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The emulsion droplet solvent evaporation method is used in the preparation of spherical particles, which form due to
processes such as the clustering of nanocrystals or precipitation of polymers as the volume of solvent in the droplets
decreases. A population balance model is presented to describe this transport of solvent from nanocrystal- or polymer-
laden droplets in an emulsion that flows through a pervaporation unit. The solvent transport and lateral migration of
droplets was simulated using a high-resolution finite-volume algorithm, which provided a smooth solution with second-
order accuracy. Concentration gradients in the continuous phase become prominent when the resistance to solvent
transport in the continuous phase dominates that in the membrane. In contrast, with the membrane resistance control-
ling the overall transport rate, a lumped capacitance assumption can be made and a simpler plug flow model would be
sufficient. The simulations also indicate that the particle-size distributions are generally bimodal, and are broader for
low dispersed-phase volume fractions and very low-solvent solubilities. Furthermore, the distributions show that radial
diffusion of the particles occurs to a significant degree. Such simulations offer insight into how the solvent is removed
from emulsion droplets as they flow down a pervaporation fiber and should be useful in the design of pervaporation sys-
tems for that purpose. VC 2013 American Institute of Chemical Engineers AIChE J, 59: 3975–3985, 2013
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Introduction

The emulsion droplet solvent evaporation method is
widely used in the preparation of nano- and microparticles.
Typically, an organic solution of a nonvolatile species is
emulsified in an aqueous phase, following which the organic
solvent is evaporated, leading to the precipitation of the
compound to form particles. One advantage of this method
is the ease and efficiency with which numerous lipophilic
compounds can be encapsulated, making it appealing for the
production of nanoparticles for targeted drug delivery and
other medical applications.1 Uniform poly(lactic acid) and
ethylcellulose particles have been prepared using this
method,1–3 while asymmetric Janus beads have been formed
upon solvent removal from binary polymer solutions in
which the two polymers are both soluble in the solvent at
low concentrations, but are immiscible with each other as
the solvent volume decreases.4–9 Water-in-oil emulsions,
where the water is evaporated, have similarly been employed
for the production of crystalline particles for pharmaceuti-
cals10,11 and of colloidal clusters of polystyrene or silica
microparticles.12

Emulsion-based approaches have also been used for the
synthesis of colloidal aggregates of particles using nanocrys-
tals comprised of a variety of materials, including semicon-
ducting metal chalcogenides (e.g., sulfides and selenides),

metal oxides and rare-earth compounds, as building blocks.13

In this method, an emulsion (typically an oil-in-water (O/W)
system) with the nanocrystals confined to be within the
dispersed-phase droplets undergoes controlled evaporation of
the solvent, during which the nanocrystals self-assemble into
“superparticles.” A schematic of the solvent evaporation
method is shown in Figure 1.

For O/W emulsions, the low-boiling solvent in the oil
phase is simple to remove, and the multitude of nanocrystal
building blocks that can be stabilized by surfactant ligands
and well-dispersed in nonpolar oils makes this method
extremely versatile. Combinations of polymer solutions and
nanocrystals in the oil phase are also possible, with polysty-
rene and poly(lactic acid) nanospheres loaded with iron
oxide nanocrystals as two examples.14,15 Isojima et al. used
an oil phase composed of polystyrene and magnetite nano-
crystals in a mixture of chloroform and hexane to form Janus
particles upon the differential evaporation of the two
solvents.14

In the aforementioned examples, the conditions under
which the solvent was evaporated were central in determin-
ing the size and morphology of the polymer nanoparticles or
self-assembled “superparticles.” Results by Desgouilles et al.
suggest that, for sufficiently long evaporation times, emul-
sion droplets can aggregate and coalesce to eventually form
larger polymer nanoparticles, as in the case of ethylcellulose
in ethylacetate.1 Isojima et al. showed that a variety of
“superparticle” morphologies could be obtained by varying
the processing temperature, and, thus, the solvent evapora-
tion rate.14 For example, single-domain crystalline
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superlattices were formed with solvent evaporation at room
temperature, whereas toroidal structures formed with temper-
atures above the solvent boiling point.14 Furthermore, they
showed that, in the case of polystyrene and magnetite nano-
crystals dispersed in a mixture of chloroform and hexane,
the chloroform must be removed first to form a Janus parti-
cle. Hexane is a poor solvent for polystyrene; hence, upon
evaporation of the chloroform, the polystyrene precipitated
as a bead and the nanocrystal-containing hexane phase accu-
mulated on one side of this bead to accommodate surface
energy minimization restrictions. A polystyrene particle par-
tially coated with magnetite nanocrystals remained after the
hexane was removed.

