
Published: June 02, 2011

r 2011 American Chemical Society 1690 dx.doi.org/10.1021/jz200572b | J. Phys. Chem. Lett. 2011, 2, 1690–1694

LETTER

pubs.acs.org/JPCL

Applicability of Birth�Death Markov Modeling for Single-Molecule
Counting Using Single-Walled Carbon Nanotube Fluorescent
Sensor Arrays
Zachary W. Ulissi, Jingqing Zhang, Ardemis A. Boghossian, Nigel F. Reuel, Steven F. E. Shimizu,
Richard D. Braatz, and Michael S. Strano*

Department of Chemical Engineering, Massachusetts Institute of Technology, 77 Massachusetts Avenue, Cambridge,
Massachusetts 02139, United States

bS Supporting Information

Animportant development innanotechnology is the emergenceof
sensor transducers capable of single-molecule resolution at room

temperature. SWNTs alone account for at least three sensor types
capable of this important property. One sensor type is an electrically
contacted field effect transistor (FET) with a single electrochemically
induced catalytic defect, inducing a defection in the channel current in
response to reactions at the defect site.1�3 A second sensor type uses
the interior of the SWNT as a nanopore for Coulter detection of
single cations.4 A third sensor type consists of a near-infrared
fluorescent semiconducting SWNT where adsorption and desorp-
tion of a fluorescence quencher cause discretized and stochastic
fluctuations of the intensity from the single nanotube. We have
developed several near-infrared fluorescent SWNT sensors selective
for glucose,5�8 DNA,9�12 ATP,13 H2O2,

14,15 and recently NO.16,17

For H2O2 and NO, we first introduced the idea of a selective sensor
interface able to count single analyte molecules, following the
pioneering experiments of Cognet and Weismann demonstrating
stochastic fluorescence quenching of SWNT excitons.18 A central
challenge in the theory of these single-molecule sensors is how to
relate intensity fluctuations to the local analyte concentration of
interest and/or its flux to the sensor. We have used recently, without
rigorous proof, a birth�deathMarkovmodel to accomplish this. This
Letter develops a mathematical test for the agreement of molecular
adsorption dynamics for this Markov process.

When molecules bind to the surface of a SWNT, the fluorescence
is partially quenched, resulting in a stepdecrease in intensity. Similarly,
the intensity increases when molecules unbind from the surface. By
counting the transient change in the number of step changes in inten-
sity, the number of adsorption and desorption events, the total num-
ber of adsorbed molecules, and the incident flux can be estimated.

Exciton quenching by adsorbed analyte molecules limits the
number of observable adsorption and desorption states. For a
typical SWNT sensor, the number of states will be about 10,
based on a mean nanotube length of 1 μm and an estimated
exciton diffusion length of 100 nm.17 More detailed physical
models of exciton dynamics propose that the diffusion length is
limited by pre-existing or static defects,19 but the analysis of
adsorption and desorption kinetics in this work applies to these
physical models as well. Due to this small number of observable
states, adsorption and desorption events will be stochastic, which
results in a deviation in the observed number of bound analyte
molecules from the number predicted by the continuum approx-
imation or average sensor. These stochastic deviations can cause
the apparent reaction rates to be different for various SWNTs
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ABSTRACT: In recent work, we have shown that d(AT)15
DNA-wrapped single-walled carbon nanotubes (SWNTs) are
able to detect the adsorption and desorption of single molecules
of nitric oxide (NO) from the surface by quenching of the near-
infrared fluorescence (Zhang et al. J. Am. Chem. Soc. 2011, 133,
567�581). A central question is how to estimate the local
concentration from stochastic dynamics for these types of sensors. Herein, we employ an exact solution to the birth�death Markov
model to estimate the local analyte concentration from the stochastic dynamics. Conditions are derived for the intrinsic variance
displayed by identical sensor elements, and the homogeneity of the environment is assessed by comparing experimental sensor-to-
sensor variance with this limit. We find that d(AT)15 DNA-wrapped SWNTs demonstrate variances that are close to the idealized
limit at relatively high NO concentrations (19.4 μM). At 780 nM, the sensor-to-sensor variance is approximately double the
idealized value, indicating marginal variation in the SWNT array. An NO adsorption coefficient of 2.6� 10�4 [μM�1] is identified,
and we outline how to predict the local analyte concentration from the sensor dynamics.
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even when the underlying rates are the same (i.e., the nanotubes
are chemically identical).

