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a b s t r a c t 

While data analytics tools are changing how manufacturers make critical decisions and designs, the selec- 

tion of the best method requires a substantial level of expertise. In practice, methods are chosen based 

on familiarity or on cross-validation results from a large candidate model pool which over-fits data. A 

Smart Process Analytics framework is presented which empowers the users to focus on goals rather than 

on methods and automatically transforms manufacturing data into intelligence. The method selection is 

based on domain knowledge, the specific data characteristics, and nested cross-validation procedures. The 

approach is demonstrated in case studies for experimental datasets from a variety of process systems. For 

a four-stage evaporator, a state-space identification method is selected that has half the long-term predic- 

tion error than a recurrent neural network. For a combined cycle power plant, machine learning methods 

are selected that have up to 30% lower mean-squared error than partial least squares. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

Specific challenges are encountered when applying the ad- 

ances in data analytics and machine learning algorithms to man- 

facturing processes. The first challenge is the high diversity in 

ata quantity and quality. The second challenge is that a substan- 

ial level of expertise is required to select the best process data 

nalytics technique for a specific application, to avoid overfitting 

nd ensure that an accurate process understanding is obtained. In 

eality, it is hard for analysts to be knowledgeable about all tech- 

iques. In actual practice, analysts typically default to using famil- 

ar techniques, which introduces additional biases into the model. 

lternatively, simply trying every possible model and selecting the 

ne that gives the best cross-validation errors is also not optimal. 

The aforementioned challenges motivate the development of a 

ystematic procedure – Smart Process Analytics (SPA) – for robust 

nd automated method selection and model construction of man- 

facturing data, which allows analysts to focus on objectives rather 

han spending extensive time and effort in learning and select- 

ng among methods, making advanced data analytics and machine 

earning more widely accessible and easier to use. The focus of 

his paper is predictive modeling, although the general idea can 

e extended to other tasks such as process monitoring or classifi- 

ation. To the best of our knowledge, no previous work has been 

one in the automated method selection and model construction 
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n manufacturing data. For method selection, the basic concept 

as demonstrated by Severson et al. (2018) , which takes a bottom- 

p approach that makes the decision about which technique to use 

ased on both the characteristics of the data and expert domain 

nowledge on machine learning and manufacturing processes. For 

odel construction, a rigorous cross-validation procedure is imple- 

ented based on the specific scenario. SPA is designed to provide 

odels with high robustness, accuracy, and even interpretability 

hen required. 

The rest of this article is organized as follows. Section 2 de- 

cribes a framework for automated method selection for predic- 

ive modeling, which is followed by a discussion of the importance 

f the proposed systematic procedure rather than performing an 

xtensive model search purely on cross-validation. Section 3 de- 

cribes methodologies for data interrogation. Section 4 discusses 

he principles and justifications for the data-based method selec- 

ion. Section 5 discusses model construction and evaluation proce- 

ures, which are important but usually overlooked in the literature. 

ase studies with various data characteristics that demonstrate the 

rocedure and its effectiveness are provided in Section 6 , followed 

y the conclusions in the final section. 

. A Framework for predictive modeling 

The prediction model considered in this paper has the general 

orm of 

 = f ( x ) + ε (1) 

https://doi.org/10.1016/j.compchemeng.2020.107134
http://www.ScienceDirect.com
http://www.elsevier.com/locate/compchemeng
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here y represents a univariate response variable, x ∈ R 

m x is a vec- 

or of predictors, f (·) is the prediction model, and εis the error 

erm. 

The simplest linear static model is 

 = w 0 + w 1 x 1 + · · · + w m x 
x m x 

(2) 

here w 0 , . . . , w m x are the model parameters. The parameter 

 0 represents the intercept of the regression model, which allows 

or any fixed offset. It can be convenient to define an additional 

ummy variable x 0 = 1 so that 

 = w 

� x + ε (3) 

here w = [ w 0 , . . . , w m x ] 
� ∈ R 

m x +1 is a vector of model parameters

aka weights). 

The most basic way of reconstructing the model parameters 

n Eq. 3 is via ordinary least squares (OLS), which minimizes the 

ean squared error (MSE) of the predictions, 

in 

w 

1 
N 

N ∑ 

i =1 

(y i − w 

� x i ) 2 (4) 

here Nis the total number of training data points, and i is the in-

ex for a specific observation. 

Given the training predictor matrix X ∈ R 

N×m x and the training 

utput vector y ∈ R 

N , OLS has a unique analytical solution 

ˆ 
 OLS = ( X 

� X ) −1 X 

� y (5) 

rovided that the matrix X 

� X is invertible. 

The Gauss-Markov theorem states that OLS produces the best 

inear unbiased estimation under certain conditions. Those condi- 

ions include: (1) the underlying relationship between the predic- 

or variables x and the output variable y should be linear, (2) the 

esign matrix X has full rank (identification condition), and (3) er- 

ors are uncorrelated, homoscedastic, and have zero mean. 

Alternatives are required when one or more of the assumptions 

re violated, which include: (1) nonlinear relationship between the 

utput and predictors, (2) strong multicollinearity between predic- 

ors, (3) serial correlations in the model errors, which implies un- 

xplained dynamics in the response, and (4) heteroscedasticity of 

he model errors. Moreover, in cases with a large number of pre- 

ictors, OLS performs poorly in terms of model robustness and in- 

erpretation. 

In the aforementioned situations, other predictive modeling 

echniques give more robust and accurate prediction results, which 

eads to the development of the automated method selection and 

odel construction framework described in this article. 

.1. A systematic approach for robust and automated predictive 

odeling 

A bottom-up approach for method selection is presented for 

roviding an accurate and efficient procedure for automated 

ethod selection. The procedure contains two main steps: (1) data 

nterrogation to assess data characteristics and (2) method selec- 

ion based on the extent of the key characteristics and on expert 

omain knowledge. 

A systematic procedure for data interrogation is proposed to 

irectly assess the characteristics of the data, namely nonlinear- 

ty, multicollinearity, dynamics, and heteroscedasticity, as shown in 

ig. 1 . These four characteristics correspond to violations of the as- 

umptions discussed above. The nonlinearity between the predic- 

ors and the response, and the multicollinearity between the pre- 

ictors, are first assessed. The dynamics and heteroscedasticity are 

hen analyzed after the first static model is built since those are 

esidual characteristics rather than input or output characteristics. 
2 
hen the method selection is repeated if there are significant dy- 

amics and heteroscedasticity. The detailed procedure of how to 

nterrogate the data is given in Section 3 . 

The information obtained during data interrogation is used to 

elect a best-in-class process data analytics tool, which can be 

raphically illustrated in the form of a triangle. Here only three 

ey characteristics are considered: nonlinearity, multicollinearity, 

nd dynamics. Depending on the degrees of each characteristic, the 

lasses of techniques most suitable to the dataset are indicated on 

he data analytics triangle, as shown in Fig. 2 . The triangle is la- 

eled with methods that are appropriate for data with the spe- 

ific characteristics. The vertices of the triangle represent the tech- 

iques that are suitable if the dataset only possesses one specific 

haracteristic. For example, if a dataset only has the characteris- 

ic of dynamics, then canonical variate analysis (CVA), state-space 

utoregressive exogenous model (SSARX), and multivariable output 

rror state space (MOESP) are the most suitable methods. Meth- 

ds on the edges represent cases where the dataset has two of 

he three characteristics. Methods in the center are suitable for the 

ataset with all three characteristics. While these techniques can 

e more powerful, a much higher level of data analytics expertise 

nd a larger quantity of data are required for these methods to be 

pplied reliably, and the tendency of overfitting is higher when the 

omplexity of the model is higher. As such, the simplest method 

ble to describe the significant characteristics of the dataset should 

e used, which occurs by using the proposed SPA framework. Het- 

roscedasticity is treated separately, as discussed in Section 3 . 

The methods included in the data analytics triangle are se- 

ected based on theoretical analysis, case study performance, and 

omain knowledge of manufacturing processes. The methods se- 

ected for multicollinearity includes ridge regression (RR), which 

dds a 2-norm penalty to the least-squares objective, and partial 

east squares (PLS), which performs regression in a projected space 

n which the multidimensional directions in the input space best 

xplain the maximum multidimensional variance directions in the 

utput space. The sparse versions of those methods, which employ 

-norm penalties on the least-square objective to bias regression 

oefficients to zero, are elastic net and sparse PLS, respectively. 

or nonlinear models, algebraic learning via elastic net (ALVEN) 

s selected for interpretable nonlinear model construction, which 

ses the combination of sparse regression with nonlinear feature 

onstruction, and support vector machine (SVR) and random for- 

st (RF) are non-interpretable nonlinear models with greater ap- 

roximation capabilities. For linear dynamic problems, linear sys- 

em identification using CVA, MOESP, and SSARX algorithms are se- 

ected to construct linear subspace models. For nonlinear dynamic 

ystems, recurrent neural networks (RNNs) and dynamic ALVEN 

DALVEN) are selected for non-interpretable and interpretable non- 

inear model constructions, respectively. All of these methods are 

iscussed in more detail, with associated references, in Section 4 . 

.2. Why not try every possible model and pick the “best” one 

An important question concerns whether all of these regres- 

ion analyses are needed for method selection. Software programs 

re available that run every possible model and provide the users 

ith a list of models to choose from based on cross-validation re- 

ults, where they include candidate models ranging from simple 

inear regression to advanced black-box models such as deep neu- 

al networks. Intuitively, it might be expected that if the cross- 

alidation procedure is rigorously implemented, those programs 

ill provide the users with the optimal results. However, cross- 

alidating every possible model comes at a cost: a large pool of 

andidate models increases the degrees of freedom, which increases 

he chance of overfitting ( Arlot and Celisse, 2010 ). This problem be- 

omes more severe when only a limited amount of data is avail- 
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Fig. 1. Systematic data interrogation procedure for predictive modeling. 

Fig. 2. The data analytics triangle for predictive modeling with a single response 

variable. The modeling techniques are mapped to three major model regression 

characteristics. ALVEN, algebraic learning via elastic net; CVA, canonical variate 

analysis; DALVEN, dynamic ALVEN; MOESP, multivariable output error state space; 

PLS, partial least squares; RF, random forest; RNN, recurrent neural network; RR, 

ridge regression; SVR, support vector regression. References to the methods are 

given in Section 4 . 
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Fig. 3. Testing performance of four types of models. The curve shows the median 

of testing MSEs over 30 0 0 repetitions for each noise level: The unbiased model is 

quartic. The biased model is quadratic. The “cv” refers to selecting the order from 1 

to 10 in a polynomial based on 3-fold cross-validation. The “cv limited order” refers 

to selecting the order from 2 and 4 in a polynomial based on 3-fold cross-validation. 
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1 In the limit of 0 signal-to-noise ratio, the mean of the response variable is the 

optimal model. 
ble or when the cross-validation procedure is not appropriate for 

 given dataset. 

This issue can be illustrated by a simple example. The underly- 

ng true process is a fourth-order polynomial with Gaussian noise 

 ∼ N(0 , σ 2 ) : 

 = x + 0 . 5 x 2 + 0 . 1 x 3 + 0 . 05 x 4 + ε. (6)

Four types of approaches are compared: (1) biased second- 

rder model, (2) unbiased fourth-order model, (3) 3-fold cross- 

alidation on polynomials from order 1 to 10, and (4) 3-fold cross- 

alidation on polynomials of order 2 and 4. The training dataset 

as 30 samples, and the testing dataset has 10 0 0 samples (the 

esting dataset was chosen to be very large to ensure that the es- 

imates of the testing error for each model is highly accurate). The 

oise level σ 2 varies from 1 to 10 0 0. For each noise level, the simu-

ation is repeated 30 0 0 times, where x is sampled from x ∼ N(0 , 5) .

he medians of testing MSEs in 30 0 0 runs for each noise level are

hown in Fig. 3 . 

When the noise level is low, the unbiased model gives the op- 

imal performance. The biased model gives the largest error at low 

oise levels because the bias in the model dominates the MSE 

hen the noise level is low. Cross-validation gives worse perfor- 

ance than the unbiased model for all low noise levels, because 

ross-validation has the possibility of picking the wrong order as 

ong as the data have some noise. 

Because the quality and quantity of data are limited, the true 

odel structure is not known during model building, and a com- 

on practice by practitioners is to select the model with the 

owest error among many models. The use of higher degrees of 

reedom, however, allows the picking of non-representative model 

tructures, that is, model structures that just happen to fit the 

raining data but give high prediction errors. When the noise level 

s high, the biased low-order model gives the best predictions, 

ecause accurate values of the model parameters cannot be esti- 
3 
ated from the data for polynomials of higher order. 1 This bias–

ariance tradeoff ( Arlot and Celisse, 2010; Luxburg and Schölkopf, 

011 ) is well-known in applied statistics and statistical learning 

heory, but not taken into account by many practitioners and nu- 

erous AutoML software packages ( Truong et al., 2019; Weaver, 

019 ) in terms of the increased variance when selecting among 

any models. 