These observations indicate that there is a particular need in
this method for the control of solvent evaporation rates and
the order in which the solvents of a multicomponent system
are removed. Moreover, as the desire to produce such complex
particles grows commercially, a scalable method for their pro-
duction is also required. We have recently proposed the use of
pervaporation as a means of controlled solvent evaporation for
the production of nanoparticles via emulsion-based
approaches.16 Pervaporation is a membrane separation process
in which a liquid feed is contacted with one side of the mem-
brane and the permeated product is removed selectively as a
vapor from the other side to be condensed or released as
desired (see Figure 1). It is commonly used to dehydrate
organic solvents, to remove organic compounds from aqueous
solutions and to separate anhydrous organic mixtures.17 The
rate at which a compound is transported through the mem-
brane is controlled by the permeability of that compound
within the membrane; the driving force for the mass transport
is the chemical potential gradient across the membrane, which
can be created by either applying a vacuum or flowing an inert
purge gas on the permeate side. Typical membranes are com-
posed of silicone rubber, cellulose acetate, nitrile-butadiene,
and styrene-butadiene copolymers.18

The solvent transport from the droplets through the continu-
ous phase and out of the membrane is complex because, even

if the entering droplets are monodisperse, diffusive and con-
vective forces drive the droplets down different paths through
the unit, causing them to lose solvent at different rates. The
behavior of the droplets can be described by a population bal-
ance model, which is a balance on a defined set of dispersed
entities, such as particles of a given size, that accounts for the
net accumulation of these entities in a given system as a result
of all phenomena that add and remove the entities from the
set. Population balances are used in many chemical processes
involving particulate systems, such as polymerization, solution
crystallization, cloud formation and cell dynamics.19 Popula-
tion balances are characterized by both internal and external
coordinates, where the internal coordinates represent quanti-
ties associated with the particle (e.g., size, composition, tem-
perature), and the external coordinates denote the spatial
position of the particle. The general population balance equa-
tion for the number density n of entities of a particular size
includes accumulation, convective, diffusive, and growth
terms, as well as terms representing birth and death processes
due to aggregation and breakage of particles. The equation is
often of the integropartial differential form, and several solu-
tion methods have been developed over the past two decades,
including discretization and finite-element methods, and the
method of moments.19,20

This article presents a high-resolution finite-volume algo-
rithm to solve a population balance model for the removal of
solvent from dispersed-phase emulsion droplets flowing
through a hollow fiber pervaporation unit. The model system
is an emulsion composed of a solvent containing suspended
nanocrystals or dissolved polymers dispersed stably as drop-
lets within a continuous phase flowing through one of the
many cylindrical fibers in the pervaporation unit. Typical
emulsions of interest include hexane, toluene, chloroform, or
ethyl acetate dispersed in an aqueous continuous phase, or
water dispersed in a suitable nonvolatile organic phase, such
as dodecane. For simplicity of nomenclature, we will refer to
the dispersed phase as the solvent, although the system may
be either oil in an aqueous phase or water in an organic

Figure 1. Schematic of the formation of clusters of nanocrystals using the emulsion droplet solvent evaporation
method (top), and removal of solvent through an organic-selective pervaporation unit (bottom).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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phase. Such a model enables the evaluation of overall mass-
transfer rates in the removal of solvent from the unit, and
provides insight into the evolution of the droplet populations
with time, and into relative solvent transport rates within the
flowing fluid and across the membranes.

Model Development

In our process, all droplets shrink (but do not break) to
particles of finite final size as determined by the volume of
the nanocrystals or polymers inside each droplet. Addition-
ally, the emulsion droplets are assumed to have sufficient
steric or charge stabilization that they remain separate and
distinct, i.e., there are no birth or death processes due to
aggregation or coalescence of the droplets. Moreover, we
ignore possible Ostwald ripening effects and any interparticle
interactions that may influence particle diffusion rates. We
make the following additional assumptions in deriving the
model equations.

The system operates continuously and has reached steady
state. It is axisymmetric (no angular variations), and the flow
is unidirectional in the axial direction. The Reynolds number
is Re d5qUd=l � 0:1, where q and l are the density and
viscosity of the continuous phase, respectively, U is the aver-
age velocity, and d is the diameter of the fiber. The hydrody-
namic entrance length for a fiber diameter of d � 0.02 cm is
�1024 cm, and so fully developed laminar flow conditions
can be assumed.

Under typical operating conditions, the Peclet number for
the solvent dissolved in the continuous phase is
PeL5LU=DA � 104–105, where L is the length of the fiber,
and DA is the solvent molecular diffusion coefficient, while
for the dispersed-phase droplets, Pe �1072108; thus, axial
diffusion of the solvent molecules and droplets relative to
the bulk flow can be assumed to be negligible. Moreover,
the droplets can be assumed to move at the same velocity as
the continuous phase, and, thus, local solvent transport rates
between the two phases are effectively those that would
occur in a static medium. This is a valid assumption for
dilute concentrations with no inertial effects.

Finally, the continuous phase is considered to be saturated
with solvent at the entrance to the pervaporation unit, and
the concentration of solvent in the purge gas is specified to
be negligible (this restriction can be readily relaxed if
desired). The membrane is composed of a microporous sub-
strate coated with a thin nonporous solvent-selective layer.
The continuous phase wets the pores of the substrate,21 but
its flux through the solvent-selective layer is negligible.

