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A nonparametric learning framework for nonlinear
robust output regulation

Shimin Wang, Martin Guay, Zhiyong Chen, Richard D. Braatz

Abstract—A nonparametric learning solution framework is
proposed for the global nonlinear robust output regulation
problem. We first extend the assumption that the steady-state
generator is linear in the exogenous signal to the more relaxed
assumption that it is polynomial in the exogenous signal. Ad-
ditionally, a nonparametric learning framework is proposed to
eliminate the construction of an explicit regressor, as required
in the adaptive method, which can potentially simplify the
implementation and reduce the computational complexity of
existing methods. With the help of the proposed framework, the
robust nonlinear output regulation problem can be converted into
a robust non-adaptive stabilization problem for the augmented
system with integral input-to-state stable (iISS) inverse dynamics.
Moreover, a dynamic gain approach can adaptively raise the
gain to a sufficiently large constant to achieve stabilization
without requiring any a priori knowledge of the uncertainties
appearing in the dynamics of the exosystem and the system.
Furthermore, we apply the nonparametric learning framework to
globally reconstruct and estimate multiple sinusoidal signals with
unknown frequencies without the need for adaptive parametric
techniques. An explicit nonlinear mapping can directly provide
the estimated parameters, which will exponentially converge to
the unknown frequencies. Finally, a feedforward control design is
proposed to solve the linear output regulation problem using the
nonparametric learning framework. Two simulation examples are
provided to illustrate the effectiveness of the theoretical results.

Index Terms—Nonlinear control; iISS stability; Output reg-
ulation; Parameter estimation; Non-adaptive control; Nonpara-
metric learning

I. INTRODUCTION

The internal model principle is essential for the design
of control systems that achieve asymptotically tracking and
disturbance rejection [1] to solve the classically named output
regulation problem [2, 3]. In particular, the linear internal
model principle successfully turns the linear output regulation
problem into a pole placement problem [4]. In the nonlinear
case, the nonlinear superposition of the parameter uncertainties
and nonlinear dynamics behaviour arising from the system,
reference inputs, and disturbances generate a nonlinear steady-
state behaviour of the closed-loop system. The presence of
nonlinearities prevents the direct application of the linear
internal model and feedforward controller design approach
[5]. Specifically, the results in [6] identified a link between
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a polynomial and a partial differential equation conditions
on an input feedforward function, resulting in a sufficient
condition called trigonometric polynomial for the solvability
of the nonlinear robust output regulation problem. The con-
struction of a proper internal model approach that solves the
output regulation problem for various system dynamics over
diverse conditions remains an active research area in both the
automatic control literature [7—12] and neuroscience [13].

The existing research addressing the output regulation prob-
lem can be classified following the internal models type [9].
They include nonlinear internal models [4, 7], the canonical
linear internal model [12, 14—17] and a generic internal model
[18, 19]. To illustrate, two different nonlinear internal models
were given in [4] and [7] to handle the nonlinear output
regulation problem with linear output mapping immersed in
a known nonlinear steady-state generator. An important class
of linear and nonlinear output regulation problems is for
systems with an uncertain exosystem with unknown param-
eters or dynamics [15, 16, 20, 21]. To handle the unknown
parameters arising from the uncertain exosystem, the canonical
linear internal model [14-16, 22] and the generic internal
model [18, 19] are the two main approaches considered in
the literature. The canonical linear internal model was first
proposed in [14] to overcome important shortcomings of the
classical internal model, such as the need for exact models of
the controlled system plant and the disturbance generator, by
using a parameterized method and adaptive control techniques.
The technique has been applied for the solution of linear
output regulation and nonlinear output regulation problems
[15, 16] for systems with a linear uncertain exosystem. In-
terestingly, [16] shows that the estimated parameter vector
will converge to the actual parameter vector if the canonical
internal model has a dimension that is no more than twice
the number of sinusoidal signals in the steady-state input of
the system. Additionally, the construction of parameterized
nonlinear internal models using a canonical linear internal
model approach has been proposed in [23] to help address
nonlinear output regulation problems based on Kreisselmeier’s
adaptive observers [24].

A generic internal model design was initially introduced
in [18] to relax the various assumptions imposed on internal
model candidates as mentioned above [4, 7, 14]. The generic
internal model has been employed to solve a practical semi-
global nonlinear output regulation problem in [18]. This im-
portant contribution sparked research interest in the use of
non-adaptive techniques for the solution of nonlinear output
regulation problems [19, 21, 25, 26]. The non-adaptive control
approach naturally avoids the burst phenomenon [27, 28] that
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is encountered in adaptive iterative learning methods, such as
in the MIT rule [29]. In addition, the non-adaptive method
in [19, 21, 26] avoids the need for the construction of a
Lyapunov function or input-to-state stability (ISS) Lyapunov
function for the closed-loop system with positive semidefinite
derivatives. In fact, a counterexample was used in [30] to show
that the boundedness property cannot be guaranteed when the
derivative of an ISS Lyapunov function is negative semidefinite
even with a small input term. The generic internal model in
[18, 19, 26] was shown to estimate the unknown parameters
in the exosystem directly without using the parameterized
method and adaptive control technique, significantly improv-
ing the canonical linear internal model [9]. Accordingly,
the design of a generic internal model for the solution of
output regulation problems has received considerable attention
in the literature [18, 19, 26]. The generic internal model
relies on the explicit construction of a nonlinear continuous
mapping function, which is known to exist [31]. Methods
for constructing a locally Lipschitz approximation of such a
function were discussed in [18]. In particular, a nonlinear high-
gain observer approach was constructed in [21] to remove the
“explicit” need for adaptive techniques, as proposed in [20],
by assuming that the steady-state generator is linear in the
exogenous signal and that the real Hankel matrix is invertible.
Moreover, approximations of the nonlinear output mapping
function were introduced in [32, 33] to provide an adaptive on-
line tuning of the regulator by employing system identification
algorithms selecting the optimized parameters according to a
specific least-squares policy. Subsequently, nonlinear output
mapping functions were explicitly constructed in [19] under
the assumption that the steady-state generator is linear in the
exogenous signal to exploit the known property that the steady-
state generator of nonlinear output regulation is of finite order
k in the exogenous signal [5, 34].

The internal model can be viewed as an observer of the
steady-state generator providing an online estimated steady-
state/input. The observability condition of the steady-state
generator has been discussed in [35]. The main differences
between feedback and feedforward control frameworks are
related to the ability to measure the output of the steady-
state generator. When a direct measurement is available, an
internal model-based design approach would prevail. If only
indirect measurements are possible, observer-based designs
are required. As a result, finding an explicit nonlinear output
mapping for general internal models also promotes studying
the parameter/frequency and state estimation problems. Some
efforts have been made to construct an explicit nonlinear
output mapping to estimate the frequency of a pure sinusoidal
signal non-adaptively locally using a nonlinear Luenberger
observer approach [36]. As highlighted in [37], the nonlinear
Luenberger observer design provides significant advantages
when compared to traditional adaptive observer designs since
they yield lower dimensional systems with dynamics that
admit a strict Lyapunov function candidate. Online param-
eter/frequency estimation of multiple sinusoidal signals has
long been a defining topic in automatic control, communica-
tion, image processing and power engineering. A large major-
ity of observer-based designs for online parameter/frequency

estimation utilize traditional adaptive control methods [38—41].

