘
¼ k‘

kH‘
¼

ffiffiffi
5
3

r
(53)

which we believe to be new.

V. RESULTS AND DISCUSSION

From Figs. 8 and 9, we observe that dumbbell lopsidedness shifts
the dimensionless steady shear viscosity and the viscous part of the
complex viscosity curves to the right. In other words, nanodumbbell
lopsidedness increases the dimensionless viscosity of the nanodumb-
bell suspensions. Fitting Eq. (36) with Eq. (34) to steady shear viscosity
measurements enables determination of the viscosity average lopsided-
ness, db=dp of the nanodumbbell suspension. Similarly, by fitting Eq.
(38) with Eq. (34) to the real part of the complex viscosity enables
determination of the viscosity average lopsidedness, db=dp, of the
nanodumbbell suspension. Though our work is motivated mainly by
curiosity, herein lies the usefulness of our main results.

From Fig. 10 we learn that the dumbbell lopsidedness shifts
minus the dimensionless elastic part of the complex viscosity curves to
the right. Otherwise put, nanodumbbell lopsidedness increases the
elasticity of the nanodumbbell suspensions.

As consistency checks, we can report that (i) the db=dp ¼ 1 curve
of Fig. 8 for the symmetric dumbbell agrees with Fig. 3a. of Ref. 26, as
it should, that (ii) the db=dp¼ 1 curve of Fig. 9 agrees with the h ¼ 0
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curve of Fig. 3f of Ref. 26, as it should, that (iii) the db=dp ¼ 1 curves
of Figs. 9 and 10 agree with the corresponding 2b=a� ¼ 3=2 curves of
Fig. 4 of Ref. 34, as they should, and that (iv) the db=dp ¼ 1 curve
of Fig. 8 for the symmetric dumbbell agrees with the I3=I1 ¼ 0 curve
of Fig. 1 of Ref. 36, as it should.

VI. WORKED EXAMPLE: RIGID VS ELASTIC

We next test our competing theories against experimental obser-
vations of vaccine nanodumbbell contribution of HA-mRLNPs to hya-
luronan suspension. For this, we rely upon measurements from Fig.
S11. of Ref. 37 showing the rheological behaviors of HA-mRLNPs to
hyaluronan suspension. Specifically, we will compare the viscous part
(g0) and minus the elastic part (g00) of the complex viscosity with both
lopsided rigid dumbbell theory [Sec. III; Eqs. (38) and (39)] and
Hookean elastic dumbbell theory [Sec. IV; Eqs. (47) and (48)] to evalu-
ate their accuracies for the viscoelastic behaviors of mRNA LNP sus-
pensions. By hyaluronan (polyhyaluronic acid) we mean the linear

high-molecular weight polysaccharide found in the extracellular
matrix, especially of soft connective tissues.38

From Fig. 11(a), we glean the best fit values g0 ¼ 3:8 Pa s and
k‘ ¼ 0:057 s. From Fig. 11(a), we learn that g0ðxÞ from lopsided rigid
dumbbell theory is well behaved at low frequency (k‘x � 1) but other-
wise, overpredicts. Further, Fig. 11(b) shows that the lopsided rigid
dumbbell theory underpredicts k‘x for all frequencies, though it does
get the peak frequency, k‘xp ffi 1, about right. Recall that Fig. 11(b)
relies upon the same best-fit values of g0 and k‘ from g0ðxÞ of
Fig. 11(a). From Eq. (42), we calculate the rotational diffusivity for lop-
sided rigid nanodumbbells in suspension as Dr‘ ¼ 2:92 s�1. This cal-
culation, however, neglects the deformability of the mRNA loaded
LNP nanodumbbell. The failures of the rigid theory to explain the
behavior of the mRNA contributions to the complex viscosity moti-
vated our use of the elastic dumbbell theory.

From Fig. 12(a), we glean the best fit values g0 ¼ 3:8 Pa s and
kH‘ ¼ 0:044 s. The fitted values kH‘ ¼ 0:044 s and k‘ ¼ 0:057 s satisfy
the self-consistency relation Eq. (50), as they must. By contrast with
lopsided rigid dumbbell theory, from Fig. 12(a) we learn that g0ðxÞ
from Hookean elastic dumbbell theory is well behaved at all frequen-
cies. Further, Fig. 12(b) shows Hookean elastic dumbbell theory to be
far more accurate than lopsided rigid dumbbell theory [compare with
Fig. 11(b)]. Recall that Fig. 12(b) relies upon the same best fit values of
g0 and kH‘ from g0ðxÞ of Fig. 12(a). It would appear that the nano-
dumbbells of mRNA loaded LNP suspensions, even in the gentlest of
flows (small-amplitude oscillatory shear flow), deform. From Eq. (52)
we calculate the rotational diffusivity for Hookean elastic nanodumb-
bells in suspension and we get DrH‘ ¼ 3:78 s�1, which is higher than
the value Dr‘ ¼ 2:92 s�1 obtained above by neglecting the deformabil-
ity of the mRNA-loaded LNP nanodumbbell.