SPA and AutoML software share the same objective of pro- 

iding a tool that enables non-machine learning experts to an- 

lyze their data correctly and efficiently, and ideally, the soft- 

are should involve minimum decision-making procedures to au- 

omate the data analytics procedure. Numerous AutoML packages 

ave been developed in recent years which include AutoWEKA 

 Kotthoff et al., 2017 ), Auto-sklearn ( Feurer et al., 2015 ), Trans- 

ogrifAI ( Transmogrifai, 2020 ), Auto-Keras ( Jin et al., 2019 ), H2O- 

utoml ( H2O.ai, 2020 ), MLjar ( MLjar, 2020 ), and TPOT ( Le et al.,

019 ). 

The main differences between the SPA and available AutoML 

oftware are in the design principles and the approach taken. SPA 

s designed specifically for manufacturing data, which combines 

he expert knowledge in industrial manufacturing processes to the 

ethod selection and model construction, whereas other AutoML 

oftware is designed for general applications and do not account 

or valuable domain-specific information such as the characteris- 

ics of spectral data. The key characteristics of process data are 

xplicitly addressed by SPA for process design and valuation pur- 

oses. The current AutoML software uses various techniques (e.g., 

ayesian optimization, genetic programming) to select between 

ifferent models, but the general principle is to select among a 

arge number of candidate models or pipelines, which SPA avoids 

s that principle is known to produce low-quality models that 

verfit data unless the data size is huge. Such huge data sets are 

are in manufacturing operations. In addition, the candidate mod- 
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Fig. 4. Testing prediction error variation for the four types of models. Each curve is the median of the standard deviation of testing MSEs over 30 0 0 repetitions for each 

noise level. Plot (b) is a zoomed version of plot (a) to resolve the performance difference between the unbiased model, biased model, and cross-validation with limited order. 
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p  
ls in AutoML packages might not be suitable for specific process 

ata analytics problems, as further discussed in subsequent sec- 

ions. Finally, due to the specific characteristics of process data, the 

ppropriate model selection strategy (aka cross-validation method) 

s best selected to account for those data characteristics. 

In this case study, using cross-validation to select the best 

mong a large number of models did not provide the best model 

uality in an average sense. Moreover, the performance variation 

t each noise level by cross-validation of many models is higher 

han the other three approaches, due to higher degrees of model 

omplexity. Here, for each noise level, the simulation was repeated 

or 100 times, and the standard deviation of the testing MSE was 

alculated. This whole procedure was repeated 30 0 0 times and 

he median of the testing MSE standard deviation is shown in 

ig. 4 . The cross-validation over many orders/models results in 

uch higher variability in model performance than the other mod- 

ls. The biased low-order model has the smallest number of model 

arameters so its parameter estimates and associated prediction 

rror have lower variation, and the produced predictions are much 

ess sensitive to noise. 

When the selection orders are constrained to 2 and 4, the av- 

rage performance of cross-validation is significantly improved for 

ll values for the noise level. Selecting among only the two models 

esults in nearly the same prediction error as the biased model at 

igh noise levels, and the prediction error turns towards the unbi- 

sed model at low values of the noise level. Also, the performance 

ariation is much lower than the unbiased model only when the 

oise level is high. 

Some points illustrated by this case study are: 

• The selection of the “best” model based on cross-validation can 

produce very low quality models when many models are con- 

sidered. 
• The selection of the “best” model based on cross-validation 

from a small number of models can produce accurate models 

for all noise levels. As such, an effective strategy is to pre-select 

from a small number of models known to be suitable for the 

type of application/data. 
• A simple biased model is a better choice than an unbiased 

model when the noise level is sufficiently high that there is 

not enough signal to support the construction of the unbiased 

model. 
• The best model for a specific problem depends on the charac- 

teristics of the data. 

In the SPA framework, expert knowledge of process data analyt- 

cs has been built into both data interrogation and method selec- 

ion procedures. We considered only data analytics methods that 

ave strong theoretical foundations and demonstrated performance 

n practice. Moreover, data interrogation suggests whether the sig- 
4 
al in the data supports a more complex model. To further narrow 

he selection, rigorous cross-validation is built in to determine the 

ptimal tradeoff between variance and bias. 

The candidate models listed in the data analytics triangle ac- 

ount for both interpretability, accuracy, and robustness, which are 

he most important factors when considering building a manufac- 

uring model. This approach is not the only solution and does not 

uarantee the optimal performance for a specific application, but 

ather provides rigorous guidance of how to apply process analyt- 

cs and serves as a benchmark for more advanced future algorithm 

evelopment. 

. Data interrogation 

This section discusses methods for data interrogation in SPA 

or predictive modeling which guide the method selection in 

ection 4 . 

.1. Nonlinearity 

The first step is to assess whether nonlinearity between the re- 

ponse and predictors is significant. If not, a linear model should 

e used. For systems with only a few predictors, a quick way to 

heck nonlinearity is to plot each predictor versus the response. 

or larger systems, a more efficient procedure uses linear and non- 

inear correlation analyses. 

The first step is to check linear relationship via pairwise linear 

orrelation analysis. The Pearson’s correlation coefficient is calcu- 

ated as 

x,y = 

cov (x, y ) 

σx σy 
(7) 

here σ is the standard deviation. The correlation coefficient is a 

easure of a linear relationship and ranges from −1 to 1 with a 

igher absolute value indicating a stronger linear correlation. In 

he second step, the nonlinear correlation is assessed by the com- 

ination of two nonlinearity tests: the quadratic test and maximal 

orrelation analysis. These two tests are recommended to be used 

ogether since each method has its strengths and weaknesses. 

.1.1. Quadratic test 

The quadratic test is a statistical test to check whether the re- 

ponse depends quadratically on the predictor. Quadratic functions 

re the second-order Taylor series approximation for a smooth 

onlinear function, which provides a reasonable starting point to 

heck nonlinearity. 

The null hypothesis is H 0 : y = w 1 x + w 0 and the alternative hy-

othesis is H a : y = w x 2 + w x + w . The test statistic is defined as
2 1 0 
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 = 

SSE (0) − SSE (a ) 

df 0 − df a 
÷ SSE (a ) 

df a 
(8) 

here SSE (0) = 

∑ 

(y i − y 0 
i 
) 

2 
is the sum of squared errors between 

he observed y and estimated values y 0 using the null hypothesis 

odel, SSE (a ) = 

∑ 

(y i − y a 
i 
) 2 is the sum of squared errors of the al- 

ernative model, and df 0 and df a are the degrees of freedom for the 

ull hypothesis and alternative hypothesis, respectively. The test 

tatistic follows the F -distribution F df 0 −df a ,df a and the null hypoth- 

sis is rejected if the associated p-value is below the significance 

evel α, which indicates nonlinearity. With a large number of pre- 

ictors, it is possible that some relationships will be flagged as be- 

ng statistically significant by random chance and a failure to con- 

ider such false positives can lead to low specificity. The correction 

f the significance level is important and discussed in detail else- 

here ( Nadon and Shoemaker, 2002 ). The Bonferroni correction is 

he default choice in SPA. 

.1.2. Maximal correlation analysis 

The second approach is the maximal correlation analysis, which 

llows arbitrary nonlinear transformations for each pair of predic- 

or and response. The maximal correlation ( Rényi, 1959 ) is defined 

y 

up 

θ,φ

corr (θ (x ) , φ(y )) (9) 

here θand φare the sets of all Borel measurable functions with 

ero means, i.e., E(θ ) = E(φ) = 0 , and corr (θ (x ) , φ(y )) is the Pear-

on’s correlation coefficient between θ (x ) and φ(y ) . The maximal 

orrelation ranges from 0 to 1, with a higher value indicating a 

igher correlation between the transformed variables. The max- 

mal correlation does not require transformation functions to be 

ormed from a particular parametrized family and is a general 

easure of nonlinear correlation. However, this measure also re- 

uires a large number of data points to justify statistical signifi- 

ance. The alternating conditional expectation (ACE) algorithm de- 

eloped by Breiman and Friedman ( Breiman and Friedman, 1985 ) 

as been used extensively to calculate the maximal correlation. 

Having both the linear correlation and the maximal correlation 

lose to zero or one means that the variables are uncorrelated or 

inearly correlated, respectively. Having the linear correlation close 

o zero and the maximal correlation close to 1 indicates the vari- 

bles are nonlinearly correlated. 

For a large number of predictors, nonlinearity assessment re- 

ults obtained by the quadratic test and maximal correlation anal- 

sis can be collected into matrices and compared with the lin- 

ar correlation matrix to assess whether nonlinear correlations be- 

ween predictors and the response are significant. 

.1.3. Bilinear test 

Both of the above nonlinearity assessment tests assess pairwise 

onlinear dependency between the predictor and the response. 

he bilinear test is a statistical test to check whether the response 

as a significant dependency on the interaction of two predic- 

ors. The null hypothesis is H 0 : y = w 1 x 1 + w 2 x 2 + w 0 and the alter-

ative hypothesis is H a : y = w 1 x 1 + w 2 x 2 + w 12 x 1 x 2 + w 0 . The test

tatistic and the decision rule are the same as for the quadratic 

est. 

.2. Multicollineraity 

The second step is to assess multicollinearity, which occurs 

hen there are high inter-correlations among the predictors. Mul- 

icollinearity is common in manufacturing data due to insufficient 

xperiments with the number of predictors near to or even more 
5 
han the number of samples, and/or can be caused by high intrin- 

ic correlations between several variables driven by the same la- 

ent factors or poor experimental design. When the multicollinear- 

ty is absolute, regularization or variable selection is necessary. 

igh multicollinearity is also a problem because it increases the 

ariance of the estimated coefficients, which are sensitive to minor 

hanges in the model and difficult to interpret. Therefore, multi- 

ollinearity assessment is important to guide appropriate method 

election. 

Several methods are available for assessing multicollinearity; 

PA uses the variable inflation factor (VIF) ( James et al., 2013 ). 

he VIF quantifies how much the variance of the estimated coeffi- 

ient for each predictor is inflated when multicollinearity exists. A 

igher value of VIF indicates a higher degree of multicollinearity. 

The calculation of VIF for the k th predictor x k is 

IF k = 

1 

1 − R 

2 
k 

(10) 

here R 2 
k 
is the R 2 value by regressing the k th predictor on the re- 

aining predictors. As a rule of thumb, VIF greater than 10 is a 

ign of significant multicollinearity. 

.3. Dynamics 

If the response variable is a measured time series, then the dy- 

amic information (aka serial correlation) between the response 

ariable and past response and predictors might be important for 

rediction. However, a dynamic model is not necessarily required 

n fitting a particular set of time series measurements. The sole 

ause of serial correlations in the response might be serial corre- 

ations in the predictors, in which case a static model would be 

ppropriate. The assumption for OLS is only violated when the er- 

ors from the static model are serially correlated. Whether a dy- 

amic regression model is needed can be assessed by analyzing 

tatic model residuals. Serial correlation in the residuals indicates 

hat the data contain significant dynamic behavior that is not de- 

cribed by the static model. 

Serial correlation can be assessed through the autocorrelation 

unction (ACF) ( Ko ̌cenda and Čern ̀y, 2015 ), 

orr (ε t , ε t−l ) (11) 

here lis the lag variable. The ACF shows the extent to which pre- 

ious measurements can be used to predict the current response. 

 dynamic model is needed when the autocorrelation in the model 

esidual is significant. 

.4. Heteroscedasticity 

Heteroscedasticity refers to non-constant variance of the model 

rror across the range of values of the predictors or response. Het- 

roscedasticity of the error can result from incorrect model spec- 

fication – such as nonlinearity in the data not captured by the 

odel – or can be intrinsic variability of the response variable. For 

odel selection, it is important to be able to design the data inter- 

ogation to account for the effects of nonlinearity when assessing 

eteroscedasticity. 

There are several methods to test heteroscedasticity, including 

he Goldfeld-Quandt test, Breusch-Pagan test, and White test, and 

he reader is referred to ( Breusch and Pagan, 1979; Goldfeld and 

uandt, 1965 ) for more details. Although the statistical tests are 

traightforward, they should not be solely relied on, and visual in- 

pection is still the most reliable way. 

A common way to address heteroscedasticity is to apply a 

ariance-stabilizing transformation to the response variable using 

ransformation functions, including log, square root, and reciprocal 
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3 4 

2 The notation i k refers to a row vector of k elements in which each element is 

equal to i . 
o that the transformed data have uniform variance. Log transfor- 

ation is applied when the spread of the error variance is close 

o proportional to the conditional mean of the response variable. 

lternatively, the Box-Cox transformation can be used to automat- 

cally determine the order for a power transformation on the re- 

ponse variable. Heteroscedasticity is not explicitly included in the 

ata analytics triangle since such transformations can be applied 

efore applying the data analytics triangle. 