Motivated by the aforementioned pioneering research, we
propose a nonparametric learning solution framework for
a generic internal model design of nonlinear robust output
regulation. We show that the global nonlinear robust output
regulation problem for a class of nonlinear systems with
output feedback subject to a nonlinear exosystem can be
tackled by constructing a generic linear internal model as
in [18, 21], provided that a sufficiently continuous nonlinear
mapping exists. An explicit continuous nonlinear mapping was
constructed recently in [19] under the assumption that the
steady-state generator is linear in the exogenous signal. We
further relax this assumption to address a polynomial steady-
state generator in the exogenous signal, demonstrating that the
persistency of excitation remains necessary for the generic in-
ternal model design following results in [16]. A nonparametric
learning framework is proposed to solve a linear time-varying
equation to ensure that a nonlinear continuous mapping always
exists. With the help of the proposed nonparametric learning
framework, the nonlinear robust output regulation problem can
be converted into a robust non-adaptive stabilization problem
for the augmented system with integral Input-to-State Stable
(iISS) inverse dynamics. One key distinction from the adaptive
methods in [14-16, 22] is that the proposed nonparametric
framework does not rely on a known explicit regressor, typi-
cally generated from the structure of the composite system,
which includes the controlled system and internal model.
Instead, the proposed nonparametric framework directly learns
the unknown parameter vector of the steady-state generator
from the generic internal model signal. The nonparametric
framework eliminates the need for explicit regressor construc-
tion, potentially simplifying the implementation and reducing
the computational complexity. Additionally, the framework
allows for more flexible adaptation to various system dynamics
without predefined model assumptions [42]. A dynamic gain
approach can adjust the gain adaptively to achieve stabilization
without requiring knowledge of the uncertainties coupled
with the exosystem and the control system. Different from
traditional adaptive control methods as in [38-41, 43, 44],
we apply the nonparametric learning framework to globally
estimate the unknown frequencies, amplitudes and phases
of the n sinusoidal components with bias independent of
any adaptive techniques. In contrast, the estimation approach
proposed in [36] only considers the frequency estimation of a
single sinusoidal signal, which requires the actual frequency
to lie within a known (possibly large) compact set. We also
show that the explicit nonlinear continuous mapping can
directly provide the estimated parameters after a specific time,
which yields the exponential convergence to the unknown
parameters/frequencies. Finally, a feedforward control design
is proposed to solve the output regulation problem using the
proposed nonparametric learning framework.

The rest of this paper is organized as follows. Section II for-
mulates the problem and objectives. In Section III, we estab-
lish a learning-based framework for solving nonlinear robust
output regulation over a polynomial steady-state generator.
The nonparametric learning framework to globally estimate
the unknown frequencies, amplitudes and phases of the n

Authorized licensed use limited to: MIT. Downloaded on October 15,2024 at 16:37:23 UTC from IEEE Xplore. Restrictions apply.

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Automatic Control. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TAC.2024.3470065

sinusoidal components with bias independent of using adaptive
techniques is introduced in Section IV. This is followed by the
application of the proposed nonparametric learning framework
for the design of a feedforward controller that solves the
linear output regulation problem. Two numerical examples
are presented in Section V. A controlled Lorenz system
application is presented first. This is followed by an application
to a quarter-car active automotive suspension system subject
to unknown road profiles. Section VI concludes the paper.
Notation: A function f : [tg,00) — R™*" is bounded if
there exists a positive constant ¢ such that || f(¢)|| < ¢ for
all ¢ > to. || - || is the Euclidean norm. Id : R — R is an
identity function. For X; € R"™*™ let col(Xy,...,Xn) =
[X{),...,X%]". For any matrix P € R"™™ and P =
[p1,...Dm] where p; € R™, vec(P) = col(pi,...,pm). For
any column vector X € R"™ for positive integers n and
¢, Mi(X) = [X1,Xs,...,X,]. The Kronecker product is
denoted by ®. A function a : R>9 — R>¢ is of class K
if it is continuous, positive definite, and strictly increasing.
Ko, and K., are the subclasses of bounded and unbounded
KC functions, respectively. For functions f1(-) and fa(-) with
compatible dimensions, their composition f; (f2(-)) is denoted
by f10f2(+). For two continuous and positive definite functions

k1(s) and k2(s), K1 € O(k2) means lim SUP¢_,0+ 2;8 < oo.

II. PROBLEM FORMULATION AND OBJECTIVES
A. System models and problem formulation

We consider a nonlinear system in strict-feedback normal
form with a unity relative degree,

2= f(z,y, ),
v =g(z,y, ) + b(2,y, p)u, (1)
e=1Yy—- h(v7w)7

where col(z,y) € R™=T! are the state variables of the system,
y € R is the output to be regulated, e € R is tracking error,
u € R is the control input variable, and y = col(v,w,0)
contains the uncertainties w € IR"+, the state of the exosystem
v € R™, and the unknown parameters o € R" arising from
the exosystem. The smooth exosystem dynamics are given by

2

which generates the disturbance and reference signals. The
uncertainties w are assumed to belong to a known compact
invariant set W. Similarly, the exosystem state variables v are
assumed to stay in some known compact invariant set V ! for
the exosystem (2) where o belongs to some known compact set
3. Suppose that all the functions in (1) are globally defined and
sufficiently smooth satisfying f(0,0,u) = 0, ¢(0,0, 1) and
h(0,w) =0 for all 4 € V x W x 3. The function b(z,y, 1) is
lower bounded by a positive constant b* for any pn € VW x$
and col(z,y) € R™=11.

The nonlinear robust output regulation problem of this paper
is formulated below.

0 = s(v,0),

IThe set V is called compact and invariant for v = s(v, o) if it is compact
and for each v(0) € V and o € $, the solution v(t) € V for all ¢ > 0.

Problem 1 (Nonlinear Robust Output Regulation). Given
systems (1) and (2), any compact subsets § € R"=, W € R"»
and V € R™ with W and V containing the origin, design a
control law such that for all initial conditions v(0) € V, 0 € §
and w € W, and any initial states col(z(0),y(0)) € R+,
the solution of the closed-loop system exists and is bounded
for all t > 0, and tllglo e(t) =0.

B. Standard assumptions

The following assumptions are standard to handle Problem 1
for the systems (1) and (2).

Assumption 1 (Solvability of the regulator equations). There
is a smooth function z* = z*(v,o,w) with z*(0,0,w) = 0
such that, for col(v,w,0) € V.x W x §,

Ws(ua) = f(z*(v,0,w), h(v,w), ).

It determines the steady-state input u = u(v, o, w) given by
s(v,0)
“)

3)

u(v,0,w) = b(z*(v,0,w), h(v, w),v,0,w) " (W

—g(z*(v,0,w), h(v,w), v, mw))7
which can be regarded as an output of the exosystem (2).

Assumption 2 (Minimum-phase condition). The translated
inverse system

z=f(z+ 2" e+ h(v,w),p) — f(z5, h(v,w),un) (5)

is input-to-state stable with state Z = z — z* and input ¢ in the
sense of [45]. In particular, there exists a continuous function
Vz(2) satisfying

az([12l)) < Vz(2) < @:(|12])

for some class Ko functions oy (-) and &z (-) such that, for
any v € V, along the trajectories of the z subsystem,

Vz < —az(|2])) +(e)

where az(-) is some known class Ko function satisfying
limsup (az'(s?) /s) < 400, and ~(+) is some known smooth
o+

S—
positive definite function.

C. Linear generic internal model design and error system
dynamics

Based on Assumption 1, following the pioneering work in
[18, 19, 26, 32], we can construct a linear generic internal
model in the form

n=Mn+ Nu, neR"™, (6)

where (M, N) is controllable and M is Hurwitz. As shown
in [18, 19, 26], this can be done by using the result of [31].
In fact, let

w00 = | t

— 0

u(v(t),cr, ’LU) = X(T’*(U(t)a 0, w))a n* € R™

eM(t_T)Nu(U(T), o, w)dr,
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along each system trajectory associated with the initial con-
dition, parameter and uncertainty vector col(v(0), o, w), that
will satisfy the differential equations

W = Mn*(v(t),o,w) + Nu(v(t), o, w),

u(v(t),0,w) = x(n"(v(t), 0, w)). ()

These trajectories are those of the steady-state generator of
control input u(v(t), o, w) for a sufficiently large dimension
ng, a continuous mapping x(-) and the initial condition
n*(v(0),0,w). For convenience, let n* = n*(v,0,w). To
solve Problem 1, we perform the coordinate transformations

z=2-—2",
fi= 11— 0" = bz + 2% e + hv, w), 1)~ Ve,

Using the transformation, the augmented system

z=f(zemn) (8a)
n=DMn+p(z e, p) (8b)
¢ =g(z,7,e, 1) + b(z, e, ) (u — x(n")) (8¢)

is obtained, where b(Z, e, ) = b(Z + z*, e + h(v, w), p),

f(zvemu“) :f(2+ 2*76 + h’(vvw)alu‘) - f(z*a h(”ﬂ”)aﬂ)v
Pz e, 1) =b(z,e, )" (MNe — Ng(z, e, 1))
db(z,e,p)*
7 Ne,
§(23ﬁ767ﬂ) :g(’5 + Z*,G + h(’U,’lU),[L) - g(Z*a h(v,w),,u).