Population balance equation

From the aforementioned assumptions, it follows that the
evolution of particles (both solvent droplets that contain
nanocrystals/polymers, and polymer nanoparticles or clusters
of nanocrystals with all solvent removed) in our pervapora-
tion system can be represented by the following population
balance equation (PBE)
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where r and z are the radial and axial coordinates, respec-
tively, vz is the velocity, Dp is the diffusion coefficient of
particles of size (radius) Rp, and n(Rp, r, z) is the number
density of particles of size Rp at position (r, z).

The fully-developed laminar conditions imply Hagen-
Poiseuille flow, which is characterized by a parabolic veloc-

ity profile: vz5vz;max 12r2=R2ð Þ, where vz,max is the center-

line (maximum) velocity and R is the fiber radius.
The diffusion coefficient of the particles can be calculated

from the Stokes–Einstein equation, which is valid for the dif-
fusion of spherical particles through a liquid with a low

Reynolds number. Hence, Dp5kBT= 6plRp

� �
, where kB is the

Boltzmann constant, T is the temperature, and l is the vis-
cosity of the continuous phase.

The emulsification is assumed to produce monodisperse
droplets of size Rp0. Then the initial overall number density
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where Vd and Vtot are the dispersed-phase and total volumes,
respectively, and fd is the dispersed-phase volume fraction.

Furthermore, because the continuous phase is assumed to
be saturated with solvent prior to emulsification, the droplets
enter the pervaporation unit with size Rp0 and only shrink
once the solvent begins to be removed from the continuous

phase. Therefore, the initial condition is n Rp; r; 0
� �

5Np0d
Rp2Rp0

� �
and the boundary conditions are @n=@rjr505

0 and @n=@rjr5R50.

In addition, the derivative @n/@Rp requires no-flux bound-
ary conditions at the largest and smallest particle sizes to
ensure that no particles grow or shrink out of the parameter
space.

Growth rate

An expression for dRp/dz may be derived by performing a
mass balance around a single droplet

qs

dVp

dt
5hm;p Ap CA r; zð Þ2CAsat½ �; (2)

where qs is the solvent density, Vp and Ap are the droplet
volume and surface area, respectively, hm,p is the mass-
transfer coefficient for the transport from the droplet to the
continuous phase, and CA and CAsat are the actual and satu-
rated solvent concentrations, respectively, in the continuous
phase. The driving force for mass transport is the concentra-
tion gradient, which increases as the concentration in the
aqueous phase decreases.

Our assumption of a static medium implies an average
Sherwood number �Sh 52, and, therefore,
hm;p5 DA=dp

� �
�Sh 5DA=Rp, where DA is the diffusion coeffi-

cient of the solvent in the continuous phase.
The final kinetic expression is
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where Rpf is the final particle size, as determined by the vol-
ume of nanocrystals or dissolved polymers inside the
droplets.

Solvent transport equation

An expression is needed for the concentration profile
CA(r,z) in Eq. 3 in order to solve the population balance
model. An expression can be determined from a mass bal-
ance around a control volume of the continuous phase, lead-
ing to
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The last term accounts for the solvent entering the contin-
uous phase as it leaves the droplets and depends on the
kinetic expression given in Eq. 3.

The initial and boundary conditions are
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where CVA is the hypothetical liquid-phase concentration in equi-
librium with the gas-phase concentration at the membrane bound-
ary, kM is the overall mass-transfer coefficient for transport
through the composite membrane, R is the inner radius of the
membrane and d is the membrane thickness. Equation 7 assumes
that the solvent concentration outside the membrane is negligible.

The overall mass-transfer coefficient of the pervaporation
membrane kM can be determined by adding the resistances to
transport in the porous and nonporous layers21

1
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5

1
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where SM/A is the partition coefficient for the solvent between the
nonporous layer and the continuous phase; do and di are the outer
and inner diameters of the fiber, respectively; and the log-mean
diameter dlm, and mass-transfer coefficients through the porous
(kp), and nonporous (knp) layers, respectively, are dlm5

do2dið Þ=ln do=dið Þ; kp5DAe= tps
� �

; and knp5Dnp=tnp, where Dnp

is the diffusion coefficient of the solvent through the nonporous
layer; tp and tnp are the thicknesses of the porous and nonporous
layers; and e and s are the porosity and tortuosity of the porous
layer, respectively.21

Nondimensionalized problem

Equations 1 and 4 are nondimensionalized with appropri-
ate scaling of the variables
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The radial position, concentration and particle size are
scaled with the fiber radius, saturation concentration, and initial
droplet size, respectively. The scaling for the axial position is
the distance traveled over a time period given by the character-
istic time for solvent diffusional transport in the radial direc-
tion. The number density per droplet size is scaled by the
initial number density divided by the initial droplet size.

The resulting coupled set of partial differential equations,
incorporating the kinetic expression from Eq. 3, is
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All of the variables are in their dimensionless forms, with
the * excluded to simplify the notation.

The initial and boundary conditions are
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With regard to the @n/@Rp derivative term in Eq. 9,
boundary conditions are placed on n at the largest and small-
est Rp to ensure that no particles grow or shrink out of the
Rp space, as discussed in the Solution Method section. The
dimensionless constants in these equations are

a � Dp0
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where Dp05kBT= 6plRp0
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is the initial particle diffusion

coefficient and the Biot number Bi is the ratio of the mass-
transfer resistance offered by the continuous phase to the
membrane mass transfer resistance.

