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SUMMARY

It is well known that optimal control trajectories can be highly sensitive to perturbations in the model parameters. Computa-
tionally efficient numerical algorithms are presented for the worst-case analysis of the effects of parametric uncertainties on
boundary control problems for finite-time distributed parameter systems. The approach is based on replacing the full-order
model of the system with a power series expansion that is analyzed by linear matrix inequalities or power iteration, which
are polynomial-time algorithms. Theory and algorithms are provided for computing the most positive and most negative
worst-case deviation in a state or output, in contrast to the ‘two-sided’ deviations normally computed in worst-case anal-
yses. Application to the Dirichlet boundary control of the reaction–diffusion equation to track a desired two-dimensional
concentration field illustrates the promise of the approach. Copyright q 2010 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The boundary control of distributed parameter systems (DPS) has received increased interest in the recent years for
a wide range of applications in mechanical, chemical, and biomedical engineering [2, 3], including microchemical
systems [4], tissue engineering [5], and glass cooling [6]. While the analysis of the effects of parametric uncertainties
is well established for lumped parameter systems (e.g. see [7–9]), the field is much less mature for DPS. The three
most popular classes of uncertainty analysis approaches for DPS discussed in the control literature are based on
(1) application of the Monte Carlo method to the full simulation code (e.g., [10]), (2) running the full simulation
code for all parameters obtained by gridding the parameter space (e.g. [10]), and (3) Lyapunov functions (e.g. [11]).
The first two classes of numerical algorithms can produce robustness margins with a low level of conservatism
but are computationally expensive for problems with multiple spatial dimensions and parameters. For example,
using a relatively coarse grid of 10 points per parameter requires 10dim(p) runs of the full simulation code, where
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p is the vector of uncertain parameters. This is computationally feasible only for systems with a small number of
parameters. The third class of robustness analysis methods for DPS is not always computationally expensive but
apply only to specific control structures and/or is conservative.

This paper describes the use of power series expansions and structured singular value analysis for worst-case
analysis of the effects of uncertainties on boundary control problems for finite-time DPS. The approach is based on
the same philosophy as polynomial chaos and power series expansions applied in the environmental field [12], which
is to first compute an approximation to the full simulation model, followed by application of robustness analysis to
the approximate model. The very low computational cost of the approximate model enables the application of the
Monte Carlo method or gridding the parameter space, as in methods (1) and (2) above, as well as the application
of polynomial-time norm-based analytical methods as applied here, which include the application of linear matrix
inequalities (LMIs) to compute tight upper bounds and power iteration to compute lower bounds on the worst-case
deviations of the states and control objectives. A novel contribution is the derivation of theory and algorithms for
computing the most positive and most negative worst-case deviation in a state or output, in contrast to the ‘two-
sided’ deviations normally computed in worst-case analyses. The proposed approach is illustrated by application to
a boundary control problem for a reaction–diffusion equation with two spatial dimensions.

2. WORST-CASE ANALYSIS

The proposed approach for worst-case robustness analysis of finite-time DPS is to first approximate the original
partial differential equation (PDE) by a power series expansion and then apply polynomial-time analysis tools
developed for providing tight bounds on the worst-case deviations for such expansions [13–15]. To simplify the
presentation, model parameter uncertainties and implementation biases in the boundary control inputs will be
collectively referred to as ‘uncertainties’ and collected into a single vector ��, which is related to the vector of
uncertain variables � and the vector of nominal values �nom by

� :=�nom+��. (1)

The uncertainty set is described by

E� ={� :�=�nom+��,‖W��‖r�1}, (2)

where W is a specified positive-definite weighting matrix and ‖·‖r is any well-defined norm. For the case where
the set of � contains time-invariant vectors, examples of such norms are the Hölder 1-, 2-, and ∞-norms. For the
2-norm, the uncertainty set is described by a hyperellipsoid. An uncertainty set described by independent upper and
lower bounds on each parameter

E� ={� :�= �̂nom+��̂,�����̂���̄}, (3)

where the vectors �� and ��̄ are the lower and upper bounds on the vector of uncertainties, can be rewritten in
terms of (2) for r =∞ by specifying§

Wii = 2

��̄i −��i
, Wi j =0 ∀i �= j, (4)

�nom = �̂nom+ 1
2 (��̄+��). (5)

§��̄i �=��i for all i because � is an uncertain vector.
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While only a single norm is treated here to simplify the notation, the results can be generalized to the case in
which different norms are specified for different sets of elements of �. This would be useful, for example, if the
uncertainties associated with some variables lie within a hyperellipsoidal uncertainty set whereas the uncertainties
of other variables lie within lower and upper bounds on each variable.