. Method selection: The data analytics triangle 

After assessing the degrees of the nonlinearity, multicollinear- 

ty, and dynamics, methods are selected based on the information 

nd the modeling objective of the user. The candidate models in 

he data analytics triangle are suitable for data with the specific 

haracteristics. 

.1. Methods for multicollinearity 

Many regularization methods have been developed to deal with 

ulticollinear data by biasing the estimated coefficients towards 

ero to reduce the variance of the prediction. The right amount 

f bias–variance tradeoff can improve the overall prediction accu- 

acy. This section provides an overview and comparison study of 

ense and sparse methods for dealing with multicollinearity. More 

etailed information about algorithms can be found in the corre- 

ponding references. 

.1.1. Dense methods 

Regularization methods are primarily of two types: (1) shrink- 

ge methods and (2) latent variable methods. Shrinkage meth- 

ds directly penalize large regression coefficients in order to pre- 

ent overfitting and handle multicollinearity. Ridge regression (RR) 

 Hoerl and Kennard, 1970 ) is a widely used shrinkage method that 

pplies a l 2 -norm penalty on the vector of regression coefficients. 

y imposing the norm constraint when building models from mul- 

icollinear data, the regression coefficients are prevented from hav- 

ng large magnitudes that cancel each others’ effects on the out- 

ut. With a l 2 -norm penalty, highly correlated predictors tend to 

ave similar regression coefficients, which is called the grouping 

ffect ( James et al., 2013 ). 

Latent variable models use derived inputs, which are linear 

ombinations of original predictors, as new predictors in the re- 

ression. Two widely applied latent variable models are principal 

omponent regression (PCR) ( Massy, 1965 ) and partial least squares 

PLS) ( Rosipal and Krämer, 2006 ). PCR uses the principal compo- 

ents as the new predictors. RR can be viewed as a continuous 

ersion of PCR ( Hastie et al., 2009 ) that applies the shrinkage to

ll PCs, with a greater amount of shrinkage applied to directions 

ith smaller variances. As in PCR, PLS constructs latent variables 

ased on linear combinations of the original predictors, but instead 

aximizes the covariance between the predictor and the response. 

esearch has shown that the variance aspect in PLS tends to dom- 

nate, which results in PLS tending to behave similarly to RR and 

CR ( Hastie et al., 2009 ). 

Although RR, PCR, and PLS have very different procedures, their 

oal is the same and the performance is usually similar. All of 

he three methods bias the regression coefficients away from the 

LS solution towards directions in the predictor space with large 

ariations. The shrinkage paths by different methods have a simi- 

ar pattern, although PLS and PCR are discrete and more extreme. 

 detailed theoretical analysis is provided by Frank and Fried- 

an (1993) . Comparison studies indicate similar performance for 

ost practical datasets ( Frank and Friedman, 1993; Hastie et al., 

0 09; Huang et al., 20 02; Reis and Saraiva, 20 04; Yeniay and
6 
ökta ̧s , 2002 ). RR and PLS are selected as the candidate models 

or a dense structure in the data analytics triangle. 

.1.2. Sparse methods 

The aforementioned techniques construct dense models, that is 

n which all predictors have non-zero regression coefficients. How- 

ver, most industrial processes have only a few relevant predic- 

ors that affect the final response variable, and the use of sparse 

egression methods can improve both prediction accuracy and 

odel interpretability. When multicollinearity is present, LASSO 

 Tibshirani, 1996 ) tends to select one variable from the group of 

orrelated features arbitrarily, and can select at most Npredictors 

n case of N < m x . Elastic net (EN) ( Zou and Hastie, 2005 ), which

ombines RR and LASSO, tends to select groups of correlated vari- 

bles. Case studies have demonstrated the effectiveness of EN for 

he construction of sparse models for industrial processes ( Chiu 

nd Yao, 2013; Severson et al., 2015 ). Similarly, sparse PL S (SPL S) 

andles sparsity and multicollinearity simultaneously by fusing the 

LS technique with LASSO ( Chun and Kele ̧s , 2010 ). At the time of

he writing of this article, no publication has included a detailed 

omparison between EN and SPLS, most likely largely because EN 

ame from the machine learning community and SPLS came from 

he chemometrics community. Both methods are included in the 

ata analytics triangle, which is discussed in the next section. 

.1.3. Comparison study between different methods for dealing with 

ulticollinearity 

This section provides a thorough comparison study to assess if 

here are any characteristics in the data that can further narrow 

own the selection between different multicollinearity methods. A 

otal of 68 simulated case studies with different noise levels, mul- 

icollinearity degrees, and sparsity structures are tested. The true 

odel has the form 

 = w 

� x + σε (12) 

here ε ∼ N(0 , 1) . For each example, the simulated data consist 

f a training set and an independent testing set. Models were fit- 

ed on training data using repeated 3-fold cross-validation with 

0 repetitions, and the testing MSE is computed for the testing 

ataset. The notation ·/ ·is used to describe the number of observa- 

ions in the training set and the testing set, respectively. Each case 

s simulated 10 0 0 times to ensure the statistical significance of the 

esults. The useful predictors are those with non-zero coefficients, 

hile the useless predictors are associated with zero coefficients 

n the true model. Two general situations are considered: 

Type I cases : the number of data points is larger than the num- 

er of predictors. 

ase 1. Correlated useful predictors with 20/200: w = 

[3 , 1 . 5 , 0 , 0 , 2 . 5 , 0 , 0 , 0] � and σ = 0 . 5 , 1 , 3 , 6 . The corre-

lations between useful predictors are corr (x 1 , x 2 ) = 

0 . 5 , corr (x 1 , x 5 ) = 0 . 7 , and corr (x 2 , x 5 ) = 0 . 3 . 

ase 2. Correlated useless predictors with 20/200: same as Case 

1 except that the correlations are between useless pre- 

dictors corr (x 6 , x 7 ) = corr (x 7 , x 8 ) = 0 . 85 and corr (x 3 , x 4 ) =
corr (x 6 , x 8 ) = 0 . 5 . 

ase 3. Separately correlated predictors with 30/300: w = 

[3 , 1 . 5 , 0 , 0 , 2 . 5 , 0 7 ] 
� and σ = 0 . 5 , 1 , 3 , 6 . 2 The corre-

lations between useful predictors are corr (x 1 , x 2 ) = 

0 . 5 , corr (x 1 , x 5 ) = 0 . 7 , and corr (x 2 , x 5 ) = 0 . 3 . The corre-

lations between useless predictors are corr (x 6 , x 7 ) = 

0 . 85 , corr (x 6 , x 8 ) = 0 . 5 , corr (x 7 , x 8 ) = 0 . 85 , corr (x 10 , x 12 ) = 

0 . 9 , and corr (x , x ) = 0 . 5 . 
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Fig. 5. Median MSE for the four methods for two cases in Type I: Case 2 and Case 

5 with high noise level. 
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4 In the process control literature, the word “black-box” is commonly used to re- 

fer to any model that is constructed purely from data. A drawback of such a def- 

inition is that there are data analytics methods that construct models purely from 

data while providing insight into the process, in other words, without the model 

being “black.” Perhaps for this reason, the process monitoring and other commu- 
ase 4. Pairwise correlated predictors with 30/300: w = 

[3 , 1 . 5 , 0 , 0 , 2 . 5 , 0 5 ] 
� and σ = 0 . 5 , 1 , 3 , 6 . The pairwise cor-

relation between predictors is corr (x i , x j ) = 0 . 7 | i − j| , ∀ i, j ∈
{ 1 , . . . , 10 } . 

ase 5. Correlated useful predictors (high sparsity) with 30/300: 

w = [3 , 1 . 5 , 0 18 ] 
� and σ = 0 . 5 , 1 , 3 , 6 . The correlation struc-

ture is corr (x 1 , x 2 ) = 0 . 7 . 

ase 6. Correlated useless predictors (high sparsity) with 30/300: 

w = [3 , 1 . 5 , 0 18 ] 
� and σ = 0 . 5 , 1 , 3 , 6 . The correlation struc-

ture is corr (x i , x j ) = 0 . 7 | i − j| , ∀ i, j ∈ { 3 , . . . , 20 } . 
ase 7. Separately correlated predictors (high sparsity) with 

30/300: w = [3 , 1 . 5 , 0 12 ] 
� and σ = 0 . 25 , 1 , 3 , 6 . The cor-

relation structure is corr (x 1 , x 2 ) = 0 . 7 , and corr (x i , x j ) =
0 . 7 | i − j| , ∀ i, j ∈ { 3 , . . . , 14 } . 

ase 8. Only one useful predictor with 30/300: w = 

[0 , 1 . 5 , 0 9 ] 
� and σ = 0 . 2 , 0 . 25 , 0 . 5 , 2 . The correlation struc-

ture is corr (x i , x j ) = 0 . 7 | i − j| , ∀ i, j ∈ { 1 , . . . , 10 } . 
ase 9. Pairwise correlated predictors (high sparsity) with 30/300: 

w = [3 , 1 . 5 , 0 ×12 ] 
� and σ = 0 . 25 , 0 . 5 , 1 , 3 . The correlation

structure is corr (x i , x j ) = 0 . 7 | i − j| , ∀ i, j ∈ { 1 , . . . , 14] } . 
Type II cases : the number of data points is fewer than the 

umber of predictors. 

ase 1. Separate latent factors for useful and useless predictors 

with 20/200: w = [ 3 10 , −4 10 , 0 10 ] 
� and σ = 1 , 3 , 6 , 15 . The

three latent factors are t i ∼ N(0 , 1) ,i = 1 , 2 , 3 . The pre-

dictors are x j = t i + αN(0 , 1) , j ∈ { 10(i − 1) + 1 , . . . , 10 i } for

α = 0 . 01 , 0 . 1 , 0 . 2 , 0 . 5 , respectively. 

ase 2. Latent variable model for slightly correlated useful predic- 

tors with 30/300: w = [ 3 10 , 1 20 , 0 20 ] 
� and σ = 0 . 1 , 0 . 5 , 1 , 5 .

The latent variable is t ∼ N( 0 3 , 1 3 ) . The predictors are x = 

[ At + 0 . 5 N ( 0 30 , 1 30 ) , N ( 0 20 , 1 20 )] , where A ∼ U[ −0 . 5 , 0 . 5] ∈
R 

30 ×3 . 3 

ase 3. Latent variable model for moderately correlated useful pre- 

dictors with 30/300: same as Case 2 except that σ = 

5 , 10 , 20 , 30 and A ∼ U[0 , 1] ∈ R 

30 ×3 . 

ase 4. Latent variable model for moderately correlated useful pre- 

dictors with 30/300: same as Case 2 except that σ = 

5 , 20 , 40 , 80 and A ∼ U[0 . 5 , 1 . 5] ∈ R 

30 ×3 . 

ase 5. Separate latent factor for useful and useless predic- 

tors (high sparsity) with 20/200: w = [ 3 3 , 0 27 ] 
� and 

σ = 0 . 5 , 3 , 6 , 12 . The three latent factors are t i ∼
N(0 , 1) , i = 1 , 2 , 3 . The predictors are x j = t 1 + 0 . 5 N(0 , 1) for

j ∈ { 2 , 3 } ,x j = t 2 + 0 . 5 N(0 , 1) for j ∈ { 4 , . . . , 16 } , and

x j = t 1 + 0 . 5 N(0 , 1) for j ∈ { 17 , . . . , 30 } . 
ase 6. Latent variable model of low correlation (high 

sparsity) with 30/300: w = [ 0 25 , 1 5 , 0 20 ] 
� and σ = 

0 . 05 , 0 . 2 , 0 . 35 , 0 . 5 . The latent variable is t ∼ N( 0 3 , 1 3 ) . The

predictors are x = [ At + 0 . 5 N ( 0 30 , 1 30 ) , N ( 0 20 , 1 20 )] , where

A ∼ U[ −0 . 5 , 0 . 5] ∈ R 

30 ×3 . 

ase 7. Latent variable model of medium correlation (high spar- 

sity) with 30/300: same as Case 6 except that σ = 

0 . 5 , 1 , 2 , 6 and A ∼ U[0 , 1] ∈ R 

30 ×3 . 

ase 8. Latent variable model of high correlation (high spar- 

sity) with 30/300: same as Case 6 except that σ = 

1 , 5 , 15 , 30 and A ∼ U[0 . 5 , 1 . 5] ∈ R 

30 ×3 . 

The median MSE testing results for the Types I and II cases are 

ummarized in Tables 1 and 2 . EN and SPLS gave similar results in

ll cases. There is no specific pattern as to which sparse method is 

etter based on correlation structure, sparsity, or noise level. Also, 

R and PLS gave similar results for all cases with no specific pat- 

ern to guide the selection of one method over the other. EN and 

PLS are closely related, in particular, that they are the result of 
3 U[ a, b] refers to the uniform distribution between a and b. 

n

i

m

7 
ombining a technique known as least-angle regression with RR 

nd PLS, respectively ( Zou and Hastie, 2005; Chun and Kele ̧s , 2010 ).

iven this relationship, and that RR and PLS give similar model 

uality for most problems, perhaps it is not surprising that EN and 

PLS also give similar performance. 