Under Assumptions 1 and 2, two properties hold for the system

(8):

Property 1. There exists a smooth input-to-state Lyapunov

function Vo = Vo(Z) satisfying
ao(IZII7) < Vo(2) < ao(l1Z]),
VO|(ga)+(8b) < _”Z”2 +7 (6) ) 9

for some comparison functions a(-) € Koo, ao(+) € Koo and
a smooth positive definite function, 7(-), with Z = col(1, z).

Property 2. There are positive smooth functions vgo(-) and
Yg1(+) such that

9(Z. e, 1) < 490(Z)IZ|I* + e g1 (e),
Jor p e VxWxS5.
The proofs of Properties 1 and 2 are in Appendix VII-A.

Theorem 1. For the composite system (1) and (2) under
Assumptions 1 and 2, there is a positive smooth function p(-)
and a positive number k* such that the controller

n = Mn+ Nu,
u = —kp(e)e+ x(n),

solves Problem 1 for any k > k*. Furthermore, the closed-loop
system composed of (8) and (10) has the property that there
exists a continuous positive definite function V.= V(Z,e)

such that, for all 4 € $ x V x W,
v <)z -

(10a)
(10b)

for any k > k*.
The proof of Theorem 1 is in Appendix VII-B.

Corollary 1. For the composite system (1) and (2) under
Assumptions 1 and 2, there is a positive smooth function p(-)
such that the controller

n=Mn+ Nu, (11a)
l;c: ple)e?, (11b)
u=—kp(e)e+x(n), (11¢)

solves Problem 1.

Remark 1. The proof of Corollary 1 easily follows from the
Lyapunov function Uy(Z, e,k — k*) = V(Z,e) + (1/2)(k —
k*)? and is omitted for the sake of brevity.

D. Objectives

Based on the above discussion, it follows that the Nonlinear
Robust Output Regulation Problem 1 can be solved by (10)
if we can find an explicit continuous mapping x(-). However,
the result in [31] is limited to a proof of the existence of
the nonlinear mapping x(-). Methods for the construction of
a locally Lipschitz approximation of such a function were
discussed in [18]. The nonlinear output mapping function was
approximated in [32, 33] by introducing an adaptive online
tuning of the regulator that employs system identification
algorithms to the optimized parameters according to a specific
least-squares policy. The explicit construction of a nonlinear
continuous output mapping function was proposed in [19]
under the assumption that the steady-state generator is linear
in the exogenous signal. The steady-state generator of the
nonlinear output regulation system of order & in the exogenous
signal was proposed and analyzed in [5, 34]. The first objective
of this study is as follows.

Objective 1. For system (1) and (2) with the nonlinear
mapping x(-) in (7), we seek the explicit construction of a
nonlinear continuous output mapping function x(-) under the
assumption that the steady-state generator is polynomial in
the exogenous signal.

One of the distinctive features of the generic internal model
(7) is that the unknown parameter vector a(c) determined by
o can be identified by the signal n* such that a(c) = a(n*)
where a(-) is a continuous mapping. As a result, the continu-
ous mapping x(n*) can be rewritten as x(n*) = x(n*, a(n*)).
The nonlinear mappings x (n*,a(n*)) and a(n*) should be
well-defined, continuous and such that the control law (10)
can generate the required control signal online and in real-
time. It is noted that x(-) and a(-) are not always well-defined
and continuous for 7(t) over ¢t > 0 due to some conditions not
being satisfied by 7(¢) over ¢ > 0. Hence, the second objective
of this paper is below.

Objective 2. For system (1) and (2) with controller (10) and
nonlinear mapping x(-) given in (7), we seek a nonparametric
learning framework to learn the unknown parameter a(o) that
provides a well defined, continuous mapping x(-) for n(t) over
t > 0 solving Problem 1.
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ITI. A NONPARAMETRIC LEARNING FRAMEWORK FOR
NONLINEAR ROBUST OUTPUT REGULATION

To reduce the complexity of the problem and achieve our
two objectives, for convenience, we first simplify the nonlinear
exosystem case into a linear exosystem and introduce the
standard assumptions commonly seen in nonlinear robust
output regulation as in [16].

A. An explicit nonlinear mapping for the polynomial steady-
state generator

Assumption 3. The dynamics of exosystem system (2) is
s(v,0) = S(o)v. All the eigenvalues of S(o) are distinct with
zero real part for all o € 3.

Assumption 4. The functions u(v,o,w) are polynomials in
v with coefficients depending on o for all o € S.

Remark 2. From [6, 16], under Assumption 4, for the function
u(v, o, w), there is an integer n* > 0 such that u(v, o, w) can
be expressed by

w(v(t),o,w) = Z C;(v(0), w, o)™,

for some functions C;(v(0),w,o), where 1 is the imaginary
unit and w; are distinct real numbers for 0 < j < n™.

Assumption 5. For any v(0) € V, w € W and o € §,
C;(v(0),w,0) # 0.

As shown in [46], under Assumptions 3 and 4, there exists
a positive integer n, such that u(v, o, w) satisfies

d"u(v, o, w) du(v,o,w)
— ay(o)u(v, o, w) + az (o) pm
d" tu(v,o,w)
e fap (o) W) (g
+--+an(o) e (12)
for all col(v,w,0) € V x W x §, where a1(0),...,a,-1(0)

and a, (o) all belong to R. Under Assumptions 3 and 4,
equation (12) is such that the polynomial

P) =¢"+ai(o) +az(o)s+ -+ a,(o)s"*

has distinct roots with zeros real parts for all

o € $. Let a(o) = col(a1(0),...,a,(0)),
n—1

gv,ow) = col(u(v,o,w), Lzl L)

and € = £(v,0,w), and define

o)) — O(n—1)x1 | In—1
CD( ( )) l: —al(J) ‘ —a2(0')7...,_an(0') :|’

r=[10 - 0]

Then, for the defined matrices ®(a(c)) and I, &(v,0,w)
satisfies

1xn '’

£(v,0,w) = ®(a(0))§(v, 0, w),

u(v,0,w) =T&(v, o, w).

(13a)
(13b)

System (13) is called a steady-state generator with output u,
which can be used to generate the steady-state input signal
u(v, o, w). A major source of inspiration in deriving our result
comes from the work in [19].

5
Define the matrix pair (M, N) in (7) by
M = 0(2n—1)><1 ‘ Ion g (14a)
—my ‘ —Mma, ..., —Map ’
N=[0 0 0 11, (14b)

where my, mo , ..., mo, are chosen such that M is a Hurwitz
matrix.

To synthesize the nonlinear operator x(-) in (7), we recall
and reformulate some lemmas stated in [19] which are listed

below.

Lemma 1. [19] Under Assumptions 1, 3, and 4, the matrix-
valued function
2n

E(a) = ®(a)*" + ijl m;®(a)’ 1 € R™™
is nonsingular and
E(a)"! = col(Q1(a),...,Qn(a)) € R™*",
with Qj(a) =TZ(a) ' ®(a)! "t e RY*"™, j=1,...,n.
Define the real Hankel matrix (see [37]):

5)

01 ‘92 e on
0 05 O

0 = | . . .| eRM
O on—i—l 021

where 6 = Q¢, Q;(a) =TZ(a) '®(a)) ' e R, 1 <5 <
2n with
Q = col(Q1,...,Qa,) € RTX™,

We reformulate Thm. 3.1 in [19] to show that matrices @), M,
N, and I satisfy the matrix equation

(16)

MQ = col(Qg, ey, Qony — in:ijg)
j=1

2n

col(QQ,...,an,rE(a)l {—Z
Then, from Lemma 1, we have
MQ = col(Q2, e, Qon, TE(a) " [®(a) " — E(a)])

- col(Q2, e Qon, TE(a) "1 ®(a)>" — rz(a)—lz(a))
- co1(Q2, e Qo Qon®(a) — r)

- col(Q1<I>(a), e Qon1®(a), Qan®(a) — r)
= Q(I)(CL) - NF,

mjfb(a)jl]> .

j=1

a7)

which is called the generalized Sylvester equation, with the
explicit solution being discussed in [47].

To remove the assumption that the steady-state generator is
linear in the exogenous signal in [19, 21], we now introduce
a Lemma that establishes a connection between the persistent
excitation condition and the generic internal model.