Each sensor is modeled as a surface with a fixed total number of
adsorption sitesNT, as shown in Figure 1. The most recent theory of
exciton dynamics on a pristine SWNT assumes that there is no limit
to the number of adsorption/quenching events, and these canhappen
anywhere along the length.19 In practice, it is believed that either the
matrix or tethering chemistry divides the SWNT into isolated
segments, each of which can be quenched completely through an
adsorption event, in agreementwith recent experimental studies.14�17

Further work is necessary to reconcile these two physical models.
Free analyte molecules in the surrounding liquid A (concentra-

tion, [A] M) are assumed to bind to an empty nanotube segment, θ,
(number,Nθ ∈ [0,NT]) to form bound molecules (number,NAθ ∈
[0,NT]) through the reversible reaction

Aþ θh
kA

kD
Aθ

where kA [M
�1 s�1] and kD [s

�1] are coefficients for adsorption and
desorption, respectively. Although these coefficients are often con-
stant, they could change with external stimuli such as temperature
and thus could be time-dependent.

Assuming mass action kinetics, the net adsorption rate in the
continuum limit is

r ¼ rA � rD ¼ kA½A�Nθ � kDNAθ ¼ k0AðtÞNθ � kDNAθ ð1Þ
where rates are given in s�1and kA0 (t) = kA[A(t)] [s�1] is a
pseudo-first-order rate coefficient for when the concentration ofA in
the liquid phase is not significantly affected by the individual
adsorption/desorption event. If the reaction rate is not first order
in liquid concentration, which is a plausible scenario at low concen-
trations, the definition for the pseudo-first-order constant can be
adjusted (e.g., kA0 = kA[A]

1/2) without affecting any other results. If
the reaction rate is not first order in the number of sites, the stochastic
solution presented below will not be applicable, and a more
complicated stochastic solution will be necessary. A final algebraic
relation can be obtained through a balance on the number of
adsorption sites, NT = Nθþ NAθ. The continuum solution is found
by solving the appropriate ordinary differential equation

dNAθ

dt
¼ r ¼ k0ANθ � kDNAθ

¼ k0AðNT �NAθÞ � kDNAθ ð2Þ
With initially empty (NAθ

t=0 = 0) surface and constant rate coefficients
(denoted by E), the analytical solution is

~NE
AθðtÞ ¼ NE

AθðtÞ
NT

¼ 1� exp½�ðk0A þ kDÞt�
1þ kD=k0A

for N0
Aθ ¼ 0 ð3Þ

The corresponding solution for an initially full (NAθ
0 =NT) surface is

included in the Supporting Information. For rate coefficients that
change over time (due to changing analyte concentration or
temperature), alternative analytic solutions to eq 2 can be derived
by applying the integrating factor exp[kA0 (t) þ kD(t)].

How does the individual sensor-to-sensor response vary with-
in a collection of sensors? This variation can be due to the
chemical or physical environment or due to imperfections on the
SWNTs themselves. We call this type of variation extrinsic.
Alternatively, because the sensors count single molecules, we
expect some intrinsic stochastic variation among even perfectly
identical sensors. One important question to ask is if the
variances in the sensor responses are within this intrinsic limit
(indicating that the sensors are nearly identical) or if the variance
is much larger (perhaps due to a spatially inhomogeneous
environment).

This question can be addressed by analysis of the stochastic
chemical master equation (CME), which is a system of differ-
ential equations that describes the probability of each possible
state in the system at each time t (see Supporting Information).
For the birth�death model, the SWNT sensor states17 can be
characterized by the number of adsorbed molecules, resulting in
NT þ 1 total states, each with a probability Pr(NAθ = i) ∈ [0,1].
Solving the CME directly for the birth�death model requires the
solution of NT þ 1 ordinary differential equations, which is
feasible for moderate NT but not convenient. Instead, analytical
solutions for probability distributions are sought and verified
with the CME.

