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Proof as a Tool for Learning Mathematics
roof is considered to be central to the discipline of
mathematics and the practice of mathematicians.
Yet its role in secondary school mathematics has
traditionally been peripheral at best; the only sub-
stantial treatment of proof is limited to geometry.
According to Wu (1996, p. 228), however, the scarci-
ty of proof outside of geometry is a misrepresenta-
tion of the nature of proof in mathematics. He
argues that this absence is

a glaring defect in the present-day mathematics educa-
tion in high school, namely, the fact that outside geom-
etry there are essentially no proofs. Even as anomalies
in education go, this is certainly more anomalous than
others inasmuch as it presents a totally falsified pic-
ture of mathematics itself.

Similarly, Schoenfeld (1994, p. 76) suggests that
“proof is not a thing separable from mathematics as
it appears to be in our curricula; it is an essential
component of doing, communicating, and recording
mathematics.” Partially because of such limited
experiences with proof, many secondary school
mathematics students have found the study of
proof difficult (e.g., Chazan [1993]; Senk [1985];
Usiskin [1987]).

Thus, not surprisingly, recent reform efforts are
calling for substantial changes in the nature and
role of proof in secondary school mathematics. In
contrast to the status of proof in the previous Stan-
dards document, Curriculum and Evaluation Stan-
dards for School Mathematics (NCTM 1989), its
position has been significantly elevated in the most
recent Standards document, Principles and Stan-
dards for School Mathematics (NCTM 2000). Not
only has proof been upgraded to an actual Standard
in this latest document, but it has also received a
much more prominent role throughout the entire
school mathematics curriculum and is expected to
be a part of all students’ school mathematics expe-
riences. In particular, Principles and Standards for
School Mathematics (NCTM 2000, p. 56) makes the
following recommendations:

Instructional programs from prekindergarten
through grade 12 should enable all students to—

• recognize reasoning and proof as fundamental
aspects of mathematics;

• make and investigate mathematical conjectures;
• develop and evaluate mathematical arguments

and proofs; [and]
• select and use various types of reasoning and

methods of proof.

These recommendations indicate that proof is
expected to play a much more significant role in
school mathematics than it has in the past.
Approaches designed to enhance the role of proof in
the classroom and consequently students’ under-
standings of proof, however, present serious chal-
lenges to teachers, particularly in designing and
implementing instruction (Chazan 1993). Hanna
(1995, p. 42) suggests that “the most important
challenge to mathematics educators in the context
of proof is to enhance its role in the classroom by
finding more effective ways of using it as a vehicle
to promote mathematical understanding.” The pur-
pose of this article is to describe an approach that
has promise for meeting this challenge; this
approach considers an important pedagogical func-
tion of proof, namely, the explanatory nature of
proofs.

THE ROLE OF PROOF IN 
MATHEMATICS AND SECONDARY
SCHOOL MATHEMATICS
The Oxford American Dictionary defines proof as 
“a demonstration of the truth of something” (1980,
p. 535). Indeed, few would question that a primary
role of proof in mathematics is to demonstrate the
correctness of a result or truth of a statement. Yet
mathematicians expect the role of proof to include
more than justification and verification of results:
“Mathematicians routinely distinguish proofs that
merely demonstrate from proofs which explain”
(Steiner 1978, p. 135). Hanna (1990, p. 9) offers an
elaboration regarding this distinction between
proofs:
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A proof that proves shows only that a theorem is true;
it provides evidential reasons alone. . . . A proof that
explains, on the other hand, also shows why a theorem
is true; it provides a set of reasons that derive from
the phenomenon itself.

Making a similar distinction, Hersh (1993, p. 390)
states that mathematicians are interested in “more
than whether a conjecture is correct, mathemati-
cians want to know why it is correct.” In short,
mathematicians recognize that a primary role of
proof in mathematics is to establish the truth of a
result; yet perhaps more important, particularly
from an educational perspective, is their recogni-
tion of its role in fostering understanding of the
underlying mathematics.

In addition to its role in establishing the truth of
a result, proof in secondary school mathematics
should also serve this explanatory function. In fact,
some mathematics educators argue that this role
should be the primary function of proof in sec-
ondary school mathematics. For example, the for-
mer president of the Mathematical Association of
America contends that in school mathematics, “the
emphasis on proof should be more on its education-
al value than on formal correctness. Time need not
be wasted on the technical details of proofs, or even
entire proofs, that do not lead to understanding or
insight” (Ross 1998, p. 254). However, proving in
school mathematics has traditionally not been per-
ceived by students—or by many teachers—as a tool
for meaningfully learning mathematics; instead
proving has been perceived by students as a formal
and often meaningless exercise to be done for the
teacher (Alibert 1988).

What are some examples of proofs that promote
understanding? The remainder of this article
addresses this question; in particular, I present and
discuss examples of proofs that explain (that is,
proofs that promote understanding) and proofs that
merely prove (that is, proofs that are less explana-
tory). The proofs are presented as finished prod-
ucts, that is, the process of developing the proofs is
not discussed, only the end products of that process.
The difference between presented proofs and devel-
oping proofs is significant, although discussing this
difference is beyond the scope of this article. Further,
the process itself is also an important aspect of both
“doing” mathematics and learning mathematics.