The worst-case positive and negative deviations due to uncertainties are defined by

�ȳw.c. :=max
�∈E�

{y(�)− y(�̂nom)} (6)

and

�y
w.c.

:= min
�∈E�

{y(�)− y(�̂nom)}, (7)

where y is a state or output at a particular time t of interest. In general, solving these optimizations is NP-hard
[16, 17] and is especially computationally expensive for DPS. This optimization can be greatly simplified, however,
by inserting a power series expansion of finite order for y into (6) and (7), for which tight bounds on the worst-case
deviation in y and an estimate for a worst-case uncertainty vector can be computed using dual norms, LMI, or
power iteration. This approach also applies to any sufficiently smooth function of the states or control objectives.

The power series expansion only needs to be an accurate representation for y within the trajectory bundle defined
by the uncertainty description, and does not need to be an accurate representation for the entire state space. This
enables the use of fairly low-order expansions to obtain an accurate estimate of worst-case deviation, with low
computational cost. The remainder of this section presents specific expressions for robust analysis for first- and
second-order expansions, and the procedure for higher-order expansions.

2.1. First-order series expansion

Define the first-order expansion written in terms of deviation variables as

�y1 :=M��≈ y(�)− y(�nom), (8)

where

Mi := �y
��i

∣∣∣∣
�=�nom

, (9)

provided that y is differentiable in �. The optimization (6) with this first-order expansion used in the objective can
be solved analytically for a wide variety of norms including all of the Hölder norms. For example, for the ∞-norm
the solution is

max
‖W��‖∞�1

�y1= max
‖W��‖∞�1

M��= max
‖W��‖∞�1

|M��|=‖MW−1‖1, (10)

which is a standard result for dual norms. A worst-case uncertainty vector is¶

��w.c. =W−1e, (11)

where

ei = (MW−1)i

|(MW−1)i | . (12)

¶This vector is not necessarily unique.
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with this worst-case uncertainty vector, the first-order estimate of the maximum worst-case deviation in y is

�ȳ1,w.c. =M��w.c. =∑
i

|(MW−1)i |. (13)

The first-order estimate of the minimum worst-case deviation in y is

�y
1,w.c.

=−M��w.c. =−∑
i

|(MW−1)i |, (14)

which is obtained by using −��w.c. for the worst-case uncertainty vector.

2.2. Second- and higher-order expansions

Similarly, define the second-order expansion as

�y2 :=M��̂+��̂
T
H��̂≈ y(�)− y(�̂nom), (15)

where

Mi := �y
��i

∣∣∣∣
�=�̂nom

, (16)

and

Hi j := 1

2

�2y
��i�� j

∣∣∣∣∣
�=�̂nom

, (17)

for any doubly differentiable function. The second-order estimates of the maximum and minimum worst-case
deviations in y are

�ȳ2,w.c. :=max
��̂

�y2, (18)

�y
2,w.c.

:=min
��̂

�y2, (19)

subject to the constraint (3).
The estimates can be written in terms of the mixed structured singular value � [16]. For any real k,

max
�����̂���̄

|�y2|= max
�����̂���̄

|M��̂+��̂
T
H��̂|�k⇐⇒��(N )�k, (20)

where

N :=

⎡
⎢⎢⎣

0 0 kw

kH 0 kHz

zTH+M wT zTHz+Mz

⎤
⎥⎥⎦ , (21)

w := 1
2 (��̄−��), z := 1

2 (��̄+��), (22)
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the perturbation block �=diag(�r,�r,�c), �r consists of independent real scalars, and �c is a complex scalar. This
implies that

max
�����̂���̄

|�y2|= max
��(N )�k

k :=k� (23)

where the right-hand side can be computed from a single skewed mixed structured singular value calculation [18].
The worst-case perturbation vector determines whether the perturbation �� that achieves the maximum in

max
�����̂���̄

|�y2| (24)

produces a positive or negative �y2, which corresponds to �ȳ2,w.c. or �y
2,w.c.