Probability distributions for the number of empty (Nθ) and
bound (NAθ) sites are derived instead of solving the standard
CME. This first-order adsorption/desorption system is essen-
tially identical to the isomerization example (example 5.2) in ref
20, and for convenience, the derivation is included in the
Supporting Information. The number of adsorbed molecules
NAθ at a time t is a random variable distributed as a binomial with
number of trials NT and probability ~NAθ from solving the
continuum problem in eq 2 with the appropriate initial condition
for the average fraction of initially occupied sites (eq 3)

NAθ ∼ BinðNT, ~NAθðtÞÞ

PrðNAθ ¼ iÞ ¼ NT

i

 !
ð~NAθðtÞÞið1� ~NAθðtÞÞNT � i ð4Þ

When the initial state is an entirely empty (NAθ
0 = 0) or full

(NAθ
0 = NT) sensor and the rate coefficients are constant, the

initial binomial distribution becomes deterministic and

PrðNAθ ¼ ijNAθðt ¼ 0Þ ¼ 0Þ

¼
δi, 0 for t ¼ 0

NT

i

 !
ð~NE

AθðtÞÞið1� ~NE
AθðtÞÞNT � i for t g 0

8>><
>>: ð5Þ

where δi,j is the Kronecker delta function (1 if i = j and 0
otherwise) and ~NAθ

E (t) is the continuum solution in eq 3. The
analagous probability distribution starting with a full sensor
(~NAθ

F (t)) is included in the Supporting Information. The solution
for an initially empty surface (~NAθ

0 = 0) at several times is shown
in Figure 2, along with sample experimental distributions from
previous studies.17 Reasonable agreement is seen between the
birth�death model and the experimental data. Less agreement is
seen at small times, where transient effects from introducing

Figure 1. Model of the SWNT sensor, with rates of chemical adsorption
and desorption.
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analyte into the experimental system may play a role. For an
initial state with an arbitrary number of bound sites NAθ

0 , the
distribution of the number of bound molecules will simply be the
convolution (/) of the distributions for the initially empty and
full portions20

NAθ ∼ BinðN0
Aθ, ~N

F
AθðtÞÞ/BinðNT �N0

Aθ, ~N
E
AθðtÞÞ ð6Þ

With knowledge of the full distribution as a function of time,
the time-dependent properties of the distribution can be calcu-
lated by substituting values into known formulas for the binomial
distribution. An initially empty surface with constant rate coeffi-
cients (as is typical for previous experiments17) has mean and
variance

ÆNAæðtÞ ¼ NTp ¼ NT
1� exp½�ðk0A þ kDÞt�

1þ kD=k0A

� �
Var½NA�ðtÞ ¼ σ2 ¼ NTpð1� pÞ

¼ NT
kD=k0A þ ð1� kD=k0AÞ exp½�ðk0A þ kDÞt�

ð1þ kD=k0AÞ2
 !

ð7Þ

This suggests a characteristic relationship between the variance
in measurements of the number of adsorbed molecules and the
average number of adsorbed molecules for the birth�death
process. Figure 3 shows the observed relationship between the
mean and variance of the number of occupied sites for experi-
mental SWNT sensor arrays at various analyte concentrations
compared to the birth�death model with varying numbers of
sites. The model assumes that all sensors have identical proper-
ties, even though this is probably not the case experimentally.
Thus, the modeled stochastic variance forms a lower bound on
the variance observed in experimental processes that follow this
simple birth�death model, assuming identical properties for all
sensors (i.e., there will be more sensor-to-sensor variation if
sensor properties are also varied). An observed variance much
larger than this characteristic value would indicate either a large
amount of experimental error, variations in the underlying
parameters, or a breakdown with the birth�death model. The
model with NT = 10 provides a good fit to the high NO
concentration data. Lower NO concentrations behave simi-
larly for low coverage but exhibit increased variance at higher
coverage,whichmaybean indicationof environmental inhomogeneity

(lower NO concentrations should take more time to diffuse
uniformly throughout the liquid film, for example).

Applications to Stochastic Parameter Fitting. Knowing the exact
probability distribution for the system allows for straightforward
fitting of model parameters for an array of SWNT sensors instead
of analyzing sensors individually.17,21,22 The likelihood of a set of
parameters θ given a series of system measurements is defined21

as L(θ) = Pr(x1,x2,...,xn). The maximum likelihood estimator
(MLE) is obtained by identifying the set of parameters θ that
maximizes the likelihood. In previous studies of an array of
SWNT sensors, adsorption and desorption coefficients in the
birth�death model were estimated by averaging parameters
obtained by applying the MLE to each trace individually. Here,
this method is shown to yield inaccurate parameter fits. The exact
MLE can be calculated for the entire sensor array simultaneously
using the above analytical results from eq 6.