Solution Method

The type of growth problem described earlier is governed by
parabolic partial differential equations that were solved numeri-
cally. Due to the presence of the internal coordinate (particle
size), the PBE is of higher dimensionality than the solvent
transport equation. This PBE was first discretized spatially with
respect to the internal coordinate Rp to derive a PDE system
with only r and z as the dependent variables. Then, a numerical
solver was used to solve the coupled equations.

The internal coordinate Rp in the PBE was discretized into
N bins, resulting in a system of N 1 1 equations. With this
discretization, the solvent transport Eq. 10 becomes
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Discontinuities in the system (e.g., delta function as the ini-
tial condition, accumulation of particles of finite final size)
result in numerical difficulties if the @n/@Rp term of the PBE (9)
is replaced by classical finite differencing. First-order methods
tend to produce numerical diffusion, such that the solution is
smeared or damped; most second-order methods produce
numerical dispersion, resulting in nonphysical oscillations. In
this work, we use a high-resolution method that provides
second-order accuracy where the solution is smooth and does
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not introduce numerical dispersion (for detailed descriptions of
such methods see Ref. 22 and 23 and citations therein).

The high-resolution scheme used to approximate the deriv-
ative in the PBE is
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The first half of the righthand side represents the inward
flux to bin I, and the second half is the outward flux. The
flux-limiter function /i 5 / (hi) depends on the smoothness
of the distribution, which is quantified by the ratio of two
consecutive gradients

hi5
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The characteristics and options for flux-limiter functions
are discussed elsewhere.22,23 This work uses the Van Leer
flux limiter

/i5
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11jhij
(20)

It can be shown that, for very large gradients (/i 5 2) or
negative and zero gradients (/i 5 0), this algorithm is nearly
identical to first-order differencing. For intermediate gra-
dients (hi � 1, /i 5 /i11), the algorithm is nearly identical
to second-order (centered) differencing.

The no-flux boundary conditions on Rp imply that particles
do not shrink into or out of the system. To implement these
conditions, the high-resolution term has no inward flux for the
largest particle size, and no outward flux for the smallest parti-
cle size. That is, the equations for ni, where i 5 f (the smallest
particle size) and i 5 N (the largest particle size), are
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For all other i, the PBE with discretized internal coordi-
nate Rp is
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Equations 17 and 21–23 were solved using the Matlab
solver pdepe subject to the initial and boundary conditions
for CA given in Eqs. 14–16 and for the ni given by
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Model Parameters

Relevant properties for some representative solvents of
interest in the emulsion solvent evaporation method for parti-
cle preparation are listed in Table 1.

The partition coefficient P is the ratio CAsat/qs. The value
for CAsat was approximated as the solubility of each solvent

in the continuous phase at 20�C since the volume fraction of
the dispersed phase is generally quite small. These solvents
were chosen because their solubilities vary widely across dif-
ferent orders of magnitude. Moreover, they have all been
reported in the literature for use in the emulsion droplet sol-
vent evaporation method: hexane-in-water for magnetite
clusters or Janus beads containing primary magnetite nano-
particles;14 toluene-in-water for PS/PMMA Janus beads;4

chloroform-in-water for PS/PPC and PFB/F8BT Janus
beads;5 ethyl acetate-in-water for ethyl cellulose and poly(-
lactic acid) particles;1 water-in-toluene and water-in-
hexadecane for colloidal clusters of polystyrene and silica
microparticles, respectively;12 and water-in-dodecane for
crystalline glycine particles.10,11

Typical parameter values for the emulsification and perva-
poration systems in our laboratory are listed in Table 2.

The mass-transfer coefficient of the solvent through the mem-
brane kM, depends on the resistances of the porous and nonporous
layers, which have thicknesses of 30 lm and 400 nm, respec-
tively, in our system. Typical ranges of the porosity and

Table 1. Summary of Relevant Properties for Representative Solvents of Interest

Dispersed Phase Continuous Phase CAsat (g/L)24–27 qs (g/mL)24,25 P DA (cm2/s)25, 28–32

Hexane Water 0.01 0.66 1.531025 831026

Toluene Water 0.5 0.86 5.831024 931026

Chloroform Water 8 1.48 5.431023 131025

Ethyl Acetate Water 80 0.90 8.931022 131025

Water Hexadecane 0.04 1.00 4.031025 131025

Water Dodecane 0.05 1.00 5.031025 231025

Water Toluene 0.5 1.00 5.031024 631025
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tortuosity for porous supports are 0.4–0.83 and 1–3, respec-
tively.33 The permeability, which is the product of Dnp and SM/A,
of hexane in a polysiloxane membrane is known to be
9.4 3 1027 cm3 (STP) 	 cm/(s 	 cm2 	 cmHg),34 which is equiva-
lent to about 7.8 3 1025 cm2/s for an ideal gas at 300 K. With
these values, kM for our membrane would be on the order of
1024 cm/s.