, respectively. If the �y2 computed by
insertion of this worst-case perturbation into the quadratic equation is positive,

�ȳ2,w.c. =k�, (25)

define

�ỹ2 :=�y2−k�, (26)

then

max
�����̂���̄

|�ỹ2|= max
��(Ñ )�k̃

k̃ := k̃�, (27)

where

Ñ :=

⎡
⎢⎢⎣

0 0 k̃w

k̃H 0 k̃Hz

zTH+M wT zTHz+Mz−k�

⎤
⎥⎥⎦ . (28)

That �ỹ2 can take any value in the interval

[�y
2,w.c.

−k�,0], (29)

which implies that

k̃� =−�y
2,w.c.

+k� (30)

and

�y
2,w.c.

=k�− k̃� (31)

so that both the minimum and maximum perturbations in y2 are determined.
If the �y2 computed by insertion of the worst-case perturbation from (23) into the quadratic equation is negative,

�y
2,w.c.

=−k�, (32)

define

�ŷ2 :=�y2+k�, (33)
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then

max
�����̂���̄

|�ŷ2|= max
��(N̂ )�k̂

k̂ := k̂�, (34)

where

N̂ :=

⎡
⎢⎢⎣

0 0 k̂w

k̂H 0 k̂Hz

zTH+M wT zTHz+Mz+k�

⎤
⎥⎥⎦ . (35)

That ŷ2 can take any value in the interval

[0,�ȳ2,w.c.+k�], (36)

which implies that

k̂� =�ȳ2,w.c.+k� (37)

and

�ȳ2,w.c. = k̂�−k�, (38)

indicating again that the minimum and maximum values for y2 can be computed from two skewed mixed structured
singular value calculations.

An alternative approach can be derived based on an a priori upper bound c on |�y2| over (3). Such an upper
bound can be determined using the relation

��̂=�nom− �̂nom+�� (39)

and applying some standard results from linear algebra:

max
�����̂���̄

|M��̂+��̂
T
H��̂| (40)

= max
‖W��‖∞�1

|M(�nom−�̂nom+��)+(�nom−�̂nom+��)TH(�nom−�̂nom+��)| (41)

= max
‖W��‖∞�1

|M(�nom−�̂nom)+(�nom−�̂nom)TH(�nom−�̂nom)+(M+2(�nom−�̂nom)TH+��TH)��| (42)

�|M(�nom−�̂nom)+(�nom−�̂nom)TH(�nom−�̂nom)|+ max
‖W��‖∞�1

|(M+2(�nom−�̂nom)TH+��TH)��| (43)

�|M(�nom−�̂nom)+(�nom−�̂nom)TH(�nom−�̂nom)|
+ max

‖W��‖∞�1
‖(M+2(�nom−�̂nom)TH+��TH)W−1‖1:=c, (44)

where the latter optimization can be solved in polynomial-time by linear programming. For such an upper bound c,

�y2,w.c.+c= max
�����̂���̄

�y2+c�kc⇐⇒��(Nc)�kc, (45)
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where

Nc :=

⎡
⎢⎢⎣

0 0 kcw

kcH 0 kcHz

zTH+M wT zTHz+Mz+c

⎤
⎥⎥⎦ , (46)

and the maximum positive value for �y2 can be computed from

�ȳ2,w.c. = max
��(Nc)�kc

kc−c. (47)

Similarly, selecting a negative c with high enough magnitude to ensure that �y2+c<0‖ results in

�y
2,w.c.