The exact birth�death MLE for a SWNT sensor array can be
calculated to provide substantially more accurate results than
previous methods. When multiple sensors are observed inde-
pendently, eachmeasurement will be dependent on the data in its
own trace but independent of the measurements in all other
traces. Thus, the likelihood function, L(θ) for NQ independent
SWNT sensors with measurements xi

j, i ∈ [1,Nj], j ∈ [1,NQ]
(each measurement composed of the number of bound mol-
ecules NAθ

i,j at times ti,j) is

LðθÞ ¼
YNQ

j¼ 1

½Prðxj1jθÞ
YNj

i¼ 2

Prðxjijxji � 1, θÞ�

¼
YNQ

j¼ 1

½
YNj

i¼ 2

Prðxjijxji � 1, θÞ�

log LðθÞ ¼ ∑
NQ

j¼ 1
½log Prðxj1jθÞ þ ∑

Nj

i¼ 2
log Prðxjijxji � 1, θÞ� ð8Þ

where Pr(x1
j |θ) is the probability of the first measurement of

NAθ for the jth sensor and Pr(xi
j|xi�1

j ,θ) is the probability of
the ith measurement of NAθ for the jth sensor given the
measurement immediately preceding it in time. Pr(x1

j |θ) is
unity as our experiments started with clean SWNTs free of
analyte molecules. Calculating likelihoods usually involves the
multiplication of many small numbers; therefore, the log-
likelihood is calculated as a sum instead. Because the full

Figure 2. Plot of the probability distribution over time for the binomial
solution (solid lines) as well as for representative experimental data
(open shapes) from a previous study for a SWNT sensor exposed to 19.4
μM nitric oxide.17 The parameters used in the model are fits with the
exact numerical MLE, with values kA0 = (5.5 ( 0.5) � 10�3 s�1 and
kD = (3.9 ( 2.1) � 10�4 s�1.

Figure 3. Comparison of the birth�death model with experimental
data for five arrays of SWNT sensors exposed to solutions of varying NO
concentration from a previous study.17 Model results were obtained by
plotting the variance, NT~NAθ(1 � ~NAθ) versus the mean, NT~NAθ, with
two values of NT.
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probability distribution is known, the likelihood in eq 8 can
be directly calculated using the exact results of eq 6, with
Pr(xi

j|xi�1
j ,θ) = Pr(NAθ

t=tij�ti�1
j

= NAθ
i,j |NAθ

t=0 = NAθ
i�1,j) and param-

eters θ = (kA0 ,kD). The problem is computationally tractable
because each probability evaluation is simply an algebraic
evaluation. The Matlab constrained optimization algorithm
fmincon is used to minimize the log-likelihood over all
positive values with initial guesses based on the previous ana-
lytical method above.

Data for the number of adsorbedmolecules on SWNT sensors
can be analyzed using an analytical MLE for the birth�death
model17,22

k̂0A ¼ Bt
NTt � St

k̂D ¼ Dt

St
ð9Þ

where Bt is the number of adsorption events (births), Dt is the
number of desorption events (deaths), t is the total observation time,
and St =

R
0
t NAθ dt is the integrated number of adsorbed molecules.

Our previous study derived this equation for a single SWNT sensor
and fit parameters by averaging the MLE parameters estimates for
each tube.17 The analytical MLE for a collection of SWNT sensors
observed at uniform time incrementsΔtwas calculated by analytically
equating ∂ logL/∂kA0 = ∂ logL/∂kD = 0, expanding in powers of Δt,
and solving for k̂A0 and k̂D. Keeping the zeroth- and first-order terms,
corresponding to continuously observed SWNTs, yielded eq 9,
except that Bt, St, Dt, and t were summed for all sensors

lim
Δt f 0

k̂0A;MLE ¼ ∑Bjt
NT∑t j �∑Sjt

6¼ Bjt
NTt j � Sjt

* +

lim
Δt f 0

k̂D;MLE ¼ ∑Dj
t

∑Sjt
6¼ Dj

t

Sjt

* +
ð10Þ

The remaining terms (O[Δt]2 and higher) represent deviations in
the exact MLE eq 8 from the continuous observation limit. The
magnitude of higher-order contributions was calculated for previous
experiments17 to be less than 3% of the zeroth- and first-order
contributions. Note that averaging the MLE estimates for individual
traces, indicated as the bracketed terms, yields incorrect parameter
estimates.