Lemma 2. Under Assumptions 1, 3, 4, and 5, the matrix-
valued functions [§ ®(a)€ "1 (a)] and O(0) are
nonsingular for all t > 0.
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Proof. Tt is noted from § = Q€ and Q = col(Qy, ...
that

7Q2n)

0 = col(fy,...,02,)
= COl(QlEa Q2£7 e 5Q2n£)

with Q; = TE~1®7~1 1 < j < 2n. Then, the real Hankel
matrix ©(0) admits the equations:

Q1€ Q2 Qn€
(Qut Quint Qanst
Q1€ Q1€ Q12" ¢
B Q26 Q29¢ Q0" 1¢
QuE QudE - Quonig
= col(Q1,...,Qu)[€ @€ onlg] . (18)
— ———

ZE(a)—?

Under Assumptions 1, 3, 4, and 5, the vector £ generated
by the steady-state generator (13) is persistently exciting
following Thm. 4.1 in [16]. Then, from Thm. 1 in [48] or
Lemma 2 in [49], the steady-state generator (13) satisfies the
excitation rank condition at every &, which further implies
that rank ([é oE @"‘15}) = n and that the matrix
& o¢ ®"~1¢] is invertible. This, together with the
fact that =(a) is nonsingular, shows that ©(6) is nonsingular
from equation (18). L]

Remark 3. Lemma 3.2 in [19] achieved similar results,
assuming that the steady-state generator is linear in the
exogenous signal. In contrast, Lemma 2 only requires the
steady-state generator to be polynomial in the exogenous
signal, which is an improvement over [19]. In particular,
[21] also defined a real Hankel matrix by assuming that the
steady-state generator is linear in the exogenous signal and
that the real Hankel matrix is invertible. Lemma 2 links the
results in Thm. 4.1 in [16] with the generic internal approach,
demonstrating that the persistency of excitation remains a
necessary condition for the generic internal model approach.
It is well known that the steady-state generator of nonlinear
output regulation is of order k in the exogenous signal [5, 34].
Detailed relations which yield a steady-state generator that is
linear or polynomial in the exogenous signal can be found in

[6, 50].

Using Lemma 2, we can remove the assumption that the
steady-state generator is linear in the exogenous signal in Thm.
3.1 in [19] and directly show that the explicit continuous non-
linear mapping in [19] is also applicable under the assumption
that the steady-state generator is polynomial in the exogenous
signal. The proof is modified from Thm. 3.1 in [19].

Lemma 3. Under Assumptions 1, 3, 4 and 5, there exists an
explicit continuous nonlinear mapping to achieve Objective 1
with

x (", a(n”)) = T'E(a(n”)) col(ny, ..., my;)

that fulfills (7), where a(n*) is solved from the time-varying
equation

O(m")a(n®) + col(myyr, -, m3,) = 0. (19)

Proof. Under Assumptions 3 and 4, the matrix ®(a (o)) admits
the characteristic polynomial equation

"+ ai(o) +ax(o)s + - +an(o)s" ! =0.
This, together with the Cayley-Hamilton Theorem, implies
—ay (o), — - — an(0)®(a(0))" ! = ®(a(o))™. (20)

It is noted from 6 = Q€ and Q; = T=71®I71, 1 < j < 2n
that

0= CO](Q1€7 Q?éa ) Q2n£)

=col(lT=7'¢, TE1dg, ..., TE 1p2n1¢).
—— N—— ———
91 92 92'”
Then, separately pre-multiplying the matrices T=~!, TZ~1®,
..., TE71®"~! and post-multiplying the vector £ on both
sides of the matrix equation (20) results in time-varying
algebraic equations

FE—l(I)né- _ —(1,1].—‘5_15 T anFE_lq)n_léa
r=1o" g = —qTE'®¢ — -« — a, 2 1D"¢,
F=E71@* ¢ = —qI'27'9" ¢ — . — @, TE 1" 2¢.

which can be put into the compact matrix form

0, 6 - On ay Ont1
02 03 9n+1 ag 9n+2

- 1. ) =1 . |. 21
O, 9n+1 O2n—1 anp Oan,

o(0) a

Under Assumptions 1, 3, 4, and 5, from Lemma 2, the constant
vector a can be calculated from (21) with

a=—-0)"col(bpi1,...,00,) = ald). (22)
Since col(fy, ..., 02,) = col(Q1€, . .., Q2,£), we have
col(b,...,0,) = col(Q1€,...,QnE)
= COI(Qla teey Qn)£
Moreover, Z=(a) is nonsingular and col(Qi,...,Q,) =
Z(a)~!. As a result, we obtain
€= [col(Q1,...,Qyn)] 'col(dy,....,0,). (23)

(1

(a)
Hence, from the function a(6) in (22), we have
u(v? 0-7 w) = F£ (U7 0.7 w)
=TZ(a(f))col(by,...,0,) = x(0,a(d)), (24)

which is globally defined and smooth. By using the general-
ized Sylvester equation (17), the steady-state generator (13)
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can be transformed into the steady-state generator (7) which
admits the solution

w00 = |

—00

t
eME=TINTE(v(T), 0, w)dT

- / M) (QB(a) — MQ)E(u(r), 0, w)dr

= [ [0 00 w) - MTMQE () 0vw)|
A QE((r), o w)

t
Mt
— d
c /,OO dr T

— M MTQE(u(r), 0 w)||

=M MIQE(v (), 0,w) — lim_eMleMTQE(u(r), 0, w)

0
=Q&(v(t), 0, w).

This implies that 0(v(t),o,w) = n*(v(t), o, w), completing
the proof. O

Theorem 2. For the composite system (1) and (2) under
Assumptions 1, 2, 3, 4, and 5, there are a positive smooth
function p(-) and a large enough positive number k such that
the regulator

n=Mn+ Nu
u = 7kp(e)6 + X(nv d(n))

solves Problem 1 with

(25a)
(25b)

x(n; a(n)) = TE(a(n))eol(n, - -, 0n);
d(n) = 79(77)71(:01(777%{-13 e 77’2n)7

provided that ©~1(n(t)) always exists and is well-defined for
any t > 0.

The results of Theorem 2 can be obtained directly from
Theorem 1.

The existence of the nonlinear mapping X (7, a(n)) strictly
relies on the solution of a time-varying equation

O(n)a(n) + col(Nnt1, - - -

It is noted that ©(n(t)) is not always invertible over ¢ > 0 as
the inverse of ©(n) may not exist or may not even be well-
defined. To achieve Objective 2, we introduce a nonparametric
learning framework to solve the time-varying linear equation
arising from the signal of the steady-state generator. The pro-
posed framework differs from the classical parametric adaptive
control approaches investigated in [15-17, 51-53], which
relies on the explicit regressor construction typically generated
from the structure of the composite system (consisting of
the controlled system and the internal model). The proposed
framework does not require this explicit construction (see
Fig. 1).

) 772n) =0.

B. A nonparametric learning framework for the nonlinear
robust output regulation problem

From Assumption 3, it follows that n* and a belong to some
compact set D. Given that the signal 6 is inaccessible, and the

| Time-varying Equation |
r

Y

e ]

O u = —I{:p(e)@ + Xs ("75 a’) }7“4>| System |
alm Disturbances
Internal Model

y_

T

[6(n*)a + col(rps s, ., m5,) = 0]

Fig. 1. A nonparametric learning solution to the time-varying linear equation.

constant vector a cannot be directly calculated through time-
varying algebraic equation (21), we must rely solely on the
internal model 7 for the composite system (1). Consequently,
we propose the following nonparametric learning regulator.
This approach circumvents the need for direct access to 6
and allows for the estimation of a using the available internal
model signals, thus enhancing the robustness and adaptability
of the control system in scenarios where direct measurement
of @ is not feasible. As a result, for the composite system (1),
we propose the nonparametric learning regulator

n=DMn+ Nu (26a)
a=—k0mn) [0n)a+ col (i1, ..., 72n)] (26b)
u= —kp(e)e + xs(n,a) (26¢)

where a is the estimation of unknown parameter vector a,
p(+) > 1is a positive smooth function, and the smooth function

xs(n,a) is given by
Xs(n, @) = x(1,a)¥(8 + 1 — [[eol(n, a)|?),
having a compact support with

x(n,a) = TE(a)col(ny, ..., nn),

and ¥(s) = %, 6 = max(, 4)ep ||col(n, a)[|?, and
e~/s for¢ >0,
¢(g)_{ 0 for ¢ < 0.

