Lecture 12

1 Potential Step

1.1 From last time

Classical intuition: when E > Vj, the particle should not bounce. When E < Vj, the
particle should bounce.

The question: What are ¢g(z)?

This is easier than the finite well! Study the bouncing case first: £ < Vj

For z < O:

op(r) = Akt | Beike (1)
where k = 27}?2}5
For z > O:

op(x) = Ce* + De™ (2)
where o = %(% —F)

Normalization: ¢(x — c0) > 0=C =0



Continuity:
e (0)=A+B=D
e ¢'(0)=ik(A— B)=—aD

Thus,
2k
o D= k+mA
i
e B= k+ng

Thus, we arrive at the following wavefunction:

- k—ia _,
= A ik o v —ikx
op(x) et 4+ k+z’ae (3)
on the left, and
2k
_ —ax 4
bp(@) = A (®)
—

Pause. What’s the meaning of this? Suppose that ¢ (z,0) = ¢y, (). Then

w(a:,t) = A@i(k’x—‘Ut) + Be—i(kx—i—wt) (5)

on the left, and
P(x,t) = De(OrTivh ©
on the right. Thus, A is the amplitude of the right-moving incident wave, B is the

amplitude of the left-moving reflected wave, and D is the amplitude of the right-moving
transmitted wave, which decays to zero.

Note: The reflection incurs a phase shift; the amount of shift depends on V4.

More precisely, we need a measure of “stuff going right”. Define the probability den-
sity:

b
p= (@) = Plab) = [ fdop(z) (7)
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Fact: P(—o0,00) = 1.

Question: What is a’é—(tx)(az)?

Note that:

1, R,
O = fh(—%@m + V(z)¥)

i

1, h?

oY

op)* = ——(—=——0%* + V(z)yp*)

ih™ 2m

So, the expression for a%—(f)(x) becomes:

1

_ i *02 2%
= Lo ro.m - vou)
C2mi " * *
= —0yJ
So,
7= L o — vou)
© 2mi * *
Statement of Conservation of Probability:
9 _9J
ot  Ox
dP(za,xp)
ST — () - T(a)

Note: In a stationary state, -p = 0 = J = constant!

* hQ 2 h2 2, /% *
0 502+ Ve — Ul 5020+ V (@)")

(11)

(12)

(13)

(14)

(16)

(17)



1.2 Currents

The question: What are the incident, reflected, and transmitted currents?
— i(kx—uwt __ hk 2
o Yy = Aeitkz=wh) = J; = k) 4|
_ po—i(kz+twt _ __hk|p|2
o Yp = Behetwt) o J = kb
o Yp = De= "=l = J. =

Thus, for the incident and reflected cases, we have a constant flow; for the transmitted
case, we have no flow (a steady state). We can therefore define:

Jr
T=|— 18
1 (15)
and
JR
R=|— 19
- (19)

to get that 7 =0, and R = |[f=22 = ¢

1.3 Example: No Classical Bounce

v

-

L

In other words, £ > Vj

For z < O:

pp(z) = Ae’1® 4 Be~thi® (20)
where k| = 2’;;2’5
For = > O:

pp(x) = Ceh2® 4 De~ikee (21)
where a = %’L(E - W)



Continuity:
e A+ B=C+D
e iki(Ap) =ike(C — D)

There are two cases to consider. The first, D=0, means that the incident beam is from
the left; we thus have a transmitted component to the right, and a reflected compo-
nent to the left. Thesecond, A = 0, means that the incident beam is from the right;
we thus have a transmitted component to the left, and a reflected component to the right.

Let us consider D = 0. The result:

2k
ok ko
and
k1 — ko
B = A
k1 4+ ko
We get the following values for current:
hk
Jr = —L|A]?
m

_ Pk E — k2|2,A‘2

Tr = m ki + ko
and
hka,  2k1 o, 1o
= — A
Jr m ki + ko *14]

We get the following values for the transmitted and reflected fractions:

kl_kQ‘Q

R=
’k1+k‘2

 dkyky
- ’k‘l —|—k‘2‘2

Note that R+7T = 1.