Solving Eq. (51) gives

H ¼ ffiffiffiffiffi
15

p kT
L2

; (54)

which, combined with Eq. (3), gives

FIG. 9. Effect of lipid nanoparticle lopsidedness db=dp on the real (viscous) part of

the complex viscosity [Eq. (38) with Eq. (34)]. db=dp ¼ 1; 54 ;
3
2 ;

7
4 ; 2

h i
.

FIG. 8. Effect of lipid nanoparticle lopsidedness db=dp on steady shear viscosity

[Eq. (36) with Eq. (34)]. db=dp ¼ 1; 54 ;
3
2 ;

7
4 ; 2

h i
.

FIG. 10. Effect of lipid nanoparticle lopsidedness db=dp on minus the imaginary
(elastic) part of the complex viscosity [Eq. (39) with Eq. (34)]. db=dp

¼ 1; 54 ;
3
2 ;

7
4 ; 2

h i
.
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9�H� 19lN=m; (55)

for the deforming nanodumbbell stiffness range. This is a main result
of this work. From Eq. (55), we can assign an effective axial Young’s
modulus

E ¼ 4HL
pd2‘

¼ 60ffiffiffiffiffi
15

p kT
pd2‘L

: (56)

Which, using Table III, gives the median effective axial Young’s modu-
lus as

E ¼ 4HL
pd2‘

¼ 2 kPa (57)

of the mRNA nanodumbbell encapsulate. Though the local superficial
elastic modulus can be measured by nano indentation using an atomic
force microscope, we know of no one having reported such measure-
ments (see Fig. 5 of and absence from Ref. 39). Our rheological

determination of the modulus 2 kPa for the mRNA LNP is nonlocal,
axial, for the whole particle. We know of no comparable measurement.
In addition, as a practical reference, following linear elastic indentation
mechanics, an elastic medium with E ¼ 2 kPa would register a durom-
eter reading of just 0.035 on Scale DO standardized in ASTM
D2240.40–42 The durometer needle would thus hardly deflect. The
mRNA nanodumbbells are indeed soft matter.

VII. CONCLUSION

We have deepened our understanding of the predominant mor-
phology of a suspension of mRNA encapsulated into lipid nanopar-
ticles, namely the suspension of lopsided dumbbells. By lopsided, we
mean that the payloaded bead is smaller than the bead without pay-
load. We arrive at analytical expressions for the four most important
rheological material functions.

Our main results, Eqs. (35)–(39), suggest a means of measuring
k‘ from rheological characterizations of mRNA-payloaded lipid

FIG. 11. Measured vaccine nanodumbbell contribution of HA-mRLNPs to hyalur-
onan suspension vs lopsided rigid dumbbell theory from (a) Eq. (38) for real part of
complex viscosity (black circles vs solid black curve) and (b) Eq. (39) for minus the
imaginary part (blue triangles vs solid blue curve) (g0 ¼ 3:8 Pa s, k‘ ¼ 0:057 s,
c ¼ 32mg=ml).

FIG. 12. Measured vaccine nanodumbbell contribution of HA-mRLNPs to hyalur-
onan suspension vs Hookean elastic dumbbell theory from (a) Eq. (47) for real part
of complex viscosity (black circles vs solid black curve) and (b) Eq. (48) for minus
the imaginary part (blue triangles vs solid blue curve) (g0 ¼ 3:8 Pa s,
kH‘ ¼ 0:044, c ¼ 32mg=ml).
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nanodumbbell suspensions. Moreover, using Fig. 8 or Fig. 9, the vis-
cosity average lopsidedness, db=dp , can be deduced from the shapes of
the measured g _cð Þ or g0 xð Þ curves respectively. From Eq. (13) for lop-
sided nanodumbbells, we recall that

Dr‘ � 1
6k‘

: (42)

To our knowledge, the rotational diffusivities of mRNA-payloaded
lipid nanodumbbell suspensions have not been measured. Moreover,
the rotational diffusivities of model lopsided dumbbell suspensions
have not been measured. By contrast, rotational diffusivity measure-
ments of symmetric polymer dumbbells in suspension have been
measured.43 Taking into account for the deformability of the mRNA-
loaded nanodumbbell encapsulates, from the small-amplitude oscilla-
tory shear measurements, we arrive at the rotational diffusivity of
DrH‘ ¼ 3:78 s�1.