Remark 4. One of the major differences with the adaptive
methods in [14-16, 22] is that the nonparametric framework
proposed in Fig. 1 does not rely on the regressor typically
generated from the structure of the composite system, which
consists of the controlled system and internal model. Instead,
the nomparametric framework directly learns the unknown
parameter vector a from the internal model signal 1 as shown
in Fig. 1. This approach eliminates the need for explicit regres-
sor construction, potentially simplifying implementation and
reducing computational complexity. Additionally, it allows for
more flexible adaptation to various system dynamics without
predefined model assumptions.

We now perform the coordinate/input transformations
7_7 =n- T’* - l_)(za 6,#)71]\76,
s =u— Xs(n,a) and a=a — a,
which leads to the augmented system:

z=f(zen), (27a)
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n=DMn+p(ze,pn), (27b)

€ :g_](f, 1, €, /~L) + b(z, €, N))_CS(ﬁea d) + b(z € M)Us, (27¢)

i=—komn)'em)a—ko(j,a), (27d)
where f(Z,e, 1), p(Z, e, 1), and §(Z, e, 1) are defined in (8),
and
XS(ﬁev& :u) = ("7*4'7757@"‘@) _X(n*aa)

=7+ b(z e,,u)_lNe
O(ﬁe,co =0(n")'0(7.)a+ O(7.) O (n*")a

+ 0(7) O (7e)a + O(i) O (i) a
+0(n*)'0(7.)a + O(n*) col(fiemii, - - -
+ @(ﬁe)TCOI(ﬁe,n-&-la v aﬁe,2n)-

Then, we can introduce the following properties of the control
law (26a) under Assumptions 1, 3, 4, and 5 with the additional
assumption on the function b(z,y, 1) that it is upper bounded

by a positive constant b* for any p € VxWx$ and col(z,y) €
Rm=F1

Lemma 4. For the system (27) under Assumptions 1, 2, 3, 4,
and 5, we have the following properties:

Property 3. There are smooth integral Input-to-State Stable
Lyapunov functions Vg = V3 (EL) satisfying
a;(lal?) < Va(a) < aa(llall®),

< —aa(Va) + Cacl Z|* + cac€®,  (28)

Va |(26a)

for positive constant cqe, and comparison functions o (-) €
ICOO, O_[a(') S ICOO’ Oéa(') S ]CO-

Property 4. There are positive constants ¢g, ¢1, and ¢s such
that

16(2, €, 1) [2|Xs (e @ 1) [P < poe® + 1| Z]|* + ¢oa(Va)
Jor p e VxWxS.

Proof. From Lemma 2, we have ©(n*) is nonsingular and
1n*(t) is bounded signal for all ¢ > 0. Therefore, there exists
positive constants ©,,, and ©,; such that

Oml, < O(n*(t)'O(n*(t)) < Opnl,, V> 0.

It is noted that ||n*(t)|] < na over Assumption 3 for some
positive constant 7y, and for all ¢ > 0. Together with
1©(7) | < n'/?||7ic|| and aTO(7)'O(71.)a > 0, we have
—a' O(7,a) < —2a' O(1")'O(7.)a —a' O(7) O (7 )a
_&T@(n*)—r [6(776)0’ + COl(ﬁE,n+1a s aﬁe,2n)}
_aT@(ﬁe)TCOI(ﬁe,n-&-la e 777e,2n)
< 2n|[@ll|ell (nallall + llalinar + llallll7e]])

4n? B
§||a||2(77]2\/[+1)7”"76“2
+nM\|all2 ||ne||2+% all?
TYL
< callell*|all* + 2calfel|? + 2O la]?

where ¢; = max{4n?n3,, 4n?||a|*n3;, 4n?||al|*}/O,,. Pose
the Lyapunov function candidate V;(a) = In(1+ ||a||?), which

7ﬁe,2n)

satisfies ||a|? = e a — 1. Then, we have a;(c) = In(c;6% +1)
and a;(s) = ¢162 for all ¢ > 0 and some positive constants
¢, and ¢;. It is noted that b(Z, e, 1) = b(z,y, 1) is upper and
lower bounded by some positive constants b* and b* for any
p €V xW x$ and col(z,y) € R"*1. The time derivative
of V; along (27) can be evaluated as
—2ki1a" O(n*)'O(n*)a — 2k1a’ O(7., a)
1+ [la]?

—(1/2)k1Oml|al|® + kicalle|*[1al® + 2¢a 171

I+ Jal?

V(j:

IN

—(1/2)]{1167””@”2
- 1+ |la|/?
aa(Va) + cae (| Z]? + €*)

(29)
where oz (<) = % and ¢, = max{6kicz,2/b*}.

We now verify Property 4. It can be verified that the
function X4 (7e, @, 1) = Xs(7+b"*Ne,a, u) is continuous and
vanishes at col(z, e, ) = col(0, 0, 0). From (26), the function
Xs (1, @, i) is bounded for all col(n, @) € R3"; by [54, Lemma
A.1] and [54, Remark A.1], there exist v1,72 € K, N O(Id)
such that

+3k'10aH77@||2

A

[b(z, €, 1) *[Xs (e, @ ) * < n(ll77e]1?) + 72 (llal®),
for V¢ € R and 4 € V x W x 8. From (29), it can also be
verified that lim sup,_, ¢+ 2 < 400 and

Yo 0 [(es — 1)cr Y] 20 (es = el

lim sup = lim sup =
¢—0+ Qg (C) ¢—0+ (eg — ].)Ql 1
S _1Det
x lim sup w < +00.
s—0t O‘ﬁ(g)

Hence, there exist positive constants ¢, and ¢- such that
16(z, €, )2 (X5 (7e @, 1) [* < doe® + 61| Z|1? + p2ca(Va),

for 1 € V x W x S. Therefore, we have Property 4 for system
7). O

Theorem 3. For the composite system (1) and (2) under
Assumptions 1, 2, 3, 4 and 5, there exists a large enough
positive constant k and positive smooth function p(-), such that
the controller (26) solves Problem 1 and achieves Objective 2
for any positive constant ki > 0.

Proof. The error dynamics (8) with control (26) are given by

z=f(zep),
n=Mn+p(z e p),

_ 30
i = kOO ) — kO, a). ¢
é =g (17, e p) +b(z e n) (Xs(e, @, 1) — kple)e) .

From Property 1, with the same development and by using
the changing supply rate technique [55], given any smooth
function ©,(Z) > 0, there exists a C' function V5(2)
satisfying

ay(12]) < va(2) <@ (|1 2]]°)

for some class K, functions a, (-) and @ (-), such that, for
all p € Vx W xS, along the trajectory of the Z-subsystem,

Vo < —0.(2)|1 2| +4(e)e?
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where 4 (-) > 1 is some known smooth positive definite
function. We now define a Lyapunov function U = U(Z, a, e)
by

U(Z,d,e) = V2 (Z) + GaVa(d) + 62

where the positive constant € is to be specified. From Property
1 and Lemma 4, the time derivative of U(t) along (30) can
be evaluated as

U =Vy+ e Vi + 2eé
< —0.(2)||Z|]” + 3eacal Z||> — cacva(Va)
+b(Z, €, 1)* | Xs (7e, @, )| + |9(Z, 77, €, )
— 2kb(Z, e, u)p(e)e? + % + A(e)e?
< — (2kb(Z, e, p)p(e) = yg1(€) = 1 = cae — P — F(e))e?
— (0:(2) — €atac — 10(2) — 01)| Z||”
— (ea — ¢2)aa(Va).
It is noted that b(Z,e,u) = b(z,y, i) is lower bounded by
some positive constant b* for any y € V x W x $ and

col(z,y) € R"™T1. Hence, let the smooth functions ©,(-),
p(+), and the positive numbers €; and k be such that ©,(Z) >
€aCac T+ 'Vg(](Z) + ¢1 + 1, ple) > max{ﬁ/ (e) 7’791(6)71}’
€z > ¢o+ 1, and k > 22* max{2, ¢g, Cae} = k*. Thus, it
follows that

U< —||Z]* = ¢ — aa(Va). 31)

Since the function U(Z,a,e) is positive definite and radially
unbounded and satisfies inequality (31), it is a strict Lya-
punov function candidate, and, therefore, it can be concluded
that system (30) is uniformly asymptotically stable for all
col(v,w,0) € V x W x $. This completes the proof. O

Based on the Corollary 1 and Theorem 3, we also have the
following result.