=− max
��(Nc)�kc

kc−c. (48)

A polynomial-time upper bound for the calculation of the skewed mixed structured singular value and a corresponding
worst-case perturbation can be computed using LMIs [19]. This upper bound is often tight for practical problems,
and can be complemented with a polynomial-time lower bound computed by a power iteration [20] to assess
conservatism. The advantage of the above k� procedure for computing �y

2,w.c.
and �ȳ2,w.c. is that the approach does

not introduce a potentially large number c into the matrix in the skewed mixed structured singular value calculation.
The advantage of the c procedure is that lower and upper bounds in the skewed mixed structured singular value
calculation directly translate into lower and upper bounds on y

2,w.c.
and ȳ2,w.c. via (47) and (48). This translation

is messier for the k� procedure (details are not shown for brevity).
Higher-order approximations and other norms on the uncertainty set (2) can be computed by using multi-

dimensional realization algorithms (e.g. [21]) and the generalized-norm structured singular value (e.g., [22]),
respectively.∗∗

The above theory and numerical algorithms can be used to evaluate the feasibility of nonlinear constraints in the
presence of model uncertainties:

g(a,�)<0 ∀�∈E�, (49)

where a is a vector of optimization variables used to parameterize the control input u. This robust feasibility
constraint (49) can be written as

max
�∈E�

g(a,�)<0. (50)

The numerical algorithms can be used to compute tight polynomial-time bounds on the worst-case upper bound on
g, which can be compared with zero to assess whether the nonlinear constraint (49) holds for all uncertainty vectors
� within the uncertainty set E�. Steady-state or dynamic feasibility can be assessed, depending on whether g is
defined for a steady-state or for each time t . These algorithms can be used to compute backoff terms from a nominal
optimal solution to ensure feasibility of the constraints, which generalizes the first- and second-order methods that
have been described in the literature [23–25]. Alternatively, the LMI upper bound for each feasibility condition of
the form (50) can be included into robust optimal control design, which replaces all of the NP-hard robust feasibility
constraints with convex LMI constraints. The dependency of the optimization objective and constraints on a could

‖For example, selecting c equal to negative value in (44) will work.
∗∗These approaches also enable the use of rational approximations.
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still be nonconvex, but each inner maximization (50) would be replaced by a convex constraint. This approach to
ensuring robust feasibility is more direct than introducing backoff terms (e.g. see discussion by Glemmestad et al.
[26] and Govatsmark and Skogestad [27]).

While a power-series expansion is used to obtain bounds on the worst-case deviations, a polynomial chaos
expansion can be used for a stochastic processes to replace the full-order model of the system and to obtain estimate
of its stochastic deviations in a similar manner.

3. BOUNDARY CONTROL PROBLEM

The remainder of this paper illustrates this robustness analysis approach for the boundary control of the DPS:

�C
�t

=D

(
�2C
�x2

+ �2C
�y2

)
−kC, (51)

with boundary conditions

C(0, y, t)=ux0(y, t), C(1, y, t)=ux1(y, t),

C(x,0, t)=uy0(x, t), C(x,1, t)=uy1(x, t),
(52)

and zero initial condition

C(x, y,0)=0. (53)

This parabolic PDE describes the concentration or temperature field C for a reacting solid with mass or heat transfer
occurring via molecular motion (diffusion or thermal conduction, respectively), where D is the diffusion coefficient
and k is the reaction rate constant. The control objective is to find feasible boundary control inputs

u(x, y, t)=[ux0(y, t) ux1(y, t) uy0(x, t) uy1(x, t)]T (54)

that produce a field C(x, y, t) that is as close as possible to a reference field R(x, y, t),

min
u∈U

∫ t f

0

∫ 1

0

∫ 1

0
(R(x, y, t)−C(x, y, t))2 dx dy dt, (55)

where U is the domain of the optimization variable u(x, y, t) (sometimes this constraint is necessary to ensure that
the boundary control inputs are physically implementable).

