Lecture 15

1 Return to 3D

3D is where lots, but not all, of the cool stuff is.
h? -
ihOp(Ft) = [=5 -V + V(I (1)

1.1 An aside on coordinates

e Cartesian (free, harmonic oscillator, etc) (x, vy, z)

V2 =09240; +0;

e Spherical (central potential) (r, 6, ¢)

- 2 1 1
V2=02+ ~ O+ (0% + (cot 0)dp) +

r r2sin2 6

where
x=rcosfcosp,y=rcosfsing,z=rsind

e Cylindrical (LHC beam) (p, ¢, z)
V2 = 82 + 07 16 ! o2
2Ot 0t 2%

where
T = pcos¢o,y = psin @

Ezxample 1: Free Particle in Cartesian Coordinates

Viz,y,2) =0
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BY(r,9,2) = (~3 )08 + 03+ (2. 3,2) 0

We use separation of variables. Suppose

(2, y,2) = Ya() + by (y) + ¥=(2) (9)
then
2
Bbathyts = (5 + vots + oty (10)
Divide by 1 = 1,11}
kg vy Yy WY (11)

Separation: ¢y = —exy, Yy = —eythy, V. = —e1h, where €, + ¢, + e, = 2’;‘2E. The
solutions to each of those equations:

~ h2k2
- —A:p +ikyx T _ . 12
v fo- Y (12)
o h2k2
Py = Ayethuy me =€y (13)
h2k2
L= Az +ik,z z . 14
v I (14)
Combining, we get
h2k?
— =F 1
- (15)
)
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E=— 1
B (16)
o = Aei(kx$+kyy+kzz) _ ¢Oeil§.f (17)
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A= s (18)
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Note:
e Orthonormality:

(Orldw) = / & 6 (x) dp (2) = 63k — )

e Completeness:

(@nlow) = [ P o(@) (o) = 8o — o)

e Conservation of Probability:

Therefore,

e As with the free particle in one dimension, we can build wavepackets!

where
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Example 2: 3D Harmonic Oscillator

V() = gl + 7 + 2%) = Valw) + Vyly) + Va(2) (25)
32
B, 9,2) = o {0R + 03+ 3210+ [Va o+ Vy + Vil (29)

We use separation of variables: ¢ = 1,11, to rewrite this as a set of three equations,
of the form

—hK?
Ex¢m($a Y, Z) = [%82 + Vm(l')]"l]x(x) (30)
etc, where

We end up with three independent harmonic oscillators.

Y= ¢l($)wm(y)¢n(z) (32)

and

3
E:hwo(l+m+n+§) (33)

where N = [+ m + n represents the “number of quanta excited”. Solutions are specified
by three integers, which results in degeneracy. Multiple different states can share the
same energy - the degeneracy correponds to a hidden symmetry, by Noether’s thoerem.
Examples of degenerate states are shown below:

Table 1: Results for the relationship between trap stiffness « and laser current, from
two equipartition and PSD methods. Form: y = mx + b

Energy (I, m, n) Degeneracy
%hWO (35 07 0) (27 ]-7 O) (17 1, 1) 10
%hwo (21 07 O) (17 17 O) 6
%hwo (17 07 0) (O) ]-7 O) (07 07 1) 3
%MO (07 07 O) 1



Example 3: 3D Square Box You’'ll do this in recitation and on the pset. The answer

) (.21 = (4 2sin(")) 2 sin P47 2 i

252 2 2 2
mh* n n n
2m “a b c
1.2 Angular Momentum
What is the operator corresponding to L?
L=rxp

=YDz — ZPy; ZPx — TPz; TPy — YPx

Note: [z, p,]

In spherical coordinates:
L? = —n? (L 0p sinf Oy + L(‘??)
sin 6 sin? ¢

L, = —ihidy

As you showed:

Ly, Ly| = ihL,;[Ly, L] = ihLy; L., Ly] = ihLy; [L?, Ly] = [Ly, L*] = [L,, L?] =

Two strategies for building eigenfunctions of L?:
1. Solve PDE by brute force: not so bad for L.
—ih0pY = hmY

SO
Y xe™ melZ

Horrible looking for L2!
2. Use operator methods, as we did for HO

TZZT['Z))

Cc

(34)

(35)



Today we’ll focus on (2).
First: commuting observatles.

[, pz] = ik SO WHAT?

e Suppose E ¢, , which is simultaneous an eigenfunction of & and p:

i(ﬁx,p = fEQZ)x,paﬁ(ba:,p = p¢x7p (43)
(ﬁﬁ - ﬁi')¢xp = ('%p - ﬁx)¢xp = (xp - px)qﬁa:p =0 (44)
2, Pldzp =0 (45)

We can only find simultaneous eigenstates if [A, B] = 0!

e Thm: AAAB = L[ ([4, B))|

Next, given a set of observables, we can form a complete set. This is a set in which
every element commutes with every other element.

Ex. z,p, breaks into z or p,.
Ex. z,y, z,pz, py, p. breaks into x,y, z or z,y,p..

What is the most you can know at once? pg,py, Pz, Pz: Py, 2
Ex. Ly, Ly, L., L? or Any one L, L?

NB [Lg, L] = ihL, so cannot simultaneously be eigenfunctions of L, L,

NB Rotational symmetry means all are equivalent. Pick coordinates st L, simple. So,
L., L?

So let’s find eigenfunctions Y, of ﬁz, L2
LY = W11+ 1)V, (47)

Useful tool: raising and lowering operators



Ly =Ly+iLy, L =L, —iL,
Ly = (L) Lo = (Ly)f
Note the similarity to af = (a)f

[Ly,L_]=2hL,,[L* Li]=0,[L., L] = +hALy

Note the similarity to [N,a!] = af and [N,a] = —a
Note: L_L, = L? - L? - hL,

The point: Suppose L.Y,, = hmY,, and L?Yy,, = h?l(l + 1)Y},,. Then,

LZ(L-&-Ylm) = ([LZ7 L-i—] + L+LZ)Ylm

Lz(L - Yim) = h(m - 1)(L - l/lm)

L2(L + lem) = hQZ(Z + 1)(Li)/lm)

(48)

(49)

(51)

(52)

(53)

(54)

Ladder of states with fixed 1 is just like the ladder of harmonic oscillator states. Instead
of jumping between states of different n values using @ and af, you jump between m,
m-1, m-2, m+1, m+2, etc, using the L_ and L4 operators. The key is: Ly do not

change [ - there is a new tower for each !