Representative ranges of values for the four dimensionless
constants, based on the physical properties of the solvents
(e.g., as in Table 1) and other realistic process parameters
(e.g., as given in Table 2), are shown in Table 3.

Results and Discussion

We have formulated a population balance model to
describe the transport of solvent in an emulsion passing
through a pervaporation hollow fiber membrane as the sol-
vent is lost first from the emulsion droplets to the continuous
phase and is then removed by a sweep stream on the shell
side of the membrane. Continuous-phase solvent concentra-
tion profiles obtained from these simulations for three differ-
ent Biot numbers are shown in Figure 2 for the conditions
a 5 4 3 1024, b 5 0.1, and j 5 100, which represent a low
dispersed-phase volume fraction of a low-solubility solvent
such as hexane in water. For low Biot numbers, e.g.,
Bi 5 0.1, the transport resistance within the continuous phase
is much lower than that offered by the membrane; thus, there
is little variation in the continuous-phase concentration
across the fiber cross section, and it remains close to satura-
tion throughout the fiber interior, as indicated by the red
color in the figure. As the solvent in the continuous phase is
removed through the membrane, it is replenished from the
reservoir of solvent in the droplets; it is only when the par-
ticles are dry that the remaining solvent is removed rapidly
and the continuous-phase concentration drops sharply to
zero. In contrast, concentration gradients become more
prominent with higher Bi, when the transport resistance
offered by the continuous phase is commensurate with or
exceeds that of the membrane, and the solvent is removed
more quickly than when the membrane resistance is rela-
tively higher. This pattern, where significant concentration

gradients, particularly in the radial direction, are only
observed for Bi
 1, was consistent across all simulated con-
ditions (e.g., higher solubility solvents, larger oil-phase vol-
ume fraction).

The impact of the dimensionless constants a, b, j, and Bi
on the rate of solvent removal was assessed through a para-
metric study, in which we used as a metric the dimensionless
fiber length at which essentially all solvent is removed z�f ,
i.e., the position at which the dimensionless concentration in
the aqueous phase at the wall (CA(R)) dropped to 1026. The
value of z�f will vary depending on the cut-off value for
CA(R) in many cases, but the trend is the same as long as
the cut-off value is consistent across all simulations. Note
that for this position, we will use zf and z�f to denote the
dimensional and dimensionless values, respectively.

The dimensionless constant a represents the ratio of the
diffusion rate of the initial droplets to that of the solvent in
the continuous phase, and the constant b is proportional to
the solvent solubility, which can vary widely (see Table 3).
For very low b, z�f decreases with increasing a, since, for
solvents with low solubilities, the diffusion of droplets
through the continuous phase is important and contributes to
the overall solvent transport rate. However, over the practical
operating parameter ranges, a is small in comparison to b,
and on inspection of Eq. 9, it is clear that a would have a
negligible effect on the solvent transport rate, except in cases
of very low b. Indeed, the simulation results show that even
at b 5 0.1, z�f varies by less than twofold over a 104-fold
range of a.

A summary of the results for the effects of variations in b,
j, and Bi on z�f is shown in Figure 3. The ordinate variable

1512z�f Bi b=j52pRzf kMCAsat= hvzipR2fdqsð Þ represents the

membrane fiber length required for complete removal of
the solvent zf, relative to the fiber length

zf ;min5hvzipR2fdqs= 2pRkMCAsatð Þ that would be required if

the rate of solvent removal from the droplets were at its
maximum possible value (which would occur if the continu-
ous phase were at the saturated concentration CAsat,

Table 2. Operating Parameters as used in Ref. 16

Parameter Value

Number of fibers 180
Fiber radius 0.12 mm
Fiber length 180 mm
Flow rate through unit 0.1 mL/min
Temperature 298 K
Dispersed-phase volume fraction fd 0.03
Initial droplet radius Rp0 645 nm
Final droplet radius Rpf 100 nm

Table 3. Ranges of Dimensionless Constants

Dimensionless Constant Range

a5Dp0=DA 431025 – 131023

b5 CAsat=qsð Þ R=Rp0

� �2 0.05 – 53104

j53fd R=Rp0

� �2 10 – 83104

Bi 5kMR=DA 0.01 – 10
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Figure 2. Continuous-phase concentration profiles for
a 5 431024, b 5 0.1, and j 5 100 for different
Bi.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]



everywhere).† Thus, f can be interpreted as an inverse effec-
tiveness factor and must be greater than or equal to unity since
transport through the membrane under saturated conditions
occurs at the maximum rate and can be significantly greater
than the transport when the continuous phase is undersatu-
rated. The abscissa variable 3b/j 5 CAsat/fdqs, in Figure 3 rep-
resents the solvent capacity in the continuous phase relative to
the total solvent in the feed dispersed phase, per unit volume
of emulsion (assuming that the initial crystal or polymer vol-
ume fraction in the dispersed phase is small).