4. OPTIMAL CONTROL DESIGN

With the boundary control trajectories parameterized in terms of the eigenfunctions of the PDE (51) in space and
Heaviside step functions S in time,

ux0(y, t) =
I∑

i=1

J∑
j=1

ax0i j sin i�y S(t−� j ), ux1(y, t)=
I∑

i=1

J∑
j=1

ax1i j sin i�y S(t−� j ),

uy0(x, t) =
I∑

i=1

J∑
j=1

ay0i j sin i�x S(t−� j ), uy1(x, t)=
I∑

i=1

J∑
j=1

ay1i j sin i�x S(t−� j ),

(56)
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the solution to the PDE is

C(x, y, t)=aTC, (57)

where

a=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ax011

...

ax01J

ax021

...

ax0I J

ax111

...

ax1I J

ay011

...

ay0I J

ay111

...

ay1I J

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, C=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Cx011(x, y, t)

...

Cx01J (x, y, t)

Cx021(x, y, t)

...

Cx0I J (x, y, t)

Cx111(x, y, t)

...

Cx1I J (x, y, t)

Cy011(x, y, t)

...

Cy0I J (x, y, t)

Cy111(x, y, t)

...

Cy1I J (x, y, t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (58)

and each element of C corresponds to the solution to the PDE with its corresponding element of a equal to 1 with
all other entries equal to zeros. With U defined as the constraint that the control input is nonnegative, substituting
(57) into the objective function (55) gives

min
a

u(x,y,t)�0

∫ t f

0

∫ 1

0

∫ 1

0
(R(x, y, t)−aTC)2 dx dy dt, (59)

which has the same solution as the nonlinear program

min
−Q(x,y)a�0

0�x�1
0�y�1

1
2a

TGa+fTa, (60)
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where

G=
∫ t f

0

∫ 1

0

∫ 1

0
CCT dx dy dt, (61)

f= −
∫ t f

0

∫ 1

0

∫ 1

0
R(x, y, t)CT dx dy dt, (62)

Q(x, y) = diag(vx ,vx ,vy,vy), (63)

vx is a row vector collecting sin i�y S(t−� j ), and vy is a row vector collecting sin i�x S(t−� j ) for i=1, . . . , I and
j =1, . . . , J . This nonlinear program can be approximately solved to any degree of accuracy as a quadratic program
with linear constraints by replacing the constraints by the finite set of linear inequalities that results from evaluating
the nonlinear inequality constraint for a fine mesh of (x, y) points over the spatial domain. The significant increase
in the number of inequality constraints is offset by the ready availability of very efficient software for solving
quadratic programs with large numbers of linear inequality constants. For the case of no constraints, the optimal
control inputs are parameterized by

a=−G−1f, (64)

with the optimal field being

Copt(x, y, t)=−(G−1f)TC. (65)

For analysis of the worst-case deviations in the optimal C , the perturbations in the uncertain variables are

��=[�D �k �ux0 �ux1 �uy0 �uy1]T, (66)

where the last four elements are time-invariant additive errors on the four boundary control trajectories.

5. NUMERICAL EXAMPLE

5.1. Optimal control design

Let the reference field

R(x, y, t)=(e−x −e−3x )(e−y−e−4y)(e−t −e−2t ) (67)

with the dimensionless constants D=1 and k=7.6, and the boundary control of the form

ux0(y, t) =
5∑

i=1

5∑
j=1

ax0i j sin i�y S(t−� j ), ux1(y, t)=
5∑

i=1

5∑
j=1

ax1i j sin i�y S(t−� j ),

uy0(x, t) =
5∑

i=1

5∑
j=1

ay0i j sin i�x S(t−� j ), uy1(x, t)=
5∑

i=1

5∑
j=1

ay1i j sin i�x S(t−� j ),

(68)
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Figure 1. Reference R(x, y, t) (dark blue) and optimal Copt(x, y, t) (light cyan) fields at t=1.6. The red asterisks
are the boundary control inputs at t=1.6 (the values for Copt on the boundary are the same as the asterisks).

Refer online version for interpretation of color.

where {�1, . . . ,�5}={0.5,1.0,1.5,2.0,2.5} and there are no constraints on u for simplicity.†† The boundary control
problem is to determine the optimal values of ax0i j ,ax1i j ,ay0i j , and ay1i j for i, j =1, . . . ,5. The reference field
and output field obtained by optimal boundary controls are shown in Figure 1. At this particular time instance, the
optimal concentration field is mostly higher than the reference field near the boundaries and lower in the interior.