Corollary 2. For the composite system (1) and (2) under
Assumptions 1 and 2, there is a positive smooth function p(-),
and for any positive constant ki such that the controller

n=Mn+ Nu (32a)
a=—k:0(n) [0+ col(ni1,...,n2m)]  (32b)
k= p(e)e? (32¢)
u=—kp(e)e + xs(n, @) (32d)

solves Problem 1.

IV. A NONPARAMETRIC LEARNING FRAMEWORK FOR
PARAMETER ESTIMATION AND FEEDFORWARD CONTROL

A. A Single-Input Single-Output (SISO) linear system
We now apply our nonparametric learning framework in
feedforward control design to solve the linear output regulation
for the SISO system (see [56]):
& = Ax + Bu + Pu,
e =Cx+ Du+ Fu,

x € R™,
eeR, ueR,

(33a)
(33b)

where A, B, P, C, D, and F are matrices of compatible
dimensions, the objective is to design a feedforward control

system that drives the tracking error e to zero and rejects
the disturbance. The exosystem state variable, v € R", is
generated by (2) with

s(v,0) = ®(a(o))v, yo =Tv

satisfying Assumption 3 with output yp. Under Assumption 3,
Yo is a multi-tone sinusoidal signal with m distinct frequencies
described by

yo®) =do+ Y di(sin(@i(o)t +x))

where dy € R, di, # 0, ¢y € R, and wy (o) € R are unknown
constant biases, amplitudes, initial phases, and frequencies.
Moreover, system (2) has the characteristic polynomial

PG) =¢"+an(0)s" t + - +az(o)s + a1 (o)

with unknown parameter vector a(o) = col(ay(0),...,a,(0))
acting as a reparametrization of the m unknown frequency
vector w(o) = col(w1(0), ..., wmn(0)) with n = 2m (dy = 0)
orn =2m+1 (dy # 0) (see [38]).

B. Parameter estimation problem of the multi-tone sinusoidal
signals with unknown frequencies

z W = N -
wo = 3 disin(wi(0)t + di) i = M+ Ny ——] 9= x(n.) |
= ; .

a

|O(*)a + col(ny .- m3,) = 0

Fig. 2. Nonparametric learning framework to parameter/frequency estimation.

Following the above results, we can design the observer
n = Mn+ Nyo
a= _kle(n)T [@(77)& + COl(nn-l-lv s 77727L)]

to reconstruct yo and estimate the frequencies wy (o), where
n € R?", M, and N are chosen based on (14).

(34a)
(34b)

Theorem 4. For any positive constant ky, system (34) can
globally and exponentially reconstruct and estimate the signals
yo and a, provided that yo has m distinct frequencies with

g=TE(a)col(n1,...,mn) = x(n,a).
Proof. Define the coordinate transformation
ﬁ =n—- Qva
where @ is given in (16). Then, from (34), the time derivative
of 77 along (34a) is given by

7= Mn+ Nyo — Q2(a)v
=Mij+ MQu+ NTv — Q®(a)v
=M+ (MQ+ NI — Q®(a))v.

0

Then, from the generalized Sylvester equation (17), we have
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which further implies that 7 converges to zero exponentially
and ||n|| is bounded by some positive constant 7,;. We first
show that a is bounded by some polynomial. For convenience,
we let V, = a'a and k; = 1. The time derivative along the
trajectory (34b) can be evaluated as

Vi=2a'a
= —2a"0(n)" [O(n)a + col (i1, - -

<2a"0(n) col(ni1,- -\ n2n)
S 27’?,1/27’]M Vdv

7772n)]

which further implies that a is bounded by some polynomial

qa(t). Now, let @ = @ — a and n* = Qu; from (34), we have
a=—0O(r") e )a

—O(n)' [O(7)a + col(fp i1, - - 7i2n)]

—0() [B(n)a + col(n i1, 72n)] 4

Let V; = a'a. The time derivative of V; can be evaluated as

Va=—2a'0(n")'0(n")a
—2a"0(n")' [O(7)a + col(fnt1, ..
—2a"0(1)" [0(n)a + col(iu+1, - -

Since the signal yq is sufficiently rich of order 2m, the vector
v is persistently exciting. From Lemma 2, we have ©(n*(¢))
is nonsingular and 7*(¢) is bounded by some positive constant
n for all t > 0. Therefore, there exists positive constants O,
and ©); such that

7772”)}

sM2n)] . (35)

Omln < O(n*(t)'O(n

Then there exists some constant v,,, such that (35) satisfies

(1) < Opl,, VE>0.

Va <= 2Va +vm(1+ [la) 7]
We have proved that 7j(¢) converges to zero exponentially as
t — oo and ||a(t)]| is bounded by some polynomial g;(t) for
all t > 0. Hence, v, (1 + [|a(®)|])||7(¢)|| converges to zero
exponentially as ¢ — oo, which further implies that V;(t)
converges to zero exponentially as ¢ — oo. It is noted from
(23) that
19— yol = Ix(n,a) —
) )|

1
a))col(ni, ... M)

— E(a)[l+ [IE(a)ll|7]]) -

which implies that tli}m (9(t) — yo(t)) = 0 exponentially. [

Then, we have the following result.

Corollary 3. ©(n(t)) is an invertible matrix-valued smooth
function for all t > ty and

lim [a — ©(n(t))~

t—o0

1C01(77n+1(t)’ e 7772n<t))] =0,

exponentially.

Proof. From Lemma 2, we have O(n*(t)) is nonsingular for
any t > 0 with 7*(t) = Qu(t). Besides n*(t) is bounded for
all ¢t > 0, there exists a constant ¢g such that

O ()" O(n* (1)) = eoln,

From Theorem 4, n(t) and n*(¢) are uniformly bounded for

all t > 0, and tlim (n(t) — n*(t)) = 0 exponentially, which
—00

implies that

lim [©(n*(1))'©(n* (1)) — ©(n(t)'O(n(1))] =0

t—o00

vt > 0.

exponentially. Hence there exists a time ¢g such that, for ¢ >
to,

-1, < [0 OMM) - O (1) O )] < 21,

Then, for t > ty, we have that

S 1 < Omn) () <

which implies that ©(n(t)) is an
valued smooth function for ¢t > +¢y. Let a,(t) =
—O(nt))teol(nns1(t), ..., m2n(t)) for t > to. From The-
orem 4, n(t) and n*(¢) are uniformly bounded for ¢ > 0.
Then, for some constant cg, from (19), we have that

3eo
— 1,
2

invertible matrix-

la —ayll = [[©0*") " col(my 41, - - m5,)
—O(n) " col(Mns1, - - 12n) |
= [9(77*)’1 —O(n) " col (M1, - 7150)
On)~ 1C01(77n+1,---7772n)||
< co([|O() ™ =06+ 1) || + lI7l).
It can be Ver1ﬁed that the function
©m* ()~ —03t) +n* ()| i continuous ~ for

t > to and vanishes at n = 0 By [57 Lemma 11.1], there
exists a positive smooth function g (+) such that

[©(") ™" = e +n") 7| < e (@ n") il

As a result, we have that
la —a, @) <co(vo(n(t),n* () + 1) 190,

This inequality, together with tlim 7(t)
—00

YVt > 1.

= 0 exponentially,
implies that tlglgo (a — a,(t)) = 0 exponentially. O

Remark 5. Many observer design techniques exist for online
parameter/frequency estimation using on traditional adaptive
control methods as in [38—41]. Unlike the adaptive iterative
learning of the learning to minimize error signals, such as
in the MIT rule, the non-adaptive control approach naturally
avoids the burst phenomenon [27]. In addition, the non-
adaptive method in [19, 21, 26] avoids the need for the
construction of a Lyapunov function or an input-to-state sta-
bility (ISS) Lyapunov function for the closed-loop system with
positive semidefinite derivatives. In fact, a counterexample was
used in [30] to show that the boundedness property cannot be
guaranteed when the derivative of an ISS Lyapunov function is
negative semidefinite, even with a small input term. Moreover,
Corollary 3 also demonstrates that after a certain time, the
observer (34) can directly provide the estimated parameters.
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C. Feedforward control design for output regulation
To solve the output regulation problem by using feedforward
control design, we assume that (A, B) is stabilizable and the
linear matrix equations:
X®(a) = AX + BU + P,

0=CX+ DU + F, (36)

admit a solution pair (X,U). As shown in [46], the matrix
equations (36) can be put into the form

ACa =B,
where ¢, = vec(col(X,U)), B = vec(col(P, F)), and

A=) ® [I’él g} -I,® {g g} .

