Lecture 9

1 Review of Harmonic Oscillator Energy Eigenstates

Last time, we went over a brute force method for calculating the eigenstates of the
harmonic oscillator. We started with the Schrodinger Equation:

E¢p = E¢p (1)
2 2
_2’133 + 2| o = Fop (2)

and found that the eigenstates lie in a spectrum, with energy eigenvalues spaced by
hw.

In the position basis,

bn = Nye 2 Hy (g) (3)

1
Ny =) 4
N NN (4)

and Hpy are the Hermite polynomials. For reference, here are the first four:

where

Hy=1;, Hy =2u; Hy=4u>—-2; Hs;=8u>—12u

Recall that the discrete nature of the energy eigenvalues came from imposing normal-
izability. However, our brute force approach did not explain why the tower of energy
eigenvalues is evenly-spaced. To answer this, let’s start again, using what is generally
called “The Operator Method.”



2  Energy Eigenstates and Eigenvalues Using the Operator Method

2.1 Factorizing the Energy Operator

First, let’s go back to the operator we want to find eigenstates for: the E operator:

~2 2
E= b mw £,2 (5)
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Before we do anything, let’s put this in dimensionless form:

A P xX
FE = hwo 2mhw0 + (ﬂ) (6)
mwo

We make the following substitutions:

[ 2h
o=/ — po = v/ 2mhuwg
mwo

And check dimensions:
2 27272 2 2h 2
[hwo] =E  [p§ = 2mhwo] = M*L*T xg=——|=1L
The expression for the E operator can then be rewritten:

o [(2)'+ (2]

If this were a polynomial of complex numbers, we could simply factor this form as
2+ d* = (c —id)(c+id) = a*a. Can we do this with operators?

D) - (g
- (5) *(2) raplen @
_ <%):+<;>i+%<m> (10)
- () () 3 =



Not quite - but almost! Accounting for the slight modification from factorization, Equa-
tion 7 can be rewritten as follows:

A % D 7 D 1
£ = huwpo [(m - ip> (m + ip> + } (12)
To Do o Po 2

Now, define two new operators, @ and a':

The energy operator is then simplified to:
. i 1
E = hwy aa—|—§ (15)

a' looks kind of like a “complex conjugate,” but @ is an operator. So what does it mean
to take the “complex conjugate” of an operator?

2.2  Math Aside: Hermitian Operators

Given any linear operator O, we can always build a related operator Of in the following
way:

A~

/_OO dz f*(x) (01 g(z)) = /_Oo dz (© f(z))" g(x) (16)
This is true for all f(x) and g(z).

We define the Hermitian adjoint: O is the Hermitian adjoint of ©.

Note: What is the adjoint of the complex number «?



[ratsa) = [@n
= /a*f*g
= /}%ww

For complex numbers, the adjoint is the same thing as the complex conjugate.

Check at home: (01 =6

Ezample. What is (0,)1?

[ (o) = [@esrg
= [@:r
— - [rou
= /f*(—axg)

Where integration by parts was used in the third step. Therefore:

Ezample. What is 217

(24)



Therefore:

=2 (30)

Definition: A Hermitian operator is one that is its own Hermitian adjoint: 6 =6

Note: For complex numbers, af = a, and for Hermitian numbers, o* = «, Hermitian
numbers must be real.

Note: If z is Hermitian, & has real eigenvalues.
Math fact: Hermitian operators have only real eigenvalues.

Example. What is pi?

[r6'9 = [ (31)
— [t-ino.y (32)
— [ine. (33)
— [ri-inosg) (34)
~ |19 (35)

Where integration by parts was used to get the fourth line. Therefore:
p=p (36)

p is Hermitian, and has real eigenvalues.

Physical fact: All observables are real, and all observables corresponding to observ-
ables must be Hermitian operators.



2.3 More on ¢ and at

A reminder that we have established the following definition:

i=— +iL (37)
Is ¢ Hermitian?

Well, & and p are, but ip ~ 9, is NOT. So NO, a is not Hermitian. Let’s calculate its
adjoint:

[rale = [arr (39)
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Therefore:

. N . .
z Z
< —I—ip> = < - z'p> (43)
o  Po To  Po
Which confirms the original definition of a'.
Note: a # a' so a is not Hermitian, does not have pure real eigenvalues, and does not

correspond to an observable.