Secondly, it is observed that when RR is better than PLS for a 

pecific problem, EN tends to be better than SPLS, which can be 

xplained by the fact that EN and SPLS are the sparse versions of 

R and PLS. This result is observed in both the median MSE and 

ts spread obtained by doing many Monte Carlo runs, such as seen 

n the median MSE of two Type I cases with its 95% confidence in- 

erval (estimated using bootstrap with 10 0 0 resamplings) in Fig. 5 . 

The third point is that, for lower noise level and higher spar- 

ity, sparse methods perform better than dense methods, which 

olds for both Type I and Type II cases. Given the same sparsity in 

he true process, with an increasing level of noise, the difference 

etween the sparse and dense methods is smaller (e.g., Case 1 in 

ype I shown in Fig. 6 ). This occurs due to limited data to charac-

erize the correct underlying structure by the sparse methods, and 

he effect of averaging out noises and fluctuations by dense meth- 

ds. Throwing out useful predictors will introduce a larger bias to 

he model. For complicated cases (e.g., Type II with N < m x ), some-

imes dense methods give even better results as compared to the 

orresponding sparse methods because of insufficient data to cor- 

ectly characterize the underlying sparse structure, as observed in 

ig. 7 . 

Also, with higher sparsity, the sparse methods are expected to 

roduce better models given the same noise level, e.g., see Case 5 

f Type I in Fig. 8 . Similar results are seen in the Type II cases. 

All of the methods are compared to OLS for the Type I cases 

 N > m x ), which shows the effectiveness of regularization methods 

or data with multicollinearity (see Appendix A ). OLS is not appli- 

able to the Type II cases. 

In summary, it is hard to pick a priori the best multicollinear- 

ty method for a specific problem based on prior knowledge, e.g., 

hether the underlying system has a sparse structure. Therefore, 

ross-validation is used to select the best method for a specific 

roblem. In terms of the computational efficiency of the sparse 

ethods, EN was observed to typically take less time compared 

o SPLS for the same problem, which could be a consideration for 

ery big datasets. 

.2. Methods for nonlinear model construction 

Two types of nonlinear models are considered in SPA: inter- 

retable and black-box. 4 An interpretable model shows the explicit 

orm of nonlinear dependence between the predictor and the re- 
ities refer to models constructed purely from data as being “data-driven,” which 

s more precise and clearer term. Here the term “black-box” refers to data-driven 

odels in which the internal model structure is not interpretable by a human, e.g., 
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Table 1 

Median MSE of testing data by multicollinearity methods for Type I cases for 10 0 0 repetitions. 

Noise Case EN SPLS RR PLS Case EN SPLS RR PLS 

very low 1 0.011 0.013 0.013 0.014 6 0.030 0.026 0.061 0.060 

low 0.044 0.048 0.051 0.052 0.113 0.099 0.187 0.179 

medium 0.326 0.310 0.336 0.333 0.230 0.207 0.338 0.320 

high 0.745 0.686 0.747 0.686 0.638 0.631 0.747 0.770 

very low 2 0.023 0.025 0.027 0.026 7 0.005 0.005 0.007 0.007 

low 0.087 0.092 0.099 0.100 0.071 0.076 0.096 0.094 

medium 0.569 0.618 0.574 0.611 0.452 0.428 0.497 0.483 

high 1.034 1.100 1.038 1.093 0.879 0.866 0.904 0.937 

very low 3 0.009 0.010 0.012 0.011 8 0.022 0.022 0.029 0.029 

low 0.037 0.035 0.045 0.044 0.034 0.034 0.044 0.045 

medium 0.271 0.266 0.294 0.287 0.125 0.121 0.160 0.176 

high 0.663 0.629 0.683 0.678 0.823 0.818 0.853 0.887 

very low 4 0.011 0.012 0.014 0.014 9 0.018 0.02 0.028 0.028 

low 0.044 0.048 0.051 0.053 0.07 0.078 0.097 0.096 

medium 0.322 0.345 0.329 0.355 0.441 0.438 0.494 0.508 

high 0.727 0.744 0.72 0.738 0.854 0.849 0.884 0.921 

very low 5 0.019 0.022 0.044 0.050 

low 0.072 0.076 0.143 0.156 

medium 0.456 0.422 0.592 0.583 

high 0.914 0.863 0.968 0.926 

Table 2 

Median MSE of testing data by multicollinearity methods for Type II cases for 10 0 0 repetitions. 

Noise Case EN SPLS RR PLS Case EN SPLS RR PLS 

very low 1 0.001 0.001 0.001 0.001 5 0.134 0.112 0.181 0.142 

low 0.007 0.006 0.007 0.007 0.279 0.234 0.329 0.262 

medium 0.029 0.026 0.028 0.026 0.575 0.496 0.617 0.530 

high 0.176 0.156 0.171 0.156 1.018 0.980 1.052 1.080 

very low 2 0.204 0.239 0.211 0.235 6 0.004 0.128 0.463 0.521 

low 0.212 0.246 0.218 0.242 0.062 0.362 0.498 0.557 

medium 0.234 0.267 0.237 0.259 0.193 0.518 0.569 0.617 

high 0.713 0.687 0.682 0.670 0.440 0.654 0.652 0.700 

very low 3 0.029 0.023 0.029 0.025 7 0.032 0.088 0.088 0.095 

low 0.082 0.067 0.082 0.069 0.119 0.142 0.147 0.145 

medium 0.240 0.207 0.238 0.208 0.309 0.287 0.308 0.289 

high 0.417 0.377 0.414 0.372 0.858 0.821 0.847 0.804 

very low 4 0.006 0.006 0.008 0.008 8 0.029 0.039 0.042 0.041 

low 0.073 0.062 0.072 0.063 0.346 0.322 0.342 0.318 

medium 0.228 0.207 0.225 0.204 0.924 0.888 0.912 0.877 

high 0.563 0.539 0.558 0.529 1.094 1.141 1.088 1.112 

Fig. 6. Median MSE for the four methods with different noise levels of Case 1 in Type I. 

Fig. 7. Median MSE for the four methods for Case 8 in Type II. 
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Fig. 8. Median MSE for the four methods for Case 1 and its sparse version Case 5 

in Type I. 
ponse variables, which is more robust when the number of train- 

ng samples is limited. Black-box models, on the other hand, can 

onstruct highly accurate representations of complicated nonlin- 
eural networks, for which the model is truly “black” because the human cannot 

eer into the box/model to gain insights into the process. 

e

t

w

t

8 
ar systems but are prone to overfitting unless there are enough 

raining samples. Moreover, black-box models lack interpretability, 

hich can bring difficulties to the subsequent application, e.g., con- 

roller design. Based on the specific modeling objective, the desired 
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onlinear model type is selected by SPA. Moreover, all the methods 

onsidered in SPA for nonlinearity can deal with multicollinearity. 

.2.1. Interpretable model: ALVEN 

Algebraic learning via elastic net (ALVEN) is selected for in- 

erpretable nonlinear model construction. Given the training data, 

LVEN constructs explicit nonlinear transformations of predictors 

nd constructs a low-complexity linear model composed of se- 

ected useful nonlinear transformations ( Sun and Braatz, 2020a; 

un, 2020 ). The two-step sparsity-promoting procedure in ALVEN 

ombines univariate feature screening with sparse regression via 

N, which is computationally efficient. ALVEN produces parsimo- 

ious models, to balance model complexity with descriptive capa- 

ility. The interpretability is at the expense of approximation capa- 

ility. For datasets with a large number of training samples from 

omplex nonlinear systems, ALVEN might not describe data as well 

s a black-box nonlinear modeling method. 

.2.2. Black-box models 

Black-box models have higher approximation accuracy, which 

omes at the expense of model complexity and uninterpretabil- 

ty. The nonlinear black-box models in SPA are Random Forest (RF) 

egression ( Breiman, 2001 ) and Support Vector Regression (SVR) 

 Vapnik, 20 0 0 ). 

RF is an ensemble model that compromises several different 

ecision trees using the bagging method. By combining individual 

egression trees, the ensemble model tends to be more accurate 

nd have less variance compared to a single decision tree. More- 

ver, RF includes feature selection, and the feature importance can 

e computed to learn which predictor is most crucial for predict- 

ng the response variable. RF can also explicitly handle categorical 

ariables as input without converting the categories into integer or 

eal numbers. 

Random Forest has some limitations. First, the final relation- 

hip between the predictors and the response is hard to interpret. 

econd, RF tends to overfit due to its high model complexity and 

any hyperparameters to tune with limited data. Thirdly, the RF 

rediction surface over the design space is discontinuous, which is 

ifficult for using the model for optimal design or control. Finally, 

F should never be used for extrapolation, where RF will give the 

pper or lower bound values of the response in the original set. 

SVR has different options for kernel functions, which can gener- 

te nonlinear models through implicit nonlinear kernel mappings. 

VR is also flexible and can produce nonlinear models with high 

pproximation accuracy, which comes at the cost of high model 

omplexity and uninterpretability. Same as RF, SVR should not be 

sed for extrapolation. 

.3. Methods for dynamics 

When the residuals are auto-correlated, the static model is not 

apable of capturing the dynamic behavior in the response vari- 

ble. A model that uses both the current predictor and past system 

nowledge is then required to explain the variation in the response 

ariable. System identification is a procedure to construct a model 

f a dynamic system from the measured data. System identifica- 

ion can be further classified into the linear and nonlinear system 

dentification. 

.3.1. Linear system identification 

Numerous methods are available for system identification of 

inear dynamical systems ( Van Overschee and De Moor, 1996 ). The 

lassical time series analysis autoregressive moving average with 

xtraneous inputs (ARMAX) and the subspace methods are the 

ost widely applied classes of algorithms. SPA selects the subspace 

lgorithms for linear state-space model identification for their ease 
9 
f application and salient numerical properties. Here only a brief 

verview is given. The reader is referred to reviews on subspace 

lgorithms for more details ( Chiang et al., 2001; De Moor et al., 

999; Qin, 2006 ). 

Subspace identification algorithms are used to estimate the sys- 

em matrices, which consist of two steps. The first step projects the 

easurements to subspaces to estimate the states or the extended 

bservability matrix of the unknown system. The second step cal- 

ulates the system matrices based on the estimated states or ob- 

ervability matrices using simple linear regression. The most pop- 

lar subspace algorithms are numerical algorithms for subspace 

tate-space system identification (N4SID) ( Van Overschee and De 

oor, 1996 ), MOESP ( Verhaegen and Dewilde, 1992 ), and CVA 

 Larimore, 1990 ). N4SID and CVA use the state estimates while 

he MOESP uses the extended observability matrix to find the 

odel parameters. The three subspace algorithms can be cast into 

 unified framework ( Van Overschee and De Moor, 1995 ), equiv- 

lent to calculating the oblique projection and performing singu- 

ar value decomposition (SVD) with different weighting matrices. 

arimore (1990) states that the weighting used in CVA is opti- 

al for the state order determination from finite sample sizes, 

hich is argued by examples without any mathematical proofs 

 Juricek et al., 2002 ). Case studies in the literature have indicated 

hat the methods have similar performance on average ( Favoreel 

t al., 1999; Sotomayor et al., 2003 ). 

Compared with ARMAX, subspace algorithms have several ad- 

antages. First is the simplicity in parameterization. The complex- 

ty of the identification for a large multi-input-multi-output sys- 

em is the same as for single-input single-output systems. More- 

ver, the state-space model is globally identifiable, which is statis- 

ically well-conditioned. The subspace algorithms also avoid a prior 

arameterization of the state-space model, which instead is deter- 

ined directly from the data. The hyperparameters, such as the 

tate order, can be selected by specific criteria during the model- 

uilding procedure. The subspace algorithms are, therefore, suit- 

ble for automated multivariate system identification, which ex- 

lains their incorporation into commercial process control software 

or the last twenty years ( Qin and Badgwell, 2003 ). 

Subspace algorithms can be implemented using the singular 

alue decomposition (SVD) and QR decomposition, which do not 

equire iterative nonlinear optimization and are numerically sta- 

le and accurate with an upper bound on the required computa- 

ional cost. Therefore, the methods are well suited for large-scale 

ystems. Lastly, subspace algorithms incorporate implicit model or- 

er reduction, which is useful for process data affected by noise 

nd disturbances. Moreover, the estimated states that summarize 

he process are directly usable in dynamic process monitoring 

 Russell et al., 20 0 0 ). 