The confidence bounds on the parameter estimates provided
by eq 10 can be estimated by calculating the bounds in the
continuous observation limit (Δt = 0). The 95% error bounds
can be derived by linearizing the log-likelihood function around
the MLE-fitted parameter vector θ = (kA0 ,kD) and using a χ

2 test
with two free parameters

ðθ� θ̂ ÞTrθθ½�log L�ðθ� θ̂Þ e χ22ð0:95Þ ð11Þ
The middle term rθθ[�log L] can be calculated exactly for the
continuous observation limit

lim
Δt f 0

rθθ½�log L� ¼

Nobs
ads

k̂02A
0

0
Nobs
des

k̂2D

0
BBBB@

1
CCCCA ð12Þ

where Nads
obs and Ndes

obs are the number of adsorption and desorp-
tion events observed for all sensors. Because the two parameters
are uncoupled in this limit (covariances are zero), the 95%
confidence intervals can be easily calculated

k̂0A � k̂0A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ22ð0:95Þ
Nobs
ads

s
e k0A e k̂0A þ k̂0A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ22ð0:95Þ
Nobs
ads

s

k̂D � k̂D

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ22ð0:95Þ
Nobs
des

s
e kD e k̂D þ k̂D

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ22ð0:95Þ
Nobs
des

s ð13Þ

This result explains the variations in observed coefficients that we
reported previously as rate constant histograms17 and gives a
bound for the observation time needed to obtain accurate
parameter estimates. In order to achieve 10% accuracy in either
the adsorption or desorption coefficient, roughly 600 event
observations are required. The rate constant histograms reported
previously are not rigorous because they convolute the intrinsic
and extrinsic variances for the collection of sensors. However, the
above methods require the assumption of a collective concentra-
tion above the sensor array and do not allow for an examination
of single sensor dynamics, even though this limit is the most
compelling for nanosensor applications.

The fitting capability of the new exact MLE was compared to
the previous method for individual SWNTs using results for
SWNT nanotube sensors exposed to aqueous solutions at a NO
concentration of 0.78 μM,17 shown in Figure 4. Contour lines
represent the true log-likelihood surface, which would be un-
feasible to calculate without the new method. The analytical
MLE was first applied to the trace for each nanotube, resulting in
a range of fitted parameters previously reported as rate coefficient
histograms. Two approximate methods for calculating the rate
coefficients using all of the data were considered as well, (a)
averaging the parameters obtained using the analytical MLE on
each sensor as in ref 17 and (b) applying the continuous
observation limit analytical MLE to all of the traces simulta-
neously (summing observation times, births, deaths, and sites for
all sensors). Finally, the exact numerical MLE was calculated by
optimizing the log-likelihood function. The continuous observa-
tion limit MLE was not quite equal to the true MLE due to the
O[Δt]2 error. The fit using the newmethod is kA0 = (8.2( 1.1)�
10�4 [1/s], kD = (2.1 ( 0.47) � 10�3 [1/s]. These are lower

Figure 4. Comparison of four different methods for fitting rate coeffi-
cients to data from a previous study for a SWNT sensor array exposed to
a 0.78 μMnitric oxide solution. Methods include (filled circles) applying
the analytic MLE to individual sensors, (open triangle) averaging the
results of the analytic MLE applied to each trace, (open square) applying
the analytic MLE to all traces, and (open circle) using the exact MLE
based on the full solution. When no desorption events are observed, the
MLE estimate yields kD = 0, and these points are included at the bottom.
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than the values that we estimated previously from considering
single sensor dynamics, kA0 = 1.2 � 10�3 [1/s].17 The current
analysis also provides the quantification of the uncertainty.

The analytical probability distribution for the birth�death
model has allowed for the expansion of previously published
results for the case where a uniform concentration appears above
the sensor array. The intrinsic stochastic impact of the system
was derived and used to calculate the experimentally observed17

sensor-to-sensor variance. The exact solution was also used to
improve parameter estimation and provide uncertainty estimates
on the fitted parameters. Finally, the more general maximum
likelihood estimator presented here in eq 9 will be useful for the
interpretation of results from sensors in spatially or temporally
inhomogeneous environments.We expect that these tools will be
useful for the interpretation of future adsorption/desorption-
based stochastic sensors.
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