The relationship between the solvent transport rate and
CAsat/fdqs can be divided into two regimes. For CAsat/fdqs> 1,
zf remains fairly constant (and, thus f vs. CAsat/fdqs is linear)
for a given Bi because the continuous phase already has the
capacity to dissolve all of the solvent in the droplets, and
increasing this capacity would not significantly increase the
driving force for transport out of the droplets. In contrast,
for CAsat/fdqs< 1, increasing the solvent solubility or lower-
ing the dispersed-phase volume fraction would increase the
transport rate. The ratio CAsat/fdqs (or b/j) can be adjusted
by changing to a solvent with different physical properties or
by using a different dispersed-phase volume fraction.

The results for z�f are insensitive to Bi for Bi � 1, as indi-
cated by the overlapping curves for Biot numbers 0.01 and 0.1
for all values of CAsat/fdqs, since the membrane dominates the
overall transport in the system under these conditions. In con-
trast, Biot numbers greater than one signify that the resistances
offered by the fluid phase control the overall transport rates,
and the trans-membrane driving force is less than if the con-
centration were uniform over the flow cross section. For Bi
>> 1, further increases in the membrane mass-transfer coeffi-
cient have no impact on the overall solvent transport rate, and
zf becomes independent of Bi.

The evolution of the particle-size distribution as the
emulsion is convected through the fiber was also studied.
The mixing-cup average particle-size distributionð1

0

n Rp; r; z
� �

vz rð Þ2prdr
.ð1

0

vz rð Þ2prdr at various axial posi-

tions is shown in Figure 4 for different solvent solubilities
(b 5 0.1 and 10) and dispersed-phase volume fractions

(j 5 100 and 1000); this average is representative of the size
distribution of particles discharged from a fiber of the given
length accounting for radially-dependent particle velocities
and is different from the simple radially-averaged size distri-
bution. The particles are monodisperse at z 5 0, but bifurcate
into two different populations, one population representing
particles from which all solvent has been removed, and
which grows with increasing z (the left peak), and the other
population giving the size distribution of droplets that still
contain solvent and are in the process of shrinking (the right
peak); this latter peak becomes smaller with increasing z.

For b 5 10 and j 5 100, most (�80%) of the particles are
dry within the first 20% of the length taken for complete
removal of the solvent from the emulsion, and the remaining
80% of zf is required for removal of the residual dissolved sol-
vent from the continuous phase through the membrane. The
same drying pattern is achieved with j 5 1000 provided that b
� 1000. In contrast, for b 5 10 and j 5 1000, more than 60%
of zf is required for about 80% of the particles to be dried and
less than 40% of zf is used for residual solvent removal. For
j 5 1000 and b 5 0.1, over 90% of zf is required to dry just
over half the particles. These results regarding the rate at
which the particles become dry relative to the rate at which
the solvent is completely removed from the emulsion show
that, with higher solubility solvents, a larger proportion of the
overall solvent transport time is devoted to removing the resid-
ual solvent from the continuous phase after the particles are
dry because, as the pervaporation began under saturated initial
conditions, more solvent would have been dissolved in the

Figure 3. The combined parameter 12zf
*Bib/j 5 2zfkM

CAsat/(<vz>Rfdqs), which represents an
inverse effectiveness factor for solvent
transport through the membrane, as a func-
tion of 3b/j 5 CAsat/(fdqs) for different Bi.

Figure 4. Mixing-cup average particle size distributions
at different axial positions for different b and
j conditions.

The other dimensionless constants were a 5 4 3 1024

and Bi 5 0.1. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]

†Strictly speaking, the numerator of zf,min should be hvzipR2 fd 12/ð Þqs½ �, where
/5 Rpf =Rp0

� �3
is the volume fraction of crystals or polymers in the dispersed phase

feed to the membrane unit. For small /, this quantity can be approximated by
hvzipR2fdqs .
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continuous phase to begin with. Moreover, with very low
dispersed-phase volume fractions (low j), or very soluble sol-
vents (high b), the continuous phase has sufficient capacity to
extract most of the solvent from the droplets very early into
the process; thus, there is very little solvent in the dispersed
phase remaining to replenish the solvent in the continuous
phase as it is removed by diffusional processes through the
continuous phase to the membrane and subsequently across
the membrane itself.

The evolution of the particle-size distribution with increas-
ing residence time in the pervaporation fiber is likewise
noticeably different for different b and j conditions. In terms
of the mean and variance that characterize the distributions,
a low j with a high b, or a very low b with a high j, both
result (although for different reasons to be discussed below)
in the peak at the right shifting to the left and broadening
before the solvent is completely removed from all of the par-
ticles. This effect is more evident for the latter case. Con-
versely, if both b and j are higher, the majority of the
particles at all axial positions appear to be either of size Rpf

or of size Rp0, with few particles of intermediate size.
Additional insight into these distributions can be gained by

inspection of the particle size distributions at different radial
positions as they evolve with residence time in the fibers (see
Figure 5). For both j 5 100 and j 5 1000 at b 5 10, only dry
particles of size Rpf are observed at the wall (r 5 1) with no
larger solvent-containing particles. This indicates that, in these
cases, any solvent in the droplets is immediately removed once