Rigid dumbbells cannot deform. By this we mean, that they can-
not lengthen, shorten, twist, or bend. We find poor agreement for
minus the elastic part of the complex viscosity, and better agreement
for the viscous part, between measured mRNA lipid nanodumbbell
behaviors and rigid dumbbell theory in small-amplitude oscillatory
shear flow (Fig. 11). This suggests that mRNA lipid nanodumbbells
are (aÞ deforming in small-amplitude oscillatory shear flow, and (bÞ
that these deformations matter.

Recall that Hookean dumbbells can lengthen and shorten but
cannot twist or bend. We find good agreements, for both the viscous
part and minus the elastic part of the complex viscosity, between mea-
sured mRNA lipid nanodumbbell behaviors and lopsided Hookean
dumbbell theory in small-amplitude oscillatory shear flow (Fig. 12).
These good agreements suggest that mRNA lipid nanodumbbells are
lengthening or shortening in small-amplitude oscillatory shear flow.
These good agreements also suggest that mRNA lipid nanodumbbells
are (a) neither twisting nor bending, or (b) that their twisting and
bending contributes negligibly to their complex viscosity.

Our work here focuses on the predominant morphology5 of an
mRNA encapsulation by lipid, the nanodumbbell. However, other
intriguing shapes are observed, including the center-beaded equilateral
triangular, center-beaded square, and center-beaded pentagonal
mRNA encapsulations of Figs. 13, 14, and 15, respectively. Whether
such multi-bleb configurations are advantageous for vaccination or
not is unclear. Is the mRNA of the secondary, tertiary, quarternary or
quinary encapsulations wasted? Otherwise put, can more than one
mRNA from a multi-bleb encapsulation vaccinate, or are these extra
blebs wasting product?

We find the mRNA encapsulations of Figs. 13–15 to be intrinsi-
cally beautiful. To arrive at analytical expressions for the transport
properties of suspensions of these oblate mRNA encapsulations of
Figs. 13–15, we would use rotarance theory. Specifically, for the former
we would start with the planar 3-arm star (setting N ¼ 3 in row3 of
Table XV of Ref. 34), and for the latter, the planar 4-arm star (setting
N ¼ 4 in row 3 of Table XV of Ref. 34). Allowing for the bleb masses
and diameters to differ from the central larger bead devoid of payload
would follow.6 We leave this intriguing task for another day.

Our work on lopsided dumbbell lipid nanoparticles is silent on
intraparticle hydrodynamic interaction,44–47 that is, on the interfer-
ences of the Stokes flow velocity profiles between the two spheres (of
different diameter) (see above Eq. (10.6–1) of Ref. 13). For rigid

dumbbells, when the two spheres do not differ, the effects of hydrody-
namic interactions are well-known [Eqs. (42) of Ref. 48]. By contrast,
for lopsided Hookean elastic dumbbells such as mRNA-payloaded
lipid nanodumbbells, the Stokes flow interferences between unlike
beads have not been worked out (see § 13.6 of Ref. 15). We leave this
important exploration for another day.

FIG. 13. Center-beaded equilateral triangular mRNA encapsulation into lipid
nanoparticle. Reproduced with permission from Brader et al., Biophys. J. 120,
2766–2770 (2021). Copyright 2021 Elsevier (Cell Press) (Supplementary Data S2
of Ref. 2).

FIG. 14. Center-beaded square mRNA encapsulation into lipid nanoparticle.
Reproduced with permission from Brader et al., Biophys. J. 120, 2766–2770 (2021).
Copyright 2021 Elsevier (Cell Press) (Fig. 4a (right panel) of Ref. 2).

FIG. 15. Center-beaded pentagonal mRNA encapsulation into lipid nanoparticle.
Reproduced with permission from Brader et al., Biophys. J. 120, 2766–2770 (2021).
Copyright 2021 Elsevier (Cell Press) (Fig. 4a (right panel) of Ref. 2).
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Our work on lopsided dumbbell lipid nanoparticles addresses the
deformability of the nanodumbbells during flow. The beads of Figs. 2
or 3 are not, after all, rigidly separated and rigidly positioned relative to
one another. With the Hookean elastic dumbbell, we allow the lop-
sided dumbbell to extend or compress, but do not allow it to twist or
bend.49 We leave the exploration of the twisting and bending of these
intriguing nanodumbbells for another day.