For systems with closed-loop controllers, traditional system 

dentification methods become biased due to the correlation be- 

ween future input and past noise. Closed-loop subspace algo- 

ithms have been proposed and are described in reviews ( Lin 

t al., 2005; Qin, 2006 ). It has been shown that the modified 

ubspace algorithms are effective for the closed-loop conditions. 

ne major approach is system identification with pre-estimation. 

his method pre-estimates the Markov parameters of the predic- 

or form from a high-order ARX model to decouple the correla- 

ion between the noise and the controlled input. Typical meth- 

ds include the ADAPTx formulation and implementation of CVA 

 Larimore, 20 0 0; 20 04 ), and SSARX which is a subspace identi-

cation method that uses an ARX estimation-based algorithm to 

ompute the weighting ( Jansson, 2003 ). A detailed comparison be- 

ween these two methods with mathematical formulations is avail- 

ble ( Qin, 2006 ). 

The aforementioned algorithms have been incorporated into 

ommercial software for system identification. SPA provides func- 
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ions that directly call the System Identification Toolbox in MATLAB 

 http://www.mathworks.com/products/sysid/ ) – which implements 

tandard CVA, MOESP, and SSARX – and the system identification 

ackage ADAPTx by Adaptics ( Larimore, 2003 ). 

ADAPTx is commercial software for automated system identifi- 

ation for linear state-space models. ADAPTx implements a sophis- 

icated formulation of CVA that can handle unstable systems with 

nknown feedback, stochastic seasonal components, and nonsta- 

ionary noise ( Larimore, 20 0 0 ). 

Case studies collectively show that no algorithm is consistently 

etter than the others (see Appendix Appendix B ). Therefore, the 

est model is selected from the System Identification Toolbox and 

DAPTx based on user-defined criteria, such as the validation per- 

ormance. 

.3.2. Nonlinear system identification 

Although linear models are attractive for their simplicity and 

nterpretability, they have limitations. Many real-world systems 

ave nonlinear dynamics so that a linear model is only effec- 

ive for a limited range of operating conditions. However, the 

onlinear system identification is much more involved as com- 

ared to linear system identification. As a result, nonlinear sys- 

em identification remains an active area of research with model 

tructures including linear time-varying models ( Larimore et al., 

015; Tóth, 2010; Verdult, 2002 ), local linear models ( Nelles, 2001 ), 

ammerstein-Wiener structures ( Bai, 1998; Chen and Fassois, 

992; Palanthandalam-Madapusi et al., 2005; Rangan et al., 1995 ), 

onlinear ARMAX (NARMAX) ( Chen and Billings, 1989; Leontari- 

is and Billings, 1985 ) models, and general nonlinear state-space 

orms (also called nonlinear grey-box models) ( Schön et al., 2011 ). 

o method has been shown to be better than the others for all 

rocesses. 

There are some limitations of the aforementioned methods: 

• The linear time-varying models are applicable only to processes 

that operate near one state trajectory, such as in some batch 

and semibatch processes, and so are not practically applicable, 

for example, to batch processes that follow many very differing 

trajectories or to continuous processes. 
• The local linear model requires the separation of operating 

regimes and the selection of an interpolation rule. Also, this 

method only has limited approximation capability as compared 

to other methods. 
• The Hammerstein-Wiener (aka sandwich) model can be consid- 

ered as the combination of the Hammerstein model and the 

Wiener model. The Hammerstein model is a static nonlinear- 

ity block followed by a linear time-invariant (LTI) model, and 

the Wiener model is an LTI model followed by static nonlin- 

earity to the output. The Hammerstein-Wiener model consists 

of a nonlinear static nonlinearity followed by an LTI model fol- 

lowed by a static nonlinearity. This model can also be combined 

with a nonlinear feedback model relatively easily. These types 

of models can be considered as nonlinear dynamical systems 

with external nonlinearity, with typical choices of nonlinearity 

being polynomial, saturation, or piecewise linear functions. The 

Hammerstein-Wiener type model can be estimated by gradient- 

based search and has been widely applied because it captures 

the nonlinear in many specific processes including distillation 

columns and pH neutralization ( Kim et al., 2012 ). A drawback 

is that the general type of Hammerstein-Wiener model is not 

interpretable, and that the model cannot describe all forms of 

dynamic nonlinearity. 
• Similar to the ARMAX model, the NARMAX model uses the past 

input and output with predefined nonlinear transformations to 

predict the current output, which requires the selection of the 

appropriate nonlinearity and also nonlinear optimization proce- 
10 
dure. The MATLAB System Identification Toolbox provides sev- 

eral nonlinear transformations, but those transformations are 

not interpretable. 
• The general nonlinear state-space model requires the specifi- 

cation of the nonlinear structure before parameter estimation, 

which is usually not feasible due to limited process knowledge. 

The MATLAB System Identification Toolbox has an implemen- 

tation of the Hammerstein-Wiener model, the NARMAX model, 

and the general nonlinear state-space model by Ljung (1995) . 

SPA selects another two methods for nonlinear system identifi- 

ation. The selected methods have advantages and disadvantages 

s compared to the aforementioned methods, and can be con- 

idered complementary to what is offered by the nonlinear sys- 

em identification toolboxes ( Ljung, 1995; Ninness et al., 2013 ). 

he two selected methods – dynamic ALVEN (DALVEN) ( Sun and 

raatz, 2020a; Sun, 2020 ) and the recurrent neural network (RNN) 

 Elman, 1990 ) – are described below. 

Interpretable model: DALVEN 

DALVEN is an interpretable nonlinear system identification 

ethod, which has the form of a nonlinear autoregressive model 

ith exogenous inputs (NARX) structure ( Sun and Braatz, 2020a; 

un, 2020 ). Its model structures cannot describe every possible 

onlinear dynamic relationship. However, the model structures in- 

lude nonlinearities that commonly arise in chemical processes, 

nd the predefined nonlinear mapping in DALVEN is interpretable 

nd can be easily integrated with an optimizer for process design 

nd/or control. After the DALVEN model is fitted, an ARIMA model 

an be applied to the residual to construct a time-series model if 

he residuals have significant remaining autocorrelation. This ap- 

roach produces DALVEN model structures with quantified ARIMA 

rror which can potentially improve the prediction accuracy. The 

RIMA part might not be useful for specific applications such as 

ystem design and control, and is omitted in the default setting 

or SPA. 

Same as the linear dynamics models constructed by the MAT- 

AB System Identification Toolbox, DALVEN is also capable of per- 

orming k -step prediction through recursion. More details can be 

eferred to ( Sun and Braatz, 2020a; Sun, 2020 ). 

Black-box model: RNN 

Traditional feedforward neural nets have been used extensively 

n modeling nonlinear dynamical systems ( Chen and Billings, 1992; 

unt et al., 1992; Narendra and Parthasarathy, 1990 ). For exam- 

le, the auto-regressive models have been combined with the feed- 

orward neural net to describe nonlinear dynamics ( Narendra and 

arthasarathy, 1990 ). The RNN is an alternative to the NARX model 

hat uses a recurrent state to produce a more compact model 

nd reduce the system memory requirements ( Elman, 1990 ). RNNs 

ave been very successful in language modeling, speech recog- 

ition, image captioning, and music composition, and have been 

hown to achieve state-of-the-art performance on a wide range 

f sequential data modeling tasks ( Jozefowicz et al., 2016; Merity 

t al., 2016; Wu et al., 2016 ). Moreover, RNNs have been used in a

umber of system identification problems ( Li, 2003; Parlos et al., 

994; Sun et al., 2020 ). 

The standard RNN architecture has an input layer x , hidden layer 

 (state layer), and output layer y . Input, state, and output layers are 

omputed as 

s t+1 = φ( A s t + B x t + b ) 
y t = C s t + k 

(13) 

here A , B , C , b , and k are model parameters with appropriate di- 

ensions, and φis an element-wise activation function that can 

e either linear or nonlinear (e.g., logistic, hyperbolic tangent, and 

ectifier functions). The mathematical formulation is a nonlinear 

tate-space model, which captures the nonlinear dynamic informa- 

ion in the system and has the universal approximation capabil- 

http://www.mathworks.com/products/sysid/
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Fig. 9. RNN with feedback and one state layer for predictive modeling. 

Fig. 10. Multi-step (3-step in this example) prediction by RNN with feedback cor- 

rection and one state layer. 
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ty of neural nets. RNNs are appropriate when the objective is to 

ave the capability of modeling any form of nonlinear dynamics 

hile not being interested in model interpretability. RNNs can be 

verfit due to their complexity, and so appropriate regularization 

hould be used to mitigate this problem. For example, early stop- 

ing is used for RNNs in SPA to choose the number of training 

pochs ( Prechelt, 1998 ). Also, RNN is only advised to be the candi-

ate model when there is a large number of samples. 

A drawback of the architecture (13) is that prediction errors are 

ompounded, which leads to unrealistic predictions for a longer 

rediction horizon or an inaccurate initial condition. Feedback con- 

ections of the system can be added to the RNN to improve pre- 

iction accuracy by using the actual past output measurements as 

nformation to correct the system prediction, which can be com- 

uted as 

s t+1 = φ( A s t + B x t + D ̂  y t + b ) 
y t = C s t + k 

(14) 

here D is the parameter matrix with the appropriate dimension 

nd ˆ y t−1 is the actual output measurement at t − 1 . The architec- 

ure of the RNN model with feedback connections is illustrated in 

ig. 9 . 

The multi-step prediction can be implemented by feeding the 

utput of the RNN back to the model. The intermediate states 

hould also be the corresponding multi-step-prediction states from 

he RNN model ( Fig. 10 for illustration of multiple-step-ahead pre- 

iction in SPA). The multi-step prediction function is available in 

he SPA software. 

The loss function is typically defined as the mean squared one- 

tep prediction error, with l 2 regularization to prevent overfitting, 

 = 

1 
N 

N ∑ 

t=1 

‖ y t − ˆ y t ‖ 

2 
2 + λ(‖ A ‖ 

2 
2 + ‖ B ‖ 

2 
2 + ‖ C ‖ 

2 
2 ) (15)

here y t is the true output at time t, ̂ y t is the one-step-ahead pre- 

iction by the RNN model, and λis a weight decay parameter. 

To train the RNN, backpropagation through time (BPTT) is used 

o update model weights in order to minimize the loss func- 
11 
ion ( Werbos, 1990 ). However, BPTT has difficulties learning long- 

ange dependencies because of the vanishing gradient problem 

 Bengio et al., 1994 ). To alleviate this problem, gating mecha- 

isms have been developed, resulting in two popular RNN varia- 

ions: long short-term memory (LSTM) ( Hochreiter and Schmidhu- 

er, 1997 ) and gated recurrent unit (GRU) ( Cho et al., 2014 ). LSTM

nd GRU have been reported to show salient performance ( Cakir 

t al., 2015; Graves et al., 2013 ). The SPA provides regular, LSTM, 

nd GRU units with different types of activation functions. 

. Hyperparameter selection for automated model construction 

Cross-validation is the most widely applied method for pre- 

iction error estimation and hyper-parameter selection. Cross- 

alidation estimates the expected out-of-sample prediction error 

y holding out a portion of data when training the model, and 

esting the model performance based on the holdout dataset. The 

yperparameters that give the smallest validation error is selected, 

nd the final model is rebuilt on all of the data. Cross-validation 

an be used with any loss function and data analytics method. 

here are different cross-validation schemes, and the appropriate 

ethod depends on many attributes which include but are not 

imited to: (1) the total number of samples and predictors in the 

ataset, (2) the presence of replicate samples in the dataset, (3) 

he specific objective of the analysis, (4) available time to do cross- 

alidation, (5) the ordering of the samples in the dataset, and (6) 

he consequences of overly optimistic or pessimistic results. Cross- 

alidation schemes used in SPA are discussed in Sections 5.1 to 5.7 . 

For dynamic models, cross-validation needs to be done in a 

lightly different way to ensure that the dynamic structure in the 

ata is not distorted. For a relatively small sample size, the sam- 

le sizes across different folds will be mismatched, which is likely 

o systematically favor over-parsimonious models. Besides cross- 

alidation, the information criterion is a widely applied technique, 

specially for state-space model identification. Several widely ap- 

lied information criteria are discussed in Section 5.8 . 

.1. Simple held-out validation set 

The training data can be split into one training and one valida- 

ion fold. The training dataset is used to train the model while the 

alidation dataset is used to validate the trained model. The hy- 

erparameters that give the smallest validation error are selected. 

he validation dataset can be either picked randomly from the 

vailable data or taken from the last portion of the data for time 

eries modeling (see Section 5.7 for more details). This method 

s computationally efficient as compared to other cross-validation 

chemes described in Sections 5.2 –5.7 , but is only recommended 

hen there are enough sample points. 

.2. K-fold cross-validation 

K-fold cross-validation is usually implemented when the 

mount of data is limited, and the data are independent and iden- 

ically distributed (i.i.d.). The training set is split into k smaller sets, 

nd then the model is trained using k − 1 folds of the training data 

nd validated on the remaining fold of data. This procedure is re- 

eated k times, and the performance is averaged over k models (see 

ig. 11 ). 