they reach the wall. However, consistent with the particle-size
distributions in Figure 4, the particle-size distributions show
more variation with radial position within the fiber with
j 5 100 than with j 5 1000 at b 5 10. For j 5 100, the
particle-size distribution shifts rapidly toward the left with
increasing z, particularly in regions closer to the wall. For exam-
ple, for r 5 0.75 at a travel distance of only z 5 2, about 20% of
the particles are already dry and the average droplet size of the
remaining droplets is about 85% of the initial droplet size. On
the other hand, for j 5 1000, most of the particles between the
wall and the center of the fiber are either of size Rpf or Rp0. This
result suggests that, with the larger dispersed-phase volume
fraction, there is a sufficiently high concentration of droplets
that droplets in the interior of the fiber lose solvent fairly slowly.
For a large portion of the droplets, it is only when they reach
the wall that they shrink rapidly to Rpf, and the appearance of
these dry droplets away from the wall is due to their subsequent
diffusion back toward the fiber center. The diffusion rates of the
dry particles would be significantly greater than those of the
solvent-laden particles because of large-size differences, and,
thus, the dry particles move away from the wall much more rap-
idly than the solvent-containing particles move to the wall. This
behavior results in a population at each axial position composed
primarily of very large droplets and dry (no solvent) particles,
but relatively few droplets of intermediate size.

The particle-size distributions at different radial positions

for b 5 0.1 and j 5 1000 were, interestingly, all roughly the

same as the overall distribution shown in Figure 4. The

Figure 5. Particle-size distributions at different radial positions for different b and j conditions.

The other dimensionless constants were a 5 4 3 1024 and Bi 5 0.1. For each radial position, the distribution at each axial position

is shown. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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radial particle diffusion rate is significant compared to the

solvent transport rate because of the very low solubility of

the solvent in the continuous phase, resulting in essentially

the same particle-size distributions across the radial direction

that all gradually shift to the left with increasing z. The sol-

vent is removed very slowly due to the large amount and

low solubility of the solvent that prevents a significant

amount of the solvent from leaving the droplets for the con-

tinuous phase at any given time. In contrast to the conditions

with j 5 100 and 1000 at b 5 10, the droplets do not imme-

diately dry out upon reaching the wall because the solvent

solubility limitations are quite severe.

Particle density profiles are shown in Figure 6, where the plots
in the middle and bottom rows display the number densities of
particles of size Rpf (n(Rpf)) and of all particles (ntotal), respec-
tively, as functions of the spatial coordinates. The corresponding

solvent concentration profiles are displayed at the top of the fig-
ure. The dimensionless quantity s5 zf =hvzi

� �
= R2=Dp

� �
, com-

pares the timescale for solvent removal (i.e., the time required to
travel a distance zf down the fiber) with the timescale for radial
particle diffusion (R2/Dp). In general, by analogy with diffusional
processes in an infinite cylinder,35,36 for s> 0.2, particles at the
fiber walls can be assumed to have penetrated, by diffusion, sig-
nificantly into the fiber center. The diffusion of dry particles,
with s� 0.65, toward the fiber center is evident, as the maximum
of n(Rpf) occurs at the fiber center at the axial position at which
all particles become dry. After all of the particles are dry, the par-
ticles continue to diffuse radially until the number density is uni-
form across the entire fiber.

For the b 5 0.1 case, consistent with previous observa-
tions, there is uniformity across the fiber cross section for
the entire length of the fiber in terms of the particle size dis-
tribution. For the b 5 10 cases, interesting wavy behavior in

Figure 6. The concentration profile (top), number density of particles of size Rpf (middle), and the total number
density of all particles (bottom) as a function of radial and axial position for different b and j conditions.

Figure 7. (a) Cumulative solvent transfer rate, and (b) flux as a function of axial position for different organic solvents.

These rates were computed for a Bi of 0.1, total emulsion flow rate of 0.1 mL/min through a 180-fiber pervaporation unit, and oil-

phase volume fraction of 0.03.
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the total particle density at different radial positions results
from the diffusion of the dry particles toward the center,
which is faster than diffusion of wet particles toward the
wall, momentarily increasing the total number density of the
particles at each radial position; when the wet particles at
those positions dry out, these peaks dissipate as the dry par-
ticles diffuse away owing to the concentration gradient driv-
ing force established in that region on drying of the wet
particles. The spatial variations are sharper near the entrance
for the low dispersed-phase volume fraction j 5 100, where
the changes in particle density occur relatively quickly due
to the small amount of solvent that must be removed. In the
case of j 5 1000, the simulations show that, while CA across
the fiber is high, the particles only become dry at the wall,
after which they diffuse away from the wall to the fiber cen-
ter, to distribute quite evenly over the tube cross section, so
that the average number density of the dry droplets even at
the center of the tube approaches the feed density n0; simi-
larly, the large droplets of initial size Rp0, for which s � 0.1,
initially at the fiber center do not migrate significantly from
the center of the tube, so their number density remains close
to the feed density, i.e., to n0. Thus, the total number density
of particles at the center of the tube approaches the sum of
these two particle densities, i.e., ntotal �2n0. Once CA falls
significantly, however, the driving force for solvent transport
through the continuous phase to the membrane surface is
sufficiently large to allow for complete drying of the wet
particles originally confined to the fiber center; the large
spike in the number density at r 5 0 near z/zf 5 0.7 is there-
fore due to both dry particles that have diffused to the center
from the wall and particles that had been in the fiber center
from the beginning, and only lost all of their solvent at the
very end, so the concentration of dry particles approaches a
number density of 2n0. This sudden increase in concentration
of the smaller particles at the center generates a large driving
force for diffusion of these particles away from the center to
redistribute over the entire flow cross section, and, hence,
the rapid decay in the number density of particles at the cen-
ter of the flow; the time constant for this decay in center line
number density is consistent with the characteristic radial
diffusional time for entities of the size of the dry particles.