Since ®(a) contains the unknown parameters, a, motivated by
[58], we introduce the equation

o = —k2 AW (Ao — B),

to solve the algebraic equation adaptively, where

(37)

1 0 A B
_ ~ T Ny _
A(t) = @(a(t)) ® { 0 0} I, ® [C D} )
with a is generated lzy (34b). From Lemma 4.1 in [58], for
any initial condition (,(¢¢) and any positive constant ko, (37)
adaptively solves the matrix equations (36) in the sense that

Jim (col(X(t),U(t)) — col(X, U)) —0, (3%

exponentially, where col(X (t), U(t)) = M{;ﬁl(fa(t)).
We now introduce the feedforward control law for system
(33),

u= K,z + (U(t) — K, X(t)E(@)col(nr,...,m), (39)

where K, is such that A + BK, is Hurwitz.

Theorem 5. For systems (2) and (33), under Assumption 3,
for any positive k1 and ks, the output regulation can be solved
by the feedforward control law composed of (34), (37), and
(39).

Proof. Let # =z — Xv, u = u—Uv, X(t) = X(t)— X, and
U(t) = U(t) — U. Then, from (23), we have the equations,

7= (A+ BK,)T + Bd,(t),

e=(C+ DK,)T + Dd,(t), (40)
where
do(t) = — (U(t) — Ko X ())E(a)col(71 (t), . . ., 7in(t))
+Ut)(t) — K Xo(t) + (U(t) — K, X (1)) (~Z(a)
+Z(a(t) +a)) col(ni(t), ..., m(t))-

By Theorem 4, tlim a(t) = 0 and tlim 7(t) = 0 exponen-
— 00 —00 Z _

tially. It is noted from (38) that tlim col(X(t),U(t)) = 0
— 00

exponentially. Clearly, d,(t) converges to the origin expo-

nentially. With A + BK, taken as a Hurwitz matrix, it

can be concluded from (40) that tlim z(t) = 0. Therefore,
— 00

tlgglo e(t) =0. O

V. NUMERICAL AND PRACTICAL EXAMPLES

A. Example 1: Controlled Lorenz systems

10 T

8t 4

6 B

4 . . . . .
0 10 20 30 40 50 60

Time(Second)

Fig. 3. Tracking error subject to the controller (32)

a

as
az

0 10 20 30 40 50 60
Time(Second)

Fig. 4. Parameter estimation error a subject to the controller (32)

We consider controlled Lorenz systems described by

[ L8]
g=1[1, 0]z(Ls—1[0, 1]2) —y+b(v,w)u,

e =y —q(v), 41)

where z = col(z1, z2) and y are the state, L = col (L1, Lo, L3)
is a constant parameter vector that satisfies L1 > 0, Ly <
0, L3 < 0. The term b(v,w) is nonzero and lower bounded
by some positive constant b* for any u € V x W x $. For
convenience, let L = L + w;, where L = col(Ly, Ly, L3) is
the true value of L and w = col(wy, we,ws) is the uncertain
parameter of L. We assume that the uncertainty w € W C R?.
The exosystem is described by system (2) with

0 o
s(v,0) = [_U 0] v,
q(v) = [1 O} v,
where ¢ is some unknown parameter. Under Assumptions 1,

3, and 4, it has been shown in [59] that there exists an explicit
solution of u(v, o, w), polynomial in v, satisfying

d*u _
dt3

d4u+ - du+ d*u
— +a as— + as—
1 2y 3

g d + ag

0,
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with unknown true value vector a = col(90%,0,1002%,0) in
(13). For the control law (32), we can choose p(e) = €% + 1,
pw=1mg =1, mg = 5.1503, mg = 13.301, my = 22.2016,
ms = 25.7518, mg = 21.6013, m; = 12.8005, and mg =
5.2001. The simulation starts with the initial conditions z(0) =
col(3,—1), 2(0) = 0, v(0) = col(10,2), n(0) = 0, a(0) = 0,
and k(0) = 1.

Fig. 3 shows the trajectory of the tracking error e = y —
h(v,w) over the controller (32). Fig. 4 shows the trajectories
of parameter estimation error @ = a — a for the controller
(32). The results demonstrate the effectiveness of the proposed
approach.

B. Example 2: Application to quarter-car active automotive
suspension systems subject to unknown road profiles

T=

Sprung mass

Suspension

Unsprung mass

Tire

Zr

Fig. 5. Quarter-car active automotive suspension system

0.25 T

@Il

0 . . h .
0 5 10 15 20 25 30 35 40

Time(Second)

Fig. 6. Estimation error 7 for Example 2

We borrow a modified example from [60] and [61] to
illustrate the parameter estimation and active feedforward
control design. Consider the quarter-car active automotive
suspension system described in Fig. 5, which represents the
automotive system at each wheel and is monitored by two
separate sensors. The system has a spring kg, a damper by,
and an active force actuator F, as the input w. The sprung
mass mg represents the quarter-car equivalent of the vehicle
body mass. The unsprung mass m,, represents the equivalent
mass due to the axle and tire. The spring k; represents the
vertical stiffness of the tire. The variables z,, z,, and z, are
the vertical displacements from the static equilibrium of the
sprung mass, unsprung mass, and the road, respectively.

12
u(t)
5r ]
ol
y(t)
5r 4
10 ‘ ‘ ‘ ‘ ‘
0 10 20 30 40 50 60
Time(Second)
Fig. 7. Output estimation error for Example 2
100
ay
ay
az
60 [ ag |
a
30 40 50 60
Time(Second)
Fig. 8. Trajectories of a(t) for Example 2
The dynamics of this system are governed by
& = Ax + Bu + Byz,,
Yo = T1, (42)

where u is the active force of the actuator, Z, is an input
describing how the road profile enters into the system, and the
state vector x = col(z, z2,x3,x4) includes the suspension
deflection 1 = z5 — z,, the absolute velocity x5 = 25 of
the sprung mass mg, the tire deflection z3 = 2, — 2z, and
the absolute velocity z4 = 2, of the unsprung mass m,,. The
matrices A, B, and By are given by

o 1 0 -1
—k —b b
—Rs s O Vs
A — ms ms ms ,
o 0 o0 1
ks bs —kt bs+by
L om 5 .
B= col(o, —0 —), By = col(0,0,—l, —t)
mg mg My,

where my = 2.40, m,, = 0.36, bs = 9.8, ks = 160, k; = 1600
and b; = 0. We assume that the road profile can be measured
by the car and viewed as a disturbance described by (2) with

s(v,0) = ®(a)v, % =Tv = yo,

where v € R* is the state of the exosystem and has the
characteristic polynomial

¢t as® + asc? + ass + ay
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Fig. 9. Parameter estimation error @(t) for Example 2
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Fig. 10. Frequency estimation performance &(t) for Example 2

with unknown true value vector a = col(100, 0,29, 0) in (13).
As in [38], the output of the exosystem is given by

Yo (t) = d1 sin(wlt + ¢1) + d2 sin(wgt + ¢2)

where w; = 2 and wy = 5 are the unknown frequencies,
d; and d; are the unknown amplitudes, and ¢; and ¢, are
the unknown phases. The Laplace transform of the multiple
sinusoidal functions is

B(s)
L s) =
W) e e e
—— ~——
as al
20
10 {
u(t) 0
-10 -
20 ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 10 20 30 40 50 60 70 80

Time(Second)

Fig. 11. Control input of active automotive suspension system.
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Fig. 12. Trajectory of suspension deflection without and with active suspen-
sion.

where B(s) is a third-order polynomial. As a result, the pair
(w1,ws) satisfies the relationship:

asz £ /a3 — 4a;

2

We choose K, = 0 in (39), u = 107, ko = 8000, m; = 1,
me = 8, mz = 28, my = 56, ms = 70, mg = 56, m7y = 28
and mg = 8. The simulation starts with the initial conditions:
n(0) = 0 v(0) = col(0,7,0,-133), (;, = 0, @ = 0 and
2(0) = col(0.5962, 6.8197,0.4243,0.7145).