.3. Repeated k -fold and monte carlo (MC)-based cross-validation 

Repeated k -fold repeats k -fold n times, with different random- 

zed splits in each repetition. Monte Carlo-based cross-validation 

s similar, where training samples are shuffled and then split into 
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Fig. 11. Illustration of k -fold cross-validation ( k = 5 ). 

Fig. 12. Illustration of Monte Carlo-based cross-validation with 5 repetitions. 

a

t

t

M

t

r

w

s

c

5

n

s

F

t

d

I

a

o

s

T

t

f

k

k  

o

o  

g

Fig. 13. Illustration of leave-one-group-out cross-validation. 
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 pair of training and validation datasets with a predefined por- 

ion of validation samples. The procedure is repeated n times, and 

he performance is averaged over all the validation errors. The 

onte Carlo-based cross-validation is illustrated in Fig. 12 . These 

wo cross-validation approaches allow control of the number of 

epetitions to average over and also the amount of validation data, 

hich are good alternatives to k -fold cross-validation for limited 

amples. However, with an increasing number of repetitions, the 

omputational cost is higher. 

.4. Grouped cross-validation 

While i.i.d. data is a common assumption, this requirement may 

ot be fulfilled in practice. As a rule of thumb, the data splitting 

hould ensure independence of the training and validation data. 

or manufacturing processes, this independence can be violated if 

he process has a group structure, such as samples collected by 

ifferent measurement devices over time, or ongoing sensor drift. 

n those cases, grouped cross-validation should be used to avoid 

n overly optimistic estimation of the true error and the selection 

f hyperparameter that fits the system bias. The cross-validation 

hould estimate the prediction performance of the unseen groups. 

herefore, all of the data collected from one group should be ei- 

her in the training dataset or the validation dataset. There are dif- 

erent strategies based on the grouping principle, including group 

 -fold, leave- p-group-out, and Monte Carlo group split. The group 

 -fold is to split data into k -folds while making sure the data from

ne group is in one fold. The leave- p-group-out will retain pgroups 

f data as the validation data set (see Fig. 13 ). The Monte Carlo

roup split is a randomized version of leave- p-group-out where 
12 
he pgroups are randomly selected, which gives finer control over 

he number of repetitions. 

.5. Importance of held-out test set and nested cross-validation 

Cross-validation has a risk of overfitting when the validation 

ataset is used for both hyperparameter selection and model eval- 

ation. This approach may provide an optimistic estimate of the 

rue generalization error ( Cawley and Talbot, 2010 ). This problem 

s avoided by holding out a test dataset from the available data 

or final model evaluation to give a better estimation of the gen- 

ralization error. The nested cross-validation is to split data into 

ifferent training and held-out test datasets and then do regular 

ross-validation using the aforementioned schemes on the train- 

ng set. This procedure is repeated, and the final generalization 

erformance of an algorithm is the average over different held- 

ut test datasets. This procedure can be combined with any cross- 

alidation schemes as the inner cross-validation loop, and an illus- 

ration of k -fold nested cross-validation is shown in Fig. 14 . 

Nested cross-validation provides an unbiased estimate for the 

odel error, and also an estimate of model stability by comparing 

ariation in different folds. Lar ge variations in the model perfor- 

ance or the selected hyperparameters indicate insufficient train- 

ng data and bad generalization performance. Moreover, if the error 

stimate from the inner loop is overoptimistic as compared to the 

uter loop, the model could be overfit. A drawback of nested cross- 

alidation is its computational cost. For this reason, this cross- 

alidation method is left as an option based on the amount of time 

vailable for cross-validation. 

.6. The one-standard-error rule 

Instead of choosing the hyperparameters with the minimum 

alidation error, the one-standard-error rule can be used, which 

elects the most parsimonious model whose error is smaller than 

ne standard deviation above the error of the best model. This rule 

akes into consideration that the validation performance curve is 

stimated with error, and therefore a conservative estimation is 

aken, which is considered to have higher robustness. An illustra- 

ion of a PLS model with its single hyperparameter fit using this 

ule is in Fig. 15 . The parsimonious model not only has better in-

erpretability but is also less prone to overfitting. 

.7. Cross-validation for the dynamic model 

For time series, conventional cross-validation is inappropriate, 

s leaving an arbitrary portion of data out for validation will dis- 

ort the dynamic information in the data and can also cause data 
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Fig. 14. Illustration of nested cross-validation, using k -fold cross-validation as an example. The conventional cross-validation will select just one held-out dataset as a test 

dataset, whereas nested cross-validation repeats the procedure using the outer loop. 

Fig. 15. Illustration of the one-standard-error rule. The conventional cross- 

validation will select 5 as the number of latent variables while the one-standard- 

error rule will pick 3 as the final latent variables. 

Fig. 16. Illustration of time-series cross-validation with 3 folds. 
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eakage because the future data provides information of the past. 

herefore, the holdout cross-validation set should be separated 

hronologically, where successive training datasets are supersets of 

he past data (see Fig. 16 ). 

.8. Information criteria 

The Akaike information criterion (AIC) ( Akaike, 1974 ) is often 

sed as a criterion to select model structures for dynamic mod- 

ls and can also be used to compare different models, as long 

s the training data are the same. AIC requires less computation 

han cross-validation. AIC is an estimator of the expected Kullback- 
13 
eibler information of the true model with respect to the fitted 

odel. A smaller value of AIC indicates that the estimated model 

s closer to the unknown system that generated the data. Mini- 

izing AIC has also been shown to be asymptotically equivalent to 

inimizing the mean-squared forecast error ( Shibata, 1980 ). How- 

ver, AIC is not a measure of forecast accuracy, so the forecast error 

eeds to be calculated separately on the holdout set. 

The AIC for a k th -order state-space model is calculated as 

IC (k ) = −2 ln p( y , u ; θk ) + 2 M k (16) 

here pis the likelihood function based on observations y and 

 ,θk is the maximum likelihood parameter estimation, and M k is the 

umber of parameters in the model. The model order k associated 

ith the minimum value of AIC (k ) is chosen as the final model. 

In the case of relatively few training data, a small-sample ver- 

ion of AIC, called AIC c , should be used ( Cavanaugh, 1997; Sugiura, 

978 ): 

IC c (k ) = −2 ln p( y , u ; θk ) + 2 f M k (17) 

here f is the correction factor. AIC c is recommended when the 

umber of training samples divided by the number of parameters 

s smaller than 40 ( Anderson and Burnham, 2004 ). When the num- 

er of training samples is large, the difference between AIC and 

IC c is negligible. 

Another information criterion for method selection is the 

ayesian information criterion (BIC) ( Schwarz, 1978 ): 

IC (k ) = −2 ln p( y , u ; θk ) + M k ln N (18) 

he BIC tends to favor simpler models than AIC because of the 

igher penalization factor. Despite the similarity between BIC and 

IC, BIC is motivated differently than AIC. BIC selects the best 

odel from the candidate models with the highest posterior prob- 

bility. Given their different objectives, neither AIC or BIC is clearly 

etter than the other. 

. Case studies 

In this section, several examples are used to illustrate the sys- 

ematic procedure in SPA for tackling different predictive modeling 
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Fig. 17. Fiber data visualization: single-variable histograms and scatter plots. 

Fig. 18. Nonlinearity test results for the fiber data. 

p

T

S

a

6

t

s

d

d

s

o

e

o

i

e

i  

e

r

m

f

c

t

v

o

i

m

i

n

p  

T

e

p

Table 3 

Model prediction results for fiber data. 

Train Validation Test Test 

mean mean mean var 

OLS 0.114 – 0.201 0.022 

RR 0.116 0.135 0.198 0.024 

ALVEN 0.113 0.206 0.274 0.047 

RF 0.053 0.333 0.281 0.050 

SVR 0.108 0.143 0.230 0.034 

Fig. 19. Comparison of raw fiber data with predictions from the OLS model. 
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roblems. Each example represents a specific data characteristic. 

he selected model is compared to other modeling techniques in 

PA to illustrate the effectiveness. 

A Python software implementation of the algorithms is avail- 

ble for download ( Sun and Braatz, 2020b ). 

.1. Limited fiber data describable by a linear model 

First consider a simple single-input single-output dataset for 

esting manufactured fibers that has a linear input-output relation- 

hip ( Montgomery, 2017 ). There are 15 measurements of the fiber 

iameter and the fiber strength, and the modeling goal is to pre- 

ict the fiber strength (S) using the measured diameter (D). The 

catter plot of the data is provided in Fig. 17 . 

The first step in SPA is data interrogation. Since there is only 

ne input variable in the system, multicollinearity is not a consid- 

ration. Since the data are static measurements without particular 

rdering, dynamic analysis is not needed. As such, only nonlinear- 

ty needs to be considered. The nonlinearity assessment by the lin- 

ar correlation, quadratic test, and maximal correlation is shown 

n Fig. 18 . The maximal correlation is observed to be close to lin-

ar correlation, and the p-value of the quadratic test is above any 

easonable significance level (e.g., 0.01). Therefore, a simple linear 

odel using OLS is selected. 

Several other models (RR, ALVEN, RF, SVR) are also trained 

or comparison. Because this dataset only has 15 samples, nested 

ross-validation is implemented. 5-fold cross-validation is used in 

he inner loop for other techniques, while OLS does not need cross- 

alidation in the inner loop. The outer loop testing dataset has 20% 

f the total data and is repeated 100 times. 

The results are shown in Table 3 . The linear models are signif- 

cantly better than all of the nonlinear models, in terms of both 

odel accuracy and stability. The tested nonlinear methods’ test- 

ng errors are higher in both mean and variance. OLS and RR give 

early identical results. The final prediction results using OLS are 

lotted in Fig. 19 , and the residual analysis is shown in Fig. 20 .

he residual analysis shows no significant nonlinearity and het- 

roscedasticity in the data, indicating that the OLS model is ap- 

ropriate. 
14 
.2. Sensor calibration model from biased spectral data with high 

ulticollinearity 

Next, consider a more complicated case of spectral data analyt- 

cs. The modeling goal is to use attenuated total reflection-Fourier 

ransform infrared (ATR-FTIR) spectroscopy to predict the potas- 

ium dihydrogen phosphate (KDP) concentration in the solution. 

 detailed description of the experiments is available elsewhere 

 Togkalidou et al., 2001 ). The dataset contains 116 samples with 

ve different KDP concentrations and varying solution tempera- 

ure. Each solution was cooled while spectral data were collected 

n the range between 40 0 0 and 650 cm 

−1 until crystals started to 

ppear or to room temperature. Several measured spectra with dif- 

erent concentrations are plotted in Fig. 21 . The construction of the 

est models from spectral data usually requires pre-processing to 

emove artifacts. For ATR-FTIR spectra collected from liquid solu- 

ions, it is well-established that data for frequencies in the blue- 

haded regions shown in Fig. 21 are associated with water vapor 

nd CO 2 inside the instrument and are subject to drift and/or noise 

 Bruun et al., 2006 ). Such drift and noise are observed in the spec-

ra, which confirms that such data should be removed from the 

ataset before applying data analytics. Such a removal based on 

omain knowledge could be automatically included into the soft- 

are to pre-process ATR-FTIR data collected from liquid solutions. 

elow SPA is demonstrated for the cases in which the data are in- 

luded or excluded, to evaluate its performance for a prototypical 

eal dataset in which the data are not pre-processed. 

Beer’s Law, which holds for dilute solutions, states that ab- 

orbance is linearly related to the concentration. Beer’s Law also 

olds, although not always, for many concentrated solutions over 

he concentration range of interest in a particular application. Ac- 

ording to the nonlinearity test, there is no significant nonlinear- 

ty between the absorbance and the concentration, indicating that 

eer’s Law holds for this dataset. The test also shows that the cor- 

elation between temperature and concentration is linear, which 

grees with a visual inspection that the ATR-FTIR data mostly vary 

inearly with temperature (that is, the slopes of lines fit to the five 

ets of data points in Fig. 22 are roughly the same). As such, SPA 

orrectly selects to apply a linear model for this dataset. 

From visual observation of Fig. 22 that the absorbance for one 

f the five concentrations (0.0296, in orange) showed a drift dur- 
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Fig. 20. Residual analysis for the OLS model of the fiber data. 

Fig. 21. Example ATR-FTIR spectra for KDP solution: (left) raw spectra, (right) identified blue regions with spectral artifacts that should be removed in pre-processing. (For 

interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 22. Absorbance at wavenumber 1074.17 cm 

−1 of KDP solutions at different tem- 

peratures (label corresponds to KDP concentration). This frequency corresponds to 

the peak absorbance, which makes it easier to evaluate trends due to having the 

highest signal-to-noise ratio. 
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ng the middle of the batch experiment that went from high to low 

emperature, that resulted in the absorbance at the lowest temper- 
15 
tures being biases. Such drifts are common in spectra and can be 

rom a number of causes, such as a gaseous nitrogen tank used 

o purge the systems running out of gas, or a malfunctioning flow 

egulator on the nitrogen gas tank. This case study will include the 

iased data, to evaluate the effectiveness of SPA for such realistic 

ata. 