PROOFS THAT PROMOTE 
MATHEMATICS UNDERSTANDING
We next consider the ways in which we might prove
that the sum of the first n positive integers is equal
to n(n + 1)/2. Several ways exist to prove this
result, two of which are presented in figures 1
and 2. Both proofs sufficiently prove the initial
statement and are considered valid; however, the
second proof also provides a sense of insight into

A primary
role of proof
is to establish
the truth of 
a result

Prove:  The sum of the first n positive inte-
gers is n(n + 1)/2.

For n = 1 it is true since 1 = 1(1 + 1)/2.
Assume it is true for some arbitrary k, that is, 
S(k) = k(k + 1)/2. Then consider

S(k + 1) = S(k) + (k + 1)
= k(k + 1)/2 + k + 1
= (k + 1)(k + 2)/2.

Therefore, the statement is true for k + 1 if it is
true for k. By induction, the statement is true for
all n.

Fig. 1
A proof that proves,

adapted from Hanna (1990)

Prove:  The sum of the first n positive inte-
gers is n(n + 1)/2.

We can represent the sum of the first n positive
integers as triangular numbers.

The dots form isosceles right triangles, with the
nth triangle containing

S(n) = 1 + 2 + 3 + 4 + . . . + n dots.

Overlaying a second isosceles right triangle of the
same size so that the diagonals coincide produces a
square containing n2 dots plus n extra dots
because of the overlapping diagonals. To illustrate,
the figure below represents the fourth isosceles
right triangle and another of the same size over-
laid so that the diagonals coincide. In this case, a
square containing 42 dots plus 4 extra dots caused
by the overlapping diagonals is produced.

Therefore, in the general case (using the nth tri-
angle), the number of dots produced by the two
overlapping triangles is 2S(n) = n2 + n, so S(n) = 
(n2 + n)/2.

Fig. 2
A proof that explains as well as proves,

adapted from Hanna (1990)

1 1 + 2 1 + 2 + 3 1 + 2 + 3 + 4
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why the sum must be equal to n(n + 1)/2. Hanna
(1990) includes additional examples. Students can
clearly “see” the n2 resulting from the area of the
square of dots, the extra n dots resulting from the
overlap, and the division by two resulting from hav-
ing two overlapping triangles. Thus, in this latter
proof, students are convinced of the conclusion’s
truth, not solely because of the deductive mecha-
nism, as might be the case in the first proof, but by
the nature of the geometrical pattern. 

A third proof, given in figure 3, that is also
explanatory uses a method similar to one that
Gauss used in the well-known story about an expe-
rience in his childhood. In this case, the proof
depends on the symmetry of the symbolic represen-
tation in showing why the statement is true. Again,
because of the symmetry, students can see that n
groups of (n + 1) occur; students can see the need to
divide by 2, since these n groups are produced by
two of the sums; and as a result, they can see that
the desired sum must be obtained.

Prove:  The sum of the first n positive inte-
gers is n(n + 1)/2.

Let S(n) = 1 + 2 + 3 + . . . + n.
Then S(n) = n + (n – 1) + (n – 2) + . . . + 1.

Taking the sum of these two rows,

2S(n) = (1 + n) + [2 + (n – 1)] + [3 + (n – 2)] + . . .
+ (n + 1)

= (n + 1) + (n + 1) + (n + 1) + . . . + (n + 1)
= n(n + 1).

Therefore, S(n) = n(n + 1)/2.

Fig. 3
A proof that explains as well as proves,

adapted from Hanna (1990)

Prove:  If x > 0, then x + 1/x ≥≥ 2.

The area of each shaded rectangle is x • 1/x = 1.
The area of the entire rectangle is (x + 1/x)2, which
must be greater than or equal to 4; this total area
includes the four shaded rectangles plus the area of
the middle rectangle. Thus, x + (1/x) must be greater
than or equal to 2. It follows that x + (1/x) ≥ 2.

Fig. 5
The visual feature provides insight into why the

statement is true;
adapted from Proof without Words: Exercises in 

Visual Thinking, by Roger B. Nelson, as shown in 
Winicki-Landman (1998, p. 723).
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Prove:  If x > 1, then x + 1/x ≥≥ 2.

We can construct a right triangle with the given
sides so that it satisfies the Pythagorean theorem.

�x – 1�2
+ 22 = �x + 1�2

x x

This statement is true, that is, simplification of
this expression results in an equality.

From right-triangle geometry, we know that the
hypotenuse is longer than either leg. Thus, 

x + 1 ≥ 2.x

Fig. 4
The visual feature adds little insight into why this

statement is true;
adapted from Proof without Words: Exercises in 

Visual Thinking, by Roger B. Nelson, as shown in 
Winicki-Landman (1998, p. 723).