(23)

(24)

(25)



It is illuminating to rewrite all this in terms of E, Vj:

2 _ 2mE

ki 3 (29)
2 _ 2m(E — Vo)
kQ 2 E
Mye_q_ & 31
Gor=1-1 (31)
_ ks 1 - £
L 1%
el = =P (32)
kl 1 + - 70
4,/1 - £
T = VOE (33)
(1+4/1-)2

Now, take the case where A = 0. By explicit construction, or by symmetry with the D
= 0 case:

k1 — ko
= A
k1 + ko

(34)

and



2k
ki + ko
We get the following values for current:
hk
Jr=——2|DJ?
m

Jp=—2 D
R m k1+/~c2|‘ |

and

Jp=——2 D
r m 'k —|—]€2‘ |2l

We get the following values for the transmitted and reflected fractions

k1 — ko o
R =
’k‘l —l—kg‘
4k ko
T=|—--=
|<k1 —i—k‘2)2

Check: R+T = 1.

We got the same R, T as in the uphill case!

textbfNote: Again, illuminating to rewrite in terms of F, Vj.

2mE
2 _
k3 12
kQ_Qm(E—VO)
2 — hg
k22 VO
e 1-— =
(kl) FE
k _ _ W
_|1_k%’2 ’1 ]—g|2
= i =
I+ 144,/1- %

(36)

(37)



T = (45)

¥
¥

1.4 A more intricate example

As above, T' = ]%|2D:0 for particles incident from the left, and T' = |%|,24:0 for particles
incident from the right. Similarly, TR = ]%\%:0 for particles incident from the left, and
R= |%|?4:0 for particles incident from the right.

Goal: Compute, B, C given A, D = 0. Tool: Four boundary conditions, two at x = 0
and 2 at x = L. We then determine G, H, B, C in terms of A, D.

For the case £ > Vy, D = 0:
e For the boundary condition at x = 0: A+ B = F' + G and ik1(Ap) = ika(F — G)

e For the boundary condition at x = L: Fe*2l 4 Ge~k2l = Cetfil and ikg(F@ik?L—Ge_ikZL)—
ik?l C’eile

After a bunch of algebra, we get
(k% — k3 sinkoL)

B=A 46
2ikykg cos koL + (k} + k3) sin ko L (46)
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ik ke —ik1 L
C— A (ihkge 27) (47)
2ik1 kg cos koL + (k7 + k3) sin ko L

Thus,
C, 4k2 k3
T=15"= 1372 2 | 1212 qin2 (48)
A 4kiks cos? koL 4 (kf 4 k3)? sin® ko L
Finally:
1
T= G (49)
14 4k2k2 sin® ko L
To make our expression dimensionless, we make the substitution k? = %—Z‘E , to get
1
T= 77 (50)
1 + m Sln kQL
Similarly, we have
inko L
R— SIN~K2 (51)
4k2 k2 b L
(k}2 k}2)2 + Sln 2
that we can make dimensionless using the substitution k3 = QH—’Q(E — W), to get
n_ sin?ky L (52)
AB(E-V0) | gin?2 koL

Vi

Note: When koL = nw,T — 1, R — 0. This is called resonance. This means that n
wavlengths fit inside the barrier perfectly. Think of it in terms of number of scatter-
ings.

Note: When k}gL = (n + %)W,T - %5;?;502),R N (2EV2V) .

1

T =
B>V 1+msin2(\/g§(e—l))

where



9% = 73 L'V (54)
and
E
== 55
=1 (55)

In the limit £ — V5,e —» 1

.|%',.ﬂ i /
Ny

| }‘ il

VR
b

Now, what about £ < V7

We use identical reasoning. In other words, define iky — a, a? = Zﬁ—@(% —F).

1
TE<VO = 1 (56)

1+ g sinh® /g5 (1 — ¢)

We have tunneling for E < Vj!! This is a purely quantum phenomenon!! Note: reso-
nance for £/ > V| like light: perfect transmission for thin films.

Note: fix E < Vy, vary L. For large L, T e~2%L. This is very improbable!!!
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