For multicollinearity, the absorbances within similar wavenum- 

ers are highly correlated. Also, there are only 116 samples, 

hereas the number of predictors is 961 (after removing the noise 

egion). Since spectral data always have multicollinearity, there is 

o need to run a formal multicollinearity test when building mod- 

ls from such data. The multicollinearity tests were run and did in- 

icate that the data have significant multicollinearity, but are not 

hown here for brevity. 

The data interrogation from SPA indicates that EN, SPLS, RR, 

r PLS should be applied to the data. Now the problem becomes 

hether the sparse methods (EN and SPLS) should be used instead 

f the dense methods (RR and PLS). In SPA, the dense methods 

re selected for spectral data because there are typically fluctua- 

ions and drift in some of the highly correlated absorbances, and 

he sample number is inadequate to find the correct underlying 

parsity structure. To illustrate what can happen even when the 

est sparse methods are applied, as well as what can happen when 
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Fig. 23. Sparse regression results for spectral data for (left) SPLS and (right) EN for the original dataset: the blue line is the average spectra over 116 samples while the red 

line shows the final model parameters for the absorbances. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of 

this article.) 
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c
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ntentionally noisy data are included, SPLS and EN were applied 

o the original dataset and the regressed coefficients are plotted 

ith the average spectra in Fig. 23 . In general, the regressed co- 

fficients are expected have similar shapes to the acquired spectra 

n terms of smoothness ( Togkalidou et al., 2001 ). This smoothness 

ccurs because, for well-acquired spectra, the wavelength channel 

hould be as nearly as good as its neighboring channel for predic- 

ions, as neighboring wavelength channels are typically highly cor- 

elated. Therefore, observing noise in the regressed coefficient pat- 

ern (e.g., fluctuating between positive and negative in the neigh- 

orhood wavelengths), indicates that the model is overfitting to 

he tiny differences between neighboring wavelengths. As shown 

n Fig. 23 , the regressed coefficients by SPLS selected the noisy 

avelength regions as useful predictors, which indicates overfit- 

ing. For EN, the regressed coefficients are the same as RR ( l 1 = 0 ),

hich also indicates a dense model is appropriate. This example 

llustrates a key point that, although EN is a sparse method when 

 sparse method is appropriate, EN can produce dense models if 

ts internal selection of hyperparameters indicates that a dense 

odel gives the best predictions. Although EN works well for this 

ataset even when biased and noisy data are included, for the rea- 

ons given above, only dense methods should be applied to spec- 

ral data. 5 

As discussed in Section 4.1 , when the number of training sam- 

les is limited, dense models average the effects of fluctuations. 

ence, dense methods (RR and PLS) should be selected as defaults 

or spectral calibration. 

Another observation from the EN results in Fig. 23 (right) is 

hat the model coefficients around 10 0 0 cm 

−1 for EN have a very

imilar weighting as the mean spectra. That frequency range has 

learly resolved narrow peaks, meaning that each peak is associ- 

ted with a specific vibration in the solute molecule. The similarity 

n shape between the model coefficients and absorbances indicates 

hat most of the change in the spectra with concentration is associ- 

ted with scaling the size of the overall peak absorbance or a shift 

n the absorbance peaks to left or right. The EN model coefficients 

round 3300 cm 

−1 is a mirrored reflection of the mean spectra, see 

ig. 23 (right). That broad peak is for water, and the mirror image 

ndicates that an increase in solute concentration corresponds to a 

inear decrease in the absorbance of light by water. That interpre- 

ation is consistent, as an increase in solute immediately implies a 

ecrease in solvent for the fixed sample volume measured by the 

ensor. 

Nested cross-validation with grouped cross-validation for the 

nner and outer loop is used for model construction based on 
5 An exception is a dataset from a very low-cost spectral sensor that only pro- 

ides measurement for a small number of wavelengths. 

m

p

u

s

16 
he pre-processed data (the non-blue regions in Fig. 21 (right)) 

 Dell’Agnola et al., 2020 ). 

The splitting of data should ensure independence of training 

nd testing. For experiments with very similar conditions (same 

DP concentration with similar temperature as shown in Fig. 22 ), 

he measurements should be grouped in cross-validation to avoid 

verly optimistic results (that is, incorrectly estimating very low 

rediction errors). It is very important to avoid model overfitting to 

he bias and drifts in the measurement samples, which will lead to 

oor generalization. Given that drifts and bias are common in sen- 

or data, cross-validation with the one-standard-error rule is im- 

lemented with the nested cross-validation to provide more robust 

esults. In this example, measurements with the same concentra- 

ion are considered as one group. 

The final model based on grouped CV uses PLS with 7 la- 

ent variables, and the estimated MSE by nested cross-validation 

s 2 × 10 −6 . The standard PLS procedure was also implemented 

ith nested cross-validation using random splitting of training 

nd testing data for comparison, as random sampling is applied 

n numerous papers. The model selected with the standard PLS 

rocedure using random sampling has 14 latent variables, and 

he estimated MSE from applying the model to the testing data 

s 3 × 10 −8 which is unrealistically small (such a prediction error 

0.0 0 01 compared to the concentrations which are ≈0.3), espe- 

ially for a model trained on biased data. From the final model 

oefficients shown in Fig. 24 , it is observed that PLS in SPA that 

ses grouped sampling gives smooth regressed coefficients while 

he standard procedure using random sampling yielded overfitted 

esults. This observation confirms that the much lower estimated 

esting error by the standard PLS procedure is an overly optimistic 

stimate of its prediction accuracy, and SPA’s use of grouped CV 

or spectra calibration provided a realistic estimation with high 

obustness. 

.3. Nonlinear model of a power plant from data with outliers 

This section considers a nonlinear case study. The dataset was 

ollected from a fully loaded combined cycle power plant (CCPP) 

ver 6 years ( Tüfekci, 2014 ). The objective is to predict the energy

utput (PE) from the CCPP based on four hourly average ambient 

ariables: temperature (T), pressure (AP), relative humidity (RH), 

nd exhaust vacuum (V). The dataset contains 9568 samples with 

andom order (shuffled by the collector), so no dynamics are con- 

idered in this problem. A more detailed description of the dataset 

s available in the original reference ( Tüfekci, 2014 ). 

The scatterplot in Fig. 25 of the raw data suggests that the data 

ay include one or more outliers (e.g., the lower right point in the 

lot in the first row and second column). Also, the exhaust vac- 

um distribution is bimodal (see the plot in the second row and 

econd column). Such occurrences are common in real industrial 
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Fig. 24. PLS model prediction results by (left) PLS with standard cross-validation strategy and (right) SPA. 

Fig. 25. Scatterplot of CCPP data using 200 training data points. The breadth of scatter in the predictor variables indicate that the data reasonably cover the input space. 
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6 The multicollinearity test is not needed for method selection when the nonlin- 

earity test indicates that the data have a nonlinear relationship, but is run by SPA 
atasets. To evaluate SPA for a dataset with such characteristics, 

he raw data were used, without doing any pre-processing, e.g., to 

emove apparent outliers. 

For this dataset, different numbers of training samples are used 

o assess the performance of different nonlinear models. The num- 

er of training samples varies from 100 to 50 0 0, while the last 

0 0 0 points are always used for testing. First, the data were inter- 

ogated to assess nonlinearity and multicollinearity. The results for 

00 training samples were used in the data interrogation, with the 

ther cases not shown because the results were very similar. The 

onlinearity tests ( Fig. 26 ) shows that there is a significant nonlin- 

arity in the relationship between the predictors and the output 

the maximal and linear correlations are very different in mag- 

itude for RH and the p-values below the significant level in the 

uadratic and bilinear tests). There is identifiable multicollinearity 

a

17 
n the predictors ( Fig. 27 ). All of the nonlinear models used in SPA

an deal with multicollinearity. 6 

The model construction procedures were run for the three se- 

ected nonlinear models (ALVEN, SVR, and RF). The 3-fold repeated 

ross-validation with 20 repetitions is used. For comparison pur- 

oses, four linear methods are also tested. The training, validation, 

nd testing MSEs using different numbers of training samples are 

ummarized in Table 4 . The nonlinear models are observed to be 

uitable for the energy output prediction, which is in accordance 

ith the data interrogation result. As expected from the discussion 

n Section 4.2 , ALVEN gave the best performance (smallest predic- 
nyway to provide insight to the user into the dataset. 
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Fig. 26. Nonlinear test results for CCPP data. One of the values is much greater than 

1. 

Fig. 27. Multicollinearity test results for CCPP data. 

Table 4 

Mean squared errors for different static regression methods for 

CCPP data with different numbers of training samples. 

N train 100 200 

MSE Train Val- Test Train Val- Test 

ALVEN 0.055 0.066 0.074 0.061 0.067 0.074 

RF 0.049 0.102 0.077 0.055 0.081 0.081 

SVR 0.046 0.064 0.077 0.055 0.065 0.073 

EN 0.063 0.071 0.080 0.067 0.070 0.082 

SPLS 0.063 0.072 0.081 0.067 0.070 0.084 

RR 0.063 0.072 0.080 0.067 0.070 0.083 

PLS 0.063 0.072 0.081 0.067 0.070 0.083 

N train 2000 5000 

MSE Train Val- Test Train Val- Test 

ALVEN 0.062 0.063 0.068 0.062 0.062 0.067 

RF 0.049 0.061 0.062 0.046 0.055 0.056 

SVR 0.058 0.060 0.064 0.043 0.055 0.056 

EN 0.070 0.070 0.080 0.071 0.071 0.077 

SPLS 0.078 0.070 0.080 0.071 0.071 0.077 

RR 0.070 0.070 0.080 0.071 0.071 0.077 

PLS 0.078 0.070 0.080 0.071 0.071 0.077 
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Fig. 28. CCPP model predictions vs. testing data for the SVR model using 200 train- 

ing data points. 
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7 Such plant-wide data are typically sampled relatively slowly and have relatively 

low signal-to-noise. 
ion error for the testing data) for a small amount of training data, 

hereas SVR and RF gave the best results for a large amount of 

raining data. In particular, these machine learning methods have 

p to 30% lower mean-squared error than PLS. 

Figs. 28 and 29 plot the model predictions for the testing data 

nd the corresponding residual analysis of testing data by the SVR 

odel using 200 training data points. Nearly all of the points are 

cattered evenly around the ideal prediction line in Fig. 28 , with a 

mall proportion of points that are a few additional standard de- 

iations away, which is consistent with the initial data visualiza- 

ion that suggested the data could include outliers. In spite of the 

utliers, the other residuals are approximately symmetric and bal- 

nced as a function of sample number or predicted values ( Fig. 29 ).

The Q-Q plot ( Thode, 2002 ) of the residual indicates that the 

istribution is heavy-tailed for the left region, which is consistent 
18 
ith the observation from the scatter plot; the heavy-tailed distri- 

ution on the left is caused by the outliers that has relatively large 

egative residuals. 

In summary, SPA correctly picks the nonlinear model for the 

CPP data. 

.4. Dynamic model for a four-stage evaporator from data from 

eplicated factorial experiments 

This section presents a time-series modeling case study. The 

ataset was collected from a four-stage evaporator, which was de- 

igned to reduce the water content of milk products ( Zhu et al., 

994 ). There are three input variables to the system ( x 1 , x 2 , x 3 ),

hich are feed flow (FF), vapor flow to the first evaporator stage 

VF), and cooling water flow (CF), respectively. The task is to pre- 

ict the dry matter content (DM) in the final product. A more de- 

ailed description is available ( Zhu et al., 1994 ), and the dataset 

an be downloaded from ( De Moor et al., 1999 ). The dataset has

305 samples, with the raw data plotted in Fig. 30 and the scatter 

lot shown in Fig. 31 ); the first 4305 samples are used for train-

ng, and the remaining 20 0 0 points are used for testing. The scat- 

erplot for the predictor variables shows that most of the data are 

ocated near the extreme points of the dataset, which indicates a 

 

3 factorial experimental design with replication. A weakness of the 

xperimental design is that no center-points were included. 

The data interrogation for nonlinearity indicates that the pre- 

ictors and the output have weak static linear correlation and have 

 weak static nonlinear relationship ( Fig. 32 ), and Fig. 33 indicates 

hat multicollinearity is minimal. Collectively, these results suggest 

hat either the output cannot be predicted or that a dynamic rela- 

ionship exists between the inputs and output. 

For time-series data, its static character is first assessed to 

etermine whether a static model is able to capture most of 

he input-output relationship through residual analysis. This step 

hould be taken because static models are sufficient for modeling 

ome types of time-series data, such as in many multivariate statis- 

ical process control applications for continuous-flow oil refineries 

 Russell et al., 20 0 0 ). 7 Assessing dynamic content can avoid con- 

tructing an overly complex model when a static model captures 

lmost all of the input-output behavior. 