The diagram associated with the proof in figure
2 definitely plays an integral role in illustrating the
reasons that the statement is true, but visual fea-
tures themselves do not always make a proof more
explanatory. For example, we consider the proof of
a different proposition presented in figure 4. It cer-
tainly demonstrates the truth of the statement;
however, the corresponding visual representation
adds little insight into why the conclusion is true.
(In fact, it amazes me that someone even thought
up this proof!) In contrast, the proof presented in
figure 5 not only shows that the statement is true,
but the corresponding visual representation helps
furnish a sense of why the conclusion must be true.
In this case, the two addends in the inequality are
represented by the two segments that together

2

x + 1/x
x – 1/x
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comprise one side of a square. Since each shaded
rectangle has an area of 1 square unit, the area of
the entire square must be at least equal to 4 square
units; consequently, the side of the square (1 + 1/x)
must be at least equal to 2 units. Further, we can
imagine using technology to dynamically demon-
strate the conditions for which the two sides of the
inequality are equal, that is, when the unshaded
rectangle vanishes, and the conditions for which
the two sides are not equal.

In addition to constructing proofs, students are
also expected to “develop a repertoire of increasing-
ly sophisticated methods of reasoning and proof,”
for example, using counterexamples (NCTM 2000,
p. 342). In refuting the truth of statements, or prov-
ing them false by using counterexamples, we can
look at the counterexamples to determine the extent
to which they are explanatory. When we consider
the following (false) statement: “Two rectangles
having congruent diagonals are congruent” (Peled
and Zaslavsky 1997, p. 52), we can certainly find
specific counterexamples that prove that the state-
ment is indeed false. See figure 6a for one example.
In this example, the lengths of the diagonal and
sides of each rectangle are explicitly specified; an
infinite number of other counterexamples could be
found as well. The counterexample presented in
figure 6a, however, does little to contribute to
understanding its generation, let alone generating
the general case. In contrast, the counterexample
presented in figure 6b is more general, since an
infinite number of rectangles can be generated by
changing the angle measure chosen for the angle
of intersection, β. In fact, we can imagine holding
two pencils together so that they intersect at their
midpoints and then dynamically showing the infi-
nite number of rectangles that are possible as the
angle of intersection changes. The advantage of this
counterexample over the previous one is that “gen-
eral examples uncover the crucial mechanism in-
volved in the situation. This mechanism is both an
explanation to the fact the claim can be refuted, as
well as a manifestation that counterexamples can
be generated” (Peled and Zaslavsky 1997, p. 59).

CONCLUDING REMARKS
Certainly not all conjectures and theorems lend
themselves to constructing explanatory proofs or to
generating explanatory counterexamples. Nelsen
(1993) is a good source for additional examples of
arguments that are both visual and explanatory.
Many teachers may not consciously consider the
educational value of such proofs in designing or in
teaching their lessons (Knuth 2002; Peled and
Zaslavsky 1997). If, however, teachers create learn-
ing opportunities for students in which they
encounter various types of proofs, students may
develop not only a deeper understanding of proof

but also a deeper understanding of the underlying
mathematics.

One method for incorporating a variety of proofs
into the classroom is to have students present their
arguments to the class. Classroom presentations of
different arguments can furnish a forum for dis-
cussing with students the question of what consti-
tutes proof—a notion for which many students have
an inadequate understanding. As the authors of
Principles and Standards for School Mathematics
suggest, “Classrooms in which students are encour-
aged to present their thinking and in which every-
one contributes by evaluating one another’s think-
ing provide rich environments for learning
mathematical reasoning” (NCTM 2000, p. 58). Such
presentations can also act as a forum for discussing
the explanatory quality of the various arguments
presented, not to mention serving as a potential
source for finding explanatory arguments. As a
result, they may encourage students to seek argu-
ments that furnish insight into the reasons that
statements are true. In addition, presenting and
discussing different arguments can help demon-
strate relationships among areas of mathematics
that, to many students, may seem unconnected. For
example, figures 2 and 5 demonstrate that proofs
of algebraic statements do not necessarily have to
be solely algebraic in nature—both proofs depend
on geometric representations.

The challenge of finding more-effective ways of
using proof in secondary school mathematics
becomes particularly relevant in light of the sub-

Disprove: Two rectangles having congruent
diagonals are congruent.

Fig. 6
A specific counterexample (a) provides less

insight compared with a more general 
counterexample (b);

adapted from Peled and Zaslavsky (1997).

β

(b)

2.3" 2.3"

(a)

Students 
may develop
a deeper
understand-
ing of the
underlying
mathematics



490 MATHEMATICS TEACHER

stantial changes regarding proof that current reform
recommendations advocate. As teachers, we must
consider the pedagogical function of proof as a way
to enhance its use in our instructional practices.
Adopting a view of proof as a tool for meaningfully
learning mathematics, a view underlying the recog-
nition of the explanatory potential of proofs, gives
ways to meet this challenge. As Hanna (1998, p. 8)
concludes, “True understanding demands that the
students see why it is the case [that is, why a state-

ment is true], and furthermore why it must always
be the case, and this understanding is best engen-
dered by an explanatory proof.”
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