Our work here focused on the complex viscosity, to the exclusion
of other rheological material functions. For the Hookean dumbbell
suspension, we get a constitutive equation of the form of the upper-
convected Jeffreys model, also called Oldroyd-B (see § 13.4. of Ref. 15).
The mRNA nanodumbbell contributions to other rheological material
functions can thus be predicted, more or less realistically, from this
constitutive theory (see § 24. of Ref. 26).

Since both rigid and elastic dumbbell models are equally accurate
for g0 xð Þ at low frequency, we arrive at two bridging relations between
the dumbbell models, Eqs. (50), (51), and (53), which we believe to be
new. We used Eq. (51) to arrive at the median value of the spring con-
stant for the mRNA nanodumbbell encapsulates of H ¼ 14 lN=m.
We further assign an effective axial Young’s modulus to the mRNA
nanodumbbell encapsulates of E ¼ 2 kPa.

Our work is also silent on any difference in charge between the
dumbbell beads. To our knowledge, the charge distribution over the
payloaded nanodumbbells has not been measured. The payloaded
blebs might be expected to be locally anionic, and the larger bead,
devoid of payload, cationic. How dipolar symmetric rigid dumbbells
orient under a constant electrical field in steady shear flow is well
understood.50 How this constant electrical field affects the steady shear
material functions for dipolar symmetric rigid dumbbell is also well
understood.50 The viscosity average dipole of the payloaded nano-
dumbbell suspensions might thus be deduced from the steady shear
rheology of the suspension.

Symmetric rigid dumbbells in suspension will migrate toward
walls in heterogeneous pressure-driven flow fields.51 In microfluidic
applications, we thus expect the payloaded nanodumbbells to concen-
trate away from the walls of a shear flow.52 The analytical solutions for
symmetric dumbbell migration of Ref. 51 can thus be taken over, for
lopsided nanodumbbells, by the method of Ref. 6. Near walls, dumb-
bell suspensions are also known to orient in the plane of the wall, and
that this orientation will persist for some distance from that wall. In
parallel disk rheometry, this is observed as gap dependence at small
gaps.53–56 Specifically, both g0 xð Þ and g00 xð Þ are observed to decrease
with symmetric dumbbell confinement. For lopsided rigid dumbbells,
analytical solutions for this can be adopted following Ref. 6.

Though our work has focuses on payloaded lipid nanoparticles,
other biological suspensions of lopsided dumbbells have not escaped
our attention. For instance, lopsided dumbbell suspensions arise when
certain viral proteins interact with membranes (see Figs. 1–3 of Ref.
57). Further, lopsided microdumbbell suspensions (of uniform size
and lopsidedness) of polymethylmethacrylate58 or of polystyrene59

have been synthesized. Symmetric dumbbells consisting of one poly-
styrene bead and the other polymethylmethacrylate have also been
synthesized, and their rotational diffusivity has also been measured
optically.43 These intriguing particles would serve as ideal model lop-
sided dumbbells, to test any of the main results of this work [Eqs.
(35)–(39)] in the laboratory. However, we know of no rheological
characterizations of such lopsided dumbbell suspensions.

In this work, we have focused on just one material function, the
mildest, small-amplitude oscillatory shear flow. However, our discov-
ery that Hookean dumbbell theory predicts the behaviors of lopsided
mRNA-loaded LNP suspensions suggests that we might be able to
extend our prediction to other material functions using the tensor-
valued constitutive equation for Hookean dumbbells: the convected
Jeffreys model [Eqs. (13.4–5) and (13.4–9) of Ref. 15).

We are aware that the encapsulating surface and the mRNA pay-
load have different charge (Fig. 1 of Ref. 9). Further, the empty and
loaded blebs may have different charge. Our work here is silent on
such electrostatic lopsidedness. To account for this, we would start
from scratch by incorporating the contribution of the external force
term in Eq. (13.3–14) of Ref. 15. We leave this daunting exploration
for another day.