The model prediction results for a simple linear regression 

odel are shown in Figs. 34 , 35 , and 36 . The static linear model

oes not explain hardly any of the variations in the output, which 

s consistent with the linear correlation analysis. The same conclu- 

ion can be drawn from the residual analysis in Fig. 35 . The resid-
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Fig. 29. CCPP residual analysis for testing data. 

Fig. 30. Water evaporator data for the three input variables (FF, VF, and CF) and one output variable (DM). 

19 
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Fig. 31. Water evaporator data scatter plot. 

Fig. 32. Nonlinearity test for water evaporator data. 

u

o

s

a

Fig. 33. Multicollinearity test for water evaporator data. 

Fig. 34. Comparison of model predictions and raw testing data for a static linear 

model of a water evaporator. 
al has large magnitude and has the same variation pattern as the 

riginal data, showing that the variation is not explained by the 

tatic model. The distribution of the residuals are well described 

s being normal, as seen the Q-Q plot. The residuals are lumped 
20 
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Fig. 35. Residual analysis for the testing data for a static linear model of a water evaporator. 

Fig. 36. Autocorrelation analysis for the residuals for the testing data for a static 

linear model of a water evaporator. 
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nto two clouds when plotted with respect to the predicted output, 

hich is in part due to the input variables always being at extreme 

alues. The residuals are autocorrelated ( Fig. 36 ), indicating that, a 

ynamic model should be constructed. 

To further assess whether a nonlinear dynamic model is 

eeded, the nonlinearity assessment is repeated for lagged vari- 
Fig. 37. Dynamic nonlinearity tests f

21 
bles. The results in Fig. 37 show that a linear dynamic model is 

ufficient. The linear and maximal correlations between lagged DM 

nd the output are the same for each lag, meaning that the max- 

mal correlation is high solely due to the linear correlation. The 

ther inputs have a small linear and nonlinear correlations to the 

utput. The p-values for the quadratic test indicate that a quadratic 

erm is not statistically justified, which was also observed for the 

ilinear test (not shown here for brevity). 

The SPA analysis indicates that a linear state-space model 

hould be used for final model construction. The software pack- 

ges in MATLAB and ADAPTx (SSARX and CVA, see Section 4.3 ) 

re used to construct state-space models. For comparison, DALVEN 

nd RNN models were also constructed. AIC was used for model 

election for the linear state-space model and RNN. For DALVEN, 

oth the full nonlinear mapping version (denoted as DALVEN-full) 

nd the partial mapping version (denoted as DALVEN) are tested, 

sing one single-hold out dataset (20% of the training data), AIC, 

nd BIC for model selection. The RNN automatically selects the 

nal activation function from linear, relu, and sigmoid activation 

unctions. 
or the water evaporator data. 
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Fig. 38. Testing prediction MSE for water evaporator data for seven data analytics 

methods for 0 to 10 prediction steps. 

Fig. 39. Comparison of predicted values with testing data for an SSARX model for 

a water evaporator. 

Fig. 41. Water evaporator SSARX model residual dynamic analysis for testing data. 
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Fig. 40. Water evaporator SSARX model

22 
The final model performance results are compared using 1-step 

o 10-step ahead predictions, and the testing results are shown in 

ig. 38 . For a small prediction horizon, the methods had similar 

ean squared error with RNN being a bit higher. When the pre- 

iction horizon grows, the linear dynamic models outperform the 

onlinear dynamic models. The results are as expected based on 

he data interrogation. The terms selected by DALVEN with rel- 

tively large parameters are all linear terms (the first 5 selected 

erms are y t−1 ,y t−2 ,y t−3 ,x 3 ,t−1 , and x 3 ,t−2 ). The RNN software auto- 

atically selected the linear activation function, which provides a 

inear mapping between input and state. 

For a relatively small prediction horizon, the difference between 

he linear state-space model, DALVEN, and RNN is small. As the 

rediction horizon grows, errors are propagated through time, and 

he model structure mismatch results in the linear state space 

odels producing much more accurate predictions than DALVEN 

nd RNN. At the final time step, the linear state-space model has 

alf the prediction error of the RNN. 

The state-space model using the SSARX algorithm with 17 states 

as the lowest MSE and is selected as the final model. The predic- 

ion results and residual analysis are shown in Figs. 39 , 40 , and

1 . The residual histogram is symmetric and approximately nor- 

al. The final model residual has some moderate autocorrelation 

hat cannot be explained by the linear state-space model, which is 
 residual analysis for testing data. 
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onsistent with the earlier observation from the nonlinearity tests 

f there being some minor nonlinearity. At this point, it would be 

n engineering decision whether to attempt to squeeze out that 

ast bit of autocorrelation by using a nonlinear dynamic model. As 

ompared to the linear static model (see Fig. 36 ), the model pre- 

ictions are substantially improved, and most of the variation can 

e explained by the linear state-space model. 

In summary, SPA correctly picks the best model structure with a 

ystematic analysis procedure for this water evaporator case study. 

. Conclusion 

SPA is proposed as a robust and automated framework for 

ethod selection and model construction for predictive data- 

riven modeling of manufacturing processes. For method selection, 

PA assesses the salient data characteristics by using data inter- 

ogation tests. This information is then used to select the best- 

n-class data analytics methods within the pre-selected candidate 

ethods based on expert domain knowledge of process data ana- 

ytics. The users’ objectives are also taken into consideration dur- 

ng method selection. For automated model construction, rigor- 

us cross-validation procedures are implemented. This systematic 

ramework facilitates consistent applications of best practices and 

ontinuous improvement of tools and decision making in manufac- 

uring processes. 

Case studies involving real manufacturing datasets with differ- 

nt data properties demonstrate the effectiveness of the procedure. 

or a four-stage evaporator, a state-space identification method is 

elected that has half the long-term prediction error than a recur- 

ent neural network. For a combined cycle power plant, machine 

earning methods are selected that have up to 30% lower mean- 

quared error than partial least squares. Although this article only 

onsiders predictive modeling, SPA can be generalized and inte- 

rated with other applications such as classification and process 

onitoring. Future work will be based on the design and imple- 

entation of SPA for other application scenarios. 
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ppendix A. Case study results for linear static method 

omparisons 

Below are the detailed linear method comparison results by RR, 

LS, EN, SPLS, and also OLS if applicable. 
23 
1. Type I cases: number of features < number of training samples 

There are 9 cases in total of the Type I comparison for RR, 

LS, EN, and SPLS. The box-plots for MSEs of testing data calcu- 

ated over 10 0 0 simulations are shown in Fig. 42 . For each case,

here are 4 noise levels. The final results by four linear methods 

re compared with the OLS model regressed on the correct fea- 

ures (OLS-part), which provides a lower bound on the MSE, and 

he OLS model regressed on all the features (OLS-full), which pro- 

ides an upper bound on the MSE. 

Fig. 43 plots the median of the testing MSEs for the simulated 

ype I examples and the 95% confidence interval estimated by us- 

ng the bootstrap with B = 10 0 0 resamplings on the 10 0 0 MSEs. 

2. Type II cases: number of features > number of training samples 

There are 8 cases in total of the Type II comparison. The box- 

lots for MSEs of testing data calculated over 10 0 0 simulations are 

lotted in Fig. 44 . For each case, there are 4 noise levels. The final

esults by four linear methods are compared with the RR/PLS mod- 

ls regressed on the correct features, which provide a lower bound 

n the MSE for each case. 

Fig. 45 plots of the median of the testing MSEs for the simu- 

ated Type II examples and the 95% confidence interval estimated 

y using the bootstrap with B = 10 0 0 resamplings on the 10 0 0

SEs. 

ppendix B. Case study results for linear dynamic method 

omparisons 

Below are the comparison results of different linear dynamic 

ethods in SPA. The datasets are all from the demonstration 

atasets in the ADAPTx software. 

1. Case 1 

The dataset generated by a 2-input 2-output system (dem1 in 

DAPTx software) is shown in Fig. 46 . There are 500 observations, 

nd the system involves feedback, state noise, and measurement 

oise. Four hundred points are used to train the model, while 

he last 100 points are used to test the trained model. The k -step 

head testing prediction MSE results are shown in Fig. 47 . MOESP 

as the lowest mean squared error for testing data, with the other 

ethods giving nearly the same MSE. 

When the number of training samples is reduced to 300 and 

he remaining 200 is used for testing, the relative performance be- 

ween different methods changed as shown in Fig. 48 . In this case, 

OESP has the worst MSE of the methods. 

2. Case 2 

The dataset generated by a 2-input 2-output system (dem3 in 

DAPTx software) is shown in Fig. 49 . There are 500 observations, 

nd the system involves feedback, state noise, and measurement 

oise. Four hundred points are used to train the model, while 

he last 100 points are used to test the trained model. The k -step 

head testing prediction MSE results are shown in Fig. 50 . In this 

ase, the largest MSE for testing data is for SSARX and the ADAPTx 

mplementation of CVA. 

When the number of training samples is reduced to 300, and 

he rest 200 is used for testing, the relative performance between 

ifferent methods changed as shown in Fig. 51 . MOESP has by far 

he largest MSE for the testing data whereas CVA-ADAPTx has the 

owest. 
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3. Case 3 

The dataset generated by a 1-input-1-output system (Gasfuoi in 

DAPTx software) is shown in Fig. 52 . There are 296 observations, 

nd the system involves feedback, state noise, and measurement 

oise. Two hundred points are used to train the model, while the 

ast 96 points are used to test the trained model. The k -step ahead

esting prediction MSE results are shown in Fig. 53 . The CVA im- 

lementation in Matlab and auto have the lowest errors. 

4. Case 4 

The dataset generated by a 1-input-1-output system (Gasfubi 

n ADAPTx software) is shown in Fig. 54 . There are 296 obser- 

ations, and the system involves feedback, state noise, and mea- 

urement noise. Two hundred points are used to train the model, 

hile the last 96 points are used to test the trained model. The 

 -stepahead testing prediction MSE results are shown in Fig. 55 . 
Fig. 42. Type I case testing MSE distributions for RR, PLS, EN, 

24 
he CVA implementation in ADAPTx has the lowest MSE for test- 

ng data whereas SSARX has the highest. 

5. Case 5 

This dataset for a single-output system with seasonality (dem5 

n ADAPTx software) is shown in Fig. 56 . The data are the number

f recorded live births in each month. The abrupt jump in the se- 

ies around sample 80 is the end of World War II. Although not a 

ataset from manufacturing, similar nearly periodic behavior ap- 

ears in many chemical systems including batch and semibatch 

rocesses used to manufacture pharmaceuticals and semiconduc- 

or devices. 

There are a total of 474 points in the dataset, where 374 points 

re used for training and the rest 100 points are used for testing. 

he testing results are shown in Fig. 57 . In this case, ADAPTx has

he highest MSE, followed by MOESP. 
SPLS, and OLS with all predictors/only useful predictors. 
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Fig. 42. Continued 
25 
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Fig. 43. Type I case: testing MSE medians with 95% confidence interval for RR, PLS, EN, and SPLS. 
26 
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Fig. 44. Type II case: testing MSE distributions for RR/PL S/EN/SPL S and RR/PLS with only useful predictors. 
27 
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Fig. 44. Continued 
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Fig. 45. Type II case: testing MSE medians with 95% confidence interval for RR, PLS, EN, and SPLS. 

Fig. 46. Case 1 data for linear dynamic model comparison. 

Fig. 47. k -step ahead prediction MSE results for Case 1 testing set by different 

methods with 400 training samples. The label ‘auto’ indicates the option for au- 

tomatic algorithm selection in N4SID in Matlab, which selects the weights in the 

subspace algorithm from MOESP, CVA, and SSARX. 

29 
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Fig. 48. k -step ahead prediction MSE results for Case 1 testing set by different 

methods with 300 training samples. 

Fig. 49. Case 2 data for linear dynamic model comparison. 

Fig. 50. k -step ahead prediction MSE results for Case 2 testing set by different 

methods with 400 training samples. 

Fig. 51. k -step ahead prediction MSE results for Case 2 testing set by different 

methods with 300 training samples. 

Fig. 52. Case 3 data for linear dynamic model comparison. 

Fig. 53. k -step ahead prediction MSE results for Case 3 testing set by different 

methods. 
30 
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Fig. 54. Case 4 data for linear dynamic model comparison. 

Fig. 55. k -step ahead prediction MSE results for Case 4 testing set by different 

methods. 

Fig. 56. Case 5 data for linear dynamic model comparison. 

Fig. 57. k -step ahead prediction MSE results for Case 5 testing set by different 

methods. 
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Supplementary material associated with this article can be 

ound, in the online version, at doi: 10.1016/j.compchemeng.2020. 
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