Now, the question is: why are we bothering with @ and af?

First of all, it puts the Hamiltonian into a simple form:
R 1
E = hwy |a'a + 3 (44)

Letting N = ata, this can be condensed further to



~ ~ 1
E= hwo(N + 5)

Also, we can write the energy eigenvalues as follows, given an eigenvalue N of N:

1

Secondly, they satisfy the coolest commutation relation in the universe!

[a,a] = [l‘ﬂp,ﬂﬂ_ip
Zo Po To Po
T N
= [p,-T - [.’I],
ToPo ZoPo
)
= —(—ih— (ih
(b = (ih))
=1

Note:

[a*,a*] —0

First, we combine expression 44 with the commutation relation we just derived:

Thus,

(46)



Similarly,

= hw(ataa’ —a'a’a)

Thus,
|B,at] = nwa
Here’s why this is so damn useful: suppose we have a state ¢ with energy F, ie

Eép = Edp

Consider the distinct state: a¢g. The miracle is that it is also an energy eigenstate!

E(agp) = FEapp—aE¢p +abop
= [E,dl¢p + iEop
= —hwagp + aEdp
= (F - hw)agg

Thus,

E(a¢p) = (E — hw)(adp)
APE X OB hw
a(adr) X Op—onw

(@)Y o5 o dp—Nnw

(63)

(70)

(71)

(72)

We have an evenly-spaced tower of energies! Note that proportionality is used because
though acting with a gives a function with the correct eigenvalue, it may not normalized.



We can use a to build an evenly-spaced ladder of E eigenstates!

Now, what about af?

All that changes in the above is the sign of fiw (since [E,a] = —hw, but [E,af] =
hw)
Thus,

(@)'or < pine (73)

a! raises E by hw!

(@"Nor < dpiNw (74)

We can use a' to walk back UP our ladder of E eigenstates!
So, we have a ladder of E eigenstates spaced evenly by hw.

Problem: this implies E can get negative! But we have

mw2x2

~ 2 ~
E) = [apliwP )+ [dalidta) P75 2 0 (75)

So there MUST be a lowest state, ¢g, with least possible energy Ey. Let’s try to satisfy
the condition

apy =0 (76)
This gives:
X Y
a =(— +1— =0 77
b0 (xo p0)¢0 (77)
Po i
O + hg xpg =0 (78)
x
(0u + 25)00 = 0 (79)
Thus,



22

¢o = e 22
Easy way to find ¢g!!

What is the ground state energy?

. 1
E¢0 = hw (&er + 2> ¢0

Thus,

1
Ey==h
0 5 w
By raising Fy N-times with the raising operator af, we get

1
EN = hw(N + 5)

Note, from Equations (86) and (44),

Noén = Ny

Finally, let’s get this normalization straight. Given that 1 = af¢g:

W) = / (6 o)"d" o
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(87)



Therefore i is properly normalized and we have

¢1 = a' o

Similarly, let’s now investigate v = al¢;

W) = / (61 n)"al

= 2

Thus,
1
— 4t
®2 7 b1

In general,

ox = ("o

N N 0

aTon = VN + 1N

adn = VN ¢n_1

Moreover, we can easily find the excited state eigenfunctions:

N
1 [mw [ h
ON = W ( %x— 2mw&n> ®o

Plug in the following, and you’re done:

To close, let’s go back to the magic moment when we found that
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(103)



[a,zﬁ] —1 (104)

I claim that everything follows from this. In particular, we can immediately construct
the number operator N such that

[N,aq = 4 (105)
and

[N,a} =4 (106)
and deduce that the number operator has eigenvalues lying in a ladder with unit spacing.

To finish, we need to relate N to an observable. For the harmonic oscillator, we find

A ~ 1
E = hw <N + 2) (107)
where
1
Eyx = hw <N + 2) (108)

There is a ground state with N =0.

Note that, if we had had,

2 2 4 4 252 | £2:2
=L M A2+>\<p4+x4 ”jﬁ”’) (109)
2m 2 o T TPy
E = hw(N + AN? +6) (110)
Easy!
We would STILL know the answer,
En = hw(N 4+ AN? +9) (111)
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Trivial!

The algebra, []\7, &] = —aq, [N, &T} = a! does all the work!
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