5.2. Robustness analysis

Consider upper and lower bounds on the uncertain variables (66) as

��̄ = [0.1 1 0.001 0.001 0.001 0.001]T, (69)

�� = −��̄. (70)

This uncertainty set is equivalent to (2) with the weight matrix

W =diag(10,1,1000,1000,1000,1000), (71)

and r =∞. For this example, M and H can be obtained analytically from the solution of the PDE obtained by
separation of variables or the Fourier series method.

††An example of a boundary control problem in which the constraints could probably be dropped is for a first-order reversible reaction
occurring in a solid with high equilibrium value for the concentration, in which case (51) would be written in terms of deviations
from the equilibrium concentration.
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Figure 2. Maximum positive deviations in the controls �u (asterisks) and the concentration fields (surface
meshes) due to uncertainties estimated by �Cep (magenta), �C1,ep (blue), and �C2,ep (cyan) at time t=1.6.

Refer online version for interpretation of color.

Figure 3. Maximum positive deviations in the controls �u (asterisks) and concentration fields (surface meshes)
estimated by �C2,ep (cyan) and �C̄2,w.c. computed by linear matrix inequalities (dark gray), which provides

a tight upper bound, at time t=1.6. Refer online version for interpretation of color.
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To assess the accuracy of the series expansions, and hence their suitability for use in robustness analysis, the
worst-case deviations over the extreme points of the uncertainty set for each fixed (x, y, t) in the field were computed
for the PDE (51) and the first-order (8) and second-order (15) expansions:

�Cep = max
��̂i∈{��i ,��̄i }

|C(�̂nom+��̂)−C(�̂nom)|, (72)

�C1,ep = max
��̂i∈{��i ,��̄i }

|M��̂|, (73)

�C2,ep = max
��̂i∈{��i ,��̄i }

|M��̂+��̂
T
H��̂|, (74)

�C̄2,w.c. = max
�����̂���̄

M��̂+��̂
T
H��̂, (75)

�C2,w.c. = min
�����̂���̄

M��̂+��̂
T
H��̂, (76)

where the subscript ‘ep’ denotes that this optimization is over the extreme points, and tight upper and lower bounds
on (75) and (76) were obtained using the LMI and power iteration options, respectively, in the ‘mussv’ command
in the Matlab Robust Control Toolbox [28]. The worst-case maximum deviations in the field due to uncertainties
are not spatially uniform across the surface (see Figure 2). The effects of the uncertainties are significant, with

Figure 4. Maximum positive and negative deviations in the controls �u (asterisks) and concentration fields (�C̄2,w.c.
and �C2,w.c.) estimated by linear matrix inequalities (dark gray meshes), at time t=1.6. The average difference of the
absolute values (i.e., �C̄2,w.c.+�C2,w.c.) at each location is −5.1310×10−5, indicating asymmetry of the uncertainty
region about the �C=0 plane. The maximum absolute difference is 1.6024×10−4, which is about 16% of the space

between consecutive horizontal dashed lines.
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the worst-case deviation being >10% of the nominal value of the field for some times and spatial positions. The
uncertainties in the dimensionless diffusivity and reaction rate constant do not affect the worst-case deviations on
the boundaries of the spatial domain, since the values of the field on the boundaries are specified by the boundary
control inputs marked by asterisks in Figure 2. The worst-case deviations of the concentration field at the boundaries
are equal to the worst-case perturbations of the boundary control inputs, and those perturbations are felt uniformly
throughout the spatial domain, as would be expected based on physical considerations.

The worst-case maximum deviations in the concentration fields computed for the second-order polynomial
expansion are shown in Figure 3. The closeness of the concentration field computed from the LMI upper bound
with that evaluated at the extreme points, which provides a lower bound on the worst-case perturbation, indicates
that the LMI upper bound is a very accurate quantification of the worst-case perturbation based on the second-order
expansion. Since the true worst-case concentration field based on the second-order expansion must be between the
two concentration fields in Figure 3, the small differences between the concentration fields in Figure 3 provide an
upper bound on the conservatism introduced by using LMIs for the robustness analysis.