Simulation results for aqueous dispersions of the four repre-
sentative organic solvents listed in Table 1, which have a wide
range of solvent transport rates and fluxes due to their different
physical properties, are presented in Figures 7 and 8. Solvent
transport rates are higher for more soluble solvents, i.e., larger
b, which determines the magnitude of the term in the population
balance equations that governs the rate of the change in the
particle-size distribution due to the shrinking of the droplets.
This coefficient varies by orders of magnitude between the dif-
ferent solvents due to their solubility differences.

Solvent transfer rates and fluxes through the membrane as
functions of axial position are shown in Figure 7 for a Biot
number of 0.1 and other conditions listed in Table 2. The
cumulative solvent transfer rate is the total volume of solvent
removed per hour for a given length of fiber, and therefore
provides an indication as to what flow rates are reasonable to
use for a certain unit size. The maximum cumulative solvent
transfer rate must equal the flow rate of solvent into the unit,
and achieving that rate at a particular axial position would
imply that all solvent is removed by that point within the unit.
It is evident that complete solvent removal within one pass
through an 18 cm bench scale unit is realistic when the more
water-soluble organic solvents are used. For the less soluble
solvents toluene and hexane, the solvent flux remains constant
and low, such that much longer residence times would be
required to remove all of the solvent.

In earlier work, we had developed a simpler model to
describe the solvent transport from emulsions flowing
through pervaporation fibers.16 The model assumed plug
flow with no solvent concentration or droplet-size variations
in the radial direction. This assumption is valid if the solvent
diffusion rate through the aqueous phase is so fast relative to
transport through the membrane that there is essentially com-
plete mixing and, hence, uniformity, across the fiber. Our
simulation results confirm that such uniformity is achieved
under lumped capacitance conditions, where the Biot number
is �0.1 or lower (Figure 2).

Indeed, as shown in Figure 8, the plug flow and popula-
tion balance models predict similar values for the fiber
length at which all solvent is removed (given the parameters
listed in Table 2) for Bi� 0.1, where the relationship
between zf and Bi is linear. The percent error in the values
of zf estimated using the plug flow model as compared to
those calculated using the population balance model relative
to the PB predictions, generally decreases with decreasing
Bi; the percent error is less than 10% for all of the simula-
tions where Bi� 0.1, but �30–40% for Bi 5 1, and greater
than 80% for Bi 5 10.

Conclusions

A population balance model has been developed to
describe the transport of solvent from nanoparticle- or
polymer-laden emulsion droplets flowing through pervapora-
tion fibers. The solvent diffuses from the droplets into the
surrounding aqueous medium and leaves the system via dif-
fusion through the pervaporation membrane. We have pro-
posed pervaporation as an effective and well-controlled
solvent removal method for the clustering of primary nano-
particles or the precipitation of polymers to form spherical
particles.16

The model is comprised of a coupled set of partial differ-
ential equations describing the steady-state solvent concen-
tration in the aqueous phase and the number of particles of a

Figure 8. The fiber length at which all solvent is
removed in cm, as predicted by the popula-
tion balance and plug flow models for differ-
ent solvents under Biot numbers ranging
from 0.01 to 10.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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particular size as functions of the radial and axial positions
in a fiber. The model equations were solved using a high-
resolution finite volume algorithm, where a flux-limiter func-
tion was used to provide a numerically reliable solution with
second-order accuracy.

The simulation results provide information regarding the
effect of various parameters on the solvent transport, and the
behavior of the droplets while flowing through the pervapora-
tion fibers. Furthermore, the required fiber length to remove
the solvent completely from an emulsion can be determined in
terms of natural dimensionless constants that arise from the
structure of the model equations, as shown in Figures 3 and 8.
Such plots may be used as design tools for pervaporation units
to be used in the solvent removal from emulsions. The model
is applicable to both O/W and W/O emulsions and it is
straightforward to modify the equations to fit solvent evapora-
tion configurations other than a hollow pervaporation fiber.
For example, the population balance model and algorithm
developed here may be used to analyze the solvent evapora-
tion from an emulsion sitting on a heated flat substrate, such
as that described by Toldy et al.11 or a similar substrate that is
inclined to provide for a flow system. In future studies, we
may also relax some of the assumptions to solve more com-
plex problems, for instance, multi-solvent systems where the
concentration of both solvents in the sweep gas must be con-
trolled, or systems in which particle–particle interactions and
particle aggregation are important.
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