From atomic force microscopy, we can extract micromechanical
properties of nanoparticles, including their indentation hardness.
Much has been written about this for lipid nanoparticles,60–63 includ-
ing those encapsulating mRNA.39 If the particle structure is known,
and the linear elastic indentation mechanics of said structure are also
known, Young’s moduli or thicknesses can be deduced from the lipid
shell stiffnesses (see the only equation in Ref. 64)

ki ¼ 8Eih2i
di

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 1� �2ð Þp ; (58)

where i � p means payloaded bleb and i � b means empty bead. We
use the symbol ki here because Ref. 64 does not report if the atomic
force micromechanical measurement of its Fig. 5(a) is performed on a
bleb or on an empty bead. Whereas the linear elastic indentation
mechanics of a spherical shell are known (Eq. (49) of Ref. 65), to our
knowledge, the linear elastic indentation mechanics of a nanodumbbell
shell are unknown. Otherwise put, the linear elastic indentation
mechanics along the axis of a lopsided nanodumbbell have yet to be
worked out. We leave the micromechanics of this predominant nano-
dumbbell morphology of mRNA encapsulates, for another day.

When a hemispherical tip indents a thick linear elastic solid, it
produces nonlinear load vs penetration of infinite initial slope [see Eq.
(8) of Ref. 41]. When a hemispherical tip indents a linear elastic shell,
proportional load vs penetration obtains (see the only equation in Ref.
64). When the hemispherical tip of an atomic force microscope
indents lipid nanoparticles, proportional load vs penetration results
(see Fig. 3 of Ref. 64). This includes lipid layers encapsulating mRNA
into vaccines, including the skins of nanodumbbells (see Fig. 5a of Ref.
39 mindful of Region (b) of Fig. 3 of Ref. 39). The mRNA is thus
encapsulated by linear elastic lipid shells.

Equation (58) interrelates the properties of the lipid shells. These
are not to be confused with properties of the whole nanodumbbell.
Still, we can compare analogous quantities: lipid skin stiffness (k) vs
axial nanodumbbell stiffness (H). From Fig. 5a of Ref. 39, for the lipid
shell stiffnesses, ki ffi 33:5mN=m. Recall, from the complex viscosity,
we get the median value H ffi 14 lN=m from Eq. (55). We thus find
that indenting the skin of the nanodumbbell is about 103 times harder
than stretching or compressing it axially. By harder, we mean requiring
more work for the same displacement.

Solving Eq. (58)

h2i Ei ¼
kidi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 1� �2ð Þp
8

; (59)
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from which we get the median values for these products of h2pEp
ffi 0:23 nN and h2bEb ffi 0:18 nN (for kp ffi kb ffi ki). Were the thick-
nesses of the lipid nanoparticle shells known, we could deduce the
moduli of these shells. To our knowledge, for mRNA encapsulates,
these thicknesses are not known.

We have learned that by fitting Eq. (38) with Eq. (34) to the real
part of the complex viscosity, we can determine the viscosity average
lopsidedness, db=dp , of the nanodumbbell suspension. The usefulness of
our work extends beyond understanding the structure of vaccines
through their rheology. Specifically, the mixing of the fragile mRNA
lipid nanoparticles during manufacture benefits directly from our find-
ings. Mixing is critical in ensuring uniform size and encapsulation effi-
ciency of LNPs, as it strongly influences nanoparticle self-assembly at
the nanoscale. By incorporating dimensionless groups that include the
transport properties explored herein (such as viscosity, diffusivities, and
flow lopsidedness), our method guides the design and optimization of
mixing conditions. This has direct applications in scaling up mRNA vac-
cine manufacture, where maintaining LNP quality consistently across
different production scales is a major challenge. Understanding the rhe-
ological behavior of the precursor solutions, informed by our work,
allows for better prediction and control of the flow and mixing regimes
that are crucial for efficient and reproducible vaccine formulation.66–68

In vaccine mass production, the throughput is limited by lopsided
nanoparticle fragility. Our work on elastic dumbbells opens the door
to understanding this fragility more deeply. Which mole fraction of
the nanodumbbells break might just be which fraction of the elastic
dumbbells extended beyond some critical extension. The configuration
distribution of the nanodumbbells after all, contains the distribution of
their extensions. We leave the intriguing pursuit of the mole fraction
of broken nanodumbbells for another day.

Herein, the intriguing work on lopsided dumbbells, undertaken
50years ago by Abdel-Khalik and Bird,6 driven by curiosity, found use-
fulness in deepening our understanding of mRNA vaccine manufacture.

That the production of mRNA vaccine was accomplished under
pandemic pressures has not escaped our attention. Our work on the
transport properties of this intriguing vaccine has deepened our appre-
ciation for the engineers and scientists who brought this product
urgently to market. We regard the lipid encapsulation of mRNA vac-
cine not only as intrinsically beautiful, but as one of the finer things of
which mankind is capable. Those who created this lifesaving product
gave our scientific community its finest hour. We close on this cheerful
historical note.
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