The maximum and minimum perturbations in the concentration fields based on the second-order expansion,
�C̄2,w.c. and �C2,w.c., computed using LMIs are shown in Figure 4. Based on the tight upper bounds on the worst-
case perturbations in the concentration fields, the maximum and minimum deviations in the concentration fields are
very similar in magnitude, but are not quite the same. There is some asymmetry of the uncertainty region for the
concentration fields, which is not surprising as the concentration field depends nonlinearly on the dimensionless
diffusion coefficient and reaction rate constant.

The polynomial-time upper and lower bounds for the most positive and most negative deviations of the second-
order expansion computed by LMIs and power iteration are plotted in Figures 5 and 6. The average difference

Figure 5. Maximum positive deviations in the controls �u (asterisks), and upper bound (dark green mesh) and lower bound
(light green mesh) for the maximum positive deviations for the second-order expansion of the concentration field (�C̄2,w.c.).
The average difference between the upper and lower bounds at each location is 9.4803×10−6 and the maximum absolute

difference is 5.8634×10−5. Refer online version for interpretation of color.
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Figure 6. Most negative deviations in the controls �u (asterisks) and upper bound (dark green mesh) and lower bound
(light green mesh) for the most negative deviations for the second-order expansion of the concentration field (�C2,w.c.).
The average difference between the upper and lower bounds at each location is 4.8051×10−6 and the maximum absolute

difference is 1.6487×10−5. Refer online version for interpretation of color.

between the upper and lower bounds is <10−5, which is less than three orders-of-magnitude lower than the
magnitude of the perturbations, which is >10−3. The average relative difference in the upper and lower bounds
is less than 1% of the deviation in the concentration fields. The maximum relative difference between the upper
and lower bounds is about 6%, which can be observed along the edges of the surfaces shown in Figure 5. The
polynomial-time upper and lower bounds are 2 to 3 times tighter for computation of the most negative deviations
than for the most positive deviations.

The effects of uncertainties significantly vary over time, with the first- and second-order expansions closely
tracking the perturbed concentration fields (see Figure 7). The second-order expansion is much more accurate
than the first-order expansion for the spatial average and at (x, y)=( 14 ,

1
4 ), but not significantly more accurate for

(x, y)=( 12 ,
1
2 ). The expansions have an error of ∼10−4 for much of the spatial domain. For the entire time period,

the polynomial-time LMI upper bound for the second-order expansion is very close to the lower bound obtained
by evaluating the concentration field at the vertices of the uncertainty set (see Figure 7).

6. CONCLUSIONS

Methods are presented for the worst-case analysis of the effects of uncertainties on boundary control problems for
finite-time DPSs that utilize low-order approximation of the mapping from uncertainties to output. Upper and lower
bounds on the worst-case perturbations for each level of approximation are computed in polynomial-time by power
iteration or LMIs. For a two-dimensional problem involving simultaneous reaction and diffusion, the worst-case
estimates obtained by first- and second-order expansions were very close to the worst-case estimates computed by
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Figure 7. Maximum deviations in the field values due to uncertainties estimated by �Cep (magenta), �C1,ep (blue), and �C2,ep

(cyan), averaged over the spatial domain (-), and �Cep (magenta), �C1,ep (blue), �C2,ep (cyan), and max{�C̄2,w.c.,−�C2,w.c.}
(black, as computed from the LMI upper bound using ‘mussv’) at (x, y)=( 12 ,

1
2 ) (-·) and (x, y)=( 14 ,

1
4 ) (· · ·). Refer online

version for interpretation of color.

using the original system. On average the polynomial-time upper and lower bounds were within 1% of each other,
with a maximum difference of about 6%. The relatively low computational cost of these polynomial-time analysis
tools indicates the feasibility of their incorporation into numerical algorithms for the design of optimal boundary
controls for finite-time DPSs to be robust to uncertainties in model parameters and control implementation.
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