Fig. 6 shows the trajectory of estimation error 77 = 1 — n*.
Fig. 7 contains the output estimation error trajectories, § =
U — yo. The parameter estimates G are shown in Fig. 8, with
the corresponding parameter estimation error, a = a — a,
given in Fig. 9. The frequency estimates @ are shown in Fig.
10. Finally, Fig. 12 shows the trajectory of the suspension
deflection without or with active suspension. The control
signal, u(t), is active for ¢ > 40.

w1 Or Wy =

VI. CONCLUSION

The global robust output regulation problem for a class
of nonlinear systems with output feedback is solved using
the proposed nonparametric learning solution framework for
a linear generic internal model design. The approach relaxes
the linearity assumption from [19] to handle a steady-state
generator that is polynomial in the exogenous signal. In doing
so, we demonstrate that the persistency of excitation remains
a necessary condition in the generic internal design by using
the results in [16]. The nonparametric learning framework
can solve the linear time-varying equation online, ensuring
that a suitable nonlinear continuous mapping always exists.
With the help of the proposed framework, the robust nonlinear
output regulation problem is converted into a robust non-
adaptive stabilization problem for the augmented system with
integral Input-to-State Stable (iISS) inverse dynamics. We
also apply the nonparametric learning framework to globally
estimate the unknown frequencies, amplitudes, and phases of
the n sinusoidal components with bias independent of using
adaptive techniques that differ from traditional adaptive control
methods used in available approaches [38—41]. The results
also overcome the global frequency estimation requirements
[36]. This extends the frequency estimation to the sum of a

Authorized licensed use limited to: MIT. Downloaded on October 15,2024 at 16:37:23 UTC from IEEE Xplore. Restrictions apply.

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Automatic Control. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TAC.2024.3470065

bias and n sinusoidal and removes the assumption that the
actual frequency lies within a known compact set. We have
also shown that the explicit nonlinear continuous mapping can
directly provide the estimated parameters after a specific time
and will exponentially converge to the unknown frequencies.
The nonparametric learning framework naturally avoids the
need for the construction of a Lyapunov function or an input-
to-state stability (ISS) Lyapunov function for the closed-loop
system with positive semidefinite derivatives. Finally, based
on this non-adaptive observer, we synthesize a feedforward
control design to solve the output regulation using the pro-
posed nonparametric learning framework using a certainty
equivalence principle.

VII. APPENDIX
A. The Proof of Properties 1 and 2

Proof. We first show that Property 1 is satisfied. Under As-
sumption 2, there exists a continuous function V;(z) satisfying

a:([I2])) < Vz(2) < @:(|12])

for some class Ko, functions a;(-) and @z(-) such that, for
any v € V, along the trajectories of the z subsystem,

Vz < —az(||2]) + (o),

where «z(-) is some known class K., function satisfying

limsup(a; *(s?)/s) < +oo, and 7(-) is some known smooth
s—0t
positive definite function.

Define the Lyapunov function candidate
Vﬁ(ﬁ) = ﬁTP 777
where P is the unique positive definite symmetric matrix that
satisfies PM +M TP = —2I. Let A, and Ap be the minimum

and maximum eigenvalues of P. The time derivative of V()
along the trajectories of (8b) are

— 7l + [ Pp(z, e, w)||>.
Since p(0,0,v) =0, for all v € V, by Lemma 7.8 in [46],
I1Pp(2,e,0)|I> < m1(2)[|Z]|* + ¢1(e)e?

for some known smooth functions 71 (-) > 1 and ¢;(-) > 1.
Then, we have

= lal* + m(2)IZ]* + 61 (e)e?

Define the Lyapunov function Uz(z) = fOVE(Z) k(s)ds,
where the positive function (-) will be specified later. The
time derivative of Uz(Z) along (8b) can be evaluated as

=(I120) +~(e)] -
By the changing supply rate technique [55], we will have
(IZl) + ko O(e)y(e),

Where ( ) is a smooth positive definite function defined as
6 = azoaz'o(2y). Itis noted that oz (-) is some known class

Us < —koVi(2) [

. 1
Uz <— §/~cog2(H2H)ag (43)

Koo function satisfying lim sup( z1(s?)/s) < 4oo. Then,

s—0
there exists a smooth function a0(|| |I) such that

ao(llzl)e=(lI2ll) > 1I2]>.

As limsup(as *(s?)/s) < +oo, there exists constant I; >

¢—0t+
1 such that az(||z]|) > ||z||?/1? for all ||z|| < 1. Besides,
az(]|Z]]) is of class Koo, there exists a constant I3 > 0 such

that az(]|Z]|) > l2 for all ¢ > 1. Hence, we will have
ao(lIZ)e=(lI2ll) = 1|21

for any ao(]|z]|) > 13 + l2||Z||>. We can choose a positive
smooth non-decreasing function x(-) such that

%ff o a;([2l)) = ao(lIz]l) x (m1(2) +1).

Let us consider the Z-subsystem of (8a) and (8b). Define the
Lyapunov function candidate

Vo(2) = Us(2) + Vi ().
The time derivative of V,(Z) along the trajectories of (8a) and
(8b) is bounded by
Vo < - %HOQ Iz e=(lZ]) + & 0 (e)v(e)
= [I71* + w1 (2)12]* + ¢1(e)e?
<—1Z)* +7e),

where 7(e) = r o (e)y(e) + ¢1(e)e?. Using Lemma 11.3 in
[57], we can choose class Ko, functions o (+) and @(-) such
that

(44)

B a([|1Z1)
gmwmsA w(r)dr + Al

_ az(]1z])
amwmzA w(r)dr + Ap|-

We now verify Property 2. It can be verified that the func-
tion g(z,e,7, ) is smooth and vanishes at col(z,e,7) =
c0l(0,0,0). By [57, Lemma 11.1], there exist positive smooth
functions 740(-) and 741 (-) such that

19(Z, e, 1> <790(Z2)|1 Z]]* + e*yg1(e)

for p € V. x W x 3. This completes the proof. O

B. Proof of Theorem 1
Proof. The error dynamics (8) with control (10) are given by
z=f(zemn),

1= Mi+p(ze, pn),
6—g(Z 77?6 u)+b(2 € /“L)(X(ﬁaeau)_

(45)

kep(e))

where Y(7,e,p1) = x(n*+7+0b(Ze,u)"'Ne) — x(n").
From [31] or [18], we have that x(-) is a continuously
differentiable function. It can also be verified that the function
b(z, e, 1)X(7, e, 1) is continuous and vanishes at col(z, e, 7)) =
col(0,0,0). By [57, Lemma 11.1], there exist positive smooth
functions 71, () and 2, (-) such that

[b(Z, e, X (7: €, )2 <Yax (D) Z]* + 92 (e)
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for p € V x W x §. From Property 1, with the same
development and by using the changing supply rate technique
[55] again, given any smooth function ©(Z) > 0, there exists
a continuous function V5(Z) satisfying

ay(|2]") < va(2) <@ (|1 2]]°)

for some class K functions a,(-) and @2(:), such that, for
all ¢ € ¥, along the trajectories of the Z subsystem,

Vo < —0.(2)||Z|* + 4 (e) €%,

where 4(-) > 1 is some known smooth positive function. Next,
we consider the augmented system (45) and pose the following
Lyapunov function candidate:

V(Z,e) =Va(Z) + €.

It follows that V' (Z, e) is globally positive definite and radially
unbounded. From Property 2, we have that the derivative of
V' along the trajectories of the system (45) subject to the
controller (10) satisfies

V=Vo+te'e
<Va+ € + 7502|121 + e*vg1(e) — 2kb(Z, €, p)e” ple)
< —(0.(2) — 10(2) — 1 (2))| 2|
— (2b(p)kp(e) = A (e) =1 = vg1(e) = Yax(€)) €. (46)

It is noted that b(Z, e, 1) is lower bounded by some positive
constant b*. Let the smooth functions ©,(-), p(-), and the

positive number & be such that ©.(Z) > v40(Z) +71,(Z)+1
and p(e) > {4 (e),v2x(€),vg1(e), 1}, and k > 5 = k*. As
a result, we obtain

<2 e

It can then be concluded that system (45) is globally uniformly
asymptotically stable for all 4 € V x W x S§. This completes
the proof.

O
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